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Abstract

Quasipatterns in the steady Bénard-Rayleigh convection problem
are considered. These are two-dimensional patterns, quasiperiodic in
any horizontal direction, invariant under horizontal rotations of angle
27/Q. As with problems involving quasiperiodicity, there is a small
divisor problem. In this paper, we consider all cases with an even
number ) > 8. We prove that a formal solution, given by a divergent
series, may be used to build a smooth quasiperiodic convection solu-
tion which is an approximate solution of the Bénard-Rayleigh system,
up to an exponentially small error.
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1 Introduction

Quasipatterns are two-dimensional patterns which have no translation sym-
metries and are quasiperiodic in any spatial direction (see figure 1). The
spatial Fourier transforms of quasipatterns have discrete rotational order
(most often, 8, 10 or 12-fold) and were first discovered in nonlinear pattern-
forming systems in the Faraday wave experiment [3, 5], in which a layer of
fluid is subjected to vertical oscillation. Since their discovery, they have also
been in particular observed, in shaken convection [15, 12].



Figure 1: Example 8-fold quasipattern. This is an approximate solution of
the Swift—Hohenberg equation, see [7].

In many of these experiments, the domain is large compared to the size
of the pattern, and the boundaries appear to have little effect. Furthermore,
the pattern is usually formed in two directions (z and y), while the third
direction (z) plays little role. Mathematical models of the experiments are
therefore often posed with two unbounded directions, and the basic sym-
metry of the problem is the Fuclidean group of rotations, translations and
reflections of the (x,y) plane. This is in particular the case for the studies
made in the works [13], [14] and [7].

Quasipatterns do not fit into any spatially periodic domain and have
Fourier expansions with wavevectors that live on a quasilattice (defined be-
low). At the onset of pattern formation, the primary modes have zero growth
rate, and there are other modes on the quasilattice which have growth rates
arbitrarily close to zero, and techniques (like Lyapunov-Schmidt reduction,
or center manifold reduction) which are used for periodic patterns cannot be
applied. These small growth rates appear as small divisors, as seen below.

This paper strongly relies on the paper [7] dealing with the Swift-Hohenberg
PDE. It is known that this PDE is a simple model of Bénard-Rayleigh con-
vection for the bifurcation to a steady convective regime. In the present
paper we solve the same problem but ruled by the full Boussinesq equations
which are usually taken for the study of Bénard-Rayleigh convection between
two horizontal planes. Section 2 establishes the classical Boussinesq system,
section 3 defines quasilattices and related useful algebraic results, section 4



defines the function spaces and operators used to rewrite in the suitable form
the Boussinesq system in section 5. Also in section 5 we study in details the
linearized operator, and the criticality conditions. Section 6 gives the way
on how to compute the expansion of the formal series, solution in powers of
the amplitude . Section 7 provides, in all cases, Gevrey estimates for this
series (see Theorem 7.1), and section 8 gives the equation exactly solved by
the Borel transform of the Gevrey series previously obtained. Then, taking
an approximate inverse of this equation, we prove the main result (see The-
orem 9.1) which is that for any even order ) > 8, there exists, above the
convection threshold, a bifurcating spatially quasiperiodic pattern of order
@, solution up to an exponentially small term, of the Boussinesq system.

2 The Bénard - Rayleigh convection problem

Consider a viscous fluid filling the region between two horizontal planes.
Fach planar boundary may be a rigid plane, or a “free” boundary. In ad-
dition, we assume that the lower and upper planes are at temperatures Ty
and T7, respectively, with Ty > T7. The difference of temperature between
the two planes modifies the fluid density, tending to place the lighter fluid
below the heavier one. The gravity then induces, through the Archimedian
force, an instability of the “conduction regime” where the fluid is at rest,
while the temperature depends linearly on the vertical coordinate z. This
instability is prevented up to a certain level by viscosity v, so that there is
a critical value of the temperature difference, below which nothing happens
and above which a steady “convective regime” bifurcates.

The Navier-Stokes momentum equation needs to be completed by an
equation for energy conservation. In the Boussinesq approximation, the
dependency of the density p in function of the temperature T, reads

p=po(1—a(l =Tp)),

where « is the (constant) volume expansion coefficient, is taken into account
in the momentum equation, only in the external volumic gravity force —pge.,
introducing a coupling between the particles velocity, and pressure (V, p) and
T. We refer to [8, Vol. II] for a very complete discussion and bibliography
on various geometries and boundary conditions in this problem.

Several different scalings are used in literature. We are only considering
steady solutions, so we adopt here the formulation derived in [9], which leads



to the following system

V-VV+Vp = Pe.+AV), (1)
V.VO = AO+R(V -e,),
V-V o= 0.

Here 6 is the deviation of the temperature from the conduction profile, which
satisfies the boundary conditions, and V' = (V) ), VUH) = (v1,0y), p,
and 6 are functions of X = (x,z), with x = (x1,22) € R? the horizontal
coordinates and z € (0,1) the vertical coordinate, e, being the unitary
ascendent vector. There are two dimensionless constant numbers in this
problem: the Prandtl number P and the Rayleigh number R defined as

3 _
PZE’ R agd® (T Tl)’

VK

where d is the distance between the planes, x is the thermal diffusivity. The
system (1) is completed by the boundary conditions

v,=0=0, z=0,1,
together with either a “rigid surface” condition
v = v =0, (2)
or a “free surface” condition (in fact no tangential stress condition)

81)1 81)2
L 3
dz 0z ’ (3)
on the planes z =0 or z = 1.
Our next task is to formulate the problem ruled by the system (1) in a

suitable function space, and find critical values of the parameters, for being
able to use a method similar to the one in [7].

