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34200 Sète, France

Blaise.Faugeras@ifremer.fr
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Segmentation of 3D cardiac images using a deformable elastic model of the heart proved
to be significantly improved by applying special boundary conditions on the elastic
model [15]. The purpose of this paper is to derive those boundary conditions by means
of a rigourous convergence result. We consider a simplified two-layer elastic shell model
and show that when the thickness ε of the thin external fibrous layer tends to 0 it can
be replaced by the above mentioned boundary conditions on the internal layer. A mixed
variational formulation of the problem in curvilinear coordinates is introduced. This
formulation is then scaled in order to be defined over an ε-independent domain. Finally,
several a priori estimations on the solution are obtained which enable us to pass to the
limit and prove our result.
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asymptotic analysis.

Mathematics Subject Classification 2000: 74B05, 74K25, 35B40, 35B45

1. Introduction

By means of Magnetic Resonance, one can get a clinical M.R. volume dataset.
Such a volume dataset is denoted by a matrix V with X rows, Y columns
and Z slices which represents a discrete grid of volume elements (or voxels)
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v ∈ {1, . . . , X}×{1, . . . , Y }×{1, . . . , Z}. For each voxel v, we denote by I: N
3 → Z

the grey level function v �→ I(v). Data are anisotropic with equal sampling in the x

and y directions but a coarser density in the z direction. By image segmentation we
refer to processes identifying all voxels which belong together according to a homo-
geneity criterion (most often a grey level criterion). Segmentation is required for the
identification of the object (that is, the heart) in the M.R. volume data. Here, we
deal with edge-based algorithms which try to detect the borderline of a structure
(that is, the discontinuity surfaces of the “gradient” of the grey level function I).
A force field is computed from the “gradient” of the function I by using a Gradient
Vector Flow technique.

In order to address the problem of 3D automatic segmentation of cardiac M.R.
multi-slices image sequences, a strategy based on an elastic simulation of the human
heart has been proposed by Vincent et al. [16]. It can be summarized as follows: an
a priori template (object) representing the heart is immersed into the image data
and submitted to a force field which pulls the boundary of the object towards the
image edges. This method has several advantages but one drawback concerns the
regularity of the displacement field and the smoothness of the final object boundary.
As an alternative to classical geometrical curvature-based boundary regularization
techniques, Pham et al. [15] propose to add boundary constraints modeling crudely
some biomechanical properties of the heart. They consider a simplified three-layer
elastic model of the heart composed of a middle homogeneous isotropic layer and
two surrounding thin layers of myocardial fibers with a directional structure. The
aim of this model is to mimic the elastic properties of the heart resulting from the
fiber structure of the muscle oriented in the longitudinal direction. It is an efficient
tool for image segmentation but not a complete myocardium model. For a more real-
istic elastic model of the heart we refer to Caillerie et al. [6]. It is announced but not
proved in [15] that the fibrous layers can be replaced by boundary conditions on the
middle layer when the thickness of the external layers tends to 0. These conditions
increase the stiffness of the boundary and smooth the displacement field at the inter-
face of the elastic object by imposing preferential directions of deformation in the
tangent space (see Fig. 1). We are not going here to get into the details of the numer-
ical method used and refer the readers to Pham [14] and Pebay et al. [13]. However,
it is worth noticing that the use of a 3D complex geometric template is necessary
for the efficiency of the method. Therefore, we describe the thin layers with a shell-
kind model using curvilinear coordinates. The purpose of this article is to obtain the
above mentionned boundary conditions by means of a rigourous convergence result.

In order to simplify the mathematical analysis, we only consider two layers:
an internal layer of fixed thickness εl and an external layer of thickness ε. These
two layers have a common side, which is a surface Ŝ of R

3. Therefore, the heart is
represented by an elastic shell occupying a domain Ω̂ε = Ω̂− ∪ Ω̂+

ε , where Ω̂− is the
internal layer and Ω̂+

ε is the external layer. The border of Ω̂ε is ∂Ω̂ε = Γ̂+
ε ∪ Γ̂− ∪ Γ̂l,ε,

where Γ̂+
ε is the external border, Γ̂− is the internal border and Γ̂l,ε is the lateral

border (see Fig. 2).
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Fig. 1. Impact of the regularization on segmentation results for a mid-ventricular slice: without
(left) and with (right) applied boundary conditions (from Pham [14]).

Fig. 2. The domain Ω̂ε = Ω̂+
ε ∪ Ω̂−.

We use the following classical conventions and notations throughout this work.
Greek indices and exponents (except ε) belong to the set {1, 2}, whereas Latin
indices belong to the set {1, 2, 3}. The summation convention with respect to
repeated indices and exponents is systematically used. The Euclidean scalar prod-
uct, the vector product and tensorial product of a,b ∈ R

3 are denoted a · b, a× b
and a ⊗ b, respectively; the Euclidean norm is denoted || · ||.

Let (ei) be the canonical orthonormal basis of the Euclidean space R
3. In carte-

sian coordinates the displacement field for any material point is represented by
û = ûiei. The deformation is described by the Green–Lagrange strain tensor, which
is linearized under the small deformation assumption:

êij(û) =
1
2

(
∂ûi

∂x̂j
+

∂ûj

∂x̂i

)
.
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If σ̂ denotes the stress tensor, the constitutive law or stress-strain relation for the
homogeneous isotropic internal layer takes the form:

σ̂(û) = λ trace(ê(û))I + 2µê(û), (1.1)

where λ and µ are the Lamé constants, and I is the identity tensor. Equivalently,
we have,

ê(û) =
1 + ν

E
σ̂(û) − ν

E
trace(σ̂(û))I, (1.2)

where E is the Young modulus and ν the Poisson ratio. The following classical
relations hold

ν

E
=

λ

4µ(λ + µ)
,

1 + ν

E
=

1
2µ

. (1.3)

If d̂ is the 3D orientation vector of fibers belonging to the tangent space and µe is
the second Lamé coefficient for the external layer, the constitutive law for this layer
reads as follows [15]:

σ̂(û) = (d̂ · ê(û)d̂)d̂ ⊗ d̂ + 2µeεê(û). (1.4)

We will show in Sec. 3.1 that the inverse relation is well defined for all ε > 0. In
the context of bonded joint with soft material, similar constitutive law models have
been proposed in [12] or in [3].

We assume that the elastic body is submitted to a volumic force field f̂ such
that f̂ = 0 in Ω̂+

ε . The equilibrium state is expressed by:


div(σ̂(û)) + f̂ = 0 in Ω̂ε,

σ̂(û) = λ trace(ê(û))I + 2µê(û) in Ω̂−,

σ̂(û) = (d̂ · ê(û)d̂)d̂ ⊗ d̂ + 2µeεê(û) in Ω̂+
ε ,

û = 0 on Γ̂− ∪ Γ̂l,ε ∪ Γ̂+
u,ε,

σ̂n = 0 on Γ̂+
σ,ε,

û− = û+ and σ̂−n = σ̂+n on Ŝ,

(1.5)

where Γ̂+
ε = Γ̂+

u,ε ∪ Γ̂+
σ,ε and meas(Γ̂+

u,ε) �= 0. û+ (respectively û−) is the restriction
of û to Ω̂+

ε (respectively Ω̂−). The same notation applies to σ̂. The vector n denotes
the normal unit vector pointing outwards of Ω̂ε on Γ̂+

σ,ε and outwards of Ω̂− on Ŝ.
The goal of this work is to prove that when the thickness of the external layer,

ε, tends to 0, the asymptotic model is given by:


div(σ̂(û)) + f̂ = 0 in Ω̂−,

σ̂(û) = λ trace(ê(û))I + 2µê(û) in Ω̂−,

û = 0 on Γ̂− ∪ Γ̂−
l ,

σ̂n = −2µeûnn − µeûT on Ŝ,

(1.6)

where Γ̂−
l is such that Γ̂l,ε = Γ̂+

l,ε ∪ Γ̂−
l , ûnn is the component of û normal to the

surface Ŝ and ûT is the tangential component.



October 18, 2004 6:0 WSPC/176-AA 00038

Variational Asymptotic Derivation of an Elastic Model 279

It is worth noticing here that Γ̂+
u,ε and Γ̂+

σ,ε disappear in the limit process.
However, if, on the one hand, one can choose meas(Γ̂+

σ,ε) = 0, it is on the other
hand necessary to have meas(Γ̂+

u,ε) �= 0. The Dirichlet boundary condition on Γ̂+
u,ε

plays an important role in the proof of Theorem 6.7 at the end of the paper. It
should also be noticed that the new boundary condition on Ŝ does not depend on
the fibers direction d̂. If d̂ has a non zero component in the normal direction n, the
asymptotic model will be dramatically different.

An overview of the article is as follows. In the next section we collect most of
the notation to be used in the remainder of the paper recalling basic notions on
curvilinear coordinates. Using this notation in Sec. 3, we derive some estimations
concerning the stress-strain relations in the internal layer, Ω−, and in the external
layer Ω+

ε . In Sec. 4, we introduce the mixed variational formulation of the elasticity
problem (1.5) and show its well-posedness. The problem is then reformulated in
Sec. 5 over an ε-independent domain Ω. The main result of this paper is obtained
in Sec. 6, in which we first prove several a priori estimations on the solution to the
scaled problem before passing to the limit as ε tends to 0.

