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Basic formulation (time t and ξ-periodic)



Time scale: T
2π , Length scale: λ

2π , parameter: 1 + µ = gT 2

2πλ

velocity potential φ(ξ, η, t) ∆φ = 0 −∞ < η < h(ξ, t)

Boundary conditions on η = h(ξ, t)

∂h

∂t
+
∂φ

∂ξ

∂h

∂ξ
−
∂φ

∂η
= 0

∂φ

∂t
+

1

2

{
(
∂φ

∂ξ
)2 + (

∂φ

∂η
)2
}

+ (1 + µ)h = 0

Basic solution: (flat free surface)

h = 0, φ = 0.
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Linearized problem

look for functions φ and h, 2π− periodic in ξ and t, h even,

∆φ = 0 −∞ < η < 0

Boundary conditions on η = 0

∂h

∂t
−
∂φ

∂η
= 0,

∂φ

∂t
+ (1 + µ)h = 0

h(ξ, t) =
∑

h
(q)
p cos pξ cos qt

Dispersion relation:

(1 + µ)p − q2 = 0, p, q ∈ N

For any rational value (1 + µ) = r/s
take (q, p) = (kr , k2rs), k = 1, 2, 3, ....

∞ dim Kernel: ”completely resonant system”

Assume µ near 0 (otherwise rescale (ξ, t))

Kernel = span{cos q2ξ cos qt; q ∈ N}.
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Problem of infinitely many resonances

L0X + µJX + N (X ) = 0

Ker(L0) is ∞ dim and Range(L0) is ∞ codim

Formal expansions X =
∑

n≥1 ε
nXn, µ =

∑
n≥1 ε

nµn

0 = L0X1

0 = L0X2 + µ1JX1 + N2(X1,X1)

......

0 = L0Xn + µ1JXn−1 + 2N2(X1,Xn−1)+

+µn−1JX1 + R(Xj , µj , j ≤ n − 2)

Classical solution: impose X1 !

h = ε cos ξ cos t + O(ε2)

all compatibility cond. are satisfied at all orders, for µ = ε2/4
(Amick-Toland 1987)
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Formal result

Bryant, Stiassnie (1994): other choices numerically valid up to
order ε100

h(ξ, t) = µ1/2{2 cos ξ cos t +
1

2
cos 4ξ cos 2t} + O(µ)

h(ξ, t) = µ1/2{2 cos ξ cos t+
1

2
cos 4ξ cos 2t+

2

9
cos 9ξ cos 3t}+O(µ)

Theorem (formal result) (G.I. 2002)

h = εh1 + ε2h2 + .... µ = ε2/4

h1 =
∑

q∈I

±1

q2
cos q2ξ cos qt

I finite or infinite subset of N

All orders εn may be computed, satisfying all compatibility
conditions.
Remark: this is not a result on the convergence of the series
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Existence result

G .I .,P .Plotnikov , J.Toland , 2003 − 2004
Define ε for µ > 0 by µ = ε2/4, and any finite subset of integers I ,
then 0 is a Lebesgue point of a set MI of amplitudes ε, where the
standing wave with the following principal part exists:

h = ε
∑

q∈I

±1

q2
cos q2ξ cos qt + O(ε2), ε ∈ MI

1

r
meas{MI ∩ [0, r ]} → 1 as r → 0.

(i.e. the set of ε such that the solution exists is asymptotically of
full measure)
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New formulation - Zakharov, Dyachenko, Toland, G.I.

h′t + uh′ξ − v = 0, η = h(ξ, t) (1)

φ′t + (1 + µ)h +
1

2
(u2 + v2) = 0, η = h(ξ, t) (2)

ξ = x + Zr (x , t), h(ξ, t) = Zi(x , t)

complex velocity potential f (ζ, t) = F (z , t), f ′ζ = u − iv

Z ′
i = h′ξ(1 + Z ′

r ), Żi = h′t + h′ξŻr

F ′ = (u − iv)(1 + Z ′)

f ′t = Ḟ − f ′ζ Ż = Ḟ −
F ′Ż

1 + Z ′
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New formulation continued

ℑ{F ′ − (1 + Z ′)Ż}|y=0 = 0 (3)

0 = ℜ

{
Ḟ −

F ′Ż

1 + Z ′
− i(1 + µ)Z

}

y=0

+
1

2

∣∣∣∣
F ′

1 + Z ′

∣∣∣∣
2

y=0

(4)

Periodic Hilbert transform H

H cos nx = − sin |n|x H sin nx = sgn(n) cos nx , n 6= 0.