3 Quasilattices and Diophantine bounds

Let an even number ) > 8, be the order of a quasipattern and define
wavevectors

) — 1 ) — 1
k; = k. <COS <27T‘77> ,sin <27T‘77>> = Ry(j—1)r/qk1, i=12...,Q



Figure 2: Example of quasilattice with Q = 8, after [13]. (a) The 8 wavevec-
tors with |k| = 1 which form the basis of the quasilattice. (b,c) The trun-
cated quasilattices I'g and I's7. The small dots mark the positions of com-
binations of up to 9 or 27 of the 8 basis vectors on the unit circle.

where k. is a positive number which is defined later, and Ry is the rotation
of angle € around the vertical axis (see figure 2a). We define the quasilat-
tice I' C R? to be the set of points spanned by integer combinations ky, of
the form

Q
km = ijkj, where m = (my,my,...,mg) € N9, (4)
j=1

The set I is dense in R2. Since Q is even, k; and —k; belong to I', hence kpy,
and —ky, are both in I'. The evenness of () allows to obtain real quantities

of the form ‘
Z ue™*, x € R?

provided that
U_k = Uk-
Define [m| = 3, mj, then, for a given wavevector k € I', we define the
order Ni of k by
Ng = min{|m|; k =k, }.
Notice that there is an infinite set of m’s satisfying k = ky,. For example,

we could increase m; and m; g/ by 1: this increases |m| by 2 but does not
change ky,. In general we have

Q/2

/ ! L .
Ny < E [mj|, m; =m; —mjiq/
J=1



The above inequality can occur strictly (for example) in the case @ = 12,
because only 4 of the 12 vectors k; are rationally independent in this case.
Whenever solutions are computed numerically, it is necessary to use only a
finite number of Fourier modes, so we define the truncated quasilattice I"n
to be:

PN:{kGFZNkSN}. (5)

Figure 2(b,c) shows the truncated quasilattices I'g and I'y7 in the case Q) = 8.

In the calculations that follow, we will require diophantine bounds on
the magnitude of the small divisors in terms of Ni. We see below that the
small divisors are of the form Hk[2 — k2 |, for k € I'. To compute the required
bound, we start with

2T

|km|2 = Z 2mj1mj2kg cos 5(]1 —J2) + Z mikg
1<51<52<@Q 1<5<@Q
Defining the algebraic number w by
2
w = 2cos —7T,
Q

the expression 2 cos 2%” is a polynomial in w with integer coefficients (proof

by induction) only depending on @, for 1 < p < @ — 1, given by

2 -3
2cos 2L — p _ pwP~2 4 Mw”_ﬁ‘ .....

Q 2

The algebraic number w is solution of a polynomial P(w) of degree I +1 <
@/2 with integer coefficients. In the cases @ = 8, 10 and 12, the irrational
numbers w = 2cos(27/Q) are v/2, # and v/3: these are quadratic alge-
braic numbers (I + 1 = 2), while for @ = 14, w is cubic (I + 1 = 3). For an
algebraic number w of order [+ 1, the quantity |go+wq +- - +wlq1] may be
as small as we want for good choices of large integers ¢;. Moreover, dividing
(if necessary) by P(w), we obtain

Km|? — k2
"“‘Tczqo+wq1+~-+wlqz (6)
C
where go + 1 and ¢;, j = 1,...,[ are integer-valued quadratic forms of m.

We have now a diophantine bound valid for any even () > 8: there exists
¢ > 0 depending only on @, such that for any k € T, with |k| # 1, there
exists an integer [ > 1 such that

c

k> — k2| > )
| | lel

(7)



To show this, we use the following known result (for example see [4]) also
proved in Appendix in [7].

Lemma 3.1 Let w be an algebraic number of order I+ 1, that is, a solution
of P(w) = 0 where P is a polynomial of degree 1+ 1 with integer coefficients,
which is irreducible on Q. Then, there exists a constant C' such that for any
q=(90,q1,...,q) € ZHN\{0}, the following estimate

<

o (®)

lgo + quw + qau? + -+ + qut| >

holds, where |q| = Y << 4j]-

As an aside, the polynomials P are related to cyclotomic polynomials,
and the order [ 4+ 1 of the algebraic number w is ¢(Q)/2, where ¢(Q) is
Euler’s Totient function, the number of positive integers 7 < () such that j
and @ are relatively prime. For example, ¢(14) = 6 since the 6 numbers 1,
3, 5,9, 11 and 13 have no factors in common with 14, and so [+ 1 = 3 in
the case Q = 14.

Since in (6) the coefficients ¢; are quadratic in m, we have the estimate

lal < e(Q)Ng
where ¢(Q) depends only on Q. Estimate (7) is then satisfied by taking
Ck?
[e(@)]"

4 Function spaces and operators

We characterise the functions of interest by their Fourier coefficients on the
quasilattice I" generated by the @ unit vectors k;:

u(x) = Z wee™®*, x e R2.

Recall that for each k € T', there exists a vector m € N such that k =
km = Z]Q:l m;k; and we can choose m such that

lm| = Ny = min{|m| : k = kp, }.
Define now the space of scalar functions

Hs = {u = Zukeik'x |ul? = Z(l + N 2% |? < oo} , (9)

kel kel



which becomes a Hilbert space with the scalar product
(w,v)s =Y _(1+ M) wicTy. (10)
kel

In the sequel we use the following lemma, proved in the Appendix of [7]:

Lemma 4.1 The space Hs is a Banach algebra for s > Q/4. In particular
there exists cs > 0 such that

luvl]s < eslfulls][v]]s- (11)
For £>0 and s > {4+ Q/4, H, is continuously embedded into C*.

In fact we need more complicate function spaces for our system (1).
This is due to the necessity to control in terms of |k| the gain of regularity
provided by the inverse of the linear operator on the complementary space
of its kernel (here, contrary to [7], the nonlinear term looses one derivative),
hence the inverse of the linear operator is used to regain this loss (for large
|k|), while the loss due to the small divisor problem (for |k| close to k.) is
in terms of Ny.