Let Ω be an open subset in R
3. L2(Ω), ||·||0,Ω and H1(Ω), ||·||1,Ω denote the usual

Sobolev spaces of real-valued functions. Boldface lowercase letters denote vector-
valued functions and boldface uppercase letters denote matrix valued functions.
The norms are denoted in the same way as for real-valued functions. For instance,
if v ∈ (L2(Ω))3, we note ||v||20,Ω =

∑
i ||vi||20,Ω.

2. Preliminaries

2.1. Curvilinear coordinates

All needed notions of differential geometry may be found, e.g., in [8]. The presen-
tation given in this section is very close to the one given in [9]. We consider a shell
described by a surface Ŝ, the thickness of which is εl+ε. We assume that the surface
Ŝ is a bounded, two-dimensional submanifold of R

3, which, for simplicity, admits
an atlas consisting of one chart only. Let ψ be this chart. We are thus given once
and for all a domain w ⊂ R

2 and an injective mapping ψ ∈ C3(w̄, R3), such that

Ŝ = ψ(w̄).

We assume that w has a Lipschitz-continuous boundary, γ. Let y = (yα) denote a
generic point in the set w̄ and let ∂α = ∂/∂yα. Let ψ be such that the two vectors

aα(y) = ∂αψ(y),

are linearly independent at all points y ∈ w̄. They form the covariant basis of the
tangent plane, T (Ŝ), to the surface Ŝ at the point ψ(y). The two vectors aα(y) of
the same tangent plane defined by the relations

aα(y) · aβ(y) = δα
β ,
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constitute its contravariant basis. Let us also define

a3(y) = a3(y) =
a1(y) × a2(y)

||a1(y) × a2(y)|| ,

which is a chart-independent (modulo multiplication by −1) unit normal vector to
the tangent plane. One then defines the metric tensor, (aαβ) or (aαβ) (in covariant
or contravariant components), the curvature tensor, (bαβ) or (bβ

α) (in covariant or
mixed components), and the Christoffel symbols Γρ

αβ , of the surface Ŝ by letting

aαβ = aα · aβ , aαβ = aα · aβ , (2.1)

bαβ = a3 · ∂βaα, bβ
α = aβαbσα, (2.2)

Γρ
αβ = aρ · ∂βaα. (2.3)

Note the symmetries:

aαβ = aβα, aαβ = aβα, bαβ = bβα, Γρ
αβ = Γρ

βα.

The area element along Ŝ is
√

ady, where

a = det(aαβ). (2.4)

The function a is continuous on the set w̄ and there exits a constant a0, such that

0 < a0 ≤ a(y), ∀y ∈ w̄. (2.5)

For each ε > 0 we define the sets:

Ωε = w×] − εl, ε[,

Ω+
ε = w×]0, ε[,

Ω− = w×] − εl, 0[,

Γ+
l,ε = γ × [0, ε],

Γ−
l = γ × [−εl, 0],

Γ− = w × {−εl},
Γ+

u,ε = wu × {ε},
Γ+

σ,ε = wσ × {ε},
S = w × {0},

with w = wu ∪wσ and meas(wu) �= 0. Note that Γ+
l,ε ∪Γ−

l ∪Γ− ∪Γ+
u,ε ∪Γ+

σ,ε = ∂Ωε

constitutes a partition of the boundary of the set Ωε (see Fig. 3).
Let xε = (xε

i ) denote a generic point in Ω̄ε, and let ∂ε
i = ∂/∂xε

i ; hence xε
α = yα

and ∂ε
α = ∂α. The initial configuration of the shell is the image of Ωε by the mapping

Ψ: Ω̄ε → R
3 defined by

Ψ(xε) = ψ(y) + xε
3a3(y), ∀xε = (y, xε

3) ∈ Ω̄ε.

It can then be shown (cf. [8]) that there exists ε0 > 0, such that the mapping Ψ is
a C2-diffeomorphism, and the three vectors,

gε
i (x

ε) = ∂ε
i Ψ(xε),
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Fig. 3. The domain Ωε = Ω+
ε ∪ Ω−.

are linearly independent at all points xε ∈ Ω̄ε for all 0 < ε < ε0. Therefore, we
make a geometrical assumption on the thicknesses of the two layers of the shell
heart model:

0 < ε ≤ εl ≤ ε0.

The three vectors gε
i (x

ε) define the covariant basis at the point Ψ(xε). It is clear
that gε

3 = a3 is the unit vector normal to Ŝ. We choose it to be pointing outwards
of Ω− and for the remainder of this work, we use indifferently the notations n or
gε

3. The three vectors gi,ε(xε) defined by

gj,ε(xε) · gε
i (x

ε) = δj
i ,

form the contravariant basis. One then defines the metric tensor (gε
ij) or (gij,ε) (in

covariant or contravariant components) and the Christoffel symbols of the manifold
Ψ(Ω̄ε) by letting (we omit the explicit dependence on xε)

gε
ij = gε

i · gε
j , gij,ε = gi,ε · gj,ε,

Γp,ε
ij = gp,ε · ∂ε

i g
ε
j .

Note the symmetries

gε
ij = gε

ji, gij,ε = gji,ε, Γp,ε
ij = Γp,ε

ji ,

and the relations

Γ3,ε
α3 = Γp,ε

33 = 0 in Ω̄ε.

The volume element in the set Ψ(Ωε) is
√

gεdxε, where

gε = det(gε
ij). (2.6)
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2.2. Vectors and tensors in curvilinear coordinates

With all the notations defined in the preceding section, a vector field or a sec-
ond order symmetric tensor field defined on the shell may be represented in the
curvilinear system by its covariant or contravariant components:

vε
i g

i,ε = vi,εgε
i ,

τε
ijg

i,ε ⊗ gj,ε = τ ij,εgε
i ⊗ gε

j .

One can relate covariant and contravariant components, thanks to the relations

vi,ε = gik,εvε
k, vε

i = gε
ikvk,ε,

τ ij,ε =
1
2
(gik,εgjl,ε + gjk,εgil,ε)τε

kl, τε
ij =

1
2
(gε

ikgε
jl + gε

jkgε
il)τ

kl,ε,

= Gijkl,ετε
kl, = Hε

ijklτ
kl,ε.

Concerning the fourth-order tensors (Gijkl,ε) and (Hε
ijkl), the following relations

hold for each ε > 0

Gαβk3,ε = G333α,ε = 0,

Hε
αβk3 = Hε

333α = 0,

and

Gijkl,ε = Gjikl,ε = Gklij,ε,

Hε
ijkl = Hε

jikl = Hε
klij .

Both tensors are symmetric, positive definite, and uniform with respect to xε ∈ Ω̄ε.
The scalar product between two vectors, ui,εgε

i and vε
i g

i,ε can be written as

(ui,εgε
i ) · (vε

i g
i,ε) = ui,εvε

i .

The second-order inner product between two tensors can be written as

(τ ij,εgε
i ⊗ gε

j): (σε
ijg

i,ε ⊗ gj,ε) = τ ij,εσε
ij .

Using the fourth-order tensor Gijkl,ε, this expression can be transformed to

τ ij,εσε
ij = Gijkl,ετε

klσ
ε
ij .

Let us now introduce the vectorial notation which we will use. S denotes the set
of all symmetric matrices of order 3. Any (τij) ∈ S can be represented by a vector
τ ∈ R

6:

τ = (τ11,
√

2τ12, τ22,
√

2τ13,
√

2τ23, τ33)T .

We also note

τT = (τ11,
√

2τ12, τ22)T , τN = (
√

2τ13,
√

2τ23, τ33)T .
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The fourth-order tensor Gijkl,ε can be represented by the 6×6 symmetric matrix Gε:

Gε =
(
Gε

T 0
0 Gε

N

)
,

with

Gε
T =




g11,εg11,ε
√

2g11,εg12,ε g12,εg12,ε

√
2g11,εg12,ε g11,εg22,ε + g12,εg12,ε

√
2g12,εg22,ε

g12,εg12,ε
√

2g12,εg22,ε g22,εg22,ε


 ,

and

Gε
N =




g11,εg33,ε g12,εg33,ε 0

g12,εg33,ε g22,εg33,ε 0

0 0 g33,εg33,ε


 .

Recalling that the (gε
ij) matrix is the inverse of the (gij,ε) matrix, we note that

(Gε)−1 = Hε =
(
Hε

T 0
0 Hε

N

)
,

with

Hε
T =




gε
11g

ε
11

√
2gε

11g
ε
12 gε

12g
ε
12√

2gε
11g

ε
12 gε

11g
ε
22 + gε

12g
ε
12

√
2gε

12g
ε
22

gε
12g

ε
12

√
2gε

12g
ε
22 gε

22g
ε
22


 ,

and

Hε
N =




gε
11g

ε
33 gε

12g
ε
33 0

gε
12g

ε
33 gε

22g
ε
33 0

0 0 gε
33g

ε
33


 .

In vectorial notation the second-order inner product between two symmetric tensors
is written

(τ ij,εgε
i ⊗ gε

j): (σε
ijg

i,ε ⊗ gj,ε) = Gijkl,ετε
klσ

ε
ij ,

= τ ε ·Gεσε,

= τ ε
T · Gε

T σε
T + τ ε

N ·Gε
Nσε

N .

