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Segmentation of 3D cardiac images using a deformable elastic model of the heart proved
to be significantly improved by applying special boundary conditions on the elastic
model [15]. The purpose of this paper is to derive those boundary conditions by means
of a rigourous convergence result. We consider a simplified two-layer elastic shell model
and show that when the thickness € of the thin external fibrous layer tends to 0 it can
be replaced by the above mentioned boundary conditions on the internal layer. A mixed
variational formulation of the problem in curvilinear coordinates is introduced. This
formulation is then scaled in order to be defined over an e-independent domain. Finally,
several a priori estimations on the solution are obtained which enable us to pass to the
limit and prove our result.
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1. Introduction

By means of Magnetic Resonance, one can get a clinical M.R. volume dataset.
Such a volume dataset is denoted by a matrix V with X rows, Y columns
and Z slices which represents a discrete grid of volume elements (or voxels)
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276 B. Faugeras € J. Pousin

ve{l,..., X} x{1,...,Y}x{1,..., Z}. For each voxel v, we denote by I: N*> — Z
the grey level function v — I(v). Data are anisotropic with equal sampling in the x
and y directions but a coarser density in the z direction. By image segmentation we
refer to processes identifying all voxels which belong together according to a homo-
geneity criterion (most often a grey level criterion). Segmentation is required for the
identification of the object (that is, the heart) in the M.R. volume data. Here, we
deal with edge-based algorithms which try to detect the borderline of a structure
(that is, the discontinuity surfaces of the “gradient” of the grey level function I).
A force field is computed from the “gradient” of the function I by using a Gradient
Vector Flow technique.

In order to address the problem of 3D automatic segmentation of cardiac M.R.
multi-slices image sequences, a strategy based on an elastic simulation of the human
heart has been proposed by Vincent et al. [16]. It can be summarized as follows: an
a priori template (object) representing the heart is immersed into the image data
and submitted to a force field which pulls the boundary of the object towards the
image edges. This method has several advantages but one drawback concerns the
regularity of the displacement field and the smoothness of the final object boundary.
As an alternative to classical geometrical curvature-based boundary regularization
techniques, Pham et al. [15] propose to add boundary constraints modeling crudely
some biomechanical properties of the heart. They consider a simplified three-layer
elastic model of the heart composed of a middle homogeneous isotropic layer and
two surrounding thin layers of myocardial fibers with a directional structure. The
aim of this model is to mimic the elastic properties of the heart resulting from the
fiber structure of the muscle oriented in the longitudinal direction. It is an efficient
tool for image segmentation but not a complete myocardium model. For a more real-
istic elastic model of the heart we refer to Caillerie et al. [6]. It is announced but not
proved in [15] that the fibrous layers can be replaced by boundary conditions on the
middle layer when the thickness of the external layers tends to 0. These conditions
increase the stiffness of the boundary and smooth the displacement field at the inter-
face of the elastic object by imposing preferential directions of deformation in the
tangent space (see Fig. 1). We are not going here to get into the details of the numer-
ical method used and refer the readers to Pham [14] and Pebay et al. [13]. However,
it is worth noticing that the use of a 3D complex geometric template is necessary
for the efficiency of the method. Therefore, we describe the thin layers with a shell-
kind model using curvilinear coordinates. The purpose of this article is to obtain the
above mentionned boundary conditions by means of a rigourous convergence result.

In order to simplify the mathematical analysis, we only consider two layers:
an internal layer of fixed thickness €; and an external layer of thickness . These
two layers have a common side, which is a surface S of R3. Therefore, the heart is
represented by an elastic shell occupying a domain Q. =0"U Qj, where Q™ is the
internal layer and Qj is the external layer. The border of QE is 6(25 = f‘j ul-u f‘lﬁg,
where T'} is the external border, I'~ is the internal border and T';. is the lateral
border (see Fig. 2).
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Fig. 1. Impact of the regularization on segmentation results for a mid-ventricular slice: without
(left) and with (right) applied boundary conditions (from Pham [14]).

I'ie= U f‘l_, lateral surface
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Fig. 2. The domain Q. =0ruO.

We use the following classical conventions and notations throughout this work.
Greek indices and exponents (except €) belong to the set {1,2}, whereas Latin
indices belong to the set {1,2,3}. The summation convention with respect to
repeated indices and exponents is systematically used. The Euclidean scalar prod-
uct, the vector product and tensorial product of a,b € R? are denoted a-b, ax b
and a ® b, respectively; the Euclidean norm is denoted || - ||.

Let (e;) be the canonical orthonormal basis of the Euclidean space R3. In carte-
sian coordinates the displacement field for any material point is represented by
u = u;e;. The deformation is described by the Green—Lagrange strain tensor, which
is linearized under the small deformation assumption:

1 [oa  ou
¢ (1) = 3 (a@j + a;f:) :
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If & denotes the stress tensor, the constitutive law or stress-strain relation for the
homogeneous isotropic internal layer takes the form:

() = X trace(é(0))] + 2ué(h), (1.1)

where A and p are the Lamé constants, and I is the identity tensor. Equivalently,
we have,

&) = 1 ()~ % trace(d (@)1, (1.2)

where E is the Young modulus and v the Poisson ratio. The following classical
relations hold

v A 14+v 1
v , — 1.3
E  4u(A+p) E 2u (13)

If d is the 3D orientation vector of fibers belonging to the tangent space and g, is
the second Lamé coefficient for the external layer, the constitutive law for this layer
reads as follows [15]:

5(0) = (d - é(a)d)d ® d + 2uecé(q). (1.4)

We will show in Sec. 3.1 that the inverse relation is well defined for all € > 0. In
the context of bonded joint with soft material, similar constitutive law models have
been proposed in [12] or in [3].

We assume that the elastic body is submitted to a volumic force field f such
that f =0 in Q"’. The equilibrium state is expressed by:

div(s(a)) +f =0 in Q.,

F(a) = A trace(é(t))] + 2ué(a) in O,

6(0) = (d-e(@)d)d®@d + 2pecé(a) i QF, (15)
u=0 on '~ Ul UT{,, '
on=20 on F;"E,

" =0T and 6 n=6"n on S,

where T' = f‘fla U f‘js and meas(f‘ia) # 0.t (respectively ™) is the restriction
of i1 to Qj (respectively Q*) The same notation applies to 6. The vector n denotes
the normal unit vector pointing outwards of Q. on f“je and outwards of Q= on S.

The goal of this work is to prove that when the thickness of the external layer,
e, tends to 0, the asymptotic model is given by:

div(s(0)) +f=0 in Q-

g(a) = X trace(é(t))] + 2ué(t) in Q_, A (1.6)
a=20 onI'""uUTl'y,

on = —2uelyn — ey on S,

where fl_ is such that fl,g = IATE U ff, i,n is the component of 1 normal to the

surface S and iy is the tangential component.
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It is worth noticing here that f‘je and f‘js disappear in the limit process.
However, if, on the one hand, one can choose meas(fc‘;e) = 0, it is on the other
hand necessary to have meas(f‘jﬁa) # 0. The Dirichlet boundary condition on f‘ja
plays an important role in the proof of Theorem 6.7 at the end of the paper. It
should also be noticed that the new boundary condition on S does not depend on
the fibers direction d. If d has a non zero component in the normal direction n, the
asymptotic model will be dramatically different.