4.1 Projection II

First we define a projection operator II on divergence free vector fields. Let
consider a vector field V(x, z) under the form

V(x,z) = Z Vie(2)etk>

kel

which, for a fixed z belongs to (H)2. Then we consider the system

Wi ik, = W,
z d¢k z
wl({) - = ful((), (12)
(2)
D E) L dw
k- W+ = =0,

where Vi = (VIEH),UI({Z)) , Vk(H) being the horizontal component of Vi, and
where we want to satisfy the boundary condition

wa—01 =0, (13)



for the unknown vector field Wy = (WIEH), wl(f)). We then obtain the follow-
ing equation for ¢y :

) 2 . (H) dvf)

o~ KPo = ik R+ —e (14)
d 2
%’to,l = 0701

For k # 0, it is well known that, if Vk(H) € {L?(0,1)}?, U1(<Z) € H'(0,1), then
there is a unique solution ¢, € H?(0,1) of this Neumann problem, which
satisfies the estimates

2 2 doy 2 2
Pl + ||| < 211V P, (15)
2
Ao > || 2o |1 dv®
k4 2 k2 k k k k2 Wi 2 . 1
I lgnl? + 2| ||| TN < e 8 T AR . (16)

In the case when k = 0, we have w(()z) =0, WéH) = VO(H), and % = v(()z)
defines ¢ up to a constant. Hence, this remark, with (15) and (16) lead to

Wl < el (17)
dWi ||? dVi |I?

K| Wal 2+ S22 < e kPP + || =]+,
dz dz

for a constant ¢ independent of k € I'.

Definition 4.2 The operator 11 is the linear operator defined as

V= Z Vie(2)e®* LW = Z Wi (2)e™X,
kel kel

where Wy is solution of (12).

We notice that if V' is divergence free and satisfies v(z)\z:0,1 =0 then II
acts as the identity. Hence the operator 1l is a projection.

Remark 4.3 Notice that when V is divergence free with Vi € {L*(0,1)}3,
but does not satisfy the boundary condition v(*) |2=0,1 = 0 (this has a meaning

here since the divergence free condition leads to vl(f) € H'(0,1)), then we still
have ||[Wi||? < ¢||Vil||?, even in just assuming Vi in {L*(0,1)}3n{V-V = 0}.



4.2 Function spaces

Let us define function spaces for the 4-components vector field U = (V,0) :

Hys = {U = (V,0)(x,2) = > Uk(2)e™™ 3 (1 + N2)*||Ul?) < oo}
kel kel
(18)
where
1OI[Z = > P00 2

0<i<r

Notice the following equivalence between (squared) norms in (18)

. oy AUy
Z k|20 U] |20 ~ Z (1+ k) ”IIWIIiz-
o<i<r o<i<r

The space H, s has a natural Hilbertian structure. For example, for U,
U e Ho,s, the scalar product reads

(U, 00, =3 ((1 + N2 /01 Ui .U_lgdz> ,

kel

where Uy - U_1/< is the usual hermitian scalar product in C*. Now denoting
IIU = (I1V, 6), we have the following

Lemma 4.4 The projection 11 is bounded in H, s for r > 1, and bounded
in the subspace Hy ; of Hos such that V-V = 0. For any U, U’ € Hy s, or
0.5» we have
(U,TIU"Yg.s = (U, TIU" Yo 6.

Remark 4.5 The above Lemma means that (I — II)H; s is orthogonal to
ITH1,s with the scalar product of Hos. In other words, 11 is an orthogonal
projection in Ho s restricted to subspaces Hi s and H678.

Proof. The boundedness of II in H; ; results immediately from (17), and
in Hé’s from the remark 4.3. For the boundedness in H, ¢ for » > 1, this
follows easily after differentiating (12) and (14). Now assume U, U’ € H s
or Hy ,, and define ITU" = (V,¢'), then from the form of Vi — Wy indicated

10



n (12), we have

1
(I-IU, I Yo = Y. ((1+N§)S/ (zkgbk v +% (z) +0> dz>
0

kel

dv{((z)
1 dz

1
- (1+N§)S/ e | ik - V) —
0

kel
= 0.

5 New formulation of the convection problem

5.1 Operators £ and B

Definition 5.1 We say that U satisfies Condition b.c. if one of the fol-
lowing boundary conditions are satisfied

(i) VH \z —0,1 =0 (rigid-rigid),

(i) VU | _g = dV(H)|Z 1 =0 (rigid - free),

(iii) W7o = V|1 = 0 (free - rigid),

. (H)
(iv) D - free).

Then, we define the following function spaces for » and s non-negative
integers

Krs = Mo ={U=(V,0) € H,; V-V =0,09],_g1 =0},
Dy(L) = KysN{U satisfies Condition b.c., 6|.—91 = 0},

and we put, respectively on these subspaces, the norms of H, s and Ha s.

Definition 5.2 For any U € D4(L), we define the linear operator L and
quadratic operator B by

LU (H(AV—I—HGZ),%AH-FV'EZ) ,

BUU) = (%H(V YY), %v - ve) .

It is clear that £ maps continuously Dg(L) to Ko s. For s > Q/4 the
quadratic operator maps continuously Dg(L) to ICq s as this results easily

11



from the fact that H'(0,1) is an algebra, as well as H for s > Q/4 (see
Lemma 4.1 and see Appendix A for the rest of the proof). This means that
there exists ¢(s) such that for any U € Dg(L), we have

1B, )llk.., < c(s)IUI,..- (19)
Now solving the system (1) reduces to solving the equation
LU =B(U,U), U € Ds(L). (20)
Let us show the following useful simple properties of operators £ and B:
Lemma 5.3 For U and U’ € D4(L), we have the identity
(LU, U"o,s = (U, LU ).
For U,U" € Dy(L) and U, U’ real, i.e. U =U, U' = U’ we have
(B(U,U),U)o,0 =0, (21)
2B(U,U"), U)o = —(BU,U), U’ )o,- (22)

Proof. First we have, by using Lemma 4.4
1
(LU, U")os = ((H(AV + fe.), ﬁAH +V. ez> (V005

- ((Av;%Aﬂ>,@ﬂeﬂm§+<w@nv'%%(vﬁybqs
1

:(AMV%§+R

<A07 6)/>0,5 + (97 v/(z)>0,s + <U(Z)7 9/>0,s-

Then we observe that (§,v'(*))g ;4 (v(*),0")q ¢ is symmetric in (U, U’). More-
over by integrating by parts, since fx|,—o1 = 0,

/ _ 2\s ! d29k 2 a
(80,070, = > (1+DNg) o~ [kP0x ) Oicdz
0

kel
L[ doy do]. —
= _Z(l—i_Nl%)S/ (d—;d—;+|k|29kei‘ dz,
kel 0

which is symmetric in (U,U’). The same computation holds by using the
boundary conditions satisfied by V for U € D4(L), and shows that (AV, V")q s
is symmetric in (U, U’).