The fact that (Gijkl,ε) is symmetric, positive definite, and uniform with respect to
xε ∈ Ω̄ε implies that there exists a constant cε

G > 0 depending on Ωε only (thus on
the small parameter ε), such that

τ ·Gετ ≥ cε
Gτ · τ = cε

Gτijτij , (2.7)

for all xε ∈ Ω̄ε and all (τij) ∈ S.
From the continuity of xε → Gε(xε) on Ω̄ε we also deduce that there exists a

constant Cε
G, such that

τ ·Gεσ ≤ Cε
G||τ ||||σ|| (2.8)

for all xε ∈ Ω̄ε and all (τij), (σij) ∈ S.
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It is clear that if we consider the restrictions of functions Gijkl,ε to Ω−, inequality
(2.7) still holds with an ε-independent constant CG > 0. To emphasize the fact
that the restriction to Ω− of geometrical quantities such as gε

i , Gijkl,ε, . . . are ε-
independent, we omit the exponents ε in what follows. For example, gi denotes the
restriction of gε

i to Ω−. We then have

τ · Gτ ≥ cGτ · τ = cGτijτij , (2.9)

for all xε ∈ Ω̄− and all (τij) ∈ S.
To conclude this section, let us recall that given the covariant components (uε

i ) =
uε of an arbitrary displacement field uε

ig
i,ε of the points of the shell, the covariant

components of the linearized strain tensor read

eε
αβ(uε)=

1
2
(∂ε

αuε
β + ∂ε

βuε
α) − Γp,ε

αβuε
p,

eε
α3(u

ε)=
1
2
(∂ε

αuε
3 + ∂ε

3u
ε
α) − Γρ,ε

α3 uε
ρ,

eε
33(u

ε)= ∂ε
3uε

3.

(2.10)

Using our vectorial notation, the associated vector of R
6 is denoted by

eε(uε) = (eε
T (uε), eε

N(uε)).

3. Strain-Stress Relation

In this section the strain-stress relations in the internal and external layers are
expressed using the vectorial notation. We introduce a new basis of R

3 in order to
derive estimations (3.3), (3.4) and (3.7), (3.8) which are needed in the remaining
part of the paper.

3.1. Strain-stress relation in the external layer

Assume that the linearized strain tensor is described by its contravariant compo-
nents, ekl,ε(uε) and that the stress tensor is described by its covariant components
σε

ij(u
ε). Assume that the orientation vector of fibers is tangent to the surface Ŝ

and that it is defined by its covariant components, dα. These components are
assumed to be x3-independent, that is to say, dα = dα(x1, x2). We also assume
that dα ∈ C0(w̄, R) and that for all (x1, x2) ∈ w̄, d �= 0.

Omiting the explicit dependence on uε, the constitutive law (1.4) for the external
fibrous layer then reads

σε
ijg

i,ε ⊗ gj,ε = (ekl,εdkdl)didjgi,ε ⊗ gj,ε

+ 2µeε
1
2
(gε

ikgε
jl + gε

jkgε
il)e

kl,εgi,ε ⊗ gj,ε. (3.1)

This relation can be written as

σε
ij = Bε

ijkle
kl,ε, (3.2)
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where

Bε
ijkl = didjdkdl + 2µeε

1
2
(gε

ikgε
jl + gε

jkgε
il).

Note the symmetries

Bε
ijkl = Bε

jikl = Bε
klij .

Since d3 = 0 the following relation holds

Bε
αβk3 = Bε

α333 = 0.

The fourth-order symmetric tensor (Bε
ijkl) defined by its covariant components is

known as the stiffness tensor. In order to establish the mixed variational formulation
of the problem, we need to use the inverse relation and the associated compliance
tensor (Cijkl,ε) defined by its contravariant components. Let us show that (Cijkl,ε),
the inverse of (Bε

ijkl), exists for all ε > 0.
The contravariant components Cijkl,ε: Ω̄+

ε → R of the compliance tensor
(Cijkl,ε) are obtained by inverting the matrix of covariant components of the stiff-
ness tensor, Bε

ijkl: Ω̄+
ε → R. In vectorial notation, relation (3.2) reads

σε = Bεeε,

where

σε = (σε
11,

√
2σε

12, σ
ε
22,

√
2σε

13,
√

2σε
23, σ

ε
33)

T ,

eε = (e11,ε,
√

2e12,ε, e22,ε,
√

2e13,ε,
√

2e23,ε, e33,ε)T .

Bε is the 6 × 6 matrix defined by

Bε = D + 2µeεHε,

with

Bε =
(
Bε

T 0
0 Bε

N

)
, Hε =

(
Hε

T 0
0 Hε

N

)
, D =

(
DT 0
0 0

)
,

and

DT =




(d1)4
√

2(d1)3d2 (d1)2(d2)2√
2(d1)3d2 2(d1)2(d2)2

√
2d1(d2)3

(d1)2(d2)2
√

2d1(d2)3 (d2)4


 .

Hε is symmetric, positive definite and uniform with respect to xε ∈ Ω̄ε similar to
the fourth-order tensor (Hijkl,ε) is. D is symmetric and non-negative as its rank
is one and its only non-zero eigenvalue is trace(DT ) > 0. Consequently, for all
ε > 0, Bε is symmetric, positive definite and therefore invertible. Moreover, as
(Hε

N )−1 = Gε
N , we have

(Bε)−1 = Cε =




(Bε
T )−1 0

0
1

2µeε
Gε

N


 .
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In order to obtain a simple expression for (Bε
T )−1 one has to notice that Hε

T is
symmetric, positive definite and DT is symmetric, positive definite and uniform
with respect to xε ∈ Ω̄ε. Therefore, it follows from a classical result (see Appendix
A) on the simultaneous reduction of two quadratic forms that there exists a 3 × 3
invertible matrix Pε

T , such that

(Pε
T )T Hε

TPε
T = I,

(Pε
T )TDT Pε

T = Sε,

with

Sε =


sε 0 0

0 0 0
0 0 0


 .

Note that for all ε > 0 and for all xε ∈ Ω̄ε, sε > 0.
We obtain

(Pε
T )T Bε

TPε
T =


sε + 2µeε 0 0

0 2µeε 0
0 0 2µeε


 ,

and therefore

(Qε
T )T (Bε

T )−1Qε
T =




1
sε + 2µeε

0 0

0
1

2µeε
0

0 0
1

2µeε




,

where

Qε
T = ((Pε

T )T )−1.

The columns of the matrix

Qε =
(
Qε

T 0
0 I3

)

define a new basis of R
6. Any (τij) ∈ S represented by a vector

τ = (τ11,
√

2τ12, τ22,
√

2τ13,
√

2τ23, τ33)T ,

in the canonical basis of R
6 is represented by a vector τ̃ in this new basis. We have

τT = Qε
T τ̃T and τN = τ̃N .
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Since Gε
N is symmetric, positive definite and uniform with respect to xε ∈ Ω̄ε,

there exist two constants Cε
G > 0 and cε

G > 0 depending on Ωε, such that

τ ·Cετ = τ · (Bε)−1τ = τ̃ · (Qε)T (Bε)−1Qετ̃ ,

= τ̃T · (Qε
T )T (Bε

T )−1Qε
T τ̃T +

1
2µeε

τN · Gε
NτN ,

=
1

sε + 2µeε
τ̃2
11 +

1
µeε

τ̃2
12 +

1
2µeε

τ̃2
22 +

1
2µeε

τN ·Gε
NτN ,

≥ 1
sε + 2µeε

τ̃2
11 +

1
µeε

τ̃2
12 +

1
2µeε

τ̃2
22 +

cε
G

2µeε
(2τ2

13 + 2τ2
23 + τ2

33), (3.3)

and

σ ·Cετ = σ · (Bε)−1τ = σ̃ · (Qε)T (Bε)−1Qετ̃ ,

= σ̃T · (Qε
T )T (Bε

T )−1Qε
T σ̃T +

1
2µeε

σN ·Gε
NτN ,

=
1

sε + 2µeε
σ̃11τ̃11 +

1
µeε

σ̃12τ̃12 +
1

2µeε
σ̃22τ̃22 +

1
2µeε

σN · Gε
NτN ,

≤ 1
sε + 2µeε

σ̃11τ̃11 +
1

µeε
σ̃12τ̃12 +

1
2µeε

σ̃22τ̃22

+
Cε

G

2µeε
(2σ2

13 + 2σ2
23 + σ2

33)
1/2(2τ2

13 + 2τ2
23 + τ2

33)
1/2, (3.4)

for all (τij), (σij) ∈ S and all xε ∈ Ω̄+
ε .

3.2. Strain-stress relation in the internal layer

In the curvilinear coordinate system, the stress-strain relation (1.2) for the homo-
geneous isotropic internal layer can be written as

eij = Aijklσkl, (3.5)

where the fourth-order symmetric tensor A is represented by its contravariant
components Aijkl : Ω̄− → R

Aijkl =
1 + ν

2E

(
gikgjl + gjkgil

)− ν

E
gijgkl. (3.6)

Note the symmetries

Aijkl = Ajikl = Aklij ,

and the relations

Aαβk3 = Aα333 = 0.

It is classical that A is positive definite and uniform with respect to xε ∈ Ω̄−.
With our vectorial notation and the change of basis defined by the matrix Q, the
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following relations hold: There exist two constants CA > 0 and cA > 0 depending
on Ω−, such that

τ ·Aτ = τ̃ · (Q)T AQτ̃ ,

= τ̃T · (QT )T ATQT τ̃T + τN · ANτN ,

≥ cA(2τ̃2
13 + 2τ̃2

23 + τ̃2
33 + 2τ2

13 + 2τ2
23 + τ2

33), (3.7)

and

σ · Aτ = σ̃ · QTAQτ̃ ,

= σ̃T · (QT )T ATQT σ̃T + σN ·ANτN ,

≤ CA(σ̃2
11 + 2σ̃2

12 + σ̃2
22 + 2σ2

13 + 2σ2
23 + σ2

33)
1/2

× (τ̃2
11 + 2τ̃2

12 + τ̃2
22 + 2τ2

13 + 2τ2
23 + τ2

33)
1/2. (3.8)

for all (τij), (σij) ∈ S and all xε ∈ Ω̄−.