F and Z holomorphic in y < 0, and 2π-periodic in x , hence

F |y=0 = ϕ+ iHϕ, Z |y=0 = Hw − iw

where
ϕ(x , t) = φ(ξ, h(x , t), t)

equ (3) gives

w ′Hẇ − ẇ(1 + Hw ′) + Hϕ′ = 0 (K ) (5)
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New formulation - end

Define P = ℜ

(
Ḟ − (1 + µ)iZ −

F ′Ż

1 + Z ′

)
+

1

2

∣∣∣∣
F ′

1 + Z ′

∣∣∣∣
2

,

A = w ′ϕ̇− ẇϕ′ − (1 + µ)ww ′,

B = (1 + Hw ′)(ϕ̇− (1 + µ)w) − ϕ′Hẇ .

Using (5) deduce the following identities on y = 0

B = ℜ(1+Z ′)P−
1

2
ℜ

(
F ′2

1 + Z ′

)
, A = −ℑ(Z ′P)−

1

2
ℑ

(
F ′2

1 + Z ′

)
.

F ′2

1+Z ′ is a periodic holomorphic function in y < 0, hence

HA + B = H(w ′P) + (1 + Hw ′)P ,

P |y=0 = 0 by (4), we obtain HA + B = 0, i.e.

H[w ′ϕ̇−ẇϕ′−(1+µ)ww ′]+(1+Hw ′)(ϕ̇−(1+µ)w)−ϕ′Hẇ = 0 (D)
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Second order non local PDE

(K), (D) give HLw ′ẇ = −ϕ′ and Mw ′(ϕ̇− (1 + µ)w) − J(ϕ′, ẇ )

where Lw ′ f = f + f Hw ′ − w ′Hf

J(f , g) = f Hg + H(fg)

Mw ′ f = f + J(f ,w ′)

Then, new equation F(w , µ) = 0

F(w , µ) ≡ ∂t(Lw ′ ẇ) − (1 + µ)Hw ′ + H∂xM
−1
w ′ J(HLw ′ ẇ , ẇ)

linear part: Lµw ≡ ẅ − (1 + µ)Hw ′

Difficulties: kerL0 = {cos q2x cos qt; q ∈ N}

L̃0
−1

not regularizing on (kerL0)
⊥

w ′′ and ẇ ′ ∈ nonlinear terms, not in the linear part
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Useful identities

Hf (x) = −
p.v .

2π

∫ π

−π

f (s)

tan 1
2(x − s)

ds

H(cos nx) = − sin |n|x , H(sin nx) = sgn(n) cos nx

H2f = −(I − π0)f , π0f =
1

2π

∫ π

−π
f (x)dx

H(f Hg) + H(gHf ) = (Hf )(Hg) − fg + (π0f )(π0g)

L−1
w ′ f = (1 + Hw ′)(

f

D
) + w ′H(

f

D
)

M−1
w ′ f = (1 + Hw ′)(

f

D
) −

1

D
H(w ′f )

M−1
w ′ J(f , g) =

1

D
H(fLw ′g) + f H(

1

D
Lw ′g)

D = (1 + Hw ′)2 + w ′2
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Formal study of the bifurcation problem