12



In the same way we have
1 1
(BWU,U),U)o,s = 5(‘/ -VV,V)os+ E<V -V,0)0.s,

and by using 0p+q = 0r, when p + q +r = 0, since 0 is real,

1
(V-V0,0)00 = 3 / <(z'q.v1§H))9q+v§f>%> Opdz
p+q+r=0, p,qrer 0 o

1
= 2. / <<ir Va)os + vff)d—er> fad>
0 dz

p+q+r=0, p,q,rel’

1 ! o (H) (z) d(0qbr)
= 3 Z /0 <(—zp Vo )0g0r + vp e dz

p+q+r=0, p,q,rel’

1 U vl () d(040y)
— 5 Z /(; < dz 9q9r -+ Up 7 dZ =0.

p+q+r=0, p,q,rel’

In the same way, we have

(V-VV.Vio = (V- vV, V(H)>0,s + (V- Vo', v(z)>07s

Z /1 —d(vl()Z)Vq ) Vr)dz =0,
0 dZ

p+q+r=0, p,q,rel’
which ends the proof of (21). The identity (22) is a consequence of (21):
indeed let us consider the identity
(B(U +tU',U +tU"),U +tU")o0 =0

which holds for any ¢t € R. It results that the coefficient of degree 1 in ¢ of
this polynomial is zero, which is exactly the property (22). m

—~

N —

5.2 Rotationnal Symmetry

The system (1), completed with the boundary conditions included in the
definition of D(L), is invariant under horizontal rotations of angle 27 /@Q). To
make this precise, let us define the linear operator Ry /g, by

R27‘(’/QU(X7 Z) = (R27T/QV(R—2W/QX7 2)7 H(R—27r/QX7 Z)) )

where Ry is the horizontal rotation of angle ¢. More precisely, by using the
identity k- R_gx = Ryk - x, we have

Rsr/0 Z Ug(2)e™™ = Z (Ror/qVi(2), Ok (2)) eFzmi@kex  (23)
kel kel

13



Definition 5.4 We say that U is invariant under Rorq if the following
holds

R27T/ka(z) = VRQW/Qk(Z)7 Hk(Z) - QRZTr/Qk(Z)'
Then, we have the following

Lemma 5.5 The linear operator L and the quadratic operator B commute
with Ror/q : for U € D(L)

Ry /LU = LRop U, (24)
RoroB(UU) = B(Rar/QU,Rar/QU).

Proof. This results from the commutation of the original system (1) under
any horizontal rotations, and from the commutation property

R27T/QH - HRQW/Q

which is easy to check from the construction of projection II. m

5.3 Study of the criticality condition for £
Let us consider the linear system
LU =G = (F,g) (25)

where G = (F, g) is given in Ky s, and we are looking for U € Dy (L). Let
us define

Ue = (V0 6,
G(k = (Fag)k :(FIEH)aflgH)7gk)7

then we have the following system which holds for all k € T’

(D? = k>0 + 6 — Do = £,
(D? = k) — kg = EM, (26)

(D? — k)b + Roy) = Ry,
Dol ik v = o,
where D = d/dz, (F, )i € {L*(0,1)}* and Df{ +ik-F™ =0, f).—o1 =
0, and with the boundary conditions depending on Conditions b.c. (see
Definition 5.1):

Ul(:)|z:0,1 = Ox|.=01 =0, (27)

14



and either

Vk(H)’zzo,l = 0, or Vk(H)’z:o = DVk(H)\z:l =0,
or DVk(H)\zzo = Vk(H)lzzl =0, or DVk(H)\z:m =0.

For a fixed k, this system is exactly the same as the one obtained in the peri-
odic case, described in details for example in Chapter II of [2]. In particular
the above system of 6th order, reduces to

(D2 — k)2l — k%6 = (D® — k)£,
(D* — |k[*)0k + va(f) = Ry,

with boundary conditions (27) and either

DUI({Z)’z:O,l = 0, or Dvl(f)]z:o = D2’U1(<Z)‘z:1 =0,

or Dzvl(f)\zzo = D’ul(f)!zzl =0, or D2v1(f)\z:0,1 =0.

Then, it is known (see Yudovich [16]) that for a fixed |k| there is a de-
numerable sequence of R; such that the system (26) has a non trivial
solution for (F,g)x = 0, and there is a variational principle for finding
R1(|k|?) = minR;. It is also known mathematically (see Yudovich [16])
that the function R (]k|?) is analytic, tends towards oo as |k|> — 0 and as
|k|?> — oo, and that there is a minimum R, obtained for a critical value k2.
However, it is only known numerically (see [2]), that this minimum is unique
and the kernel for k = k; = (k¢, 0) is one-dimensional ([16]). It results that
the kernel of the linear operator Ly = L|gr=r. is @ - dimensional, spanned
by

& = R (D (2)e™%), j=1.2,..Q, (28)

where R ,
Uk1 = (Vk(l ), Ul({zl), ekl)

is solution of the homogeneous system (26) for k = ky, and with (F, g)x = 0,
and R = R.. The classical linear stability theory ([2], [18]) says that

(LoU, U)o < 0 for all U € D(L) not in kerLy. (29)

We need now to estimate the inverse of the linear operator defined by
the system (26) for |k| # k.. From the now standard study of the resolvent
operator for Navier-Stokes type of system (see [19]), as here, but in a periodic

15



frame, we deduce that there is a function ¢(|k|?) bounded as |k| — oo and
|k| — 0 such that

1Ul3 = ID*Uliz> + (1 + k)| DU[Z2 + (1 + [KI*)?]| Ukl
< [e(IkP)PIG 13- (30)

For |k| near k., we know that c(|k|?) diverges as |k|?> — k2. In fact c(|k|?)~*
is proportional to the dispersion equation obtained when we look for eigen-
vectors of the homogeneous system (26) which has constant coefficients (see
[2]). This dispersion equation depends analytically on |k|? ([16]) and cancels
with a double root for |k|?> = k2 (because of the extremum for R = R.).
This means that we have in fact

c1(k[?)