An overview of the article is as follows. In the next section we collect most of
the notation to be used in the remainder of the paper recalling basic notions on
curvilinear coordinates. Using this notation in Sec. 3, we derive some estimations
concerning the stress-strain relations in the internal layer, 27, and in the external
layer Q. In Sec. 4, we introduce the mixed variational formulation of the elasticity
problem (1.5) and show its well-posedness. The problem is then reformulated in
Sec. 5 over an e-independent domain ). The main result of this paper is obtained
in Sec. 6, in which we first prove several a priori estimations on the solution to the
scaled problem before passing to the limit as € tends to O.

Let Q be an open subset in R3. L2(Q), ||||o.o and H*(Q), ||-||1,o denote the usual
Sobolev spaces of real-valued functions. Boldface lowercase letters denote vector-
valued functions and boldface uppercase letters denote matrix valued functions.
The norms are denoted in the same way as for real-valued functions. For instance,

if v € (L*(Q))*, we note [[v|[§ o = 3; l[vill§ -

2. Preliminaries
2.1. Curvilinear coordinates

All needed notions of differential geometry may be found, e.g., in [8]. The presen-
tation given in this section is very close to the one given in [9]. We consider a shell
described by a surface S , the thickness of which is ;+&. We assume that the surface
S is a bounded, two-dimensional submanifold of R3, which, for simplicity, admits
an atlas consisting of one chart only. Let 1) be this chart. We are thus given once
and for all a domain w C R? and an injective mapping v € C3(w, R?), such that

S = (w).

We assume that w has a Lipschitz-continuous boundary, 7. Let y = (y,) denote a
generic point in the set w and let 9, = 9/0y,. Let ¥ be such that the two vectors

Aq (y) = 8a¢(y)7

are linearly independent at all points y € w. They form the covariant basis of the
tangent plane, T'(S), to the surface S at the point ¥ (y). The two vectors a®(y) of
the same tangent plane defined by the relations

a®(y) - ag(y) = 43,
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constitute its contravariant basis. Let us also define
3 a1 (y) x az(y)
200 =20 = Ty ) x )
which is a chart-independent (modulo multiplication by —1) unit normal vector to
the tangent plane. One then defines the metric tensor, (aqs) or (a®?) (in covariant
or contravariant components), the curvature tensor, (bag) or (b2) (in covariant or
mixed components), and the Christoffel symbols I' 5, of the surface S by letting

(aB = 84 - Ag, aP =a” . a’, (2.1)
bap = as - Jgaq, bg = d%by0, (2.2)
7, =a’ dpa,. (2.3)

Note the symmetries:
Gop = 5o, 0P =aP*, bas = bga, Fgﬁ =T%..
The area element along S is Vady, where
a = det(aqg). (2.4)
The function a is continuous on the set @ and there exits a constant ag, such that
0<ap<aly), Vyewu. (2.5)
For each ¢ > 0 we define the sets:
Q. = wx] — e, ¢,
OF = wx]0, ¢,
Q" =wx] —¢,0],
Flfg = x [0,¢],
Iy = x[~&,0],
'™ =wx{-¢},
F$,€ = wy X {e},
F:,s = wy X {e},
S =w x {0},
with w = wy Uw, and meas(wy) # 0. Note that I‘l+ ur,; ur-u I‘f;s U I‘;E = 09,

€
constitutes a partition of the boundary of the set . (see Fig. 3).

Let 2° = (2£) denote a generic point in Q, and let 95 = 9/9z5; hence 25, = Y,
and 0%, = 0, . The initial configuration of the shell is the image of 2. by the mapping
¥: Q. — R3 defined by

(%) =p(y) +a5as(y), V2 = (y,25) € Q.

It can then be shown (cf. [8]) that there exists g9 > 0, such that the mapping ¥ is
a C2-diffeomorphism, and the three vectors,

gi (¢7) = 07w (z7),
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Qg’, upper layer rf = I‘jya U F;‘:,E, upper surface
thickness €

Q~, lower layer

thickness g; S, “middle” surface

e= ng urT,
lateral surface

I'~, lower surface
Fig. 3. The domain Q. = Qfua-.
are linearly independent at all points 2° € €. for all 0 < £ < gg. Therefore, we

make a geometrical assumption on the thicknesses of the two layers of the shell
heart model:

0<e<eg <egp.

The three vectors g$(z°) define the covariant basis at the point ¥(x<). It is clear
that g5 = a3 is the unit vector normal to S. We choose it to be pointing outwards
of O~ and for the remainder of this work, we use indifferently the notations n or
g5. The three vectors g¢(2¢) defined by

ge(a) - g5 (a°) = &,

form the contravariant basis. One then defines the metric tensor (gj;) or (g"°) (in
covariant or contravariant components) and the Christoffel symbols of the manifold

W((2.) by letting (we omit the explicit dependence on z¢)
95 =88, ¢/ =g" -g",
I = g O
Note the symmetries
95 =95 977 =¢""%, TS =T,
and the relations
25 =T% =0 in Q..

The volume element in the set W(£2.) is /g®dx*, where

g° = det(g5;)- (2.6)
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2.2. Vectors and tensors in curvilinear coordinates

With all the notations defined in the preceding section, a vector field or a sec-
ond order symmetric tensor field defined on the shell may be represented in the
curvilinear system by its covariant or contravariant components:
vight = vigl,
T ® gl = 1gf ® gl

One can relate covariant and contravariant components, thanks to the relations

] _ ik, _ k,
vhE = gz Evi7 UZ; —_ g;;:kv z-:7
. 1 . . . ) 1
ij,e __ ik,e jl,e jk.e ile\, € e __ g € e e\.-kle
TE = 5(9 g+ g g )Ty, T = §(gik9jl + g5kga) TS,
_ (ijkle € _ e kl,e
=G Tkl =T

Concerning the fourth-order tensors (G¥*:¢) and (Hjjp1), the following relations

1,
hold for each ¢ > 0
Gaﬁk?),e _ G333a,5 _ 0’

£ _ £
afk3 — H333a - 07
and
ijkl,e _ jikl,e __ yklij,e
GY =G = G"IE]
HE¢

(3 p— £ — £
ikl = Hiig = Higj-

Both tensors are symmetric, positive definite, and uniform with respect to 2 € Q..
The scalar product between two vectors, u>*g$ and vig"¢ can be written as

(' g7) - (o) = ' uf.
The second-order inner product between two tensors can be written as
(r7°g; ® g5): (05,8 @ g7%) = 770
Using the fourth-order tensor G%*:¢ this expression can be transformed to

ij,e € _ (vijkle,_e _e
T oy =G Tel0ij-

Let us now introduce the vectorial notation which we will use. S denotes the set
of all symmetric matrices of order 3. Any (7;;) € S can be represented by a vector
T € RS:

T = (711, V2712, T2, V2713, V2703, 733) T .
We also note

Tr = (7'117\/57127T22)T, TN = (\/5713,\/5723,T33)T-
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The fourth-order tensor G*1:¢ can be represented by the 6 x 6 symmetric matrix G©:

G5l 0
G® T
( 0 G?\/) ’

with
gll,sgll,s \/5911,5912,5 912,5912,5
G% — \/59117591275 gll,sg22,s+912,sg12,s \/59127692276
912,5912,5 \/5912,5922,5 922,5922,5
and
911,5933,5 912,6933,5 0
G?V — 9127693376 g22,6g33,6 0
0 0 933,5933,5