F(w , µ)
def
= L0w − µHw ′ + N (w) = 0

L0w
def
= ẅ −Hw ′

N2(w ,w) = ∂t(ẇHw ′ − w ′Hẇ) +

+∂x{H(ẇ2) − 3ẇHẇ}

w = X + Y , X = P0w ∈ kerL0 Y ⊥ kerL0

X =
∑

q>0

Aq cos q2x cos qt

P0N2(X ,X ) ≡ 0

since for p, q, r non 0 integers
∫ π

−π

∫ π

−π
{exp i [(q2 ± p2 ± r2)x + (±q ± p ± r)t}dxdt = 0
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Suppression of quadratic terms

v = w + B(w ,w ′)
def
= F (w), F analytic : Hs → Hs−1, s > 2

B(w1,w2) = H(w1w2) − w1Hw2 − 2w2Hw1

property of B :

B(ẅ ,w ′) + 2B(ẇ , ẇ ′) − B(w ′, ẅ) = N2(w ,w)

G = F−1 : Hp → Hp, p > 3

∂k
v G (v) : (Hp−1)k → Hp−k , p > k + 3

New equation E(v , µ) = 0, E : Hp × R → Hp−3

E(v , µ) = F(w , µ) + ∂xB(w ,F(w , µ)), w = G (v)

≡ L0v − µHv ′ + E3(v , v , v) + O(||v ||4)

E3(v , v , v) = N3(v , v , v) + ∂xB(v ,N2(v , v))
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Bifurcation equation

X =
∑

q>0

Aq cos q2x cos qt ∈ kerL0

{−µP0H∂xX + P0E3(X ,X ,X )}q = µq2Aq −
1

4
q6A3

q

all modes are uncoupled up to cubic order!

Aq = 0, and Aq = ±ε/q2, µ = ε2/4, q ∈ N

simple roots of principal part

Theorem on formal solutions:

w =
∑

n>0

εnw (n), I ⊂ N

w (1) =
∑

q∈I

(±1/q2) cos q2x cos qt
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Existence problem

F(w , µ) = 0, F(w (N)
ε , ε2/4) = εN+1Qε

w = w (N)
ε + εNw , (N ≥ 4)

G(w , ε)
def
= ε−NF(w (N)

ε + εNw , ε2/4)

G(w , ε) = 0, G(0, ε) = εQε

Iteration process ”Newton method”: for ε ∈ Mk ⊂ (0, r0)

wk+1(ε) = wk(ε) + Tρk+1(ε)vk(ε)

Λ(wk(ε), ε)vk (ε) = −G(wk(ε), ε)

Λ(w , ε) − ∂wG(w , ε) = Γ(G) cancels if G(w , ε) = 0

ρk(ε) = ε(3/2)k ,

Tρ : cuts Fourier series at |n| ≤ 1/ρ

Major problem: invert the approximate linear equation (w 6= 0 in
some ball of Hs

♮♮)
Λ(w , ε)u = f
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Theorem Inversion of Λ(w , ε)

For any finite subset I ⊂ N such that property

H(I ) : for any p ∈ I ,
∑

q∈I , q>p

p2q−4(q2 − p2) 6= 1/2

holds, there exists ε0 > 0, such that for 0 < ε < ε0 and
||w ||17 ≤ M17 and if the following diophantine condition on the
scalars β(0)(w , ε) and κ(0)(w , ε) (defined later) holds

|q2 − (1 + β(0))p − κ(0)| ≥ c/q2, p 6= q2 6= 0,

then for any f ∈ H
s,ee
♮♮ , s ≥ 2, 〈f , 1〉 = 0, the linear equation

Λ(w , ε)u = f , 〈u, 1〉 = 0,

has a unique solution u ∈ H
s−2,ee
♮♮ which moreover satisfies

||u||s−2 ≤
cs(M17)

ε2
{||w ||s+15||f ||0 + ||f ||s}.
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Main Theorem

For any finite subset I ⊂ N such that property

H(I ) : for any p ∈ I ,
∑

q∈I , q>p

p2q−4(q2 − p2) 6= 1/2

holds, there exists a measurable set MI ⊂ [0, ε0] which is dense at
0 (0 is a Lebesgue point) such that for any ε ∈ MI , there exists a
solution w ∈ H