2\ _
D= T e

(31)

where c; is bounded for all bounded |k|? and is O(|k|*) as |k| — oo.

For |k| = k. and k € I, this implies that k belongs to the basis of the
quasipattern. Then, following [2], [16] and [17] the system (26) is solvable
provided the compatibility conditions

1 - 1 N -
(G.&;j)00 = / Gy, - Uy, dz = / (Fk; - Vi; + 9x; - Ox;)dz =0, j=1,..Q
0 0
hold.

5.4 Pseudo-inverse of L

Let us define a projection Py on the kernel of Ly: for any U € Kq 4

<U7 £j>0,0
P,U = e U0 .
: 1;627]6) 1T & €00 (32)

where we notice that

<£17£1>0,0 = <£j7£j>0,07 J = 27 Q

We denote by Qg = I — Py the projection on the complementary space (of
codimension @). Since the eigenvectors &; belong to Dy(L) for any s, the
projection Qg is bounded in all K, ,, as well as in D4(L). Notice that if U
is invariant under Ry, /g, then v; = v, for j =2,..Q.

16



Now coming back to the linear system
LoU =G,

where G € Ky s satisfies the compatibility condition PoG = 0, the above
estimate (30), and the form (31) of ¢(|k|?) show that there is a unique
solution U satisfying PoU = 0 and there exists a constant ¢ > 0 such that

(1 — Ok (kD) + [K[*)?
([k[2 — k2)?

where dy, ([k|) = 1 if |k| = k., and = 0 otherwise. By using the diophantine
inequality (7), this leads to the following

Ukll2 < ¢ + 0k ([K[) | [1Gxllo,

Lemma 5.6 The linear operator Lo has a bounded inverse from the sub-
space Qoo s to the subspace QoDs_y(L) C Ko 5—a1. In other words, there
exists ¢ > 0 such that for U solution in QoDs_4(L) of LoU = G € QoKo,s,
the following estimate holds

1Ukll2 < eN'[|Gillo-

6 Formal power series computation

Let us rewrite the system (1) as

LoU = plrU + Bo(U,U) + uBBy (U, U), (33)
where
1 1
I R L1U = (0, A0),

Bo(U,U) = B(U,U)lr=r., B1(U,U) = (0,=V - V9).

Let us define € = |/, this choice being justified below. We are looking for a
solution of (33) which is invariant under Ry, /o under the form of a formal
expansion

U=> v, (34)

n>1

where U™ € Dy(L). Identifying powers of € at orders ¢, €2, €3, leads to the
System

LoUW = o, (35)
EOU(Z) — B()(U(l)7 U(l)) (36)
LU® = £,00 4 2B8,(UM, U, (37)
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Equation (35) gives
oW =5, 00, UW = RyrUM = 3 ¢, (38)
1<5<Q

where (3, is a real number still to be determined. Then we observe, thanks
to property (21), that

(BO(U(I), U(l)), U(1)>070 =0,

and since
Ry, oBo(UW,UW) = By (UM, UMW),

this means that
PoBo(UD, UMy =0

hence equation (36) is solvable and we find
U@ =0® 4,00, (39)
with B B B
U = £5' By, UW) = BRL5 ' Bo(UV, UW), (40)

and f3, is a real number still to be determined, and where Zg ! is the pseudo-
inverse of Ly as defined by Lemma 5.6. Now, the compatibility condition
for solving (37) gives

(ﬁlU(l) + QBo(U(l), U(2)), U(1)>0,0 =0. (41)

We first observe that
LT Do = QULry, €100 — Q/ 52)0, B, =
= —Q/ (| DOy, |* + k2 [0y, |?)dz < 0.
0

Then we use the identity (22) to obtain (the result below , in the periodic
case, was first obtained by V.Yudovich in [17])

(@By(UN,U®), W) = —(By(@M,TM), U0
_ (80(17(1), (7(1))7 (}(2)>070

= (LU, U > 0.

)
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The last inequality results from the fact that Poﬁ ) = 0, and from the
property (29). It results that (3, is determined by

(LU0, [7(1)>070
(Bo(UM, UMW), Ly Bo(UM, UM))gp’

B = (42)

and we choose 3; > 0, the other choice would correspond to changing ¢ into
—e. Now U®) takes the form

U® = O 4,70, (43)

78 = §® al2pe, (44)
1

~1(3) = Eo_lQ() {ﬁlU(l) + 2BO(U(1), 6(2))} (45)

where (35 is a new number to be determined. At this stage, we have computed
UMD and U®. Let us show that B9 and U®) which is the part of U®) in
the complement of ker Ly, are determined by the identification at order &*
in (33). Indeed we have to solve

LoUD = £,03 4 2By(UM UG + By(U®, U@ + B, UV, UW). (46)
The compatibility condition gives here
(LUP) 4 2By (UM, U + Bo(U®, U@ + B (UD, W)y, UMYy =0,
and by using the form of U®?) and U®) and property (21), this leads to
Bo (LU TN o+ 66, (Bo(UD, TP, UM
= —{L£0P,0W)00 — @Bo(UD, T1), 000 — (Bo(UP, TR, D),
and since by definition of 3,, we have
(LT, T W)+ 2(Bo(TD,TP), W) =0,
it results that 3, is given by the following formula
20,(L, 0D, TWYo = (£,0P,0W)00 + 2Bo(UD, U)W +
+H(Bo(UP,T@),TW)q0. (47)
This ends the determination of U® and (7(3), and U™ takes the form
v = W 46,00, PUW =0,
gw = g4 2%(7(2), (48)
1
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where (71(4) is completely known.