4. Mixed Variational Formulation in Curvilinear Coordinates

This section aims to give the mixed variational formulation of the elasticity problem
(1.5) using the notation introduced in the preceding sections. Well-posedness is then
proved thanks to Brezzi’s theorem.

The unknowns of the mixed variational formulation of the problem expressed
in curvilinear coordinates are:

• the vector field

uε = (uε
i ): Ω̄ε → R

3,

where the three functions uε
i : Ω̄ε → R are the covariant components of the

displacement field of the points of the shell;
• the symmetric tensor field

σε = (σε
ij): Ω̄ε → R

9,

where the nine functions σε
ij : Ω̄ε → R are the covariant components of the stress

tensor.

In what follows v+ (respectively v−) denotes the restriction of v to Ω+ (respectively
Ω−). Let us introduce some functional spaces, namely

Vε = {v, v− ∈ (H1(Ω−))3, v+ ∈ H1(Ω+
ε )3,

v = 0 on Γ− ∪ Γl ∪ Γ+
u , v− = v+ on S}.

Vε is the Hilbert space of admissible displacement fields compatible with the
transition condition on S. It is equipped with the norm

||v||1,Ωε = [||v||2
1,Ω+

ε
+ ||v||21,Ω− ]1/2.
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Also, Σε = {τ = (τij) ∈ (L2(Ωε))9, τij = τji} is the Hilbert space of stress tensors.
It is equipped with the norm

||τ ||0,Ωε =

[∑
i,j

||τij ||20,Ωε

]1/2

.

We assume that the applied volumic force field is defined by its contravariant com-
ponents, f igε

i , and make the following assumption

f = (f i) = 0, in Ω+
ε ,

f ∈ (L2(Ω−))3.

From the equations of the strong formulation of the elasticity problem (1.5), one
classically deduces the mixed variational formulation expressed in terms of the
curvilinear coordinates xε

i of the reference configuration Ψ(Ω̄ε). The unknowns uε

and σε satisfy:


uε ∈ Vε, σε ∈ Σε,

∫
Ω−

Aijklσε
klτij

√
gdxε +

∫
Ω+

ε

Cijkl,εσε
klτij

√
gεdxε

=
∫

Ω−
Gijklekl(uε)τij

√
gdxε +

∫
Ω+

ε

Gijkl,εeε
kl(u

ε)τij

√
gεdxε, ∀τ ∈ Σε,

∫
Ω−

Gijklekl(v)σε
ij

√
gdxε +

∫
Ω+

ε

Gijkl,εeε
kl(v)σε

ij

√
gεdxε

=
∫

Ω−
f ivi

√
gdxε, ∀v ∈ Vε.

Using vectorial notation, we define:

Aε(σ, τ) =
∫

Ω−
[σ̃T · (QT )TAT QT τ̃T + σN · ANτN ]

√
gdxε

+
∫

Ω+
ε

[σ̃T · (Qε
T )TCε

T Qε
T τ̃T + σN · Cε

NτN ]
√

gεdxε,

=
∫

Ω−
[σ̃T · (QT )TAT QT τ̃T + σN · ANτN ]

√
gdxε

+
∫

Ω+
ε

[
1

sε + 2µeε
σ̃11τ̃11 +

1
µeε

σ̃12τ̃12 +
1

2µeε
σ̃22τ̃22

+
1

2µeε
σN ·Gε

NτN

]√
gεdxε,

Bε(v, τ) =
∫

Ω−
[ẽT (v) · (QT )TGT QT τ̃T + eN (v) · GNτN ]

√
gdxε



October 18, 2004 6:0 WSPC/176-AA 00038

290 B. Faugeras & J. Pousin

+
∫

Ω+
ε

[ẽε
T (v) · (Qε

T )T Gε
TQε

T τ̃T + eε
N (v) ·Gε

NτN ]
√

gεdxε,

=
∫

Ω−
[ẽT (v) · τ̃T + eN (v) · GNτN ]

√
gdxε

+
∫

Ω+
ε

[ẽε
T (v) · τ̃T + eε

N (v) ·Gε
NτN ]

√
gεdxε,

L(v) =
∫

Ω−
f ivi

√
gdxε.

(4.1)

With this notation the variational mixed formulation reads

uε ∈ Vε, σε ∈ Σε, (4.2)

Aε(σε, τ) = Bε(uε, τ), ∀τ ∈ Σε, (4.3)

Bε(v, σε) = L(v), ∀v ∈ Vε. (4.4)

and the following result holds.

Theorem 4.1. There exists a unique solution (uε, σε) to problem (4.2)–(4.4).
Moreover, there exist two positive constants, Cε

σ and Cε
u depending on ε only

such that

||σε||0,Ωε ≤ Cε
σ||f ||0,Ω− ,

||uε||1,Ωε ≤ Cε
u||f ||0,Ω− .

Proof. It is a direct consequence of Brezzi’s theorem [4] (also see Babuška and
Aziz [1]). Let us first note that since σ = Qεσ̃, since xε → Qε(xε) is continuous
on Ω̄ε and since Qε is invertible for all xε ∈ Ω̄ε, there exist two constants cε, Cε > 0,
such that

cε||σ̃||0,Ωε ≤ ||σ||0,Ωε ≤ Cε||σ̃||0,Ωε , ∀σ ∈ Σε. (4.5)

Since xε → gε(xε) is continuous on Ω̄ε and strictly positive, there exist two con-
stants gε

0, g
ε
1 > 0, such that

gε
0 ≤ gε ≤ gε

1, ∀xε ∈ Ω̄ε. (4.6)

From (4.5), (4.6), (3.4) and (3.8), we deduce that the bilinear form Aε(σ, τ) is
continuous on Σε × Σε. There exists a positive constant M ε

A, such that

|Aε(σ, τ)| ≤ M ε
A||σ||0,Ωε ||τ ||0,Ωε , ∀σ, τ ∈ Σε.

Since xε → Γk,ε
ij is continuous on Ω̄ε, it follows from (2.10) that there exists a

constant Cε > 0, such that

||eε(v)||0,Ωε ≤ Cε||v||1,Ωε , ∀v ∈ (H1(Ωε))3. (4.7)

We deduce from (4.5) to (4.7) and (2.8) that the bilinear form Bε(v, τ) is continuous
on Vε × Σε.
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We deduce from (4.5), (4.6), (3.3) and (3.7) that there exists a constant mε
A > 0,

such that

Aε(σ, σ) ≥ mε
A||σ||20,Ωε , ∀σ ∈ Σε.

Eventually, the inf-sup condition

inf
v∈Vε

||v||1,Ωε
=1

sup
τ∈Σε

||τ||0,Ωε
=1

B(v, τ) > 0

follows essentially from Korn’s inequality in curvilinear coordinates (see, for
example, [8]). There exists a constant Cε = Cε(Ωε,Ψ, Γl ∪ Γ− ∪ Γ+

u ), such that

||v||1,Ωε ≤ Cε||eε(v)||0,Ωε , ∀v ∈ Vε.

This condition can be written as: there exists a constant βε > 0, such that

sup
τ∈Σε

Bε(v, τ)
||τ ||0,Ωε

≥ βε||v||1,Ωε , ∀v ∈ V ε,

and one then has the classical bounds:

||σε||0,Ωε ≤ 1
βε

(
1 +

M ε
A

mε
A

)
||f ||0,Ω− ,

||uε||1,Ωε ≤ M ε
A

(βε)2

(
1 +

M ε
A

mε
A

)
||f ||0,Ω− .

5. Formulation over a Domain Independent of ε

Let us define the sets

Ω = w× ] − εl, 1[,

Ω+ = w× ]0, 1[,

Ω− = w× ] − εl, 0[,

Γ+
l = γ × [0, 1],

Γ−
l = γ × [−εl, 0],

Γ− = w × {−εl},
Γ+

u = wu × {1},
Γ+

σ = wσ × {1}.

Let x = (xi) denote a generic point in the set Ω̄, and let ∂i = ∂/∂xi. With xε ∈ Ω̄ε,
we associate the point x = (xi) ∈ Ω̄, defined by

xα = xε
α (=yα),

x3 = xε
3 if xε ∈ Ω−,

x3 = (xε
3/ε) if xε ∈ Ω+

ε .
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We thus have

∂ε
α = ∂α,

∂ε
3 = ∂3 if xε ∈ Ω−,

∂ε
3 = (∂3/ε) if xε ∈ Ω+

ε .

The functions

gij , gij , g, Γp
ij : Ω̄− → R,

are not affected by the scaling. On the other hand, with these same functions defined
on Ω̄+

ε ,

gε
ij , gij,ε, gε, Γp,ε

ij : Ω̄+
ε → R,

we associate the functions

gij(ε), gij(ε), g(ε), Γp
ij(ε): Ω̄+ → R,

defined for all xε ∈ Ω+
ε by

gij(ε)(x) = gε
ij(x

ε), gij(ε)(x) = gij,ε(xε),

g(ε)(x) = gε(xε), Γp
ij(ε)(x) = Γp,ε

ij (xε).
(5.1)

With the unknowns uε: Ω̄ε → R
3 and σε: Ω̄ε → R

9 of problem (4.2)–(4.4), we
associate the scaled unknowns u(ε): Ω̄ → R

3 and σ(ε): Ω̄ → R
9, defined by

u(ε)(x) = uε(xε) ∀xε ∈ Ω̄ε,

σ(ε)(x) = σε(xε) ∀xε ∈ Ω̄ε.

