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Extending the results obtained in the sixties for bifurcating periodic patterns, existence
of bifurcating quasipatterns in the steady Bénard-Rayleigh convection problem is
proved. These are two-dimensional patterns, quasiperiodic in any horizontal direction,
invariant under horizontal rotations of angle 1/q. There is a small divisor problem for
q24.

Using the results of Berti-Bolle-Procesi in 2010, we adapt it to a Navier-Stokes system
ruling the Bénard-Rayleigh convection problem. Our solution is approximated by the
truncated power series which is formally obtained by looss in 2009, but which is
divergent in general (Gevrey series).

First, we formulate the problem in introducing a suitable parameter, able to move the
spectrum of the linearized operator, as a whole, as for the Swift-Hohenberg PDE
model. For using the Nash-Moser process, we are faced with the problem of inverting a
linear operator which is the differential at a non zero point.

There are two new difficulties :

i) first, the extra dimension leading to a more complicated spectrum of the linear
operator. This first difficulty leads to use specific projections for reducing the spectrum
of the studied operator, which we want to invert, to a finite set very close to 0.

ii) The second difficulty is the fact that the linearization LA(N) at a non zero point leads
to a non selfadjoint operator, contrary to what occurs in previous works. This is more
serious, and leads to use the spectrum of LA(N)LA(N)* which depends mainly
quadratically on the main parameter.

A careful study of the "bad set" of parameters, with an assumption on the convexity of
the eigenvalues of this operator, allows to obtain a good estimate, as it is necessary
for using the results of Berti et al for solving "the range equation”. We use again
separation properties of the Fourier spectrum (see Bourgain and Craig results) for
obtaining an estimate in high Sobolev norms.

It then remains to solve the one-dimensional "bifurcation equation. For any g=4 and
provided that some coefficient is not zero, and a weak transversality condition is
realized, we prove the existence of a bifurcating convective quasipattern of order 2q,
above the critical

Rayleigh number.
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Figure 1: Example 8-fold quasipattern. This is an approximate solution of the Swift—
Hohenberg equation, see [11].

AMS: 35B32, 35C20, 35Q30, 52C23, 58C15, 76D05

1 Introduction

The Bénard - Rayleigh convection system is one of the most popular in hydrodynamic
stability theory, and it was the subject of numerous papers and books, mostly in physicist
litterature. The mathematical existence of steady convective patterns, as rolls or hexagonal
cells, was first proved by V.I.Yudovich et al in a series of papers in the sixties [21, 25, 26, 27].
For other mathematical results on this problem, see P. Rabinowitz [17], H. Gortler et al [9],
K. Kirchgéssner et al [14].

Here, about 50 years later, we are studying the same problem, but looking for a different
type of steady convective patterns. Quasipatterns are two-dimensional patterns which have
no translation symmetries and are quasiperiodic in any spatial direction (see figure 1). The
spatial Fourier transforms of quasipatterns have discrete rotational order (most often, 8, 10
or 12-fold) and were first discovered in nonlinear pattern-forming systems in the Faraday
wave experiment [6, 8], in which a layer of fluid is subjected to vertical oscillation. Since
their discovery, they have also been in particular observed, in shaken convection [23, 18].

In many of these experiments, the domain is large compared to the size of the pattern,
and the boundaries appear to have little effect. Furthermore, the pattern is usually formed
in two directions (z7 and x3), while the third direction (z) plays little role. Mathematical
models of the experiments are therefore often posed with two unbounded directions, and
the basic symmetry of the problem is the Euclidean group of rotations, translations and
reflections of the (z1,z2) plane. This is in particular the case for the studies made in the
works [19], [20], [11] and [4].
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Quasipatterns do not fit into any spatially periodic domain and have Fourier expan-
sions with wavevectors that live on a quasilattice (defined below). At the onset of pattern
formation, the primary modes have zero growth rate, and there are other modes on the
quasilattice which have negative growth rates arbitrarily close to zero, and techniques (like
Lyapunov-Schmidt reduction, or center manifold reduction) which are used for periodic
patterns cannot be applied. These small growth rates appear as small divisors, as seen
below.

This paper is in the spirit on the paper [4] dealing with the Swift-Hohenberg PDE. It is
known that this PDE is a simple model of Bénard-Rayleigh convection for the bifurcation
to a steady spatially periodic convective regime. In the present paper we solve the same
problem but ruled by the full Boussinesq equations which are usually taken for the study
of Bénard-Rayleigh convection between two horizontal planes. This problem was studied in
[10], where Gevrey estimates are given for the formal series solution of the problem. Sum-
ming this series by an incomplete Borel resummation, provides a solution of our problem,
only up to an exponentially small term (as the Rayleigh number tends towards its critical
value).

In the present paper, we first define the functional setting in sections 2, 3 and 4 for our
unknown u. In section 5 we formulate the problem in suitable form. In section 6 we study in
details the linearized operator, and the criticality conditions. This determines the critical
value g of the bifurcation parameter A, linked to the Rayleigh number by A = R~1/2,
and the critical wave number k.. We then give the formal series for (u, \) in powers of the
amplitude ¢ of the bifurcating solution. We use the truncated series as the center of the
neighborhood where one applies later the Nash-Moser process. Section 7 reformulates the
problem for adapting it to the method used in [3] and [4] which exploits the fact that the
parameter u = \g— A appears in a way which moves the spectrum of the linearized operator,
as a whole This introduces finally parameters ¢, i/, where y is a scaling of u (see (63)).
We are now faced with new difficulties: the problem is no longer in 2 dimensions, since
we have now the vertical coordinate z introducing a dependency of Fourier coefficients in
z. This leads to an infinite dimensional system, even when we truncate the Fourier modes
at a finite number N (as in [4]). This needs the use of a new projection, complicating the
operator to be inverted (see section 7.4, Lemma 36 and section 7.6).

The second new difficulty is that the linear operator which we have to invert in the
Nash-Moser process is no longer selfadjoint. This serious complication is treated in section
8. In particular, this needs the use of singular values of the truncated operator, instead of its
eigenvalues as in [4]. The square of these singular values mainly behave quadratically in the
parameter. We need an assumption on the convexity of these singular values for being able
to bound suitably the "bad set” of parameters and obtain directly a good estimate for the
inverse of the linearized operator in the basic space with small Sobolev norm (denoted Ko 4, ).
We then need to use separation properties of the eigenvalues A\g(|k|?) of the unperturbed
operator, near \g, where the wave vectors k of the Fourier modes, are restricted to Ny < N
(Ny is the Z? norm in the quasilattice). This tool, introduced by Bourgain [5] and Craig
[7], was already used on simpler systems in [2] and [4] and is necessary for obtaining good
estimates in high Sobolev norms.

We show in section 9 that we can adapt the method developed in [3] by Berti, Bolle,
Procesi.
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Figure 2: Bifurcation curve. The set of ”good” ¢’s is of asymptotically full measure

The existence of bifurcating convective quasipatterns, is proved in section 10 . It results
from the non empty intersection of a curve (H) defined by the bifurcation equation in the
plane of parameters (g, 1), and the complement of the ”bad set” of parameters. This needs
a transversality assumption depending on gq.

We sum up our result in the following

Theorem 1. Let g > 4 be an integer and let d < q be the dimension of the Q-vector space
spanned by the wave vectors kj, j = 1,...,2q in R? equally spaced on a circle centered at
the origin (see the definition (4)). Assume that the neutral stability curve R(|k|?) leading
to the critical Rayleigh number R. = 1/\% for |k| = k., has a unique minimum, and such
that R”(k2) > 0 (see Figure 4 and Condition 32). We assume a convexity condition 47
and we assume that transversality Conjecture 58 is verified. Then, there exists sg > d/2,
g0 > 0, such that, for e < g, there exists a 1-dimensional set A, centered on iy, with the
following property: for any € < eg, belonging to a set, of asymptotically full measure as
e — 0, there exists li. € Az such that the steady Bénard - Rayleigh system (35) admits a
quasipattern solution (u(e), \(€)), C in the parameter €, u(e) € Ko, (see Definition 19),
invariant under rotations of angle 7/q, of the form

u = eup +e’ug +duz + tuy + O(ED),

A= Ao — pee? — pze® — ',

where po > 0, i, = pg + O(g). The quasiperiodic function uy spans the kernel of Ao — A,
and coefficients pij, u; occurring in formulae above, are the ones defined in the truncated
asymptotic expansion of the solution (see section 6.3).

Remark 2. Condition 32 is "generic” and can be checked numerically, while Transversality
Conjecture 58 depends on q. This one is hard to check but maybe weakened as indicated in
Remarks 60 and 61. This is then probably valid for all q. Notice that for any si, > so, the
result of the Theorem above is still valid, maybe for a smaller €.

Remark 3. Hypothesis 47 is used for bounding the measure of the bad set of parameters.
The quadratic dependence on fi = O(g*) of the truncated selfadjoint linear operator, needs
to control the convexity of its eigenvalues, while we have no means to provide a reasonable
bound for their second derivative. This is an open question here.
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Remark 4. The expression that we obtain for the bifurcating set, solution of (35), is under
parametric form. The bifurcating set (u, \) lies on a C' curve. At Figure 2, we sketch the
projection of this curve in the (g, \) plane.

2 The Bénard - Rayleigh convection problem

Consider a viscous fluid filling the region between two horizontal planes. Each planar
boundary may be a rigid plane, or a “free” boundary. In addition, we assume that the lower
and upper planes are at temperatures Ty and 17, respectively, with Ty > T7. The difference
of temperature between the two planes modifies the fluid density, tending to place the lighter
fluid below the heavier one. The gravity then induces, through the Archimedian force, an
instability of the “conduction regime” where the fluid is at rest, while the temperature
depends linearly on the vertical coordinate z. This instability is prevented up to a certain
level by viscosity v, so that there is a critical value of the temperature difference, below
which nothing happens and above which a steady “convective regime” bifurcates.

The Navier-Stokes momentum equation needs to be completed with an equation for
energy conservation. In the Boussinesq approximation, the dependency of the density p in
function of the temperature T, reads

p=po(l—a(T—1Tp)),

where the (constant) volume expansion coefficient «, is taken into account in the momentum
equation, only in the external volumic gravity force —pge., introducing a coupling between
the particles velocity and pressure (V, p), and T. We refer to [12, Vol. II] for a very complete
discussion and bibliography on various geometries and boundary conditions in this problem.

Several different scalings are used in literature. We are only considering steady solutions,
so we adopt here the formulation derived in [15] (after a scaling by RY/2 for V and by R
for ), which leads to the following system

V-VV+Vp = P(he, + R V2AV), (1)
V.Vl = RV2A04V -e,,
V-V = 0.

Here RO is the deviation of the temperature from the conduction profile, which satisfies
the boundary conditions, and V = (V) ¢(?), yH) — (v1,v2), p, and O are functions of
X = (x,2), with x = (21,22) € R? the horizontal coordinates and z € (0,1) the vertical
coordinate, e, being the unitary ascendent vector. There are two dimensionless constant
numbers in this problem: the Prandtl number P and the Rayleigh number R defined as
B3 (To — T
p_? potH-T)
K VK

where d is the distance between the planes,  is the thermal diffusivity. The system (1) is
completed by the boundary conditions

v,=0=0, z=0,1,
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together with either a “rigid surface” condition
V1 = UV = 0, (2)
or a “free surface” condition (in fact no tangential stress condition)
8’01 8’02
==, )
0z 0z
on the planes z = 0 or z = 1. Notice that we shall not consider here the case of free surface
condition on both planes z = 0 and 1, since this case induces an additional (little) difficulty,
which is exposed below.
Our next task is to formulate the problem ruled by the system (1) in a suitable function

space, and find critical values of the parameters, for being able to use a method similar to
the one in [4].