Let us show by induction, that for higher orders, the situation is similar.
Assume that we have identified orders up to €™, and completely determined
Un=2) (7(”_1), and [7'1(") with

g™ — g 4 2%&@ (49)
1

and B
U® = QuUW® for all p > 2.

Then the identification at order e"*!, n > 4 leads to
LoUMD = £, 1 9B,(UM, UM™) + 2By(UP, u=1) 4 RHD - (50)

where R"*+1) is known in terms of already computed lower orders. The
compatibility condition gives now

(LU 1 2B, (UD, UM) 4 2By(U®, U=V + RUD T W) 4 =0,
hence, as above (3,,_; is determined by

Qﬁn_1<£1 ﬁ(l), ﬁ(l)>070 = <£1ﬁ(n_1)—|—280(U(1), ﬁl(n))—l—ZB(](ﬁ@), ﬁ(n—l))_‘_R(n—i-l)’ ﬁ(1)>0,0.
B (51)
This ends the determination of U™ and U™). Moreover we have

ntl) [71(n+1) + 2%5(2)7

1

where (71(n+1) is completely known. Hence the induction is proved.

7 Gevrey estimates

In this section we prove a Gevrey estimate of the coefficients U™ in (34).
Recall that a formal power series Y oo un,(" is Gevrey - k [6], where k is a
positive integer, if there are constants 6 > 0 and K > 0 such that

[un| < 6K™(n!)* VYn > 0. (52)

Theorem 7.1 For any even QQ > 8, assume that s > Q/4. Then there
exist positive numbers K(Q,c,s) and §(Q,s) such that there exists a unique
Ul(e) as a power series in € = p/?, all coefficients belonging to Ds(L) and
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being invariant under Roy g, which is a formal solution of (20), and which
satisfies

UlE) = ZE"U("),
n>0
|U™|los < 6K, n>2,

where 1 is the integer defined in Lemma 3.1 (1 = (1/2)p(Q) — 1, where ¢(Q)
is FEuler’s Totient function).

Remark 7.2 The above Theorem claims that the series U in powers of \/j
is Gevrey - 4, its coefficients taking their values in Ds(L).

Proof We choose s > Q/4 since estimate (19) insures that

1B; (U, V)llo.s < c(s)l[U]l2sl[V 2,6, 7= 0,1,

where we denote by || - ||,,s the norm in K, ; for r = 0 and in D4(L) for
r = 2, and we observe that

1£1U]lo,s < [U]]2,s-

The main observation which is needed for estimating U™ is the fact that in
the Fourier expansion of U™ there occur only harmonics ky, € T’ with |m| <
n. Hence, the result of Lemma 5.6 allows to invert £y on the complement of
its kernel, defined by the projection Qp.

We start with known UM, U@, UG, U@ and B1, By, B3 with By > 0
defined by (38), (39), (43), (48), and (42), (47), (51) for n = 4, and we define

a=—(LTW,TW)50>0, M= max {|[UD||a, [[TUFV||o5}.
1<;<3

Then, from (50) for n = 4 we obtain (71(5) such that
L0 = Qp <£1U(3) 1 2By(UW, TW)Y 4 28,(UD, U 1 28, (UD, U<2>)) ,
satisfying the estimate

103725 < M1+ 6c(s)M), (53)

and from (51) for n = 5, we obtain 3, and the estimate
2

1Bal < 2];4—&{(1 +6¢(0)M) + 2cc(0)5" (1 + 6¢(s) M)} (54)
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Now, let us assume that for 4 < p < n—2 we have determined 3, and [71(17 1)

defined by (49), and that the following estimates hold

1026 < S1EF ()™,
Byl < oKy (p+ 1YY
For consistancy, we need to satisfy
M, < 61Kg, (55)
My < 60Kg, (56)
with
My = c(4) M ML+ 6e(s)M),
M2
My = {(1+6c(0)M) (51 ™ + 2¢c(0)(4) ™ (1 + 6¢(s) M)}

2a3,

It results that we have the following estimates for U® for 5 <p<n-1
and U®) forda<p<n-—2:

~ 2M
HU(p)HZS < 52Kg(p!)4l, 52:51+ﬁ—50, (57)
1
U lae < GKBGY + 5 00KE " ((p-+ 1Y
1
1) M
< SRPH DY b= g+ god (59

Now we can find a bound for ﬁl(n) in using the identities

Qo <£1U("_2) + 2By (UD, U1 4 2By(U@, U2 4+ R<">) ,
R — Z Bo(U®) U@y + Z By (U®) U@y,

p+g=n, p,q>3 p+g=n—2, p,q>1

Indeed, we first have for n > 6 (where §, 3 = 1 if @ = 3, and = 0 otherwise)

S BUPUD) = S ByU®P,UD)4(2-6,,6)By (U, U),

p+q=n, p,q>3 p+q=n, p,q>4
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Z By(UW) U@y < Z By(UW U@yl +
ptg=n—2, p,g=1 0. ptg=n—2, p,q24 0,5
+ Z B (U® Uyl +
p+g=n—2, 1<p<3,q>4 0,5
+ Z B (U® U@yl |
ptg=n—2, 1<p,q<3 0,5

hence

IR™los < e(s)83K5> Y llp+Dg+ DI+ de(s)M? +
p+q=n, p,q=>4

+e(s)3 Ky Y [Plg1M + 8e(s)MEs KA ((n — 2))*.
p+g=n, p,g=>3

We can use the following estimate, easily proved with the method used in

[7]:

Yo+ +DIY < Cl(n-3)n"

ptg=n, p,q=>4

S gt < C((n-3)H*

p+g=n, p,q>3
valid for a certain C > 0. This leads to

2 7-2
05Ky o+ 8C(S)M53K0_2> KM (n—=2))*44c¢(s)M?