With any vector field v = (vi) ∈ H1(Ω+)3, we associate the symmetric tensor
(eij(ε)(v)) ∈ (L2(Ω+)9), defined by

eαβ(ε)(v) =
1
2
(∂αvβ + ∂βvα) − Γp

αβ(ε)vp,

eα3(ε)(v) =
1
2

(
∂αv3 +

1
ε
∂3vα

)
− Γρ

α3(ε)vρ,

e33(ε)(v) =
1
ε
∂3v3.

Let us now introduce the functional spaces V and Σ:

V = {v, v− ∈ (H1(Ω−))3, v+ ∈ (H1(Ω+))3,

v = 0 on Γ− ∪ Γl ∪ Γ+
u , v− = v+ on S}.

V is the Hilbert space of admissible displacement fields compatible with the tran-
sition condition on S. Also

Σ = {τ = (τij) ∈ L2(Ω)9, τij = τji}
is the Hilbert space of stress tensors.



October 18, 2004 6:0 WSPC/176-AA 00038

Variational Asymptotic Derivation of an Elastic Model 293

Eventually, the following notations are used in the scaled variational mixed
formulation.

A(ε)(σ, τ) = A−(σ, τ) + A+(ε)(σ, τ),

A−(σ, τ) =
∫

Ω−
[σ̃T · (QT )T ATQT τ̃T + σN · ANτN ]

√
gdx,

A+(ε)(σ, τ) =
∫

Ω+

[
ε

s(ε) + 2µeε
σ̃11τ̃11 +

1
µe

σ̃12τ̃12 +
1

2µe
σ̃22τ̃22

+
1

2µe
σN · GN (ε)τN

]√
g(ε)dx,

B(ε)(v, τ) = B−(v, τ) + B+(ε)(v, τ),

B−(v, τ) =
∫

Ω−
[ẽT (v) · τ̃ T + eN (v) ·GNτN ]

√
g dx,

B+(ε)(v, τ) =
∫

Ω+
[εẽT (ε)(v) · τ̃T + εeN(ε)(v) ·GN (ε)τN ]

√
g(ε) dx,

L(v) =
∫

Ω−
f ivi

√
g dx.

The scaled unknowns u(ε) and σ(ε) solve the scaled variational mixed formulation,
(5.2)–(5.4), now posed over the set Ω, and thus over a domain which is indepen-
dent of ε,

u(ε) ∈ V, σ(ε) ∈ Σ, (5.2)

A(ε)(σ(ε), τ) = B(ε)(u(ε), τ) ∀τ ∈ Σ, (5.3)

B(ε)(v, σ(ε)) = L(v) ∀v ∈ V. (5.4)

In the following lemmas, we gather properties needed in the sequel concerning
the behavior of different functions as ε → 0. || · ||0,∞,Ω̄+ denotes the usual norm of
the space C0(Ω̄+). The constant ε0 is defined in Sec. 2.1.

Lemma 5.1. The functions gij(ε), gij(ε), g(ε), Γp
ij(ε) are defined as in (5.1)

and the functions aij , aij , a, Γρ
αβ , bαβ , bρ

α are defined as in (2.1)–(2.3). All the
functions aij , . . . , b

ρ
α ∈ C0(w̄) are identified with functions in C0(Ω̄+). Then there

exist constants C > 0 (all denoted by the same symbol) such that

||gαβ(ε) − aαβ ||0,∞,Ω̄+ ≤ Cε, (5.5)

||gαβ(ε) − aαβ ||0,∞,Ω̄+ ≤ Cε, (5.6)

gi3(ε) = gi3(ε) = δi3, (5.7)

||g(ε) − a||0,∞,Ω̄+ ≤ Cε, (5.8)

||Γρ
αβ(ε) − Γρ

αβ ||0,∞,Ω̄+ ≤ Cε, (5.9)

||Γ3
αβ(ε) − bαβ||0,∞,Ω̄+ ≤ Cε, (5.10)

||Γρ
α3(ε) + bρ

α||0,∞,Ω̄+ ≤ Cε, (5.11)

Γ3
α3(ε) = Γp

33(ε) = 0. (5.12)
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Proof. The proof can be found in [9, Lemma 3.1] and completed in [10, Lemma
3.1]. The main argument is the fact that gα(ε) = aα + εx3∂αa3 and g3(ε) = a3.

Lemma 5.2. There exist constants g0, g1, such that

0 < g0 ≤ g(ε) ≤ g1, ∀ε ∈]0, ε0], ∀x ∈ Ω̄+, (5.13)

0 < g0 ≤ g ≤ g1, ∀x ∈ Ω̄−. (5.14)

Proof. (5.14) follows from the continuity of the strictly positive function g on Ω̄−.
(5.13) follows from (2.5) and (5.8).

Let us define the 6 × 6 matrix G(0) by

G(0) =
(
GT (0) 0

0 GN (0)

)
,

where

GT (0) =




a11a11
√

2a11a12 a12a12

√
2a11a12 a11a22 + a12a12

√
2a12a22

a12a12
√

2a12a22 a22a22


 ,

and

GN (0) =




a11a33 a12a33 0

a12a33 a22a33 0

0 0 a33a33


 .

From Lemma 5.1 we easily deduce that there exists a constant C > 0, such that

||(G(ε))ij − (G(0))ij ||0,∞,Ω̄+ ≤ Cε, (5.15)

where the 6 × 6 matrix G(ε) is defined in a obvious way.

Lemma 5.3. There exist two constants cG > 0 and CG > 0 independent of ε, such
that

τ ·GN(ε)τ ≥ cG||τ ||2, ∀ε ∈ [0, ε0], ∀x ∈ Ω̄+, ∀τ ∈ R
3. (5.16)

τ ·GNτ ≥ cG||τ ||2, ∀x ∈ Ω̄−, ∀τ ∈ R
3. (5.17)

σ ·GN(ε)τ ≤ CG||σ||||τ ||, ∀ε ∈ [0, ε0], ∀x ∈ Ω̄+, ∀τ ∈ R
3. (5.18)

σ ·GNτ ≤ CG||σ||||τ ||, ∀x ∈ Ω̄−, ∀τ ∈ R
3. (5.19)

Proof. We only detail the proof of (5.16). From (2.7) we deduce that for each
ε > 0, there exists cG(ε) > 0, such that

τ ·GN(ε)τ ≥ cG(ε)||τ ||2,
for all x ∈ Ω̄+ and all τ ∈ R

3.
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GN (0) is clearly symmetric, positive definite and uniform with respect to
x ∈ Ω̄+. Therefore, there exists a constant cG0 > 0, such that

τ ·GN(0)τ ≥ cG0||τ ||2,
for all x ∈ Ω̄+ and all τ ∈ R

3.
The continuity of the mapping

(x, ε, τ ) ∈ Ω̄+ × [0, ε0] × B → τ ·G(ε)(x)τ ,

where B = {τ ∈ R
3, ||τ || = 1}, and the compacity of the domain lead to the

existence of a constant cG, such that relation (5.16) holds for 0 ≤ ε ≤ ε0.

Lemma 5.4. There exists a constant C > 0, such that

||s(ε) − s(0)||0,∞,Ω̄+ ≤ Cε, ∀ε > 0, (5.20)

where s(0) = trace(DT GT (0)).
There exist two constants s0 and s1, such that

0 < s0 ≤ s(ε) ≤ s1, ∀x ∈ Ω̄+, ∀ε > 0. (5.21)

Proof. The scaled matrices HT (ε),PT (ε),S(ε) are defined in an obvious way on
Ω̄+ for all ε > 0. Since

s(ε) = trace(S(ε)) = trace(PT (ε)TDT PT (ε))

= trace(DT PT (ε)PT (ε)T ) = trace(DT GT (ε)),

we deduce from (5.15) that

||s(ε) − trace(DT GT (0))||0,∞,Ω̄+ ≤ Cε.

In order to infer (5.21), it remains to show that

s(0) = trace(DTGT (0)) > 0, ∀x ∈ Ω̄+.

As for G(0), H(0) is defined in an obvious way using the functions aij . H(0) is
symmetric, positive definite and uniform with respect to x ∈ Ω̄+. We proceed as in
Sec. 3.1. There exists an invertible matrix P0, such that

PT
0 HT (0)P0 = I,

PT
0 DTP0 = diag(s0, 0, 0),

with s0 > 0, ∀x ∈ Ω̄+. Since GT (0)−1 = HT (0) = (P0PT
0 )−1, it is clear that

s(0) = trace(DT GT (0)) = trace(DT P0PT
0 ) = trace(PT

0 DTP0) = s0.
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6. Asymptotic Analysis

In this section, we establish our main result. The goal is to pass to the limit as
ε → 0 in the scaled variational mixed formulation (5.2)–(5.4), in order to derive
the asymptotic formulation and obtain the announced boundary conditions on the
surface S. This is achieved in two steps. In Sec. 6.1, we obtain several a priori
estimations on the sequences, (u(ε))ε>0 and (σ(ε))ε>0, presented in Lemma 6.1
through Lemma 6.4. All these estimations are then used in Sec. 6.2 in which we
let ε → 0 to obtain the limit formulation, which is presented in Theorem 6.6.
Eventually, we show in Theorem 6.7 how the solution of the asymptotic problem
can be explicitely computed in Ω+ and deduce boundary conditions on S.