Recalling that the (g;;) matrix is the inverse of the (¢"¢) matrix, we note that

(G) ' = H = (HT 0 )

0 |H%
with
911911 ﬂgigfz 912912
= V205195 95195 + 952952 V205095 |
912912 \/igfggig 952952
and
911933 912953 0
Hy = | 912933 932955 0
0 0 933953

In vectorial notation the second-order inner product between two symmetric tensors
is written
(T7g; © g5): (078" © &%) = GV ol
— TE . GEO_E
=75 Giof 47y Giok.
The fact that (G¥*-) is symmetric, positive definite, and uniform with respect to

2° € Q. implies that there exists a constant ¢z > 0 depending on 2. only (thus on
the small parameter ¢), such that

TG =T T =TT (2.7)

for all 2° € Q. and all (7;;) € S.
From the continuity of 25 — G*(2°) on ¢ we also deduce that there exists a
constant Cg, such that

T Go < C5||]|||o]| (2.8)
for all ¢ € Qg and all (Tij)v (Uz‘j) € S.
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It is clear that if we consider the restrictions of functions G¥*-¢ to Q~, inequality
(2.7) still holds with an e-independent constant C > 0. To emphasize the fact
that the restriction to Q= of geometrical quantities such as g5, G+ . are e-
independent, we omit the exponents ¢ in what follows. For example, g; denotes the
restriction of g5 to 7. We then have

T -GT > caT - T = caTijTij, (2.9)

for all 2° € Q~ and all (1;;) € S.

To conclude this section, let us recall that given the covariant components (u$) =
u® of an arbitrary displacement field u$g"* of the points of the shell, the covariant
components of the linearized strain tensor read

1
e p(uf) = 5(821@ + 05ug,) — Thgup,

1 € ,,E €,,E € .
eGa(u%) = 5 (0505 + O5ug) — To5us, (2.10)

e53(u) = 05us.
Using our vectorial notation, the associated vector of R® is denoted by

e’ (u”) = (e7(u), ey (u)).

3. Strain-Stress Relation

In this section the strain-stress relations in the internal and external layers are
expressed using the vectorial notation. We introduce a new basis of R? in order to
derive estimations (3.3), (3.4) and (3.7), (3.8) which are needed in the remaining
part of the paper.

3.1. Strain-stress relation in the external layer

Assume that the linearized strain tensor is described by its contravariant compo-
nents, eF-¢(u®) and that the stress tensor is described by its covariant components
o5;(u®). Assume that the orientation vector of fibers is tangent to the surface S
and that it is defined by its covariant components, d,. These components are
assumed to be zs-independent, that is to say, do, = du(z1,z2). We also assume
that d, € C°(w,R) and that for all (z1,z2) € w, d # 0.

Omiting the explicit dependence on u®, the constitutive law (1.4) for the external
fibrous layer then reads

05,8 @ gt = (eMCdpd))did;g"* ® gi*

1 , .
+2pee 5 (95,95 + Girga)e g @ g7 (3.1)

This relation can be written as

Ufj = ijkzekl’ea (3.2)
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where

1
Bijr = didjdydy + 2pee 5 (9in950 + 95x9i)-

Note the symmetries

Bz‘ejkl = B;ikl = Blilij'
Since d3 = 0 the following relation holds

B(Exﬂk?) = 32333 =0.
The fourth-order symmetric tensor (ijkl) defined by its covariant components is
known as the stiffness tensor. In order to establish the mixed variational formulation
of the problem, we need to use the inverse relation and the associated compliance
tensor (C*12) defined by its contravariant components. Let us show that (C¥ke),
the inverse of (Bg;,;), exists for all € > 0.

The contravariant components C“*-¢: OFf — R of the compliance tensor

(CkL2) are obtained by inverting the matrix of covariant components of the stiff-
ness tensor, Bf;: QF — R. In vectorial notation, relation (3.2) reads

O,E — BEeE
where
o = (Uilv \/50'5:27 0327 \/50'5:37 \/50537 033)T7
et — (611,67 \/5612’6, 622,57 \/5613’6, \/5623’6, 633’E)T.
B¢ is the 6 x 6 matrix defined by
B =D + 2u.cH®,

po (B10), weo (B0, b
0 By 0 |HY

(d1)* V2(d1)*dy  (d1)?(d2)?
Dy = [ V2(di)3dy  2(d1)*(d2)?  v/2dy(da)?
(d1)*(d2)?  v/2d(d2)? (d2)*

H¢ is symmetric, positive definite and uniform with respect to 2 € €2, similar to

with

Il
|
<13
(=) )
N———

and

the fourth-order tensor (H**:¢) is. D is symmetric and non-negative as its rank
is one and its only non-zero eigenvalue is trace(Dr) > 0. Consequently, for all
e > 0, B® is symmetric, positive definite and therefore invertible. Moreover, as
(HS) ! = G§,, we have

(B%)*\ 0

(BE)—l — Q¢ =
0
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In order to obtain a simple expression for (BS)~™! one has to notice that HZ is
symmetric, positive definite and Dp is symmetric, positive definite and uniform
with respect to 2° € .. Therefore, it follows from a classical result (see Appendix
A) on the simultaneous reduction of two quadratic forms that there exists a 3 x 3
invertible matrix P7,, such that

(P7)"H;P: =1,
(P5)TDrPs = S°,

with
se 0 0
S =10 0 O
0 0 O

Note that for all € > 0 and for all z° € Q., s. > 0.

We obtain
Se + 2luc€ 0 0
(P%)"BTP% = 0 2pee 0 |,
0 0 2UeE
and therefore
1
_ 0
Se + 2pc€
1
e\T e\—1nNne
B = 0 0
(@) (B7) Q7 e ,
1
0
2Lic€

where

The columns of the matrix
Q7|0
€ _
Q= ( 0 |13
define a new basis of RS. Any (7;;) € S represented by a vector

T = (7’11, \/§T12,7’22, \/§T13, \/5723,7'33)T7

in the canonical basis of R® is represented by a vector # in this new basis. We have
TTZQ%%T andTN:i'N.
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Since G is symmetric, positive definite and uniform with respect to 2° € Q.,
there exist two constants Cg > 0 and cg > 0 depending on §), such that

T Cr =7 (B) 't =7 (Q)7(B)'Q°F,

. _ - 1
=77 (Q7)" (BT) Q771 + TN - GYTN,
2Uee
1 o, 1., 1
= it Tt TN - GRT
Se+2pee N pee 2 2pe 2 gpe NN
> S o+ L o+ L 3o+ ‘. (2755 + 2733 + 733),  (3.3)
Se + 2piee HeE 2pce 2pce

and
o Cr =0 (B) 'r=5-(Q)(B) QT
=67 (Q7) (B7) 'Qzor + T

1 o 1 . 1 . 1
= 785 T 2/le5011T11 + uegamﬁz + 2/le6022T22 + e
1 S 1 . n 1
— 1T G127
I 11711 e 12712 e
CE
+2MG€ (2085 + 2035 + 035) /2 (2785 + 2735 + 733) "2, (3.4)
e

£
O'N-GNTN,

1>
oON - GNTN,

022722

for all (745), (¢i;) € S and all 2° € QF.