IR™]lo,s < (Oc(s)(Ko‘ UG
(59)

and for n > 6, assuming Ky > 1

TPl < ent {(1+2e(5)MY U2l + 2(5)MIT D30+ [[R7]f0s }

gt (14 2c(s)M)ds 8o 4e(s)M?
< gl { R o2+ o
63K2  8c(s)M63
(2004~ KZ5% ‘

+ (C’c(s)(KO_2 +1)
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Hence, for verifying the recurrence assumption we need to satisfy the con-
dition

4e(s)M?

c(1 4 2¢(s)M)os 02 _g 63K2
o > e + 2cc(s)MF0 + Cee(s) (K, “+ 1) L +(60)
8cc(s)Méd3  4ee(s)M?
K354 K§(sN4 -
Now, for n > 6, we can estimate [3,,_; which is given by (51):
MK (n)* 6y Ce(s) (K2 +1)02K3 83
< 0 4e(0) M) -2 0 380 M
‘ﬁn—l’ — 2CL/81 (1 + C(O) )KO + 304[ + 80(8) K064l

and for satisfying the recurrence assumption we need to have

Ce(s)(Ky? + 1)5§K5”61
304 \

{(1 + QC(O)M)I(S(—Z +2¢(0)M &y + )

93 +46(3)M2
Ko64 — K§(eH4 |-

+ 8c(s)M

It remains to choose dp,d; and Ky satisfying conditions (55), (56), (60),
(61). For this purpose, it is sufficient to choose

aﬁl 1
01 = ———=00, 00=—
1 2C(O)M2 0 0 Ké )
and K sufficiently large. Indeed, conditions (55), (56) are easily satisfied
with this choice, and we notice that do and d3 are of the same order as dg,
which implies that conditions (60), (61) reduce to satisfy

1
SEKG + Ol5e5) << do,
0
which holds for §p = 1/ Ké, K large enough. Now, we notice that in choos-

ing

K > Koco, co = sup(n+ 1)*/",
n>1

then
UM < 63KoK™(n)

holds, and the Theorem 7.1 is then proved in choosing § = §3Kj.
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8 Borel transform of the formal solution

In this section we set
\/ﬁ —e= <4l'

The formal expansion (34) becomes

U= Z C4nlU(n)7 (62)
n>1
and we have the estimate

UM |o,s < SK™(n) < SK™(4nl)).

Thus the formal power series (62) is a Gevrey 1 series in (.
Let us now consider the function ¢ — U((), taking its values in Dg(L),

defined by
ue)=>

n>1

<4nl
(4nl)! v

(n)

Indeed, by construction, this function is analytic in the disc || < p =
K~Y4 with values in the Hilbert space Dy(£) and invariant under Ry, /Q

(representation of rotations by 27/Q). The mapping U — U, where we
divide the coefficient of ¢" by n!, is the Borel transform [1] applied to the
series U. Since U satisfies a Gevrey 1 estimate, the Borel transform U is
analytic in a disc. R

We now need to show that this function U(() is solution of a certain
partial differential equation. This is based on simple properties of Gevrey 1
series. Consider two scalar Gevrey 1 series v and v

u = ZunC”, ’Uzzanna

n>1 n>1
n! n!
’un‘ < clp_n’ ’U"’§c2p_n’

then we have

(W) = D UkUnoi,

1<k<n-—-1

n!
|(uv)y| < Clc?p_n'

We can then define
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where the convolution product, written as *¢, is well defined by

=3 X K

n>11<k<n-—1

This convolution product is easily extended for two functions f(¢) and g(¢),
analytic in the disc |(|] < p, and with no zero order term, by

| _
G Q= 3 figar 0 en (64)
n>11<k<n-—1

It is clear that for f = @, and g = v we have

—_

frg=(ixg0)= (uv).

Since we have (63), it is clear from the fact that the linear operators £y and
L1 are independent of ¢, that we have

(L;0)(x,2,¢) = £;U(x,2,€), for any U € Dy(L), j=0,1.

We may define for any V' : ( — V(¢) = (W (-,(),0(-,¢)) analytic in the disc
IC| < p, taking values in D4(L), the quadratic operators

Bi(V,V) = <%H<W*GVW>,
BiV,V) = (0,~W + V),

7%;LV'*G‘79>.

Let us also define a bounded linear operator K as follows: for any function
¢ — V() analytic in the disc |(| < p, taking values in Ky s, canceling for
¢ =0, and satisfying

= Vul™, HVHOS_—n,

n>1

we define

(BV)(Q) = —c"wv
2 T any

It is then clear for V = U that

<—4nl+8l

CHIGESS — (),

— (4nl + 81)!

and we see that

~

o8 (’U) = U.

We now claim the following:
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Theorem 8.1 The Borel transform ﬁ(x, z,C) of the Gevrey series, solution
found in Theorem 7.1, is the unique solution, analytic in the disc |(| <
K~Y4 cancelling for ¢ = 0, taking values in Dy(L), and invariant under
Ror/q; of the equation

LoV = KLV + BL(V, V) + 8BV, V). (65)

Proof. We assume [ = 1 in what follows, for the sake of simplicity. The
changes needed for larger I’s are left to the reader. Let us look for a solution

V in the form
V=> (",
n>1
where V,, € Dy(L) is invariant under Ry, /. Then defining a formal series
U= Z CnUna Un = n!an
n>1
it is clear that U satisfies formally
LoU = LU + Bo(U,U) + ¢*B1(U, U),
and by identifying powers of (:
LoUh = 0,

which leads to U; = 0 because of the 3rd equation where the solvability
condition cannot be satisfied if U; # 0. Then we have

U; =0, LoU; =0,j =2,3.
The same argument holds, showing that
Uy =Us =0.