6.1. A priori estimations on (u(ε))ε>0 and (σ(ε))ε>0

Lemma 6.1. Let (u(ε), σ(ε)) be the solution to problem (5.2)–(5.4). There exist
constants C1, C2 > 0, such that for all ε ∈]0, ε0],[∑

α,β

||ẽαβ(u(ε))||20,Ω−

]1/2

≤ C1

[∑
α,β

||σ̃αβ(ε)||20,Ω−

]1/2

(6.1)

and

[2||e13(u(ε))||20,Ω− + 2||e23(u(ε))||20,Ω− + ||e33(u(ε))||20,Ω− ]1/2

≤ C2[2||σ13(ε)||20,Ω− + 2||σ23(ε)||20,Ω− + ||σ33(ε)||20,Ω− ]1/2.
(6.2)

Proof. In (5.3), let us choose τij = 0 in Ω+ and τ̃αβ = ẽαβ(u(ε)) in Ω−.∫
Ω−

σ̃T (ε) · (QT )T AT QT ẽT (u(ε))
√

gdx =
∫

Ω−
ẽT (u(ε)) · ẽT (u(ε))

√
gdx.

Using (5.14), (3.8) and Cauchy–Schwarz’s inequality we obtain∫
Ω−

σ̃T (ε) · (QT )T ATQT ẽT (u(ε))
√

gdx

≤ √
g1CA

[∑
α,β

||σ̃αβ(ε)||20,Ω−

]1/2[∑
α,β

||ẽαβ(u(ε))||20,Ω−

]1/2

.

With (5.14) and (3.8) we have∫
Ω−

ẽT (ε)(u(ε)) · ẽT (ε)(u(ε))
√

gdx ≥ √
g0

∑
α,β

||ẽαβ(u(ε))||20,Ω−

and we conclude that the first inequality is verified.
The second inequality is proved in the same way choosing τi3 = ei3(u(ε)) in Ω−,

and using (5.17) and (5.19).
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Lemma 6.2. Let (u(ε), σ(ε)) be the solution to problem (5.2)–(5.4). There exist
positive constants C3, C4, C5, C6 and C7, such that for all ε ∈]0, ε0],

||σ̃αβ(ε)||0,Ω− ≤ C3, (6.3)

||σi3(ε)||0,Ω− ≤ C4, (6.4)

||σ̃11(ε)||0,Ω+ ≤ C5

√
2µeε + s1

ε
, (6.5)

||σ̃α2(ε)||0,Ω+ ≤ C6, (6.6)

||σi3(ε)||0,Ω+ ≤ C7. (6.7)

Proof. Let us choose τ̃αβ = σ̃αβ(ε), τ̃i3 = σ̃i3(ε) in (5.3) and v = u(ε) in (5.4).
We obtain

A(ε)(σ(ε), σ(ε)) = L(u(ε)).

From (5.13), (5.14), (3.7) and (5.21), we deduce

A(ε)(σ(ε), σ(ε)) ≥ √
g0cA

(∑
αβ

||σ̃αβ(ε)||20,Ω−

+ 2||σ13(ε)||20,Ω− + 2||σ23(ε)||20,Ω− + ||σ33(ε)||20,Ω−

)
+

ε

2µeε + s1

√
g0||σ̃11(ε)||20,Ω+

+
1

2µe

√
g0

(
2||σ̃12(ε)||20,Ω+ + ||σ̃22(ε)||20,Ω+

)

+
ĉG

2µe

√
g0

(
2||σ13(ε)||20,Ω+ + 2||σ23(ε)||20,Ω+ + ||σ33(ε)||20,Ω+

)
.

Cauchy–Schwarz’s inequality gives

L(u(ε)) ≤ √
g1

[∑
i

||f i||20,Ω−

]1/2 [∑
i

||ui(ε)||20,Ω−

]1/2

.

From the three-dimensional Korn inequality in curvilinear coordinates [8], we
deduce that there exists a constant C = C(Ω−,Ψ, Γ−

l ∪ Γ−) > 0, such that[∑
i

||ui(ε)||20,Ω−

]1/2

≤ C

[∑
i,j

||eij(u(ε))||20,Ω−

]1/2

.

There exists an ε-independent constant CQ > 0 (which is a norm of matrix Q

on Ω−), such that∑
i,j

||eij(u(ε))||20,Ω− ≤ CQ

∑
α,β

||ẽαβ(u(ε))||20,Ω− + 2||e13(u(ε))||20,Ω−

+ 2||e23(u(ε))||20,Ω− + ||e33(u(ε))||20,Ω− ,
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and using Lemma 6.1, we obtain

∑
i

||ui(ε)||20,Ω− ≤ C2C2
1CQ

∑
α,β

||σ̃αβ(ε)||20,Ω− + C2C2
2

[
2||σ13(ε)||20,Ω−

+ 2||σ23(ε)||20,Ω− + ||σ33(ε)||20,Ω−
]
.

This eventually leads to

[∑
i

||ui(ε)||20,Ω−

]1/2

≤
√

max(C2C2
1CQ, C2C2

2 )

[∑
α,β

||σ̃αβ(ε)||20,Ω− + 2||σ13(ε)||20,Ω−

+ 2||σ23(ε)||20,Ω− + ||σ33(ε)||20,Ω−

]1/2

,

which completes the proof.

It is worth noticing here the particular form of estimate (6.5) in the preceding
lemma. This estimate is sufficient since in the limit process we will only use the
fact that

√
ε||σ̃11(ε)||0,Ω+ is bounded as ε → 0 (see the proof of Theorem 6.6 at the

end of the paper).

Lemma 6.3. Let (u(ε), σ(ε)) be the solution to problem (5.2)–(5.4). There exist
three constants C8, C9 and C10 > 0, such that

[∑
α,β

||ẽαβ(ε)(u(ε))||20,Ω+

]1/2

≤ C8
1
ε

[(
ε

2µeε + s0

)2

||σ̃11(ε)||20,Ω+

+
(

1
2µe

)2

||σ̃12(ε)||20,Ω+ +
(

1
2µe

)2

||σ̃22(ε)||20,Ω+

]1/2

,

(6.8)[∑
α

||eα3(ε)(u(ε))||20,Ω+

]1/2

≤ C9
1
ε

[∑
α

||σα3(ε)||20,Ω+

]1/2

, (6.9)

||e33(ε)(u(ε))||0,Ω+ ≤ C10
1
ε
||σ33(ε)||0,Ω+ . (6.10)

Proof. In (5.3), let us choose successively:
τij = 0 in Ω−, τ̃αβ = ẽαβ(ε)(u(ε)) and τi3 = 0 in Ω+,
τij = 0 in Ω−, τ̃αβ = 0, τ33 = 0 and τα3 = eα3(ε)(u(ε)) in Ω+,
τij = 0 in Ω−, τ̃αβ = 0, τα3 = 0 and τ33 = e33(ε)(u(ε)) in Ω+.
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Lemma 6.4. Let (u(ε), σ(ε)) be the solution to problem (5.2)–(5.4). There exist
constants C11 and C12 > 0, such that

||∂3u3(ε)||0,Ω+ ≤ C11, (6.11)

||∂3uα(ε)||0,Ω+ ≤ C12. (6.12)

Proof. Since e33(ε)(u(ε)) = 1
ε∂3u3(ε), we directly deduce from estimates (6.10)

and (6.7) that

||∂3u3(ε)||0,Ω+ ≤ C11.

The following relation holds

||∂3uα(ε)||20,Ω+ = ε||∂3u
ε
α||20,Ω+

ε
.

It is possible to extend uε by 0 to the ε-independent domain Ω+
ε0

and apply Korn’s
inequality in curvilinear coordinates [8]. We deduce

||∂3u
ε
α||20,Ω+

ε
≤ C

∑
i,j

||eε
ij(u

ε)||2
0,Ω+

ε
,

with

||eε
ij(u

ε)||2
0,Ω+

ε
= ε||eij(ε)(u(ε))||20,Ω+ .

We therefore have

||∂3uα(ε)||20,Ω+ ≤ Ĉε2
∑
α,β

||ẽαβ(ε)(u(ε))||20,Ω+

+ 2Cε2
∑

α

||eα3(ε)(u(ε))||20,Ω+

+ Cε2||e33(ε)(u(ε))||20,Ω+ ,

and we conclude using Lemmas 6.3 and 6.2 in order to bound the righthand side of
the previous inequality.

6.2. Asymptotic analysis as ε → 0

Let us introduce the functional spaces V3, V∗ and Σ∗:

V3(Ω+) =
{

v ∈ L2(Ω+),
∂v

∂x3
∈ L2(Ω+), v = 0 on Γ+

l ∪ Γ+
u

}
,

V∗ = {v, v− ∈ (H1(Ω−))3, v+ ∈ (V3(Ω+))3,

v = 0 on Γ− ∪ Γl ∪ Γ+
u , v− = v+ on S}.

V3(Ω+) and V∗ are Hilbert spaces with the norms

||v||V3(Ω+) =
∥∥∥∥ ∂v

∂x3

∥∥∥∥
0,Ω+

,

||v||V∗ =

[∑
i

||vi||21,Ω− +
∥∥∥∥ ∂vi

∂x3

∥∥∥∥
2

0,Ω+

]1/2

.