3.2. Strain-stress relation in the internal layer

In the curvilinear coordinate system, the stress-strain relation (1.2) for the homo-
geneous isotropic internal layer can be written as

eij = Aijkl()'kl, (35)
where the fourth-order symmetric tensor A is represented by its contravariant
components AYF: Q- — R

1+v

Aidkl —
2F

. . o Voo
(99" +9'"g") = 599" (3.6)
Note the symmetries

Az]kl _ Ajikl _ Aklz]
and the relations

Aaﬂk?) _ Aa333 =0.

It is classical that A is positive definite and uniform with respect to z¢ € Q™.
With our vectorial notation and the change of basis defined by the matrix Q, the



288 B. Faugeras € J. Pousin

following relations hold: There exist two constants C'4 > 0 and c4 > 0 depending
on 27, such that

T At =7 (Q)TAQT,
=77 - (Qr)'ArQrTr + TN - ANTN,
> ca(270s + 275y + Tag + 2715 + 2733 + Tag), (3.7)
and
o At =6 -QTAQT,
=61 (Qr)'ArQrér +on - ANTN,
S CA(&%l + 25'%2 + &%2 + 20’%3 + 20’%3 + 0'%3)1/2
X (Fh) + 2705 + Ty + 2713 + 2735 + 7':33)1/2' (3.8)

for all (7;5), (0i;) € S and all 2° € Q.

4. Mixed Variational Formulation in Curvilinear Coordinates

This section aims to give the mixed variational formulation of the elasticity problem
(1.5) using the notation introduced in the preceding sections. Well-posedness is then
proved thanks to Brezzi’s theorem.

The unknowns of the mixed variational formulation of the problem expressed
in curvilinear coordinates are:

e the vector field
= (uf): Q. — R?,

where the three functions u$: . — R are the covariant components of the
displacement field of the points of the shell;
e the symmetric tensor field

o° = (05;): . — R,
where the nine functions o7;: Q. — R are the covariant components of the stress

tensor.

In what follows v (respectively v~ ) denotes the restriction of v to QT (respectively
Q7). Let us introduce some functional spaces, namely
Ve ={v, v_ € (HY(Q7))3, vt € HL(Q})3,
v=0on UL UlL, v- =vT on S}

u’

V¢ is the Hilbert space of admissible displacement fields compatible with the
transition condition on S. It is equipped with the norm

IVllne. = [IVIIT g + IIVIIE o112
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Also, ¥¢ = {1 = (15) € (L*(Q))°, 7;; = 7j;} is the Hilbert space of stress tensors.
It is equipped with the norm

1/2
[[lo,0. = l2||7ij||g,ﬂa‘| :
i

We assume that the applied volumic force field is defined by its contravariant com-
ponents, fig¢, and make the following assumption

f=(f)=0, inQf,
fe (L?(Q))3.

From the equations of the strong formulation of the elasticity problem (1.5), one
classically deduces the mixed variational formulation expressed in terms of the

curvilinear coordinates x$ of the reference configuration ¥(£2.). The unknowns u®
and o° satisfy:

u® e Ve, o¢° e Xf,

/ AT 875 /gdat + /

-
L o” oV gedat
Q

-

= Gkl ep (0®)Ti5\/gda® +/ Giaklees (uf)m0/gFda®, VT € ¥F,
of

/ Gijklekz(v)afj\/ﬁdxf‘F/ GRS es, (v)os; /g dar
_ of

= / flviy/gdz®, Vv € Ve,
-
Using vectorial notation, we define:

Af(o,7) = /, (67 (Qr)"ArQr7r + on - AyTN]y/gdat
+/+[&T (Q5)TCTQ57r + on - CyTN]|VgEda®,
Qc

= /_ (67 (Qr)"ArQrir +on - AnTN]/gda®

1 o 1 . |
+/ ——F—0o011T11 + 012T12 + 022722
oF [ Se + 2pee he€ 2UeE

+ oN 'Gf\,TN] Vgedz®,

L€

B ) = [ Br)- QT GrQrir +en(v) - Gural st
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+ [ 65 Q)T GTQETr + e5(v) - GRern Vs,

= /7[éT(v) -Tr +en(v) - GnTN]/gdx®

(4.1)
+ [ [65) Pt ei(v) - GRTalEEds,
Q7
L(v) = / floi/gdac.
Q-
With this notation the variational mixed formulation reads
u® € Ve, of €€, (4.2)

A (0%, 7) = B*(u®, 1), VreXxs
Bf(v,0%) = L(v), YveVe

and the following result holds.

Theorem 4.1. There exists a unique solution (u®,0°) to problem (4.2)-(4.4).
Moreover, there exist two positive constants, C5 and Cf, depending on ¢ only
such that

llo*llo.0e < ColIfllo.g-

01,0 < CEl[Ello.0-
Proof. It is a direct consequence of Brezzi’s theorem [4] (also see Babuska and
Aziz [1]). Let us first note that since o = Q¢é&, since 2° — Qf(x¢) is continuous

on 0 and since Q¢ is invertible for all z° € QFf, there exist two constants ¢, C¢ > 0,
such that

llallo,ae < lloflo,o < C|l5llo,0:, Vo € X7 (4.5)

Since ¢ — ¢%(xf) is continuous on QF and strictly positive, there exist two con-
stants gg, gf > 0, such that

9 <9°<gi, Vater (4.6)

From (4.5), (4.6), (3.4) and (3.8), we deduce that the bilinear form A®(o,7) is
continuous on 3¢ x »¢. There exists a positive constant M5, such that

|A% (o, 7)| < Millollo,a:[I7llo.0s, Vo, T €XF.

Since z° — I‘ff is continuous on QF, it follows from (2.10) that there exists a
constant C° > 0, such that

le*(Wllo.g. < Colvllia., Vv e (H'(Q:))?. (4.7)

We deduce from (4.5) to (4.7) and (2.8) that the bilinear form B¢ (v, 7) is continuous
on V& x X¢.
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We deduce from (4.5), (4.6), (3.3) and (3.7) that there exists a constant m$ > 0,
such that
A%(0,0) = m§l|ol[§g-, Vo €.
Eventually, the inf-sup condition

inf sup  B(v,7) >0
veve TEXS
viltee =1 |ir)lg o =1

follows essentially from Korn’s inequality in curvilinear coordinates (see, for
example, [8]). There exists a constant C° = C¢(Q., ¥, T, UT~ UT), such that

V][0, < CFlle*(V)]lo0., Vv eV
This condition can be written as: there exists a constant 5 > 0, such that

BE(v, T
sup M > B%||vl|i,0s, VveVE,
rese |[7]]o,00

and one then has the classical bounds:

1 M§
llo]lo,0e < — <1+ —A> 1£]l0,0-
I6; mé

T
Il < 5 (14222 ) 8l .

A

5. Formulation over a Domain Independent of ¢

Let us define the sets

Q=wx]—e¢,1],

QO =wx]0,1],
' :wx]—sl,O[,
I =~ x [0,1],

Iy =~ x [-&,0]
' =wx{-¢},
Iy =wa x {1},
't =w, x {1}.

Let 2 = (z;) denote a generic point in the set Q, and let 9; = 9/dz;. With 2° € €.,
we associate the point x = (z;) € Q, defined by
To = Ty (ZYa),
3 =2x5 ifazfeQ,
r3 = (25/e) if 2° € Q.
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We thus have
95 = O,
05 = 03 if 2 € Q7
05 = (03)e) if 2 € QF.
The functions
9i» 97, 9, T Q7 =R,

are not affected by the scaling. On the other hand, with these same functions defined
on QF,

95, 9%, o5, THS QF - R,
we associate the functions
9ii(€), g7(e), g(e), Th(e): OF - R,
defined for all z¢ € QF by
9ij(€)(x) = g5;(2%), g7 (e)(z) = g"=(a°),
9(e)(x) = g7(2%), TY(e)(w) =T (2°).