3 Quasilattices and Diophantine bounds

Consider an integer ¢ > 4, where 2q is the order of a quasipattern, and define equally spaced
wavevectors in R?

) — 1 ) — 1
k; =k <cos <7r]q) ,sin <7T]q>) = R(j_1)r/qK1, i=1,2,...,2q (4)

where k. is a positive number which is defined later, and Ry is the rotation of angle 6 around
the vertical axis (see figure 3a). We define the quasilattice I' C R? to be the set of points
spanned by integer combinations Kk, of the form

2q
km = ijkj, where m = (my,ma, ..., ma,) € N*. (5)
j=1

The set T' is dense in R?. Since k; and —k; = kj, belong to I', then ky, and —ky, are
both in I'. This allows to obtain real quantities of the form

Zukeik'x, xeR? uy eC

provided that
U_k = Uk-

We know (see [24]) that the Q— vector space spanned by {k;, j = 1,2,..,2¢} has
dimension d = ¢(2q) = 2(lp + 1) where ¢ is the Euler totient function, and lp + 1 is the
order of the algebraic integer w := 2cos7w/q (lp = 1 for ¢ = 4,5,6, l[p = 2 for ¢ = 7...)
with 2(lp + 1) < ¢. Let us define the subset of the d vectors {k7, j = 1,2,..,d} of {kj,
j=1,2,..,2q} which forms a basis. Then

d
kj = Zajsk:, O s € Q
s=1

6
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Figure 3: Example of quasilattice with 2¢g = 8, after [19]. (a) The 8 wavevectors with |k| =1
which form the basis of the quasilattice. (b,c) The truncated quasilattices I'g and I'y7. The
small dots mark the positions of combinations of up to 9 or 27 of the 8 basis vectors on the
unit circle.

and any k € I' may be written in two different ways

k= ijk _erk;, m; € N,rs €Q

s=1

2
where 75 = 301, mjajs.

Let us define aj, := Z]fs with irreducible fractions and

0=l.cmjo, gq{djs} then dajs = Bjs € Z.
s= 1

Remark 5. Notice that we have d = 1 for example for ¢ = 4,5,6,7,8,9,10,11, 12 where we
can choose ki = ks, s =1,..,d (see [4])

Then m? :=ors = fql m;fBjs € Z and

=o' Zm*k* =: k(m") (6)

where m* := (mj, ..., m}) and we define the following norm in the lattice T', identified with

a subset of Z< : .
> Imi| =t M
s=1

Remark 6. If 0 = 1 we can identify ' with Z%. If 0 > 1 , for an arbitrary m* € Z4\{0},
we don’t know a priori if there exists k € I' such that k(m*) = k.

Remark 7. Whenever solutions are computed numerically, it is necessary to use only a
finite number of Fourier modes, so we define the truncated quasilattice I'yy to be:

FN:{kGF:NkéN}. (7)

Figure 3(b,c) shows the truncated quasilattices T'g and T'y7 in the case q¢ = 4.
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In what follows we need a lower bound of quantities as
(k7 — k%)% kel

which occur in the denominator of the inverse of the linear operator, when they are not 0.
We show in [4] (after a trivial scaling)

Lemma 8. Assume q > 4, then for any k € I' such that |k| # ke, i.e. k #k;,j =1,...,2¢q
the following estimate holds true

L[ — 8
I~k 2 Q

for a certain ¢ > 0 only depending on q.

4 Function spaces and operators

We characterise the functions of interest by their Fourier coefficients on the quasilattice '
generated by the 2¢ basic vectors k;:

u(x) = Zukeik'x, x € R?.
Define now the (Sobolev) space of scalar functions

Hy = {u = wee™*: [ul]Z =D (1 4+ NP u)* < OO} ; 9)

kel kel
which becomes a Hilbert space with the scalar product
(w,v)s = Z(l + Nii®) Wi (10)
kel

The two following Lemmas are classical results on Sobolev spaces.

Lemma 9. Assume q > 4, then for s > d/2, for any u € Hs and any v € Hy, we have
luvlo < esllulls[|v]lo

for a certain constant cs > 0.

Lemma 10. (Moser-Nirenberg inequality) Assume q > 4, and let s > sg > d/2 and let
u,v € Hs. Then,
[uolls < C s, s0)([[ullsllvllso + l[ullsollv]ls)

for some positive constant C(s, so) that depends only on s and sy. For ¢ > 0 and s > {+d/2,
s is continuously embedded into C.

In fact we need more complicate function spaces for our system (1). This is due to
the necessity to control in terms of |k| (instead of Nk) the gain of regularity provided by
the inverse of the linear operator on the complementary space of its kernel (here, contrary
to [11] and [4], the nonlinear term looses one derivative), hence the inverse of the linear
operator is used to regain this loss (for large |k|), while the loss due to the small divisor
problem (for |k| close to k.) is in terms of N.
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4.1 Projection B

First, as it is a "rule” for Navier-Stokes systems, we define a projection operator ¥ on
divergence free vector fields. Let consider a vector field V(x, z) under the form

=3 Vi(z)ex,

kel
which, for a fixed 2 belongs to (Hs)3. We would like to decompose V as follows:
V=W+Ve, V-W=0, w®._g1=0
Then we consider the system

W(H) +ikg = W,
doy (2)

+ E = Uk s (11)
(2)
(m) , dwy
k-W, =0
kot dz ’
where Vi = (Vk( ), 1(()) Vk( Jand ”1(() being respectively the horizontal and vertical com-

ponents of Vi, and where we want to satisfy the boundary condition
wl(j)‘Z:OJ =0, (12)

for the unknown vector field Wy = (W(H) (Z)) We then obtain the following equation for
Px

2 d (2)

dd)k = k-4 Z‘; : (13)
d¢k (2)
Ezzo,l = Uy |z:0,1-

For k # 0, it is well known that, if Vk(H) € {L?(0,1)}?, vl((z) € H'(0,1), then there is a
unique solution ¢y € H?(0,1) of this Neumann problem, which satisfies the estimates

dox ||*

Pl + [ 2| < v, (14)

and there exists a constant ¢; > 0 (¢; = 7) such that

d¢k d2¢k
K6 o e FIRIVEY. (19)
In the case when k = 0, we have w((f) =0, W0 VO , and d¢° = U(()Z) defines ¢g up to
a constant. Hence, this remark, with (14) and (15) and the 1dentity
4ok =) wYdz =
{zk(b Wk - }dz =0, (16)
9
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lead to
||Wk‘|%2 = <VkaWk>L27
hence
Willzz < [1Villze, (17)
de 2 de
PR o {|k i+ |4 L
L

for a constant ¢? independent of k € T.

Definition 11. The operator B is the linear operator defined as
V=Y V=) B w =3 Wi(z)e™*,
kel kel

where Wy is solution of (11).

We notice that if V is divergence free and satisfies U(Z)|z=0,1 = 0 then B acts as the
identity. Hence the operator P is a projection.

Remark 12. Notice that for Vi € {L*(0,1)}® such that vl((z) € H'(0,1), k € T, (which is

the case when V is divergence free), the boundary values vl((z)\z:oJ have a meaning, then we
still have ||Wi||r2 < ||Vkl|r2-

4.2 Function spaces

Let us define function spaces for the 4-components vector field U = (V,0) :

Hrs = {U = (V,0)(x,2) = Y Uk(2)e™*; Y (1 + N*||U[7) < OO} (18)

kel kel

where

1UlE =D kP9 Ul 170

0<i<r

Notice the following equivalence between (squared) norms in (18)
d'u,
2(r—1 2 ! k
RPN~ Y (1 kPO )H HL2
0<I<r o<I<r
The space H, s has a natural Hilbertian structure. For example, for U, U’ € Hg s, the scalar

product reads
1 _—
(U005 =3 ((1 + Ng)s/ Uy - U{{dz) ,
kel 0

where Uy Uil’( is the usual hermitian scalar product in C.
Now denoting PU = (BV, ), we have the following

10
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Proposition 13. The projection ‘B is bounded in H,s for v > 1, and bounded in the
subspace Hy  of Hos such that vl(j) € HY(0,1), k € T. For any U, U' € Hy 5, or Hp g we
have

<U7 (’BUI>0,8 = <q3U’ mU/>07S‘

Remark 14. The above Proposition means that (I —B)Hi s is orthogonal to PHi s with
the scalar product of Hos. In other words, P is an orthogonal projection in Ho s restricted
to subspaces H1,s and Hy o Moreover, for U € Hy ,, then PU € Ho s is orthogonal to any

(Vo,0) € Hos, and ||BU||o,s < [|Ullo,s (see (16)).

Proof. The boundedness of P in H; s results immediately from (17), and in Hé,s from
Remark 12. For the boundedness in H, s for r > 1, this follows easily after differentiating
(11) and (13). Now assume U, U’ € Hy s or Hy ;, and define PU' = (V',¢'), then from the
form of Vix — Wy = (V¢, 0)x indicated in (11), we have (notice that V' satisfies de conditions
required on W in (11))

1
’ kel 0 dz
| @
= Z (1+ Nﬁ)s/ ox | ik - VIL(H) %% ) 4
kel 0 dz
= 0.

O]

Now we need to extend the definition of the orthogonal projector ‘B in all Ho s. Let us
consider the orthogonal projection Py in Hg s on the orthogonal complement of the subspace

Go.s = {U = (V6,0);6 € H{)} € Hos,

where we denote by an upper index (1) a space of scalar functions. Then, B is an extension
of 9B obtained by density of H'(0,1) in L?(0,1) for all vl(j), k € . It then results

Lemma 15. The projection B is bounded in H, s for r > 0. It is an orthogonal projection
in Ho,s, orthogonal to elements of Go s.

In the following we need to use analogues of Lemma 10.

Lemma 16. Let u,v € 7—[513 (scalar functions) with s > so > d/2. Then uv € ’Hglg and
there exists c(s,sg) > 0 such that

[luvll1,s < els, s0)([[ull1,s[v][1,50 + [[ul1,50][V]]1,5)-

Lemma 17. Let u,v be scalar functions respectively in ’Hgg and 7—[((]2 with s > sg > d/2.

Then uv € H(()}S) and there exists c(s, sg) > 0 such that
[luvllo,s < e, s0)([[ullsl[v]o.so + w15 v]lo,s)-

11
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Lemma 18. Let u,v be scalar functions respectively in ’Hﬁz and ’H(% with s > sg > d/2.
Then uv € H((f% and there exists ¢(s) > 0 such that

[luvllo,0 < e(s)]|ullrsllv]lo.o0-
Lemma 19. Let u,v be scalar functions respectively in 7-{(113 and 7—[(()2 with s > sg > d/2.
Then uv € 'H((f()) and there exists c(s) > 0 such that

[luvlloo < c(s)llullrollv]lo,s-

The proofs of these Lemmas are made in Appendix B.

5 Formulation of the convection problem

5.1 Operators L, A and B

Definition 20. We say that U satisfies Condition b.c. if one of the following boundary
conditions are satisfied

(i) VU |,_o1 = 0 (rigid-rigid),

(i1) V(H)’z:() = d‘g;H) l.=1 = 0 (rigid - free),

(iii) |y = VD |y =0 (free - rigid).