October 18, 2004 6:0 WSPC/176-AA 00038

300 B. Faugeras & J. Pousin

It is possible to define the trace v|∂Ω− ∈ H1/2(∂Ω−) ⊂ L2(∂Ω−) of v ∈ H1(Ω−) on
the boundary ∂Ω− of Ω−. The trace on ∂Ω+ of an element v ∈ V3(Ω+) can also be
defined and particularly v|S ∈ L2

loc(S) (see Theorem B.2 of the Appendix B). Σ∗ is
the Hilbert space defined by

Σ∗ = {τ = (τij), τij = τji, τij ∈ L2(Ω) for (i, j) �= (1, 1), τ11 ∈ L2(Ω−)}.
The following notations are used in the limit scaled variational mixed formulation:

A∗(σ, τ) = A−(σ, τ) + A∗+(σ, τ),

A∗+(σ, τ) =
∫

Ω+

[
1
µe

σ̃12τ̃12 +
1

2µe
σ̃22τ̃22 +

1
2µe

σN · GN (0)τN

]√
adx,

B∗(v, τ) = B−(v, τ) + B∗+(v, τ),

B∗+(v, τ) =
∫

Ω+
[(∂3v)N ·GN (0)τN ]

√
adx,

where the vector (∂3v)N =
(

1√
2
∂3v1,

1√
2
∂3v2, ∂3v3

)T

. In the remaining part of
this paper the arrows → and ⇀ denote strong and weak convergence as ε → 0,
respectively.

Lemma 6.5. Let (u(ε), σ(ε)) be the solution to the scaled variational mixed for-
mulation (5.2)–(5.4). Then, there exists a subsequence, still denoted by (u(ε), σ(ε))
for convenience, and there exists (u∗, σ∗) ∈ V∗ × Σ∗, such that

σ̃11(ε) ⇀ σ̃∗
11 in L2(Ω−), (6.13)

σ̃α2(ε) ⇀ σ̃∗
α2 in L2(Ω), (6.14)

σi3(ε) ⇀ σ∗
i3 in L2(Ω), (6.15)

u(ε) ⇀ u∗ in V∗. (6.16)

Proof. Points (6.13)–(6.15) are direct consequences of Lemma 6.2.
Let us prove (6.16). From (6.1) and (6.3), we deduce that ẽαβ(u(ε)) is bounded

in L2(Ω−). From (6.2) and (6.4), we deduce that ei3(u(ε)) is bounded in L2(Ω−).
Therefore, eij(u(ε)) is bounded in L2(Ω−), and Korn’s inequality (see [8]) applied on
Ω− yields to the boundedness of ui(ε) in H1(Ω−). From Lemma 6.4, we deduce that
ui(ε) is bounded in V3(Ω+). Consequently, there exists a subsequence ui(ε) ⇀ u∗

i

in H1(Ω−) ∪ V3(Ω+).
Since ui(ε) = 0 on Γ− ∪ Γl ∪ Γ+

u , u∗
i = 0 on Γ− ∪ Γl ∪ Γ+

u . Since
u+

i (ε)(x1, x2, 0) = u−
i (ε)(x1, x2, 0) in L2

loc(S) and u−
i (ε)(x1, x2, 0) ∈ H1/2(S), we

have that u+
i (ε)(x1, x2, 0) = u−

i (ε)(x1, x2, 0) in H1/2(S) and therefore in L2(S).
Thus, we obtain that u∗+

i = u∗−
i a.e. on S and u∗ ∈ V∗.

Theorem 6.6. (u∗, σ∗) solves the scaled mixed variational problem:

u∗ ∈ V∗, σ∗ ∈ Σ∗, (6.17)

A∗(σ∗, τ) = B∗(u∗, τ), ∀τ ∈ Σ, (6.18)

B∗(v, σ∗) = L(v), ∀v ∈ V. (6.19)
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Proof. The result is obtained by passing to the limit as ε → 0 in (5.2)–(5.4).
(i) The terms A−(σ(ε), τ), B−(u(ε), τ) and B−(v, σ(ε)):
Using Lemma 6.5, it is clear that

A−(σ(ε), τ) → A−(σ∗, τ),

B−(u(ε), τ) → B−(u∗, τ),

B−(v, σ(ε)) → B−(v, σ∗).

(ii) The term A+(ε)(σ(ε), τ):
From (5.8) (cf. Lemma 5.1), we know that

√
g(ε) → √

a in C0(Ω̄+). From
Lemma 6.2, we deduce that

√
εσ̃11(ε) is bounded in L2(Ω+) for 0 < ε ≤ ε0 and

since
√

ε
s(ε)+2µeε → 0 in C0(Ω̄+),∫

Ω+

ε

s(ε) + 2µeε
σ̃11(ε)τ̃11

√
g(ε) dx → 0.

Then, using (6.6), (6.7) (cf. Lemma 6.2) and (5.15), we conclude that

A+(ε)(σ(ε), τ) → A∗+(σ∗, τ).

(iii) The term B+(ε)(v, σ(ε)):
(5.9) and (5.10) (cf. Lemma 5.1) lead to

eαβ(ε)(v) =
1
2
(∂αvβ + ∂βvα) − Γp

αβ(ε)vp → 1
2
(∂αvβ + ∂βvα) − Γσ

αβvσ − bαβv3

= eαβ(0)(v),

in L2(Ω+) for all v ∈ (H1(Ω+))3. Since
√

εσ̃11(ε), σ̃12(ε) and σ̃22(ε) are bounded
in L2(Ω+), ∫

Ω+
εẽT (ε)(v) · σ̃T (ε)

√
g(ε)dx → 0.

We recall that eα3(ε)(v) = 1
2 (∂αv3 + 1

ε∂3vα) − Γσ
α3(ε)vσ . Using (5.11) (cf.

Lemma 5.1), we deduce that

εeα3(ε)(v) → 1
2
∂3vα,

in L2(Ω+) for all v ∈ (H1(Ω+))3. We also have

εe33(ε)(v) → ∂3v3,

in L2(Ω+) for all v ∈ (H1(Ω+))3. Therefore, we conclude that∫
Ω+

εeN (ε)(v) ·GN (ε)σN (ε)
√

g(ε)dx →
∫

Ω+
(∂3v)N · GN (0)σ∗

N

√
adx,

and

B+(ε)(v, σ(ε)) → B∗+(v, σ∗).
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(iv) The term B+(ε)(u(ε), τ):
Let us show that ε∂αui(ε) ⇀ 0 in L2(Ω+). From (6.5), (6.6) (cf. Lemma 6.2)

and (6.8) (cf. Lemma 6.3), we deduce that εẽαβ(ε)(u(ε)) is bounded in L2(Ω+).
Therefore, εeαβ(ε)(u(ε)) is also bounded in L2(Ω+). Since Γp

αβ(ε) is bounded in
C0(Ω̄+) and up(ε) is bounded in L2(Ω+), we deduce from

εeαβ(ε)(u(ε)) = ε

(
1
2
(∂αuβ(ε) + ∂βuα(ε)) − Γp

αβ(ε)up(ε)
)

,

that ε∂1u1(ε), ε∂2u2(ε) and ε(∂1u2(ε) + ∂2u1(ε)) are bounded in L2(Ω+). In the
same way,

εeα3(ε)(u(ε)) =
1
2
(ε∂αu3(ε) + ∂3uα(ε)) − εΓσ

α3(ε)uσ(ε)

is bounded in L2(Ω+) and since ∂3ui(ε) (cf. Lemma 6.4) and εΓσ
α3(ε)uσ(ε) are

bounded in L2(Ω+), this implies that ε∂αu3(ε) is bounded in L2(Ω+). We then
apply the classical Korn inequality to e(u) on Ω+ to obtain the boundedness of
ε∂1u2(ε) and ε∂2u1(ε). To sum up, ε∂jui(ε) is bounded in L2(Ω+).

Hence εui(ε) is bounded in H1(Ω+) and there exists a subsequence, still denoted
by εui(ε), which converges weakly to some vi in H1(Ω+). The trace of vi on Γ+

u is
0 since the trace of ui(ε) on Γ+

u is 0. Moreover, ε∂3uα → 0 in L2(Ω+) and therefore
∂3vi = 0 a.e in Ω+. We conclude that vi = 0 and that ε∂αui(ε) ⇀ 0 in L2(Ω+).

As a consequence εeαβ(ε)(u(ε)) ⇀ 0 and therefore εẽαβ(ε)(u(ε)) ⇀ 0,
ε
(

1
2 (∂αu3(ε) − Γρ

α3(ε)uρ(ε)
)

⇀ 0 in L2(Ω+). Eventually,

B+(ε)(u(ε), τ) → B∗+(u∗, τ).