With the unknowns u®: Q. — R? and o°: Q. — R of problem (4.2)-(4.4), we
associate the scaled unknowns u(e): Q — R3 and o(¢): © — R, defined by

(5.1)

u(e)(z) = u(2°) Va© € Q.,
o (z°) Vaf € Q..

With any vector field v = (v;) € HY(QT)3, we associate the symmetric tensor
(ei5(e)(v)) € (L*(27)?), defined by

1
eap(e)(v) = 5(0avs + dpva) — I 5(e)vp,
1 1 )
eas(e)(v) = 5 Oav3 + Eagva —T?4(e)vp,
1

633(6)(V) = 283’03.
Let us now introduce the functional spaces V and X:
V ={v, v_ € (H(Q))3, v € (H'(Q))3,
v=0on T~ U, UTE, v =v*t on S}.

V is the Hilbert space of admissible displacement fields compatible with the tran-
sition condition on S. Also

S ={r=(my) € L*(Q)°, 7; = 7i}

is the Hilbert space of stress tensors.
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Eventually, the following notations are used in the scaled variational mixed
formulation.

Ae)(o,7) = A= (0,7) + AT (e)(o, T),

A= (o,7) = /_ (67 (Qr)"ArQrFr + on - AnTn]\/gdz,

€ 1 1
AT (e U,T:/ {75% + —0197T12 + 90T
(e)(o,7) or |502) + 2ptee 11711 m 12712 2 22722

Loy GN@TN] Vo),

2fte
B(e)(v,7) = B~(v,7) + B¥(e)(v,7),

B~ (v,7) = /Q_[éT(V) -Tr+en(v) - GyTn] Vg dx,
B (e)(v, 1) = /m [eer(e)(v) - Tr +cen(e)(v) - Gn(e)TN]V g(€) dx,

L(v) = /Q, Fivg /g da.

The scaled unknowns u(e) and o () solve the scaled variational mixed formulation,
(5.2)—(5.4), now posed over the set €2, and thus over a domain which is indepen-
dent of ¢,

u(e) eV, oa(e) ey, (5.2)
A(e)(o(e), ) = B(e)(u(e), ) Vrex, (5.3)
B(e)(v,o(e)) = L(v) VveV. (5.4)

In the following lemmas, we gather properties needed in the sequel concerning
the behavior of different functions as e — 0. |[ - ||g o g+ denotes the usual norm of
the space C°(Q1). The constant ¢¢ is defined in Sec. 2.1.

Lemma 5.1. The functions g;;j(e), g (g), g(e), I'V:(e) are defined as in (5.1)
and the functions a;j, a”, a, Fgﬁ, bag, b2 are defined as in (2.1)—(2.3). All the
functions a;j,...,b% € CO(w) are identified with functions in C°(Q). Then there
exist constants C > 0 (all denoted by the same symbol) such that

1905(€) = @apllo.coa+ < Ce, (5.5)
lg° (e) = a®’|]g, 00,0+ < Ce, (5.6)
gi3(€) = g% () = bis, (5.7)

llg(e) = allg 00,0+ < Cé, (5.8)
IT25(e) = T4 sllo, 00,0+ < Ce, (5.9)
T2 5(2) — bapllo.ce.nr < Ce, (5.10)
IT%5(e) 4+ b2 llo.00.0+ < Cé, (5.11)
Los(e) =i(e) = 0. (5.12)
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Proof. The proof can be found in [9, Lemma 3.1] and completed in [10, Lemma
3.1]. The main argument is the fact that g, (¢) = a, + ex30,a3 and g3(e) = az. O

Lemma 5.2. There exist constants go, g1, such that

0<go<g(e)<gi, Ve€]0,e], Vo €QT, (5.13)
0<go<g<aq, VreQ . (5.14)

Proof. (5.14) follows from the continuity of the strictly positive function g on Q.
(5.13) follows from (2.5) and (5.8). m|

Let us define the 6 x 6 matrix G(0) by
G(0) = (GTO(O) 0 ) ,

Gn(0)
where
allgl V2al1q12 al2q12
Gr(0) = V2allal2 1122 4 ¢12412 (/9412422
al2q12 V2412422 022422
and
allg33 12433 0
Gn(0) = [ a2a® 2233 0
0 0 a33a33

From Lemma 5.1 we easily deduce that there exists a constant C' > 0, such that
1(G())is — (G(0))ijllo,c0,0+ < Ch, (5.15)
where the 6 x 6 matrix G(e) is defined in a obvious way.

Lemma 5.3. There exist two constants cq > 0 and Cg > 0 independent of €, such
that

T-Gn(e)T > cq||T|?, Ve €0,e0], Yz €QF, V1 e R3. (5.16)
T-GNT > col|T||?, Ve eQ™, VrcR® (5.17)
o-Gun(e)T < Cgllel|||Ir]l, Ve €[0,e0], Vo€ QF, Vr e R (5.18)
o-GnT < Cgllel|||T]], VYreQ, VreR3. (5.19)

Proof. We only detail the proof of (5.16). From (2.7) we deduce that for each
e > 0, there exists cg(g) > 0, such that

7 Gn(e)T = e (o),

for all z € QF and all T € R3.
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Gn(0) is clearly symmetric, positive definite and uniform with respect to
x € QF. Therefore, there exists a constant cgg > 0, such that

7 -GN (0)T > caoll T,

for all x € QF and all 7 € R3.
The continuity of the mapping

(z,6,7) € QT x [0,60] x B— T - G(e) ()T,

where B = {17 € R3,||7|| = 1}, and the compacity of the domain lead to the
existence of a constant cg, such that relation (5.16) holds for 0 < e < &. O

Lemma 5.4. There exists a constant C > 0, such that
l[s(e) = 8(0)]lp,c0.0+ < Ce, Ve >0, (5.20)

where $(0) = trace(D7Gr(0)).
There exist two constants sq and s1, such that

0<sg<s(e)<sy, VYreQh Ve>o. (5.21)

Proof. The scaled matrices Hy(g), Pr(e),S(g) are defined in an obvious way on
QF for all € > 0. Since

s(¢) = trace(S(¢g)) = trace(Pr ()" Dy Pr(e))
= trace(D7Pr(e)Pr(e)T) = trace(DrGr(e)),

we deduce from (5.15) that

I5() — trace(DrGr(0))llo g < Ce.
In order to infer (5.21), it remains to show that

5(0) = trace(DrG7(0)) >0, Vo e QT.