Then, we define the following function spaces for  and s non-negative integers

Krs = PHes={U=(V,0) € H,; V-V =0,0%) .91 =0}, (19)
Dy(L) = KosN{U satisfies Condition b.c., 0].—91 = 0},

and we put, respectively on these subspaces, the norms of H, s and H ;. We notice that we

do not consider the case of conditions %(ZH)\ 2=0,1 = 0 (free - free) (see Remark 23 below).

Definition 21. For any U € D4(L) operators L and A are defined by:

LU = (PAV,A6), U e Dy(L)
AU = (m(eez)v V. 62) , Ue K0757

and the quadratic operator B by
1
B(U,U) = <pqs(v -VV), V- VG) U €Ky

It is clear that L maps continuously Ds(L) to Ko s. For s > d/2 the quadratic operator
B maps continuously Dg(L) to K1 as this results easily from the fact that H'(0,1) is
an algebra, as well as H; for s > d/2 (see Lemma 16 and see Appendix C for the rest
of the proof). This means that there exists ¢(s, sg) such that for any U,U’ € D4(L), and
s> sp > d/2 we have

1B, U)ll.s < (s, 50) (|U]|2,5[U"l|2,50 + [[U]|2,50]1U"]2,5) (20)

12
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where we define the bilinear symmetric operator (U,U’) — B(U,U’) as
1
2B(U,U") =: (Pm(v NV VNV, VvV va) .

Moreover, we also have easily B(U,U) € Ko for U € K;4, as this results from the fact
that the product of a function in H'(0,1) with another in L?(0,1) lies in L?(0,1), then
V- VV € Hos (see Appendix C) and for U,U’ € Ky and s > s9 > d/2 we have the

estimate

1B, U)lo.s < e(s,50) (101,510 1150 + [1U1]1,60 1071 ]1,5)- (21)

Now solving the system (1) reduces to solving the equation
(AL+ A)U — B(U,U) =0, U € Dg(L). (22)

where \ =: R~1/2,
Then, we show the following useful basic properties of operators L, A and B:

Lemma 22. For any s > 0, the unbounded operator L with domain Ds(L) is selfadjoint,
definite negative, in the space KCo s. Moreover, for U € Dy(L), there exits a scalar function
¢(\) such that

(AL + AU, U)os < eIV (23)

holds, with c¢(A) =1 — 2\ <0 for R < 4 (in the case of free-free boundary condition, which
we ezxclude, ¢(\) =0.) B
For s > d/2, and U,U" € K15 and U,U’ real, i.e. U ="U, U = U’ we have

(B(U,U),U)p0 =0, (24)
(2B(U,U"),U)o,0 = —(B(U,U), U )¢ p. (25)
Proof. First we have, by using Lemma 15

(AL+ AU, UNos = (BOAV +0e.), A0+ V -e.), (V',6'))o.
= M(AV,A8), (V',0))0.s + ((Be-, V -e2), (V!,0))o.s
= MAV, Vo + MAG, 006 + (0,0 + (0,0 5.

Then we observe that (8, v'*))q s + (v(#),0') ¢ is symmetric in (U,U’). Moreover by inte-
grating by parts, since Oy |,—01 =0,

(A0.0)0s = D (1+ND)° N k|20k ) 00d
,U)0,s = 22 | ’ k ez
kel 0
L[ a6y db] _
= —§j1 N2)* Xk 4 1kI20k0L | d
ker( + k) /0 (dZ dZ +| | k k Z’

which is symmetric in (U, U’). The same computation holds by using the boundary condi-
tions satisfied by V for U € D(L), and shows that (AV, V") s is symmetric in (U, U’). This
proves that

<()‘L + A)Ua U/>0,s = <Uv (AL + A)U/>0,37

13
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i.e. the operators L and A are symmetric in Ko s.

The operator L is selfadjoint in Ko s because it is easy to prove that L1 is symmetric
in Ko,s, bounded from Ky ¢ into Ds(L) (with norm of Ky ), see Appendix A. The operator
A is symmetric and bounded in Ky ;. Hence by theorem 4.3 in [13] p.287, the sum AL + A
with domain Dy (L) is also selfadjoint in /Cg .

To prove the inequality (23), we come back to the computation above, valid for U €

Dy(L) :

(AL 4+ AU, U)o, “MVV,VV)o.s — MVO, V0o + 2Re(d, v*))g (26)

2|V llo,sl6ll0,s < 2/IU1[5,s-

IN

For all boundary conditions (see Definition 20) we have Poincaré inequalities: 6,v(*) and
V) cancel at z = 0 or (and) z = 1, so, for example

) (2)] / D) (s)ds|? < z/ |Du) (s) 2ds,

and integrating on (0, 1) leads to the Poincaré estimates

VO,S_ \4 0,s5 005_ \Y 0,s-
4l \fll llo,s» 1161l \f\l |

Hence this leads to
2Re(, v)os| < [|VVloslIVOllo,s < 1/2/[VVIE +1/2/V6II3 .,
and
(AL + A)U,U)os < (1/2 = N[|IVVI[5, + IVO]§] <0 for A>1/2, ie. R <A4.
Hence for R < 4 (i.e. A > 1/2) we have
(AL +A)U,U)os < =X\ = DIVI[Gs + 1015 ] = eIV s,

with
c(A)=1-2A\.

Remark 23. In the case of free-free Boundary conditions which we exclude here, we have
not ||V ||g < L ||VV )|lo.s, hence we only have

(AL + AU, U)o < (1/2 = N[[[Vo][

65 — A|vyH HoS <0 for A >1/2.

In such a case, 0is an eigenvalue of AL+ A corresponding to the eigenvector U = (V(H), 0)
where V) = Const.

In the same way as above, for U € Ky 5, we have

1
(B(U,U),U)o,s = 5(‘/ “VV,V)o,s +(V -V0,0)0,

14
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and by using 0p4+q = 0r, when p + q +r = 0, since 0 is real,

1
) H 2 do
(V-V0,0)00 = 3 /0 ((zq-v,ﬁ ))9q+v§,)d;> O.dz

p+q+r=0, p,q,rel’

1
- > / <<ir V)0, 40 der) dz
0 dZ

p+q+r=0, p,q,rel’

1 ! . (H) (2) d(eqer)
= 35 Z /0 ((—zp-Vp )0q0r + vp % dz

pt+a+r=0, p,q,rel’

1 U o) (=) d(0q0x)

- = O + v5) S ) dz = 0.
2 Z /0 (dz alr + Up dz 2=0
p+q+r=0, p,q,rel’

In the same way, we have

(V-VV,.V)oo = (V-VVI vE (V. vl o)

1 (2)y, .
> [
0 dz

pt+a+r=0, p,q,rel’

—~

N |

which ends the proof of (24). Identity (25) is a consequence of (24): indeed let us consider
the identity
(B(U +tU",U +tU"),U +tU")o0 =0

which holds for any ¢ € R. It results that the coefficient of degree 1 in t of this polynomial
is zero, which is exactly the property (25). O

5.2 New formulation

For applying a method analogue to the one developed in [3] and [4], we need to control a
parameter able to move all the spectrum of the linearized operator. In the present problem,
we are lucky enough to have A in front of an invertible operator, allowing to reformulate
suitably the problem.

We know that the operator — L is selfadjoint and positive, so we can define the sefadjoint
positive operator (—L)'/? with dense domain (see [13] section V.11 p.281) as the inverse of

vtz V[T e
(07 =~ [T

which is selfadjoint and bounded, with the following properties. First, for U € Ds(L) we
have
(—L)2(-0)V?U = —LU.

Let us define the Hilbert space, adapted to boundary conditions b.c. (see definition 20),
Kio={U=(V,0) € K150 =03 |01 =0,V |5 =0, or (and) VUD|._; = 0}.
We can take in Ia/s the norm

U = {IIVVI[5,0 + 1IV6lI5 3%, (28)

15
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which is equivalent to the usual norm in Cq s, due to Poincaré inequalities (27). Then,
because of the identity
2 2
(LU, U)o.s = [[VV][5,s +[IVO[[5,s,

valid for any U € D4(L), it is clear that the following identity holds
s (29)

which can be extended to any U € D,[(—L)/?] the domain of (—L)"/? acting in Ko s. This
shows that the domain Dg[(—L)'/?] (dense in Ko ) satisfies

1(=L)"2Ullo,s = [|U

Dy[(~L)"?] € Kys. (30)
with a continuous embedding.
Definition 24. We denote by
Dija,s = Ds[(—L)'/?].

This is an Hilbert subspace of Ky s, with the scalar product associated with the norm (28)
m ICl,s-

Remark 25. In the sequel, the norm in Dy s is denoted by || |15 or || - [|1,s or [|-||D, .,
as well.

Now let us consider the following equation in Ko s :
Au— Au + B(u,u) =0, (31)
where operators A and B are defined as:

A o = (=L)VPA(-L)V2,
B(u,u) : = (—L)"Y2B((—=L)""?u, (—L)""?u).

Since the operator A is bounded in Ky, this is also the case for A. Now for the quadratic
operator B we have

Lemma 26. Assume s > d/2, then the quadratic operator B is bounded from Ko to
D1/27S — K15 = Kos. Moreover for u,u' € Ko s, with s > so > d/2 we have

1B, w)lo,s < [1(=L) 72 [los1B(u, u) |7 < (s, 50)([[ullos][u]

,S

0,50 +1[ullo,sol[tllo,s)- (32)

Moreover for u € Ko, with s > d/2, the linear operator v — B(u,v) is bounded in Koo
with the estimate

[1B(u, v)lloo < elfullo,s|lv]o- (33)
Proof. Using (29) and (21) we obtain

1B(u, )| = IBI(=L)"u, (=L)72d)Jo.s

IN

1,s0

IN

c(s, 50) ([[ullo,sl1llo.so + lullo,s0l1t']lo.s)

16
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and

1B (u, ')

0.5 < 1(=L) 70,5l Blus )l = ev(s, s0) (lullo,sll lo.so+lello,sol [/ o.s)- (34)

For finding estimate (33) we just need to prove that for ((—L)~"/?u, (—L)~'/?v) = (U, V) €
Ko s x K1 then ||B(U,V)l||o,0 < ¢||U]l2,s/|V||1,0- This is proved in Appendix C. O

Then we have the following

Lemma 27. Assuming s > d/2 and X\ > 0, then finding a solution u € Ko s of
A — Au+ B(u,u) =0, (35)

where the linear operator A is bounded and selfadjoint in Ko s, implies u € Dy o5, and is
equivalent to finding a solution U = (—L)~"/?u € Dy(L) of

ALU + AU — B(U,U) = 0. (36)

Proof. Indeed, we notice that for u € Ko solution of (31), then (—L)~"/2u € Dyj,s C Ki,s,
hence B((—L)~Y2u,(~L)™"%u) € Ko (see (21)) and finally B(u,u) € Dy o6 It is also
clear that Au € Djy,. For A # 0 this last property and (31) show that u € Dy, and
we can apply the operator (—L)'/2 to (31). Then defining U = (—L)~'/?u gives U in
D4(L) verifying (36). Conversely, the knowledge of a solution U of (36) gives a solution
u = (—L)/2U of (31). We may observe that the quadratic operator B is bounded in Kg
(see (34)). Now due to the selfadjointness of operators A and (—L) /2 in Ky s, the operator
A is also selfadjoint in Kos. O

Remark 28. We might think that it would be advantageous to work in Dy o 4 instead of Ko s.
However for the method we are using in the following, it is necessary that A be selfadjoint.
If we consider this operator in Dy, then it can be shown that this is not true for boundary
conditions (i) and (iii) in Definition 20.