Then we obtain

LoUs = 0, LoUs = 0, LoUg = 0, LoU7 = 0,

LoUs = Bo(Us, Us),

ﬁoUg = 2Bo(U4, U5),

LoUwg = 2Bo(Us,Us) + Bo(Us, Us),

LoUn = 280(U4,U7)+2B()(U5,U6),
LoUp = £1U4+280(U4,U8)+280(U5,U7)+80(U6,U6).
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We observe that Uy and Us satisfy the equations verified by U(1) and U®)
(see (35), (36). Now, Us, U, Uz € ker L hence

Uj = OéjU(l), ] = 5767 77
and we have B
(2Bo(Us, Uz) + Bo(Us, Us), U™)g,0 = 0.
This determines completely U, and Us (see section 6), and proves that
U, = U(l), Usg = U(2), Ui = 6(3) + (2&5047 + a%)ﬁ(z) + 0412U(1),
Uy = a5[7(2) + agU(l), Uyg = (2&6 + ag)ﬁ(z) + Oél()U(l),
U = (2a7 + 2045046)[7(2) + allU(l).
Now at order ('3 we get
LoUis = L1Us + 2By(Us, Ug) + 2By (Us, Us) + 2By (Us, Uz),
= Oé5£1U(1) + 4(1580([](1), U(z)) +
+(2a9 + 2azas + 2asa7) By (UW, UW),
and the solvability condition gives
0 = aas

hence a5 = 0 and Us = 0. It is the same for Us = U; = 0, and we
obtain LoUy = LoUig = LoU11 = 0, and Uyp = [7(3) + algU(l). Then the
computation of higher orders follows the same lines, giving U, = 0 if n is
not a multiple of 4, and is for Uy, exactly as the one for U™ . Coming back
to the definition of U,, = n!V,,, it is then clear that Theorem 8.1 is proved.
[

9 Truncated Laplace transform

For the sake of simplicity, here again, we assume [ = 1 in Lemma 3.1, the
general case being left to the reader. Let us take p' < p and define a linear
mapping U +— U in the set of Gevrey 1 series taking values in Dg(L)

= S def 1 o _<{~
V) = (& U)(0) = ¢ | e 2UQ)de, (66)
where U (¢) is the Borel transform of U as defined above, which is analytic

in the disc || < p. The function & +— U(¢) is a truncated Laplace transform
of the Borel transform of U.
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It is clear that U(¢) is a C* function of ¢ in a neighborhood of 0, taking
its values in Dg(L), as this results from

o

U(e) = /O € el (¢r) d

and from the dominated convergence theorem. Moreover U(¢) and U(e)
have the same asymptotic expansion in powers on £, when we set € = 54, as
this results from

1 o _sgn . ) gn plgn—l gff)n—l pln

It is also clear that in a little disc near the origin

~

U=0,

but this does not imply that U(¢) = U(&?) since U has no meaning as a

function of €, and an asymptotic expansion does not define a unique function.

The real question is whether or not U (u'/®) is solution of (33) in Dy(L).
By construction, we know that the Gevrey 1 expansion of

LoU(u'®) = pLaU (u'®) = Bo(U (u'/®), T (u!®)) — uBy(U (%), U (/%))
(68)
in powers of /8 is identically 0, but we don’t know whether this function
(smooth in ul/ 8), which is in Ko,s—4, is indeed 0. In fact we have the following

Theorem 9.1 For any even (Q > 8, take s > min_{Q/4,4l}. Then, | being
defined by Lemma 3.1, the quasiperiodic function U(u'/*) € Dy(L), defined
from the series found in Theorem 7.1, is solution of (33) up to an exponen-

P
VAT in Ko.s—a1, for any p/ < K—1/4,

tially small term bounded by C(p')e »
Proof. We assume again that [ = 1 and let us estimate of the difference
beween (68) and the truncated Laplace transform of the equation (65) (which
is then 0). We first have for j = 0,1

/

£i(e, 0O = £,0@) = ¢ [ " LT = (8L,0)(6),

which holds in Iy s_4 for analytic functions ¢ — U (¢) taking values in
Dy(L). Now, it is shown, following for example the lines of Appendix E in
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[7], or from the more general results in [11] and [10], that for j = 0,1 we
have the estimate

< (e ()2 sup [T(0)]13.,
0. &7 Icl<w

| (2 B30 0))(&) - By(,D)(©), (2,0)(&))|

and for analytic functions { — V(C) taking values in Ky, the following
estimate holds

<C(p)e € sup [[V(O)l]os

0,5 I<l<p’

|(eak?)e) - e, 6|

Then, the results of Theorem 9.1 for [ = 1, follows immediately from the
result of Theorem 8.1 by applying the operator £, (notice that p' is arbitrary
< K~Y4, The extension to larger Us is left to the reader. m

A Proof of the bound for the quadratic term

Let u be a scalar function in H; s, which means that

u(x,z) = Zuk(z)eik'x,
kel
with
1
S+ Nl < o, [l = [ (D + (1 1))
kel 0
Assume now that u and v are scalar functions in Hj s, then

1
lluvl3, , = /0 Y1+ NQ® (ID(wo)icl + (1 + k)| (wo)x|?) d=
kel

1
< / > (14 ND)* (2l(vDu)iel* + 2|(uDo)e]* + (1 + k) [(uv)[?) -
0 ker
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We now use Lemma 4.1 and (1+ [1+m[?) < 2((1+ 1) + 2(1 + |m|?) which
gives

1
||UU||$11,S < cg/ (22(1+N12)5|Du1|2> (Z(l —|—N12n)8|vm|2> dz +
0

ler mel’
1
+c§/ (22 (1 + N2)%|uy y2> (Z(lJrNﬁl)S]Dvm\z) dz +
lel mel
(22 1+ N2)*(1+ )|u1|2> (Z(1+Nﬁ1)s|vm|2> dz +
lel mel
(22 1+ Np) yuly2> <2(1+N§1)5(1+\m\2)]vm\2> dz.
ler mel

Now we can use
! 2 2 2 2
/0 D omldz < clfurlplfomll3,

1
/0(1+!1!2)IU1\2\vm\2d2 < (14 1P)lfallZelloml [,

and the similar symmetric estimates to show that there is a constant c(s)
such that

HU'U| ‘Hl,s S C(S)‘ |u‘ |H1,s H'U‘ |H1,s °

Now, for U € K3 s, we have all components of VV and V6 which are in Hy 4
and the above property for the scalar case applies to prove (19).
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