As for G(0), H(0) is defined in an obvious way using the functions a,;. H(0) is
symmetric, positive definite and uniform with respect to z € Q. We proceed as in
Sec. 3.1. There exists an invertible matrix P, such that

PIH7(0)Py =1,
PJDrP, = diag(so,0,0),

with sg > 0, Vz € QF. Since Gr(0)~! = Hr(0) = (PoP¥)~!, it is clear that

5(0) = trace(D7Gr(0)) = trace(DrPoPY ) = trace(PT D1 Py) = so.
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6. Asymptotic Analysis

In this section, we establish our main result. The goal is to pass to the limit as
¢ — 0 in the scaled variational mixed formulation (5.2)—(5.4), in order to derive
the asymptotic formulation and obtain the announced boundary conditions on the
surface S. This is achieved in two steps. In Sec. 6.1, we obtain several a priori
estimations on the sequences, (u(e))e>o and (o(g))e>0, presented in Lemma 6.1
through Lemma 6.4. All these estimations are then used in Sec. 6.2 in which we
let ¢ — 0 to obtain the limit formulation, which is presented in Theorem 6.6.
Eventually, we show in Theorem 6.7 how the solution of the asymptotic problem
can be explicitely computed in Q" and deduce boundary conditions on S.

6.1. A priori estimations on (u(€))e>o0 and (o(€))e>o0

Lemma 6.1. Let (u(e), o(e)) be the solution to problem (5.2)—(5.4). There exist
constants C1,Cq > 0, such that for all € €]0, g¢],

1/2 1/2
[leeaﬁ g Q] ZHaaﬁ el Q‘| (6.1)

and

[2llexs(u(e))I[§ o- + 2lleas(E))IIF o + lless(u(e))llf o-1'/2
< Oo2l|o1s(e)lI§ o- + 2llo2s(E)lIf o- + lloss(@)IIF o-112.

Proof. In (5.3), let us choose 7;; = 0 in Q1 and 7,3 = éap(u(e)) in Q.

/7 ar(e) - (Qr)T ArQrér(u(e))/gdz = /Qi ér(u(e)) - ér(u(e))y/gdx.

Using (5.14), (3.8) and Cauchy—Schwarz’s inequality we obtain

/Qi a7(c) - (Qr)" ArQrér(u(e)),/gdx

1/2
< J‘QTCA[Z||5QB(€)||3,Q—‘| [Zﬂeaﬁ )l Q—‘|

a,B

1/2

With (5.14) and (3.8) we have
[ e ere) ) vads > VB L ol o

and we conclude that the first inequality is verified.
The second inequality is proved in the same way choosing 7;3 = e;3(u(e)) in 27,
and using (5.17) and (5.19). |
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Lemma 6.2. Let (u(e), o(e)) be the solution to problem (5.2)—(5.4). There exist
positive constants C3, Cy, Cs, Cs and Cy, such that for all € €]0, eg],

[|Gas(€)llo,0- < Cs, (6.3)
lloiz(e)llo,0- < Cu,

- 21l + S
6110+ < Csy/ =, (6.5)

15z (€)llo,0+ < Cs, (6.6)
lloia(e)llo,0+ < Cr.

Proof. Let us choose Tog = Gag(€), Tiz = 043(e) in (5.3) and v = u(e) in (5.4).
We obtain

From (5.13), (5.14), (3.7) and (5.21), we deduce
AE)(0(e). oe)) > \/g—ocA(Z [as(2) B

+2||013(€)|| o T2llo2s@)llf o + ||033(€)||3,Q—)

2
sVl @) e

1 - N
+ﬂ\/90(2||012(€)||3,m + [[522(2)[15 0+ )
(&

e
+ ﬂ\/g_o(2||013(€)||3,9+ +2[lo2s ()|[5.0+ + lloss(@)][5 o+ )-
Cauchy—Schwarz’s inequality gives

1/2

[leuz e)llo 9—11/2'

From the three-dimensional Korn inequality in curvilinear coordinates [8], we
deduce that there exists a constant C' = C(Q2~, ¥,I'; UT'™) > 0, such that

1/2 1/2
[leuz ||OQ—‘| leeu ||OQ—1 :

There exists an e-independent constant Cg > 0 (which is a norm of matrix @
on Q7), such that

Zneu DR < Co S lleas el g- +2llers(u(e) o
a,p
+ 2lfeas (a2 g + lles(u(e))] -

L(u(e)) < o1 [Z ||fi||g,9—
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and using Lemma 6.1, we obtain

Z [ui(e)ll5.0- < C*CFCq Y [15ap(E)If - + C2C3 2llo1s(e)ll5 o-

a,p

+ 2”‘723(5)”(2),97 + ||0'33(€)||(2),Q*]'
This eventually leads to

1/2

[ZII% e)llo.a-

< \/max(C2C3Cq, 02C3)

> _Nl5as (@)l o + 2ol o-
a8

1/2
+2||o2s(e) I3 o + lloss(e)] Iﬁ,g—] ;

which completes the proof. O

It is worth noticing here the particular form of estimate (6.5) in the preceding
lemma. This estimate is sufficient since in the limit process we will only use the
fact that \/e[|G11(¢)|[o,o+ is bounded as € — 0 (see the proof of Theorem 6.6 at the
end of the paper).

Lemma 6.3. Let (u(e), o(e)) be the solution to problem (5.2)~(5.4). There exist
three constants Cg,Cg and C1g > 0, such that

1/2 9
9 ~
lZH@aﬁ ||o m} CS_[(W) ||011(€)||S,Q+

2 2 1/2
+(5) louORar + (5:-) ||&22<e>||3,m] ,
(6.8)
1/2 1/2
[Zneag ||OQ+] <ot [Znaag ||OQ+] , (69
less @ @ENlbar < Crotllrss @l (6.10)

Proof. In (5.3), let us choose successively:

7ij =01in Q7, Tup = €ap(e)(u(e)) and 755 = 0 in Q7

7i; =01in Q7, T = 0, 733 = 0 and T3 = €q3(e)(u(e)) in O,

75 = 0 in Q-, Tag =0, Ta3 =0 and 133 = 633(6)(11(6)) in QF. O



Variational Asymptotic Derivation of an Elastic Model 299

Lemma 6.4. Let (u(e), o(e)) be the solution to problem (5.2)—(5.4). There exist
constants C11 and C12 > 0, such that

[[Osuz(€)]]o,0+ < Cir, (6.11)
|O3ua(€)|l0,0+ < Cha. (6.12)
Proof. Since es3(c)(u(e)) = 1d5u3(e), we directly deduce from estimates (6.10)
and (6.7) that
|[Osu3(€)]]o,0+ < Ch1.
The following relation holds
105ua ()l 0+ = ellosug|l} o -

It is possible to extend u® by 0 to the e-independent domain Qg; and apply Korn’s
inequality in curvilinear coordinates [8]. We deduce

||83ua||09+ <CZ||elj ||OQ+’
with
lleg; ()] o = elless(€) ()]G q+-
We therefore have

105ua ()} o < C* Y lleap(e) (m(@)IF o
a,0

+2Ce2 Z ||6a3(€)(11(5))||%,9+

+ Ce?[less(e)(u(e ))||o Q+s

and we conclude using Lemmas 6.3 and 6.2 in order to bound the righthand side of
the previous inequality. m|

6.2. Asymptotic analysis as € — 0

Let us introduce the functional spaces V3, V* and X*:

ov

V3(QT) = {v € L*(Qh), 3 € LQ( v=0onT; urj},
3

Vi={v, vi e (H'(Q7))7, v 5(Q1))°,
v=0on I~ UL, UTEL, v =v*t on S}.
V3(Q%) and V* are Hilbert spaces with the norms

ov
03 [[o 0+

),
e (V;

||U||v3(9+) =

v

9 1/2
Q+‘| '

8’Ui
Ve = [Z ||vi||iQ— + Haxg .
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It is possible to define the trace vjpq- € HY/2(9Q7) C L*(9Q7) of v € HY(Q) on
the boundary 9Q~ of Q7. The trace on 9Q of an element v € V3(QT) can also be
defined and particularly vjs € L (S) (see Theorem B.2 of the Appendix B). X* is
the Hilbert space defined by

¥ = {’7’ = (Tij), Tij = Tji, Tij € LZ(Q) for (Z,]) 7& (1,1), T11 € LZ(Qi)}
The following notations are used in the limit scaled variational mixed formulation:

A*(o,7) = A (0,7) + A" (0, 7),

1 1 1
A (o7 / [;512%12-# 5 Ta2Ta2 + oN 'GN(O)TN:| Vadz,
O+

e e 2 e

):
B*(v,7) = B~ (v,7) + B*(v, 1),
):

(
B (v, / [(D5v)x - G (0)7 n]v/adz,
Q+
T
where the vector (O3v)ny = (%831}1, %83@2,331}3) . In the remaining part of
this paper the arrows — and — denote strong and weak convergence as ¢ — 0,
respectively.