5.3 Rotationnal Symmetry

The system (1), completed with the boundary conditions included in the definition of Dy (L),
is invariant under horizontal rotations of angle 7/q. To make this precise, let us define the
linear operator R by

T/q)
R,/ U(x,2) = (R jgV(R_z /g%, 2), 0(R_s g%, 2)) ,

where Ry is the horizontal rotation of angle ¢. More precisely, by using the identity k -

R_yx = Ryk - x, we have

Rﬂ'/q Z Uk('z)eik.x = Z (Rﬂ'/qVk(z>7 Hk(z)) eiRW/qk.X' (37)
kel’ kel

Definition 29. We say that U = (V,0) is invariant under R, if the following holds

7/q

ReygVi(2) = Ve, k(2), Ok(2) =Or,, k(2).

17
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Then, we have the following

Lemma 30. The linear operators L, A, A and the quadratic operators B and B commute

with Ry /q : for U € Ds(L) and u € Ko s
R,/ AL+ AU = AL+ A)R,/,U, RypAu= AR, u (38)
Rﬂ./qB(U, U) = B(Rﬂ./qU, R,T/qU), Rﬂ./qB(’u,, u) = B(Rﬂ./qu, Rﬂ./qu).

Proof. This results from the commutation of the original system (1) under any horizontal
rotations, and from the commutation property

Rr/¥ = PRy

which is easy to check from the construction of projection 9. Moreover the operator L

commutes with R/, hence this is also valid for (—L)~1/2, O

6 Criticality for A — A\l and Formal bifurcation

6.1 Study of criticality
Let us consider the linear system
(A=MNu=G e Ky, (39)

where we look for u € Ky 5. This system is equivalent to looking for U = (—L)" 2y € Dz
such that
AL+ AU =G = (-L)'*G = (F,g) € (D12..)" (40)
where G’ = (F, g) is given in (D;/5,)* (see the definition and properties of this dual space
at subsection A.1 of Appendix A).
Let us define the Fourier components

e = (02, 60),

Gi{ = (F7 g)k = (FIEH)afl((Z)agk)v
then for a fixed k, the system has the form
()\Lk + Ak)Uk = GL (41)

which is ezactly the same as the one obtained in the periodic case, described in details for
example in Chapter II of [1] and solved in details by V.Yudovich [25]. Notice that for
each |k| the linear operator ALy + Ay is selfadjoint in the space {Ky s}k spanned by the
k-th Fourier components of elements in Ko s, and operator Ly is studied in particular in
Appendix A.

Remark 31. Notice that in [1] and in [25] the only case of X\ > 0 is considered, since
A= 1/\/77?, by definition. It results that we don’t know anything a priori on the operator,
for A < 0. However we may observe that the homogeneous system associated with (41) is
invariant when changing X into —\ and 0 into —0 (see also (1) in changing VR into its
opposite). It results that the spectrum of A is symmetric with respect to 0. Moreover A =0
18 an eigenvalue with infinite multiplicity.

18
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Then, it is known (see Yudovich [25]) that for a fixed |k| there is a denumerable sequence
of R (= 1/)@) such that the system (41) has a non trivial solution for (F,g)x = 0, and
there is a variational principle for finding Ro(/k[*) = minR; (see Velte [22]). It is also
known mathematically (see Yudovich [25]) that the function Ro(|k|?) is analytic, tends
towards oo as |k|? — 0 and as |k|> — oo, and that there is a minimum R, obtained for
a critical value k2. However, it is only known numerically (see [1]), that this minimum is
unique and the kernel of ALy + Ak for k = k; = (k.,0) is one-dimensional ([25]). We now
define \g = 1/v/R..

It results that the kernel of the linear operator (A — A\l is 2¢ - dimensional, spanned
by & = (—L)"/2¢}, with

E; = R‘n’(j*l) (ﬁk1 (Z)eikl.x) ) ] = 1’ 2, e 2q’ (42)

q

in the kernel of \oL + A , where
- H z
Ukl = (Vk(l )7 vl((1)7 akl)

is solution of the homogeneous system (41) for k = k;, and with G}, =0, and R = R..

We need now to estimate the inverse of the linear operator defined by the system (41)
for R = R. and |k| # k.. From the now standard study of the resolvent operator for
Navier-Stokes type of system (see [28]), as here, but in a periodic frame, we deduce that
there is a function c(|k|?) bounded as |k| — oo and |k| — 0 such that (we notice that
||G/H(D1/2,s)* < ¢||G|o,s for a certain ¢ > 0)

10k} = [IDU]72 + (1 + [kP)|UK]72 < (k%) IIGl |72 (43)

For |k| near k., we know that c(|k|?) diverges as |k|?> — k2. In fact let consider the dispersion
equation, obtained when we look for eigenvectors of the homogeneous system (41) which has
constant coefficients (see [1]). Then, the modulus of the dispersion equation, which cancels
for |k| = ke, is bounded from below by the inverse ¢(|k|?)~!. This dispersion equation
depends analytically on |k|? ([25]) and we now need

Condition 32. We assume that the second derivative Ri(|k|?) # 0 for |k| = k. at
Ro(k?) = Re.

Notice that we give a formula for %(1 /VR.) in Appendix D. The dispersion relation
cancels with a (only) double root for |k|?> = k2. This means that we have in fact

c1([k[?)

(k|2 — k2)*
where c; is bounded for all bounded |k|? and is O(|k|*) as |k| — oo.

For |k| = k. and k € T, this implies that k belongs to the basis of the quasipattern.

Then, following [1], [25] and [26] the system (41) is solvable provided the compatibility
conditions

c(|k[?) = for [k| # ke (44)

1 — 1 _ N
<Ga£j>0,0 = <G,a£;‘>0,0 = / Gi(J : Ukjdz = / (ij : ij + 9k; ~(9kj)dZ = 07 ] = 17 ,2(]
0 0

hold. It results that
llusello = [Ull1 < e(|k*)]Gxl lo- (45)
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/O AfIKl®)
A KD, j>0

Figure 4: Sketch of positive eigenvalues of A in function of |k|, and definition of critical
lambda Ag. 91 is used to define the projection my at section7.4

Remark 33. The classical linear stability theory ([1], [27]) says that
(ML + AU, U)o <0 for all U € Dg(L) not in ker(AoL + A), (46)
i.e., using that Dy /o s is dense in Ko s:
((A—=Xo)u,u)o0 <0 for all u € Ko s not in ker(A — o). (47)

We also know, from the discussion above, that for any fized |k| we have a decreasing se-
quence of positive eigenvalues, and a sequence of symmetric ones, for the selfadjoint bounded
operator A :

Mo([k3) > A (K)o > Ma([KD) > o> 0.0 > =2 (K)?) > oo = M (k]?) > —Xo([k[?),

(see Figure 4 for positive eigenvalues) corresponding to eigenvectors, depending on X as
e’® X The largest eigenvalue reaches a mazimum Ao at k2. Now the lattice T is well defined,
thanks to (4). When k varies in T', the set of values for |k| is dense on the half positive line.
It results that the spectrum (closed in R) of A is the closed interval [—Ao, Xo]. Moreover, as
this is useful later, we notice that for allk € T,

Mo = Xj([kI%) > do, Ao([k[*) = X;(1kI*) = do([k]) >0, j=1,2,...., 00, (48)
with 6o(|k|) > do > 0 for |k| close to k..

6.2 Pseudo-inverse of A — A\l

Let us define the orthogonal projection Py on the kernel of A — Aol: for any u € Ko s

(u,&5)0,0

(€1,€1)0,0 (49)

Pou= > &, 7=

1<5<@Q
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where we notice that
<£1a £1>0,0 = <£ja£j>0,0a ] = 27 ) 2(]

We denote by Qg = I — Py the projection on the complementary space (of codimension 2q).
Since the eigenvectors &; belong to Kg s for any s, the projection Qg is bounded in Ky s for
any s. Notice that when u is invariant under R then v; =7 for j =2, .., 2q.

Now coming back to the linear system

T/ Q>

("4 - )\O)u = Ga

where G € Ky 5 satisfies the compatibility condition PoG = 0, the above estimate (45), and
the form (44) of c¢(|k|?) show that there is a unique solution u satisfying Pou = 0 and there
exists a constant ¢ > 0 such that

(1 — ok ([k[) (1 + [k[*)?
(K[> — £2)*

[luxlfo < ¢ + 0k (k)| [1Gllo;
where Jx (|k|) = 1 if |k| = k¢, and = 0 otherwise. By using the diophantine inequality (8),
this leads to the following

Lemma 34. Assuming \j(|k|?)| =k, # O (see (138)) for the second derivative of Ao at
|k| = k., then for any s > 0, the linear operator (A — A\g) has a bounded inverse from the
subspace QoK s to the subspace Qoo s—a1,- In other words, for any é1 > 0 small enough,
there exists ¢ > 0 such that for u solution in QolCos—a1, of (A — Ao)u = G € QoKos, the
following estimate holds

[Ju o c(1+ Ng)*™||Gxllo, for ||k| — ke| < 61,
C

[lukllo < ﬁlleHo, for ||k| — k¢| > d1.
1

VANRVAN

6.3 Formal power series for bifurcating solution

Let us rewrite the system (35) as

where ]
AN=——, A=Ag— L.

We are looking for a solution of (50) in Ko, s > d/2, which is invariant under R.
under the form of a formal expansion

T/q

u = Ze”un, (51)
n>1

po= ) "n (52)
n>1
21
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where in fact u,, € Dy /o (see Lemma 27). Identifying powers of € at orders ¢, €2, €3, leads
to the system
(A=Xo)ur = 0, (53)
(A=Xo)uz = —pruy + Buy,ur) (54)
(.A — )\0)U3 = —Ui1u2 — Wt + QB(ul, UQ). (55)

Equation (53) gives (here we choose the coefficient in front of the eigenvector, which deter-
mines the parameter ¢)
uyp = Z fj, (56)

1<5<2q
which is invariant under R /,, and we observe, thanks to property (24), still valid for B
that
(B(u1,u1),u1)00 =0,
and since

R /B(ur,u1) = Blug, u1),
this means that (see the definition of projection Py in (49))

P()B(ul, ul) = 0,

hence equation (54) is solvable with 1 = 0, and since the Fourier series of B(uj,u1) is
finite, we find a unique ug € Dy 5 ,, orthogonal to uy in Ko :

ug = (.A — )\0)_18(’&1, ’U,l), (57)

—_— —1
which is invariant under R/,, and where (A — Ag)  is the pseudo-inverse of (A — Ag) as
defined by Lemma 34. Now, the compatibility condition for solving (55) gives

</A2’U,1 — 2B(U1, UQ), U1>0,0 =0. (58)
Then we use the identity (25) to obtain

(2B(u1,ug2),u1)o0 = —(B(ui,u1),u2)00
= —<(.A — )\O)U27U2>070 > 0.