17,ee
♮♮ Lipschitz continuous in ε, with 0 average,

µ = ε2/4, and
w = w (N)

ε + o(εN), N ≥ 4

w (N)
ε ∼ ε

∑

q∈I

(±1)q
q2

cos q2x cos qt.
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Inverse of Λ(w , ε) (1)

Theorem 1 Assume w smooth enough

DwG(w , ε)L−1
w ′ v ≡

∂t{v̇ − ∂x(av)} + H∂x (aH{v̇ − ∂x(av)}) −H∂x{bv} + Γ(G)v

a = H(
1

D
Lw ′ẇ) +

1

D
HLw ′ẇ , b smooth functions of (w , ε)

Γ(G) = 0 for G = 0

Approximate linear operator to be inverted

Λ(w , ε)u = DwG(w , ε)u − Γ(G)Lw ′u
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Structure of the linear operator

Useful property: Assume ω smooth, then

H(ωf ) = ωHf + Sωf

Sω smoothing operator (in x)

(Sωf )(x) = −
p.v .

2π

∫ π

−π

(ω(s) − ω(x))

tan 1
2(x − s)

f (s)ds

Observation: highest order in linear operator is degenerate

{∂t − ∂x(a·)}
2v

Change of coord. killing ∂2
xt , ∂

2
xx derivatives

y = x + d(x , t) = Ut(x)

∂td = a(1 + ∂xd)

d |t=0 = 0

Other smoothing operator S

{H(u ◦ Ut)} ◦ U
−1
t = Hu + Su
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New form of the linear operator

p(y , t) =
1

(∂xUt(x))
v(x , t) =

ϕ(y , t)

p(y , t)

(v̇ − ∂x(av)) ◦ U−1
t =

∂tϕ

p

q =
(b ◦ U−1

t )

p

Theorem 2: linear equation in coordinate y = Ut(x)

Λ(w , ε)u = f

ϕ = p(Lw ′u) ◦ U−1
t

∂ttϕ− ∂y (qHϕ) + Bε(ϕ) = p(f ◦ U−1
t )

Bε smoothing in y , 1st order in ∂t
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Structure of the linear operator (2)

Aϕ = L0ϕ+ εA1ϕ, L0 = ∂tt −H∂y

pseudo-inverse L̃0
−1

not regularizing

(L̃0
−1

f )
(q)
p =

f
(q)
p

p − q2

A1 looses one derivative in y

L̃0
−1

A1 not bounded

Averaging necessary
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First averaging

(ξ, τ) = Q(y , t) = (y + d0(y), t + e(y , t))

θ(ξ, τ) = ϕ ◦ Q−1(ξ, τ)

transforms the linear equation into

∂ττθ − (1 + β(0))H∂ξθ + (γ + δH)∂τθ + αHθ + B̂εθ = f̂

β(0)(w , ε) =
ε2

4
+ O(ε3)

defined by

(1 + β(0))−1 = 2π

∫ π

−π

(∫ π

−π
q(y , t)1/2dt

)−2

dy

This averaging (giving an easily invertible principal part of A),
introduces a small divisor problem, with a loss of regularity. It is
then necessary to still ”normalize” the highest orders in the rest of
the linear operator, to make the non diagonal part of the linear

operator smoothing enough
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2nd averaging (descent method)

new change of variable

ψ = (1 + α0 + β0H)θ + (α1 + β1H)∂−1
τ θ + (α2 + β2H)∂−2

τ θ

θ(ξ, τ) = ϕ(y , t) = p(Ut(x), t)(Lw ′u)(x , t) (ξ, τ) = Q(Ut(x), t)

Theorem 3: Assume w∈ H
m,ee
♮♮ , m ≥ 14, then consider the linear

equation
Λ(w , ε)u = f

Then ψ satisfies

∂2
τψ − (1 + β(0))H∂ξψ − κ(0)ψ + (b3 + b4H)∂−2

τ ψ + B̃ψ = g

β(0)(w , ε) = ε2/4 + O(ε3), κ(0)(w , ε) = cI ε
4 + O(ε5) const

b3(w , ε), b4(w , ε) = O(ε2) Cm−8 functions of (ξ, τ)

cI = (1/4)(card(I ) − 1/2)
∑

q∈I

q2

B̃ = O(ε) is smoothing enough and depends smoothly on (w ,ε)
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Structure of the linear operator (3)