Lemma 6.5. Let (u(e), o(e)) be the solution to the scaled variational mized for-
mulation (5.2)~(5.4). Then, there exists a subsequence, still denoted by (u(e), o(e))
for convenience, and there erists (u*,0*) € V* x ¥* such that
Gui(e) = &7 in L2(Q7),
g) = Gay in L*(Q),
) = ojy in L*(Q),
)

Proof. Points (6.13)—(6.15) are direct consequences of Lemma 6.2.

Let us prove (6.16). From (6.1) and (6.3), we deduce that é,g(u(c)) is bounded
in L2(Q27). From (6.2) and (6.4), we deduce that e;3(u(¢)) is bounded in L?(Q27).
Therefore, e;;(u(e)) is bounded in L?(£27), and Korn’s inequality (see [8]) applied on
Q™ yields to the boundedness of u;(g) in H'(Q27). From Lemma 6.4, we deduce that
u;(e) is bounded in V3(Q21). Consequently, there exists a subsequence u;(g) — u}
in HY(Q7) U V3(Q™T).

Since u;j(¢) = 0 on " UL, UTE, wf = 0 on I'" UL, UTE. Since
ul (e)(z1,22,0) = u; (¢)(z1,22,0) in L _(S) and uj (¢)(w1,22,0) € HY2(S), we
have that u;f (¢)(x1,72,0) = u; (¢)(z1,22,0) in HY/2(S) and therefore in L2(S).
Thus, we obtain that u;" = u}~ a.e. on S and u* € V*. O

Theorem 6.6. (u*,0*) solves the scaled mized variational problem:
u eV* ofeXr (6.17)
A*(c*,7) = B*(u*,7), VreZx, (6.18)
B*(v,0")=L(v), YveEV. (6.19)
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Proof. The result is obtained by passing to the limit as ¢ — 0 in (5.2)—(5.4).
(i) The terms A~ (o(g),7), B~ (u(e), ) and B~ (v,0(e)):
Using Lemma 6.5, it is clear that

A7 (o(e),7) = A7 (07, 7),
B~ (u(e),7) — B (u*,7),
B~ (v,o(e)) — B~ (v,0o%).

(ii) The term A*(e)(o(e),7):

From (5.8) (cf. Lemma 5.1), we know that \/g(¢) — +/a in C°(QF). From
Lemma 6.2, we deduce that /611 (¢) is bounded in L?(27) for 0 < ¢ < g and
— 0in CO(QF),

€ ~ -

/Q+ mgll(E)Tll \V g({f) dx — 0.

Then, using (6.6), (6.7) (cf. Lemma 6.2) and (5.15), we conclude that
AT (e)(o(e),7) = A (07, 7).

(iii) The term B*(g)(v,o(e)):
(5.9) and (5.10) (cf. Lemma 5.1) lead to

¥ Ve
SInce Soyia

1 1
eap(e)(v) = §(aavﬁ + 9pva) — Fiﬁ(e)vp - 5(804715 + 0pva) — I 306 — bapus
= €ap(0)(v),
in L2(QF) for all v € (HY(QF))3. Since v/z511(g), G12(¢) and G22(g) are bounded
in L2(Q1),
/ cor(e)(v) - 51(2)/ g )dz — 0.
O+

We recall that eqs(e)(v) = £(0avs + 103va) — I'%3(e)vs. Using (5.11) (cf.
Lemma 5.1), we deduce that
ceas(e)(¥) = 305,
in L2(Q7T) for all v e (H'(Q7))3. We also have
cess(e)(v) — Osus,

in L2(Q7F) for all v € (H'(21))3. Therefore, we conclude that

/Q+ gen(e)(v) - Gn(e)on(e)V/g(e)dx — /Q+ (03v)n - GN(0)oyVadz,
and

Bt (e)(v,o(e)) — B*"(v,o%).
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(iv) The term B*(e)(u(e),7):

Let us show that €d,u;(e) — 0 in L2(Q7). From (6.5), (6.6) (cf. Lemma 6.2)
and (6.8) (cf. Lemma 6.3), we deduce that é,p(c)(u(e)) is bounded in L?(QT).
Therefore, ceqp(c)(u(e)) is also bounded in L*(QF). Since T} 5(¢) is bounded in
CO(Q) and u,(e) is bounded in L2(QF), we deduce from

cens(E)(u(E)) =& ((Onn(e) + D3a(6)) ~ (i)

that €0iuy (), edauz(e) and e(Dyusz(e) + da2uy(e)) are bounded in L2(QF). In the
same way,

ceas()(u(e)) = 5 (cDatse) + Dsuiale)) — T (E)us (€)

is bounded in L?(Q") and since Osu;(¢) (cf. Lemma 6.4) and e'95(e)uy () are
bounded in L?(Q7F), this implies that e0,us(e) is bounded in L?(QF). We then
apply the classical Korn inequality to e(u) on Q% to obtain the boundedness of
£01uz(g) and edauy (€). To sum up, edju;(€) is bounded in L2(QT).

Hence cu;(e) is bounded in H (1) and there exists a subsequence, still denoted
by eu;(e), which converges weakly to some v; in H'(Q"). The trace of v; on I'Jl is
0 since the trace of u;(¢) on I'{ is 0. Moreover, ed3u, — 0 in L?(Q") and therefore
03v; = 0 a.e in Q. We conclude that v; = 0 and that ed,u;(c) — 0 in L2(Q7).