The result above, in the periodic case, was first obtained by V.Yudovich in [26]. The last
inequality results from the fact that Pous = 0, and from the property (47). It results that
L2 is positive, determined by

—((A = Xo)ug,u2)0,0
(u1,u1)0,0

Now the unique solution u3 of (55), orthogonal to u; in Ko, takes the form

ws = 2(A ) QuB(us,us), (60)
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and is invariant under R
series. Now, from

=/q and again lies in Dy ; because of the finiteness of its Fourier

(A= Xo)us = —poug — p3ur + 2B(u1, u3) + B(U% uz),

k-

we observe that uouo is orthogonal to uy. The factors e’ X in the expression for 213 (u1,us)+

B(ug2,u2) are such that
k= Z mjk;, and ij =4,

1<j<2q
so that the scalar product with u; may be different from 0, as this can be seen in the case
when ¢ is a multiple of 3. It results from the compatibility condition, that

(2B(u1,u3) + Bluz,uz),u1)0,0

(u1,u1)0,0

iy = , (61)

and
—~ -1
ug = (A—Xo)  Qol—pouz + 2B(u1,u3) + Blug, uz)]

is invariant under R/, and still in D /5 ,. Going on the computation, we obtain in particular

T/q

2 2
g = (2B(u1,uq) + B(Uz,u?)),Ul)o,o. (62)
<U1,u1>0,0

We show in [10] that we can go on in computing the successive terms of the series which
appear to be of Gevrey type. Making an incomplete Borel resummation of these series,
invariant under R /,, provides a solution of (50) up to an exponentially small term as e
tends towards 0. Our purpose now is to improve such a result in proving that there exist
indeed quasipatterns solutions of (50).

7 Adapted formulation and Splitting of the space

7.1 Decomposition of u

In all what follows, we study functions u,v in Ko s, invariant under rotations Ry /,. In this
frame the kernel of the linear operator (A — Ag) is one-dimensional. Let us define the new
unknown function ¢ in rewriting the solution of (50) in Ko s, s > d/2 as

u = u.+e'v, p=pe+ey,
ue = euq + 2us + Sug + etuy, (63)
pe = patedus, TE {u1}L N Ko,s,

where the coefficients w1, uo, us, u4, 2, 3 are defined above, and we assume below that
¢ > 0 (the same proof applies for € < 0). Then

(A - )\O)Ua = —lele + B(UE, UE) + 55fs
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where f. is a known quasiperiodic function with a finite Fourier expansion with Ny, < 8.
Now we have by (50):

(A= Xo)(ue + 54’17) + (pe + 53//)(u5 + 54’17) — B(ue + 4, ue + 545) =0,
which becomes
Lov+ T+ ple e + ef. — *B(@,7) =0, (64)

with
.0 = (A — Ao + pe)v — 2B(u., D). (65)

7.2 Decomposition of the system

Let us use the projection Qg = I — Py on the orthogonal complement of uq in the subspace
of Ko invariant under R /,, defined at subsection 6.2. We might notice that the formal
computation made at section 6.3 gives v = cus + O(£?) in {u1}*+, with ' = ey + O(e2).

Equation (64) decomposes into the bifurcation equation, using the projection Py onto
the kernel {u1} of (A — Xg) :

puy 4 ePof. — 2PoB(0, u.) — e*PyB(7,7) = 0, (66)
with
Pofo = —pau,
and the range equation (projection onto {uj}t) :
Q0£55 + 53/”4,;6 + 5(57 //) - 64QOB(57 ~) = 07 (67)
where
QoLe = Qo(A — Ao + pe) — 2QoB(ue, -),
gle, 1) == ple(ug + cus + e2uy) + Qo f-.

7.3 Optimization of variables

In what follows, we need to obtain a solution of (67) which is C?— bounded in ji. So,we
need to have operators and functions in (67) with bounded first and second derivatives with
respect to ji = €31/, This is not the case for the term g(e, i'), so we need to slightly modify
the definition of v, in such a way that g(e, ') has a more suitable form.

Let us define (see Lemma 26, using that u. € Ko for all ¢ > 0) the linear operator S,
bounded by cse in QoK s for any s > 0, as

QoL = Qo(A— o)+ S,
Se 1 = pe —2QoB(u., )

We notice that g(e, 1') has a finite Fourier expansion with N, < 8 (because of f.). Hence
[Qo(A — Xo)] g (e, 1) € QoK s for any s > 0. In the same way, we can define

he, ) = {1+ Y (=1)" ([Qo(A = Xo)] (S + )" p [Qo(A — )] 'gle, i), (68)

n=1,2,3,4

24



O©CO~NOOOTA~AWNPE

which is still well defined in Qoo s for s > 0, and h is analytic in its arguments (e, i').
Indeed, the operator ([Qo(A — Ao)]~*(S: + 1))" is bounded on finite Fourier series in e?**
leading to a finite Fourier series with Ny increased by 4n. Finally h(e, ) has a finite Fourier
expansion with wave vectors bounded by Ny = 16 + 8 = 24.

We can now check that

(Qu: + hle, 1) = gle, 1) + (S + D)[Qo(A — X))’ Gz, 1)

We do not use Neumann series for inverting (Qo£:+) because of the small divisor difficulty.
We notice that e2g(e, p') = fi(uz+eus+e2ug)+e3Qo f-, hence e2h(e, i') := h(e, 1) is analytic
in (e, ) with B

(e, i)llo,s < es(® + [Al).

Now we define the new v as

v="0+ h(e,u), (69)
so that (67) becomes
Lov+gle, m) — €4QOB(1}, v) =0, (70)
with
Lon = Qofe+ i+ 2°QuB(h(e, i), -), (71)
g(e. ) = = ((S +M[Qo(A - X)) §(e, ') — QoB(h(e, 7o), h(e, 7).

We notice that the first term on the right hand side of g(e, ) is now C*— bounded in fi
since, up to order i* it is analytic, and the non analyticity only occurs at orders e2u/fi* and
eu'[1i°. Since we restrict to i € [—¢, €] the values for ji, we finally obtain in (70) the required
properties for all terms, with

03527 H@E,ﬁg(a, lj)HO,s < 65527 (72)
Cs, H8522g(87ﬁ)

g (e, )l lo.s

<
10229(c. )llo.s <

0,s < 0552a Hagﬁg(g7ﬁ>“0,s < 0552-
Let us define the linearized operator
Loavi=Lop— 2" QuB(V, ),

for Ve Ko for s > d/2. Then, we need a careful study of this linearized operator for
applying the result of [3].

Lemma 35. The operator £, ;v is analytic in its arguments for (e, 11, V') € (0,e0) % [—¢, €] X
QoKos,s > so > d/2. It is acting in QolCoy fort € [0,s] (see the result of Lemma 26),with

Coav ¢+ =Qo(A—X)+i+Ren—2e"QoB(V,) (73)
RE,ZZ = He — 2QOB(UE - €2h(57ﬁ)7 ')7

and, for ||Vl]o,s, < 1, we have the estimates

IR vllos < csellvlfogs,
105 R ollo,s + 1022 Re vllos + 105 Re gollos < ese?[[vlloss,
HasRa,ﬁU 0,s T ||8522Ra,;7v||0,s < cslvlfos,
12e*QoB(V, 0)llos < ese*(I[vllo,s + V] osllv]]0,s0)-
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_2}\'0 Ao -8/2

Figure 5: Spectrum of moQo(A — Ao) Qoo

7.4 First splitting of the space (operator 7)

We are interested in the inversion of the operator £, 7y in a certain subspace. The first
difficulty comes from the infinite dimension of the system, despite of the use of a projection
Iy suppressing the Fourier modes e’* such that Ny > N. So, we use now the property
described in (48) for the spectrum of the operator Qo(A — A\o)Qo which is selfadjoint in
Ko,s

)\0 _)‘0(|k|2) 0,
Mo — Aj (k%) So>0, j=1,2,..
M(k*) — 0as |k| — 0 or oco.

=
>

Let us consider d; > 0, defined at Lemma 34. Then for k € T, the inequality ||k| — k.| > 01
implies Mg — Ao([k|?) > ) (= O(6?) (recall that Ao(|k|?) is analytic in |k|? with a maximum
Ao in k¢) and choose §; small enough for having 6 < d9/2. We now define the projection m,
orthogonal in QoK s, for any s > 0, which consists in eliminating the Fourier modes k € I"
such that ||k| — k.| > 1. We give at Figure 5 a sketch of the spectrum of the selfadjoint
operator moQou(A — A\g)Qo7mo. We notice that the selfadjoint operator

(I —7m0)Qo(A — Ao)Qo(I — 7o)

has an inverse bounded by 1/4j,, since its eigenvalues (dense in the spectrum) are in absolute
value larger than §j).
Then, for || <e and ||V]|os, < 1, so > d/2, the operator

(I —m)Le i,y (I — mo)

is a perturbation of order € of (I—m)Qo(A— Xo)Qo(I—p) (see (73)): for €9 small enough,
we have for s € [0, s¢],

17+ pe = 2QoB(uz, ) — 26" QoB(V; -)llo,s < ez, (74)

hence, for g9 small enough, and &, > 2ce, the operator (I —m)£, z v (I — o) has an inverse
bounded by 2/4(, in (I — m9)QoKo,s,- Notice that a true estimate of the inverse in QoKo_s
for s > sp would need a bound for ||V||g s, which we have not, except for s = sp. Let us now
show that the inversion of £, 71 reduces to the inversion of a small perturbation Sé,ﬁ,v of
7T0£57ﬁ7v71'0 in TFQQUICO’SO for d/2 < S8¢.

Indeed, let us consider the linear system

Lenvv = f € Qolo,s- (75)
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This leads to

0L pv(vo+v1) = mof,
(I—m0)Lepv(vo+v) = (I—mo)f,

where
vg = mov, vy = (I —mg)v.

Solving first with respect to vy gives

with bounded operators Q1) and Q19 defined by

Q) = (= m0) Ly (1= m0)] € L((T— 70) QoK s0),
Qilgo)v = —Qgﬁl,%/(ﬂ —70)Le v € L(M0Q0Ko,s0, (I — 70)Qolo,s0)-

Then the system satisfied by vy becomes

£ o yvo = mof + Q08 (I - m)f,

with
Dio,zl)v = —Woﬁa,ﬁ,vﬂgﬁl,)v € L((I —7m0)QoKo,s0, T0Q0Ko0,s0)

SQ@V =m0l v[I+ Dgﬁ%]ﬁo € L(moQoKo,s,)-

(79)

(80)

(81)

We show in the next subsection, for V' € QoK s such that |[[V]ps, < 1 and &, well chosen,
that there exists ¢(s) > 0 with the following tame estimates, valid for d/2 < sp < s <5 and

0<e<e(s):
205 ol < Gl VI llvllose} Yo € (1= mo) Qo
HQS/{)%/” 0,5 = céz)€{|v\|0,s+€4|fv 0.5/[v]]0.50} Vv € m0Q0Ko,s,
925 el < Selllos+ IV loalelloss} Vo € (1= mo)Quko..