Theorem 6.7. In the domain Ω+, the displacement field u∗ is given by

u∗
α(x1, x2, x3) =

1
µe

σ∗−
α3 (x1, x2, 0)(x3 − 1), a.e in Ω+, (6.20)

u∗
3(x1, x2, x3) =

1
2µe

σ∗−
33 (x1, x2, 0)(x3 − 1) a.e in Ω+. (6.21)

Proof. In (6.18), let us choose τ = 0 in Ω−, ταβ = 0 in Ω+ and τN =
1√
a
GN (0)−1

[
1

2µe
σ∗

N − (∂3u∗)N

]
in Ω+. This leads to

∫
Ω+

∥∥∥∥ 1
2µe

σ∗
N − (∂3u∗)N

∥∥∥∥
2

dx = 0,

that is to say,

1
µe

σ∗
α3 − ∂3u

∗
α = 0, in L2(Ω+), (6.22)

1
2µe

σ∗
33 − ∂3u

∗
3 = 0, in L2(Ω+). (6.23)
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In (6.19), let us choose v = 0 in Ω− and v ∈ (D(Ω+))3 in Ω+. Then∫
Ω+

[(∂3v)N ·GN (0)σ∗
N ]

√
adx = 0 = −

∫
Ω+

[(v)N ·GN (0)∂3σ
∗
N ]

√
adx,

where the vector (v)N =
(

1√
2
v1,

1√
2
v2, v3

)T

.
It follows that

∂3σ
∗
N = 0, (6.24)

in (D′(Ω+))3 and therefore in (L2(Ω+))3.
From (6.22)–(6.24), we deduce that ∂3∂3u

∗
i = 0 in L2(Ω+). Since the trace of

u∗
i on Γ+

u is 0, we obtain

u∗
i (x1, x2, x3) = ci(x3 − 1), a.e in Ω+,

where

ci = −u∗+
i (x1, x2, 0) = ∂3u

∗
i (x1, x2, x3). (6.25)

From (6.22), (6.24) and (6.25), we deduce that the trace of σ+
i3 on ∂Ω+ belongs

to L2(∂Ω+). Also

cα =
1
µe

σ∗+
α3 (x1, x2, 0) = −u∗+

α (x1, x2, 0) in L2(S),

c3 =
1

2µe
σ∗+

33 (x1, x2, 0) = −u∗+
3 (x1, x2, 0) in L2(S).

It remains to be shown that σ∗+
i3 = σ∗−

i3 on S.
We first show that σ∗+

N = 0 on Γ+
σ .

In (6.19) let us choose v ∈ K, such that v ∈ (H1(Ω+))3, v = 0 on S ∪ Γ+
u ∪ Γ+

l

and v = 0 in Ω−. We obtain using Green’s formula

B∗+(v, σ∗) = 0,

= −
∫

Ω+
(v)N · GN (0)(∂3σ

∗
N )

√
adx +

∫
Γ+

σ

(v)N ·GN (0)σ∗
N

√
adx.

Using (6.24) results in∫
Γ+

σ

(v)N · GN (0)σ∗
N

√
adx = 0, ∀v ∈ (L2(Γ+

σ ))3,

which implies

σ∗+
N = 0, in (L2(Γ+

σ ))3. (6.26)

Let us now transform Eq. (6.19),

B−(v, σ∗) + B∗+(v, σ∗) = L(v), ∀v ∈ K,
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using Green’s formula (and (6.26)) and going back to cartesian coordinates. This
gives

B∗+(v, σ∗) =
∫

Ω+
[(∂3v)N · GN (0)σ∗

N ]
√

adx,

= −
∫

Ω+
(v)N · GN (0)(∂3σ

∗
N )

√
adx −

∫
S

(v)+N ·GN (0)σ∗+
N

√
adx1 dx2.

Using (6.24) results in

B∗+(v, σ∗) = −
∫

S

(v)+N ·GN (0)σ∗+
N

√
adx1dx2,

and going back to cartesian coordinates

B∗+(v, σ∗) = −
∫

Ŝ

v̂+ · σ̂∗+n ds.

Moreover, we have

B−(v, τ) =
∫

Ω−
[ẽT (v) · σ̃∗

T + eN (v) · GNσ∗
N ]

√
gdx,

=
∫

Ω̂−
ê(v̂): σ̂∗ dx̂.

Since div(σ̂(ε)) = f̂ ∈ (L2(Ω̂−))3, div(σ̂∗) belongs to (L2(Ω̂−))3 and σ̂∗ belongs to
H(div, Ω̂−) (see Appendix B). Therefore, we can define σ̂n|Ŝ ∈ H−1/2(Ŝ) and we
have Green’s formula

B−(v, τ) = −
∫

Ω̂−
div(σ̂∗) · v̂ dx̂ + 〈σ̂∗−n, v̂−〉(H−1/2(Ŝ))3,(H1/2(Ŝ))3 .

Eventually, since

L(v) =
∫

Ω−
f ivi

√
gdx =

∫
Ω̂−

f̂ · v̂ dx̂,

we obtain

−
∫

Ŝ

v̂ · σ̂∗+n ds + 〈σ̂∗−n, v̂〉(H−1/2(Ŝ))3,(H1/2(Ŝ))3 = 0, ∀v̂ ∈ (L2(Ŝ))3.

Therefore, σ̂∗−n = σ̂∗+n in (H−1/2(Ŝ))3 but since σ̂∗+n ∈ (L2(Ŝ))3 the equal-
ity holds in (L2(Ŝ))3. In curvilinear coordinates this reads σ∗+

N (x1, x2, 0) =
σ∗−

N (x1, x2, 0) in (L2(S))3 and the proof is complete.

To conclude, let us show that the limit displacement and stress tensor fields sat-
isfy in Ω̂− the equation of the elasticity problem (1.6) announced in the introduction
of the paper. The result is expressed in the cartesian coordinate system.
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Theorem 6.8. û∗ and σ̂∗ satisfy:


div(σ̂∗) + f̂ = 0 a.e in Ω̂−,

σ̂∗ = λ trace(ê(û∗))I + 2µê(û∗) a.e in Ω̂−,

û∗ = 0 a.e on Γ̂− ∪ Γ̂−
l ,

σ̂∗n = −2µeû
∗
nn − µeû∗

T a.e on Ŝ.

(6.27)

Proof. Since u∗ ∈ V∗ it is clear that û∗ = 0 a.e on Γ̂− ∪ Γ̂−
l . Choosing x3 = 0 in

(6.20) and (6.21) of Theorem 6.7, we deduce that

µeu
∗
αgα + 2µeu

∗
3g

3 = −σ∗
α3g

α − σ∗
33g

3 a.e on S,

which is exactly the boundary condition expected on Ŝ expressed in curvilinear
coordinates. Let us now obtain the stress-strain compartment equation. Choosing
τ+ = 0 in (6.18) of Theorem 6.6 leads to

A−(σ∗, τ) = B−(u∗, τ).

Going back to cartesian coordinates, this equation reads∫
Ω̂−

Âijklσ̂
∗
kl τ̂ij dx̂ =

∫
Ω̂−

êij(û∗)τ̂ij dx̂,

where

Âijkl =
1 + ν

2E
(δikδjl + δjkδil) − ν

E
δijδkl.

Since this holds for all τij = τji ∈ L2(Ω−), we obtain that Âijklσ̂
∗
kl = êij(û∗)

a.e in Ω̂−. This relation can also be written

ê(û∗) =
1 + ν

E
σ̂∗ − ν

E
trace(σ̂∗)I,

which is equivalent to

σ̂∗ = λ trace(ê(û∗))I + 2µê(û∗).

Eventually, in order to obtain the equilibrium equation, one may choose in (6.19) of
Theorem 6.6 v such that v+ = 0, v ∈ (H1(Ω−))3 and v = 0 on Γ− ∪ Γ−

l ∪ S.

It should be noted that this last problem is wellposed. One can easily deduce
this by formulating a mixed variational formulation (in cartesian coordinates) and
check that assumptions of Theorem 1.2, p. 47 of the book by Brezzi and Fortin [5]
are satisfied.

Appendix A

In this first appendix, we recall a result concerning the simultaneous reduction of
two quadratic forms.

Let A be a symmetric, positive definite n× n matrix and B a symmetric n× n

matrix. Using the matrix A, one can define the scalar product (., .)A on R
n by

(x, y)A = XTAY, ∀x, y ∈ R
n,
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where X and Y are the n× 1 matrices of x and y in the canonical basis. We define
the quadratic form qB by

qB(x) = XTBX, ∀x ∈ R
n.

There exists a unique linear operator f : R
n → R

n, which is symmetric for the scalar
product (., .)A, such that

qB(x) = (x, f(x))A, ∀x ∈ R
n.

Let C be the matrix of f in the canonical basis. We have

XTBX = XTACX, ∀X ∈ R
n

and therefore AC = B. Since C is the matrix of a symmetric linear operator, it
is diagonalizable in a basis which is orthonormal with regard to the scalar product
(., .)A. Hence, there exist an invertible matrix P and a diagonal matrix D, such
that

PTAP = In, (A.1)

P−1CP = D. (A.2)

From (A.1) we deduce that A−1 = PPT and replacing C by A−1B in (A.2), we
deduce that P−1PPTBP = D. To sum up, we have that

PT AP = In and PT BP = D.

Appendix B

In this appendix, we recall two traces theorems. Let Ω be a Lipschitz continuous
open subset of R

3. Let us define the Hilbert space H(div, Ω) by

H(div, Ω) = {v ∈ (L2(Ω))3; div(v) ∈ L2(Ω)}.
Theorem B.1. The mapping γn: v → v · n|∂Ω is a linear continuous operator from
H(div, Ω) into H−1/2(∂Ω).

For a proof the reader is referred to Theorem 2.5, p. 27 of the book by Girault
and Raviart [11].

For 1 ≤ i ≤ 3, let ai: Ω → R be C1 functions such that
∑3

i=1 ∂iai is bounded.
Let us define the Hilbert space H by

H =

{
φ ∈ L2(Ω);

3∑
i=1

ai∂iφ ∈ L2(Ω)

}
.

The following result holds.

Theorem B.2. Assume the functions ai satisfy the previous hypothesis. Then for
S ⊂ ∂Ω a part of the boundary of positive measure, the mapping γS : φ → φ|S is

a linear continuous operator from H into L2
loc

(
S,
∑3

i=1 ainI dσ
)

, where n is the
outward normal.

For a proof the reader is referred to Bardos [2], p. 205.
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