As a consequence eeqng(e)(u(e)) — 0 and therefore eéqop(e)(u(e)) — 0,
£(3(daus(e) — I 5(e)uy(e)) — 0in L2(QT). Eventually,

Bt (e)(u(e), ) — B*T(u*, 7). O

Theorem 6.7. In the domain QT , the displacement field u* is given by

1
up (21,2, 23) = M—O';;g(xl,xg,())(xg —1), aeinQt, (6.20)
(&
1
us(x1, T2, T3) = ﬂagg (71,22,0)(z3 — 1) a.ein Q. (6.21)
(&

Proof. In (6.18), let us choose 7 = 0 in @, 743 = 0 in QF and 7 =
%GN(O)_1 7=y — (3u*)n] in QF. This leads to

2te
1 2
oy — (O3u” dr =0,
~/Q+ 2,”@ N ( ’ )N
that is to say,

1

M—agg, — Osu’, =0, in L*(Q7), (6.22)
1

——0%y — Osul =0, in L*(QT). (6.23)

2te
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In (6.19), let us choose v =0in O~ and v € (D(Q1))? in QF. Then

LJ@wm~GMmam¢wx=oz—/[wmucﬂm@am¢M@

O+

T
where the vector (v)y = (%vl, %UQ,U;;) .
It follows that

By = 0, (6.24)

in (D'(Q7))? and therefore in (L2(Q1))3.
From (6.22)—(6.24), we deduce that d305u} = 0 in L*(QF). Since the trace of
uf on I'Y is 0, we obtain

u; (21,22, 23) = ¢i(x3 — 1), aein Qr,
where
G = —’U,:—i_(]}l,]}% O) = a?)u:(xlaxQ,l‘g). (625)

From (6.22), (6.24) and (6.25), we deduce that the trace of o5 on 90 belongs
to L?(0Q1). Also

1

fo = M_U(Zg_(ﬂfl,l‘g,O) = _uZJr(xlvavO) in L2(5)7
1 * * .
s = 30 (21,72,0) = —ui* (1,25,0) i L3(S).
e

It remains to be shown that o3 = o3 on S.

We first show that o =0 on T'}.

In (6.19) let us choose v € K, such that v € (HY(27))?, v=0on SUT{ UL}
and v = 0 in 7. We obtain using Green’s formula

B*(v,0*) = 0,
~ [ - GO @i Vads + [ @)y Gx (O Vads.

r

Using (6.24) results in
[ 0 - GaO)aivads =0, e (120"
which implies
ot =0, in (L*(T}))>% (6.26)
Let us now transform Eq. (6.19),

B~ (v,0*)+ B*t(v,0*) = L(v), WYveEK,
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using Green’s formula (and (6.26)) and going back to cartesian coordinates. This
gives

B*t(v,0*) = / [(O5v)n - Gn(0)oy ]V adz,
o+
_ /Q (W) - Gy (0)(s05)Vads — / (V)% - G (0)oHyada das.

S

Using (6.24) results in

B (v,0") = — / ()t - G (0)os Vadadas,
s
and going back to cartesian coordinates
B**(v,0") = —/fﬁ -6*tnds.
S
Moreover, we have

B (vr) = [ [or(v) &7 +en(v): Gaoi Vi,

_ /7 6(9): 6+ di.

Since div(6(e)) = f € (L2(Q27))3, div(6*) belongs to (L2(27))? and 6* belongs to
H(div,€2™) (see Appendix B). Therefore, we can define on 5 € H~Y%(S) and we
have Green’s formula

Bi(V,T) = — o le(a'*) . \A/dj? + (&**n,\AF>(H,1/2(5))3,(H1/2(5))3.

Eventually, since

we obtain
— / V- &**nds + <a'*7n7‘A’>(H—1/2($'))3,(H1/2($'))3 = 07 LS (LQ(S’))?)'
S

Therefore, 6* n = 6*n in (H~/2(S))3 but since 6*n € (L2(5))? the equal-
ity holds in (L (A)) In curvilinear coordinates this reads oy (z1,72,0) =
o (z1,72,0) in (L*(9))? and the proof is complete. m|

To conclude, let us show that the limit displacement and stress tensor fields sat-
isfy in 2~ the equation of the elasticity problem (1.6) announced in the introduction
of the paper. The result is expressed in the cartesian coordinate system.
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Theorem 6.8. G* and 6" satisfy:
div(6*) +f =0 a.e in
6* = X trace(é(w*))I 4 2ué(t*) a.e in O,
* aeonI'" UL,
o'n = —2u.lypn — pap a.eon S.

(6.27)

o>
I
o

Proof. Since u* € V* it is clear that 0* = 0 a.c on '™ U f‘l_ Choosing 3 = 0 in
(6.20) and (6.21) of Theorem 6.7, we deduce that

Petn g™ + 2ueu§g3 = —0,38" — 0§3g3 a.e on 9,

which is exactly the boundary condition expected on S expressed in curvilinear
coordinates. Let us now obtain the stress-strain compartment equation. Choosing
7t =0 in (6.18) of Theorem 6.6 leads to

A= (c*,7) = B~ (u*, 7).

Going back to cartesian coordinates, this equation reads

Aoty di :/ éi; (0") 7 di,
& _
where
A 1+v v
Aijit = T(éikéﬂ + kb)) — Eéijékl-
Since this holds for all 7;; = 75 € L?(27), we obtain that Aijkl&,jl = é;;(a")
a.e in Q. This relation can also be written

1
é(u*) = ;V&* - % trace(6*)1,

which is equivalent to
G = X trace(é(a*))I + 2ué(a’*).

Eventually, in order to obtain the equilibrium equation, one may choose in (6.19) of
Theorem 6.6 v such that v =0, ve (H(Q7))* andv=0on I UL, US. O

It should be noted that this last problem is wellposed. One can easily deduce
this by formulating a mixed variational formulation (in cartesian coordinates) and
check that assumptions of Theorem 1.2, p. 47 of the book by Brezzi and Fortin [5]
are satisfied.

Appendix A

In this first appendix, we recall a result concerning the simultaneous reduction of
two quadratic forms.

Let A be a symmetric, positive definite n X n matrix and B a symmetric n x n
matrix. Using the matrix A, one can define the scalar product (.,.)a on R™ by

(z,9)a = XTAY, Vz,yeR",
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where X and Y are the n x 1 matrices of x and y in the canonical basis. We define
the quadratic form gg by

¢s(z) = XTBX, VreR™

There exists a unique linear operator f: R™ — R", which is symmetric for the scalar
product (.,.)a, such that

g () = (z, f(x))a, VreR".
Let C be the matrix of f in the canonical basis. We have

XTBX = XTACX, VX eR"
and therefore AC = B. Since C is the matrix of a symmetric linear operator, it
is diagonalizable in a basis which is orthonormal with regard to the scalar product

(.,.)a. Hence, there exist an invertible matrix P and a diagonal matrix D, such
that

PTAP =1,, (A1)
P~ !CP =D. (A.2)

From (A.1) we deduce that A~' = PP” and replacing C by A~'B in (A.2), we
deduce that P~'PPTBP = D. To sum up, we have that

PTAP =1, and PTBP =D.

Appendix B

In this appendix, we recall two traces theorems. Let 2 be a Lipschitz continuous
open subset of R3. Let us define the Hilbert space H (div, () by

H(div,Q) = {v € (L*(Q))3; div(v) € L*(Q)}.
Theorem B.1. The mapping v,: v — v - naq is a linear continuous operator from
H(div, Q) into H=/2(0Q).

For a proof the reader is referred to Theorem 2.5, p. 27 of the book by Girault
and Raviart [11].

For 1 <i < 3, let a;:  — R be C! functions such that 23:1 0;a; is bounded.
Let us define the Hilbert space H by

3
H= {¢ € L*(Q); Y a0 € LQ(Q)} .
i=1
The following result holds.
Theorem B.2. Assume the functions a; satisfy the previous hypothesis. Then for

S C 0 a part of the boundary of positive measure, the mapping vs: ¢ — ¢|g is

. . . 3 .
a linear continuous operator from H into L120c (‘9721':1 a;ny dO’) , where n is the

outward normal.

For a proof the reader is referred to Bardos [2], p. 205.
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