7.5 Structure of S);,ﬁvv

(82)

We need to study the structure of S::,ﬁ,v defined by (81). This is summed up in the following

Lemma 36. For s such that 3 > s > sg > d/2, there exists eg > 0 such that for 0 < e <

€1(3) < eo, |p| < eo, and V € Qoo s, with ||V|o.s, < 1, we have
£ v = m0Qo(A = X0)Qomo + i + Be +*fiCc i + Re iy,

with
%E = _QWOQOB(uEa ')QOWO + 0(62)7

27

(83)



O©CO~NOOOTA~AWNPE

B, €. 5 and R, ;v depend analytically on their arguments, with R, 50 = 0 and a constant
c(s) such that for any v € moQoko s

|[Bv|]o,s cel|vllo,s,
1€ zvllo,s + [107€c zvlo,s c|[vllo,s,
IR 7, vl]o,s ce{|Iv]lo,s + [IV1lo,s]1v]l0,50 } (84)

ce'{[[vllo.s + [V llo.sllvllo.so }
c{[[vllo.s + [V llo,svllo,s0 }-

0292 7.v 0|0,
Hasme,ﬁ,vv‘ |0,s

VAN VAN VAN VAN VAN

Proof. We examine first Qélﬁlz, which is the inverse of (I — )L, zv (I — 7). Thanks to

(73), we can write

(I—=m0)Le v (I—m0) = (I—m0)Qo(A — o) Qo(I—m0) + palld+ (I—70) P (e, i, V) (I—m0), (85)

where Id is the identity in the subspace (I — m9)QoKo,s and
P(&, /77 V) = He — 2(‘QOB(UE - 52%(57 /7)7 ) - 2€4QOB(‘/’ )

Now, for V' € QuKy,s, the operator P(e, i1, V) takes values in L((I — m)QoKo,s) for d/2 <
sp < s <3, and satisfies for € € [0, gg], €9 small enough and ||V||os, <1, || <e,

1L = m0)P(e, 71, V)(I = mo)vllo,s < efellvllo,s + e[V IIosl[0]0,s0}-

Let us define the operator

& =: [(T—70)Qo(A — o) QoI — 70)] ™" (I = mo){fz + P(e, 1, V)(I — mo) },

then
[(I—m0)Le iy (I —m0)] ™! = (L4 &)~ [(I— m0)Qo (A — Ao)Qo(I — 70)] ",

then, we need to invert (I + &) in checking a tame estimate.
For € < €1(35) < ¢o, |1z| < e and ||V |]o,s, < 1, there exists a constant ¢ > 0 such that for
any v € (I — m9)QoKo.s

C
160]lo,s <

< srlellvllos + e[V lloslvllo,so)
0

and for £y small enough such that (¢ + %) < 2¢, we have for any p € N

c 2cep

167v]lo,s < = (55=)P [l + &)lIvllo,s + 1V llo,sllv]lo,so];
0 0

hence for any v € (I — 7)) QoKo.s

c 2ceq

1T+ &) ollo,s < [[v]lo,s + A (T)_lkllvl!o,s +e¥|V1Jo,slv]]o,s0]-
0 0

It results that, for &) > 4esg, [(I—m0)Lez v (I—mo)] ' = Qf:lﬁlz/ is analytic in its arguments
and satisfies, for g small enough, the estimate

1985 vllo.s < ¢ /8o(I[v]lo.s + [V Ilosl[vllos) Yo € (I m0)QoKo.s
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which is the first part of (82). Coming back to (81) with (78) and (80), we observe that

(I = 7m0)Qo[(A — Ao) + pe + 2] Qomo = moQo[(A — Xo) + e + 1] Qo(I — m0) =0

because the coefficients of the linear operator are independent of x. Then

(I —mo)Lepvmo = —2(I—m)QoB(u: — e2h,-)Qomo — 26 (I — m0)QoB(V, -) o,
w0yl —m) = —2mQoB(u: —e*h,)Qo(I — o) — 2 10 QuB(V; -)(I — ),

both operators being of order ¢ (with the tame estimates), and depending analytically on
their arguments. It finally results from (78) and (80) that the rest of estimate (82) holds.
Finally

msgﬁyggg?v =W 4 ez + Ry (86)

with ctél),@aﬁ and %Z-:ﬁv analytic in their arguments, taking values in L(myQo/Ko ) for
50 < s <3, and a careful examination of (77), (78), (81), (73) leads Vv € myQo/Co,s, to

) = 0(e?),

19 avollos < ee®(fvllos + [V Iloslvlloso )
10 7R v ollos < e (Ilvllos + 1V []oslv]lo,s0)-
Finally, from (81) we can write
SIE,;IV = WOSS,E,Vﬂ-O + Q:‘S:l) + 52,[70:8,;7 + SR/E,,U,,V’ (87)

where R -, is at least linear in V. This leads to (83), (84) and to the result of the
Lemma. Ul

Remark 37. We may observe that the spectrum of Sleﬁv in moQoKos, results from a
perturbation of order £ of the spectrum of the selfadjoint operator moQo(A — X\o)Qomo, the
spectrum of which is the closure of the set of eigenvalues \j(|k|?) — Xo, 5 =0,1,.., k € T,
with

=56 < Xo(k|*) =X <0, and £+ X;(|k[*) — Ao < =0, j=1,2,..
and —Xo([k*) =X < —do wherek € T with 0 < ||k| — k.| < §;.

It results that, for € small enough, the spectrum of Sé,ﬁ,v in m0QoKo,s, has a gap in its
real part, between —300/4 and —dy/2. Hence the eigenvalues which might be close to 0, are
those coming from \o(|k|?) — Xo uniquely, and this allows us to come back to a situation
analogue to the one in [}], except for the selfadjointness of the operator which is not true
here, starting at order €.

Remark 38. We notice that the restriction on &1 leads to a restriction on &) = O(53).
The restriction on &), made in the proof of Lemma above is independent of €y, for ey small
enough.
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Remark 39. The operator £, - |, depends analytically on (e, 1, V'), therefore, we can give
its expression for e = 0. me Lemma 36 we have

£ozv = m0Qo(A — Xo)Qomo + Al (88)
Coming back to the linear equation (75), we finally have

Lemma 40. For so > d/2,5 > sp, 0 < e < €1(5) < o, |12] < €0, V € QoKo,s such that
1V lo,so <1, and s € [so, 3], assume that there exists C(s) > 0 such that

||£;Tg,vf0\|0,s < ()| follo,s + [V]]o,sl| follo,se]s for any fo = mof, with f € Qolos.

Then, for s € [so,3], €0 small enough and f € QKo s

€25 Fllos < C' ()l fllos + 1V ]o,s11lo,s0 ), (89)

where C'(s) = 3C's) + ¢(s) /0.

(01

Proof. We start with (79) and the estimate for Q_ Ly in (82). We obtain, for £ small enough

(0,1 0,1
lvollo.s < C()lllmof + Q%0 @ = m0) fllo.s + IV Ilo.sllmof + Q% (X = 70) fllo.s0]
< 20(s) I
Using now (76) with (82), we obtain successively
(1,0 c(s)
Iy ollos < 25O o ,
2¢(s)
H'Ul”()75 S 5/ [ ]7
0
and vy + v1 is 2;17 vJ for which (89) holds in the norm QoK. d

7.6 Projection Ily

We define the projection Il as the suppression of Fourier modes with k € I" such that
Ny > N. The range of this projection is then

Eyn :=lnNmQoKo,s,

which is in fact independent of s (however its norm depends on s), and where we do not
forget that coefficients are functions of z € [0,1], here in L?. A difference with the spaces
En occuring in [4] and [3] (for example), is that our Ey is infinite dimensional. However
the spectrum of the linear operator L. - | IIx is discrete since, for a given V, it is a
perturbation of the operator IInmoQo(A— )\())QOT('OH ~, where the number of Fourier modes
e™®* is finite (number N bounded by bN¢, d being defined in section 3 and b independent
of N), and that for any fixed |k|, the spectrum of ITymoQo (A — Xo) QomoIly is discrete, only
composed with eigenvalues of finite multiplicities. Notice also that

7o = molly,

and that Lemma 40 is still valid, when restricted to Ey.
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8 Estimates of the inverse of (HNSL-@VHN)

8.1 Estimate of (1_[]\/2’6@‘/1'[]\/)_1 in IymQokoy s, for small N

Lemma 41. Let so > d/2, V € Ko, satisfies ||V]|os, < 1, and assume (e, 1) € [0, 0] x

[—¢,¢e]. Then for N < M., where M, is defined by (92), we have the following estimates

e, ) " ollosy < 261+ N*)|[ollog, for v € TymoQoKos,  (90)
Iy Ee iy ) " ollosy < 2¢/(14+ N2 [[ullos, Jor v € InQoKosy.  (91)

Proof. We use Lemma 36 and
MymoQoLl ;v Qomolly = TnmoQo(A — Ao)Qomolly + i +
+INmoQo[Be + i€, ; + K. v ] Qomolly,
with the estimates (for |u| < ¢)
|MnmoQolf + Be + %1€, 7 + Re 5 v]QomoIln] lo,s0 < cre.
Now, by construction, and from Lemma 34, we have
(M 70Qo (A — X0)QomoIIn) ™ lo,s < (14 N?)%o.

Then, if we have
ceie(l+ N2)210 <1/2

we can use Neumann series, to invert the operator (HNS/Q,]’VHN) in IymoQoKo,sy, and
obtain (90) provided that

e 1 1/2
< =< |
N< M [61/410] - <(2ccls)1/210 1) ’ (92)
where the brackets [-] mean the integer part of. The result for (ILy £, 7 v 11 ~) ! comes from
Lemma 40. O

8.2 Good set of 1
Let us define for M > 0, so > d/2

UM = {ue C?([0,e1]x [~ el En); u(0,7) =0, (93)
0,50 < 17 Haa,ﬁu 0,50 < Mv Hasz,ﬁuHO,So < M}

[l

We do not forget that Lemma 36 says that operator £/ iV is analytic in (e, iz, V).

Now, for V € L{](\flv) we need to study the inverse of HN’S/E,,E,V(E,,E)
function of p for ¢ fixed. As an operator in £(Ey) with the norm induced by L(Ko ),
its eigenvalues result from a small perturbation of the selfadjoint operator IIymoQo(A —
Ao)molIny Qo which has a discrete set of eigenvalues (notice that since we do not impose

a bound on ||V||o,s, the perturbation might not be small for s > sg). Since we are only

IIx when it exists, in
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interested into the eigenvalues very close to 0, the eigenvalues which interest us are the ones
which perturb the (negative) eigenvalues \o(|k|?) — Ao close to 0, obtained for |k| near k..

For s = s¢, let us introduce the projection II" commuting with IT Nﬁ’gﬁyﬂ N, associated
with this group of eigenvalues close to 0 (separated from the rest of the spectrum at a
distance at least d9/4). We then apply the results (such as [13] Theorem 6.17 p.178) on
bounded operators with a separation of the spectrum in two bounded parts. We then
obtain that the spectrum of the operator

(]I - Hl)HNE/E,ﬁ,V(E,ﬂ)HN(H - H/)

lies at a distance at least 3dp/4 from 0, hence its inverse is bounded by a constant C. We
can then proceed exactly as with the projection my at section 7.4 and prove the following

Lemma 42. For sy > d/2,0<e <eo, || <e, V€ QoKos, such that||V||os, <1, there
exists ¢ > 0 such that

NN 5 v TIN) Hlose < TN EL 5y TINIT) ™ lo,s, -

We are in the same finite-dimensional space as in [4]. The definition of the good set of /i is
only linked with the finite set of eigenvalues perturbing A\o(|k|?)—\g for k € T, ||k|—k.| < 61,
and located in the strip

—350/4 < Re() < 50/4,

for £ small enough. However, we cannot use directly the method of [4], since the operator
H’HN,S’E@VHNH’ is not selfadjoint.
From Lemma 36 we have

H/HNsle’ﬁ’VHNH/ = H’HNW()Q()(.A - )\())Q()W()HNH/ + puld +
—i—H/HNSBEHNH, + SQﬁH/HNQ:EﬁHNH, + H’HN’J{&EVHNH’

where Id is the identity in II' Ey. The new property is that the negative selfadjoint operator
H/HNT('()Q()(A — /\0)Q07TOHNH/ satisfies
[ TN 70 Qo (A — X0)QomoIINTI [lo,sy < g (94)

which is the size of its spectrum even in absence of Il (the norm in £(Ey) is the norm
induced by L(Ko.s,))-
In the sequel of this subsection and the next one, we simplify the notations in defining
(NV) _.
’267/»7 - H,HN£;7ﬁ»V(€7ﬁ)HNH/7 <95)

which is analytic in (e, 1) when V' = 0. Then we define
V(‘Ea ﬁ) = ‘/O(E) =+ V1(€7 ﬁ)v
where Vg, V; are C2 in their arguments, and V] satisfies (see properties required in Uj(év))

IVi(e, )llo.so < MU, [10Vi(e, Dlloso < M, 10aVi(e,fiz) — daVie, )| < Mljiz — ful.
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Then, we also decompose accordingly R, ; v (. 5) as

1
9{57;77\/(&7/;) = 649%20) + 649%5_7%,

where 9‘{((50), ZRS% are C? in their arguments, and 9%(12 satisfies

1
1R 0llo.s0 < MIAllI]l0.s0s 1058 20]l0.00 < MI[v]]o.50

10988, — 3R Yollos, < Ml — funlllv

8“1
Then,
(NV) _ox N) | ~ 2 5/(N)
£ = (A= o)y + B +fild + ¢,
with

—~—

(A= Xo)y =: TInToQo (A — Ao)Qomolly

BN = TIn(B. + ROy,

€
1(N)

~ 2¢p(1)
66,21 N(MQ:s,ﬁ +eR ,ﬁ)H
Let us now consider the selfadjoint operator S(N V)Sg\é’v)*, which may now be written
as
eV eV — 2 4 @) 4 BV, (96)

&1 1
where (we simplify in omitting below the writting of H’).