A0ψ + Ãεψ = g

A0ψ ≡ ∂2
τψ − (1 + β(0))H∂ξψ − κ(0)ψ

Ãεψ ≡ (b3 + b4H)∂−2
τ ψ + B̃ψ smoothing and O(ε)

ψ = Θ + εΥ, Θ = P0ψ ∈ kerL0

MεΘ + EεΥ =
1

ε2
P0g

(Λ(0)
ε + εΛ(1)

ε )Υ + (K−1 + εKε)Θ =
1

ε
(I − P0)g

Mε =
1

ε2
P0(A0 + Ãε)P0 Λ(0)

ε = (I − P0)A0(I − P0)

M−1
ε Eε bounded in kerL0 if H(I ) holds

K−1M
−1
ε Eε finite-dim operator

small divisor pb for inverting Λ(0)
ε
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Small divisor problem

Pb: invert the ”diagonal part”

Λ(0)
ε Υ ≡ ∂ττΥ − (1 + β(0))H∂ξΥ − κ(0)Υ = f

in Fourier modes {−q2 + (1 + β(0))p − κ(0)}Υ
(q)
p = f

(q)
p

Diophantine cond.: assume (w , ε) s. t. β(0) and κ(0) satisfy

|q2 − (1 + β(0))p + κ(0)| ≥
c

q2
, for all (p, q) ∈ N

2, p 6= q2

=⇒ the inverse (Λ
(0)
ε −K−1M

−1
ε Eε)

−1 is controlled, loosing two
derivatives in τ

Υ 7→ (Λ(0)
ε −K−1M

−1
ε Eε)

−1{εΛ(1)
ε Υ − εKεM

−1
ε EεΥ}

bounded by O(ε)

=⇒ A0 + Ãε can be inverted (loss of two derivatives)

Difficulty: the diophantine condition depends on the point w

where we linearize (Newton method). We need to control this
condition along the iteration process
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Control of the diophantine condition

β(0) = ε2/4 + ε3β1(ε) + εNβ(wk(ε), ε)

κ(0) = cI ε
4 + ε5κ1(ε) + εN+1κ(wk(ε), ε)

||κ||Lip + ||β||Lip ≤ R , N ≥ 4

define M(β, κ) =

{
ε ∈ [0, r0]; |d | ≥

1

2q2
, p 6= q2

}

d = q2 − (1 + β(0)(ε))p + κ(0)(ε)

=⇒
1

r
meas{[0, r ]∩M(β, κ)} ≥ 1 − O(r1/2)

kth step of the iteration defined for ε ∈ Mk = ∩j=k
j=0M(βj , κj ),

βk(ε), κk (ε) computed as functions of wk(ε) satisfy

|κk+1 − κk | + |βk+1 − βk | ≤ 2−k

1

r
meas{[0, r ]∩∞

1 M(βj , κj )} → 1 as r → 0
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Smoothing operator S

{H(v ◦ Ut)}U
−1
t (y) −H(v)(y) = (Sv)(y , t) =

1

2π

∫ π

−π

{
1

tan 1
2(y − ξ)

−
(1 − d̃ ′(ξ, t))

tan 1
2 [U−1

t (y) − U−1
t (ξ)]

}
v(ξ, t)dξ

U−1
t (y) = y − d̃(y , t)

(1 − d̃ ′(ξ, t)) tan
1

2
(y − ξ) − tan

1

2
[U−1

t (y) − U−1
t (ξ)] =

=
1

2
[d̃(y , t) − d̃(ξ, t)][1 + tan2 1

2
(y − ξ)] +

−d̃ ′(ξ, t) tan
1

2
(y − ξ) + O(|y − ξ|2)(||d̃ ′||L∞)2
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