~ _ 2 —_ —_—

BN = (A=) y + BN (A= o)y + (A= Xg) y B 4 B/ (Mgl (V)

¢ = F2(A = No)y + BN 4+ BV 4 e2[(A - Ng)y + BV + e+
+e2ely [(A No)y + BIV* 4 i)+ e D el

where the adjoint is taken with the scalar product in En induced by the scalar product in

Ko,s,- Operators %éN) and 699 are C! in their arguments. Moreover there exists ¢ > 0
such that

B — BN gy, < e(dy+e)lez—erl, € =0
~N ~(N ~ ~
| £2,272—¢§1;1|r,so < o(Sh+2)(ea — 1| + i — Fin), (97)
N ~ ~
1076 — 8¢ 00y < iz — finl.

Let us now define

Definition 43. For V ¢ U](\flv) and 7, v > 0 (to be determined later), the "good” set of i is
the set

877

- N7
G(V) = {ue[—aakH(H'HNs'WHNH') ollosy < v foranyveH’EN},

where || - ||o,s means the norm in L(EN) induced by L(Ko ).

Saying that @ is "good”, i.e. € G( )(V) implies that the positive selfadjoint operator
QUZ, V)EiN V)* has all its eigenvalues larger than ( 1\77)2 It is now possible to give a bound

for the measure of the bad set for ji.
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8.3 Bad set of i1

By definition, the bad set of i is the complement of the good set. Hence for V e U ](év ),

i€ [—e,e]; v € I'En such that }

BID(V) = - -
o V= el Tt ol o, > 2 folos,-

Now we prove the following

Lemma 44. Assume that N > M., d/2 < so,7 > d + 12y, (e, ) € (0,e1] x [—¢,¢], and
Ve Z/{](év). Moreover assume that Condition 47 holds, then there exists a constant C' > 0,
such that the measure of Bg\;)(V) is bounded by

Cy
NT—d’

The following proof only considers eigenvalues close to 0, i.e. we use, without mentioning
it, the projection I’ which eliminates the infinite dimensional subspace corresponding to
"large” eigenvalues.

Let us prove the following.

N,V)E(]\LV)*
e i

Lemma 45. For € small enough, i € [—¢,¢],s0 > d/2, the eigenvalues of Siﬁ

take the form
O-j(gaﬁ) = ﬁQ + fj(gvﬁ)a (98)
where fj(e, i) is Lipschitz in (e, 1) with

|fi(e2, Fi2) — filer, )| < e(0g +€)(lez — x| + [z — fual. (99)
Moreover, for € fived, f;(e, i) is C* with respect to fi.

Proof. We use the Lidskii theorem (see [13] theorem 6.10 p.126) for comparing the eigenval-

ues f; of operators ESQV%Q + %g\f ) and ~£]1V)ﬁ1 + %gv), and the estimate (97), which directly

leads to (99). Then, it remains to add g for obtaing the eigenvalues o of Sil\g,v)sil\gv)*'

The property that f;(e, i) is C* with respect to fi results from the selfadjointness and from
[13] see p.115 and the proof of theorem 6.8 p.122 applied on the reduced operator (using
the eigenprojection associated with a group of eigenvalues which split for i close to ).

O

Remark 46. Let us consider eigenvalues [ig;j(e, ft) of the selfadjoint operator &g}? which
we write as

(V) _ ~5(1) | ~5(2)
¢y = el + el
where Eg% is C' in i and
~(2 ~(2 ~(2 -
¢&) =0, 9:€% =0, [|€%l0,5 < c?jil. (100)

By the Lidskii theorem we know that
- —  ~ (1 ~ (2),_ ~
1g;(e, i) = ug]( (&) + ug]( (e, 1),
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with B
g](l)(s) eigenvalue of QS),

and {g12 (e, p),. ,gj(\zf (e,11)} belongs to the convex hull of the vectors obtained from {1, ...}

by all possible permutations, where v; ’s are the eigenvalues of C(l in En. Then, because
of (100), we obtain

2),  ~ ~
95 (e, )| < e[l
Applying again the Lidskii theorem, in considering the eigenvalues f;(e, [t) of the selfadjoint
operator &S\IQ + %S\’), this leads to

fi(e ) = se + if) (e, )

where ﬁf;l)(s, ) belongs to the convex hull of the vectors obtained from {jg1 (g, it), ...pga (g, 12) }
by all possible permutations, where [1g;(e, 1) ’s are the eigenvalues of 621\9 in By, and we
cannot decompose f](l)(e,[l) as f;l)(z-:, 0)—{—f;2) (e, ), with fJ@) (e, ) Lipschitz in fi. For being
able to claim such a decomposition, we need to control the Lipschitz constant with respect
to fu of the second derivative with respect to fi, in 0 of fj(e, ). It is shown for example in

[13] that such an information uses a bound for the pseudo-inverse of %éN)
(N)

of the size of the inverse of the distance of s from the spectrum of B
unfortunately very small of order N %o,

— S¢, which is
. This distance is

Let us now try another way. For a given €, let us consider an eigenvalue s; of %QN),
R (V)

and define the associated orthogonal eigenprojection P.. Then, because B¢
we have

is selfadjoint,

P.(BWN) —s.)=0.

The operator ¢l #) acts as a perturbation, and let us consider f; which belongs to the s. -
group of ezgenvalues resulting from the perturbation of sc, and denote by P, 5 the orthogonal
eigenprojection associated with the s. - group of eigenvalues. Then, by deﬁnitz’on there is
an eigenvector j(e, [t) satisfying

(€D + BN — f(e, )} (e i) =0,

which is equivalent to
E{Q: "‘ Se — fj(‘sv ﬁ)}Cj(Ev /7) = 0.
We have P.(j(e, i) € P.En, and also, since P.P_ ; is one to one from P. zEn onto P.Ey,

C] (Ea :H) = (Pspa,ﬁ)_ll:)ECj (57 /j)a

which means that P(;(e, ) is an eigenvector belonging to the eigenvalue fj(e, i) — sc for
the operator Pgégz) (PEPE,ﬁ)*lPs acting in the subspace P.En. We just need to decompose

into a part which is linear in [i plus a rest of order . Then, the problem is that we have no
nice bound for the derivative 0;(P:P. ;) because there occurs again (see [13] p.77 formula

(2.14)) the pseudo-inverse of BN Se, only bounded by the inverse of the (very small)
(V)

distance of s from the rest of spectrum of %5
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Proof of Lemma 44. Assume that i € BQQ(V), then it results that the norm of

(Sgyﬁ’v)Slgyﬁ’v)*)*l is > (%)2 and that there exists j such that

0 < oye, i) <n* = (55> (101)

We need to measure the set (depending on ¢) of i such that
0 <P+ file. i) <
Let us consider the function of 1
(1) = % + fi(e, 1),
defined for || < e. Thanks to (99), we then have
B2 — 8 + )il + £3(2,0) < Gu() <+ (0 + il + f5(5,0),  (102)

which means that the graph of i — ¢.(j) is situated between two close parabolas. This
implies that the roots i of ¢.(j1) = n? are bounded, when they exist. The maximal and
minimal roots are noted fi*. So we have

it + fie,mt) = n?,

with the same equation for ;~. In the case when these roots do not exist, the bad set is
empty for the eigenvalue o;(e, ).
In all cases, we have (positive operator)

() > 0 for fi € [, i,

and the function has at least a minimum in f,, such that

A7 < fm < AF, 0 < ¢e(fm) <.

Then this leads to
ﬁ+2 - ﬁ?n + fj(ga ﬁ+) - fj(gvﬁm) < 7727
and applying (99), we obtain

A2 — Fiy — (8 + ) (AT — i) <1,

hence,

(5" = 58 + ) = (om — 5 (6 +2))* < .

If fim — §(0y +€) and it — §(d; + €) have the same sign, we use now the property that
0 < a® —b*> < n? leads to |a — b| < 1, when a and b have the same sign. This allows to
conclude that, in such a case

ﬁ+_ljm<n-
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In the same way if fi,, + $(6y +¢) and i~ + (0 + ¢) have the same sign,
. c - c
(5 + S0 + )2 — i + 505+ ) <

gives
ﬁm - ﬁi < m,
and finally the bad interval would be bounded by 27.
Since we are unable to prove the suitable property for f;(e, 1), we need the following

Condition 47. Functions f;j(e,n) defined in (98) have their derivative with respect to fi
which are Lipschitz: for i € [—¢,¢], there exists 0 < k < 2 with

105 fi(e, i) — O fi(e, )| < klpo — fial. (103)

We may observe that this assumption takes into account of a loss of boundedness from

the estimate (97) for the operator Eg\g, since the Lipschitz constant for the derivative is

k < 2 in place of ce?. However, this is a true assumption, with no proof at this time.
Now, in using Hypothesis (103), we claim that the function g — ¢ (1) is convex:

On¢=(11) = 211 + 05 f;(e, i)

is an increasing function of g, cancelling in @ = fi,,. This property, combined with the
property (102), leads to a unique minimum in f,,, and to a measure of bad z in the (worse)
case given when the graph of ¢, is tangent to the axis. We have

i

= [ @ ) + Oy F) — O o)

¢=(1) — Pe(fim) = /“ (27 + 0z f;(e, ) dpi

m
2—-k), . -
Since ¢. (i) = n?, we obtain
~ ~ 2n
+ _ < =7
SR (Y TP)

Summing up for all eigenvalues, using that the dimension A" of Ey is bounded by bN?,
the measure of the set of bad p , is bounded by

2by
VA —k/2)NT—d (104
O

Remark 48. We give precisions at section 10 on the structure of the bad set in the plane
(e,fv). It is shown that the curves i~ (), (e) are Hélder continuous functions of € with
exponent 1/2.
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2b
(1-k/2)
this measure is small with respect to the length 23 of the interval for i = &34/, provided
that

The estimate of Lemma 44 is then proved with C' = . Finally let us observe that

ESNT_d Z E3]\4‘5‘1%0]\7’7‘-6[-12&) Z CIQNT_d_lle

is large enough. This is the case, as soon as 7 > d + 12l.
O
Then we have the following

Proposition 49. Let d = 2(ly + 1) be the dimension of the Q- vector space spanned by
the wave vectors kj,j =1,...,2¢q, and 7 > d 4+ 2 4 24ly. Let N be > 1. Assume moreover
that 0 < v < 7y = Czﬁﬁ, (where ¢ is the constant occuring in (90) ) and (e,11,V) €
[0,€1] X [—¢,¢] X Z/{](\}V) with p € Gg\;)(V),el small enough. For sg > 4, there exists ¢ > 0
independent of N and -y, such that for any v € IW'mgEN, we have

_ N7
H(H/HN’S/E,ZZ,V(s,ﬁ)HNH/) "ollo,se < C/THU‘|07507 (105)

and the same estimate holds for (1‘[1\;267,77\/(6#7)HN)_1 forv e Ey.
Proof. If N > 1, then 2cy < ¢//2%0 < _CNT e

(1+N2)2l0 Y

N’T
2¢(1 + N2 < /—.

~y
Then the estimate for (Sg\é’v))_lv follows for N < M, from (90). For N > M. by
definition of the good set of 1, the estimate on (H/HNSIE,ﬁ,V(s,ﬁ)HNH/)_lv follows. For
(1‘[1\12&17,{/(57,7)HN)_1 the estimate follows from Lemma 42. O

Remark 50. The choice to take 7 > d + 2 + 241y will be explained later (see Lemma 55).
With such a choice, we have ﬁ < ﬁ < ceb.

Definition 51. ForV € L{](\flv) and T, v > 0, we define the set of good [i for all K < N, as
GV(V) = Ng<nGE) (V),

where we notice that Ggfy)(V) = [—¢,¢] for K < M., thanks to Lemma 41.

Our aim is now to obtain an estimate for (HNS&EV(&;L)HN)_1 in Ko,s for s > s9. We

may observe that it is not possible to obtain directly such an estimate in Ko, for s > so,
because the norm ||V||o s|| would appear in the estimates for «; in the eigenvalues o;, and
this is far to be controlled.
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8.4 Separation properties (H1) and (H2)

The eigenvalues close to 0 of the unperturbed operator IIymoQo(A — \g)Qomolly are the
negative numbers \o(|k|?) — Ao where |k| # ke, and 1 < N < N. Let p > 0. We need to
have good separation properties of the singular set

Sy = {k €T3 00 = Ao([k]*) < p, 1 < Nk < N}, (106)
which contains the k’s corresponding to the small denominators, whereas the regular set is
Rivy == {k €300 — o([k[*) > p, 1 < N < N} (107)

We have a bijection between Siyy and S(N) := {z € I'(N); Ao — Xo(|k(x)[*) < p} where
k(z) is defined in (6) and

T'(N) :={z € 2% 0<|z| < N, k(z) € T'}.
We use the fact that for ||k| — k.| < 91, there exist ¢; and ¢ > 0 such that
cr([k* = k2)* < Xo — Ao (k[?) < ea(|k|* - £2)? (108)

and (8) holds. Then as in [4], we use the results of Bourgain in [5], Craig in [7], and [2], so
that we obtain

Proposition 52. There exists pg > 0 independent of N such that if p €]0, po| then there
exists a decomposition of S(N) = Jyeq Qa into a union of disjoint clusters Q, satisfying :

o (H1), for all € A, My < 2mq where My, = max,eq,, || and mq = mingeq,, |z|;

e (H2), there exists 6 = 6(d) €]0,1[ independent of N such that if o, f € A, a0 # (3 then

. . (Ma + Mﬁ)5
3 = -y .
dist(Qq, 23) :veé(r:,lyneﬂg |z —y| > 5
8.5 Estimate of (Hwil;ﬁ,v(&mHN)_lin HymoQoko.s

We use the proof of [2] (see pages 628 to 636). In fact, we need the selfadjointness in
IN7QoKo,s (i-e. En with the adapted scalar product) of the operator

Dy =: IymQo(A — Xo)Qomolly,

diagonal (see Appendix E) with respect to Fourier components in IInmoQo/o s, for which
we know all eigenvalues. Moreover, we have

HN/Q;,EVHN =Dy + ET(E, ﬁ, V)

where the second part €T' is a bounded operator (not diagonal) of order £ having the
properties of a multiplication operator, as it is needed in [2] (see Lemma 3.9 in [2]): (see
the proof in Appendix E)
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Lemma 53. Let A,B C S(N)U R(N), and let s > d/2. Then for any s > so > d/2
there exists C(s) > 0 such that the following estimate holds for any V € Qoo such that
HVHO,SO <1, and h € HNTF()QO,C(),O

C(s)e@ + [V][o.)lIRllo.0
(1+d(A,B))s—2 7

175 Rlloo <

where d(A, B) is the distance in Z% between A and B, and Tg‘ is the operator T acting
in En restricted to elements with Fourier spectrum with {k(x);x € A}, the action being
projected on elements with Fourier spectrum such that {k(x);z € B}.

This property, with the estimate (105) used for any K < N (replaces the use of eigen-
values of Iy £ Iy as it is done in [2]), are the basic ingredients for the proof of the
following

avﬁvv(avﬁ)

Proposition 54. Let d = 2(lp + 1) be the dimension of the Q- vector space spanned by
the wave vectors kj,j = 1,...,2q, and 7 > d + 2 + 24ly as in Lemma 49. Assume moreover
that 0 < v <7 = dﬁﬁ, and (e, 11, V) € [0,€1] x [—e,¢] X Z/{](\;V), with 11 € géfX’(V) , €1
small enough. There exists so(d,0,7) > % where & is the number introduced in separation
property (H2), and let's > sg. There exists m(d,d,T) such that for all s € [sg, S| there exists
K(s) > 0 such that for any h € IInmoQoKo,s, we have

_ N™ _
I(Tn €] o IIN) " hllos < K(S)T(Hh 0.s T V(€ m)llo.s[[hllo.s0); (109)

e,V (e,n

and the same estimate holds for (HNSE@V(‘E@HN)”.

9 Resolution of the range equation

In this section we use [3] for finding v = V (¢, ) in Z/{]\(év), defined for (e, 1) in [0, €1] X [—¢, €],

bounded by O(e), of class C? in its arguments, solution of F(e, i,v) = 0 (see (110) below)
in a suitably large subset of (0,€1) x [—¢,¢€].

All operators (linear and non linear) satisfy good tame estimates in the scale of Sobolev
spaces IInmoQoKo,s s > d/2 and the projection IIy plays the role of a smoothing operator
(see [4]):

IMyullostr < (1+ N |lullos, Yu € Ko,
1@ —Tn)ullos < (14N |luflosrss Vu € Kospr
Indeed, we have the good functional setting and the good ”tame” properties of the map
(see Lemmas 26, 35, 54):
Fleiv) = :Lezv+g(e,f) — ' QoB(v,v) (110)
(e,ﬁ,v) — f(E,ﬁ,v) : [0,61] X [—6,8] X Qo]C()’S — Q()]CQS for s > sg > d/2,

with (see (67))

L= Qo(A— Ao+ i+ pe) — 2QoB(uc — £%h(e, i), ),

40



O©CO~NOOOTA~AWNPE

F(0,0,0) =0 (for e =0, we have g = 0).

The mapping F appears to be C3 with the following estimates for v € QoKos, 5 €
[s0,5],50 > d/2, and |[v[|o,sp < 1

1€7v]l0s < C(s)|[v]]o,s,
£ QuB(v, )lo.s < €*C(s)IIollosl [0 llo.so + 12/ llo.s):
lg(e, W)llos < €2C(s),

10 79(e, i)llo.s + [10229(e )llo.s + 110Z59(e, Wllo.s + [10529(c, )llo.s < C(s),

10-L¢ zvllo,s < C(s)][v]]o,s-
We may notice that
Dy, F(e, ,v)[u] = £5,ﬁu—2€4QQB(’U,U),
DiF (e, i, v)[v1,v2) = —2"QoB(v1, v2),
D3F(e, i/, v) = 0,
hence
10-DoF (e, i1 0)ulllos < C(3)[[[ullos + € [[vllo,sllullo,s0 ],
10z Do F (€, i, v)[ulllos < C(s)l[ullo,s

Moreover, Lemma 54 says that for any (e,p,V) € [0,€1] X [—¢,¢] X U](V][V),V € Ko, with

pegNw)
_ _ L N™ _
TN Do (e i V(e ATN) ™ ellos < K (5) == (el los + 1V (& sl el o)

so that assumptions (F1), (F2), (F3), (F4) and on the invertibility of the linearized operator,
made in [3] are satisfied. We also satisfy additionnal properties (F2)", (F4)" required in
Appendix F on higher order derivatives, useful for getting a solution V which is C? in (e, f1).
Moreover the required property (L) in [3] needs to be satisfied:

Lemma 55. Choose No > Ny > M., and V7 € Ll](\f[vl), Vs € u](\j[\fz). For e € (0,e1), consider
the set of . which are ”good” for Vi, but “bad” for Vs :

e (93702) ngiPm)

where the apex ¢ denotes the complementary in [—¢e,e]. Assume that ||Va — Villos, < Ny 7,
with o > 2d — 6 + 321y, and 7 > d + 2 + 24ly, then for €1 small enough, in particular for

g1 < ytlo
6

meas { (ggfgﬂ(vg))c NGAV ()} N [-z,e] < cﬂ]%l.
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Proof.
(697 () ng8IW) = (UnsiemBUE (1)) N (Micram G (1))
C (UMnggNlBéq)(Vz) N Gg,'y)(‘/l)> U (UN1<K<NQB( )(Vz))

Moreover, according to Lemmas 35 and 36 and a careful study of the form of operator

eV eV i (96), we have for K < Ny
2 KVQ ) aKVa)x (K VA) a(K Vi) < Vo _ V- cet
| e i e VL loge < eetVa lloso < 7
1

Let us assume that g € ng)(Vg) N Gg?(vl), then there is at least one eigenvalue

(> 0) of 25" 2" which is < ()% Then, by Lidskii theorem (see [13] p.126) the

(K, V1)£(K Vi)x

selfadjoint operator £ has an eigenvalue < ()2 + f\?a. Since p € G(W)(Vl)

this eigenvalue is > ( T) . Hence, the bad i correspond to an 1nterval

C€4

()% ()" + )

containing the above eigenvalue of S(K Vl)ﬁg; YD* The same proof as the one made for

Lemma 44, shows that the measure of correspondlng bad set of iz is bounded by

2 ce
VA —k2) | N

Hence,

4 2b
ce Z bKd \/E

€

2

meas(UME<K<N1 ()(%)QG(K)(W)) <

< 2b/c €2 1 - ﬂ 24o/2d=8
- V(1 =k/2) N1M"/2d2_N1 -
Now
C Cy(r—d-1
meas (UN1<K<N2 B )(VQ)) < Z Tjd < il P )
Ni<K<N, Ny
. 6
L e e
- M - M
Finally
(C/+C//)’y€6

meas (ge(]\f)(Vg)) N gé%l)(vl) < N )

which is the result of the Lemma.
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We may then apply a simple adaptation of theorem 3 of Berti-Bolle-Procesi [3] to solve
equation F(e, i, V) = 0, and find the solution V which is C? in the parameters (e, i), and
such that V € Z/{](év). Let v, m, so be as in Proposition 54. Moreover, let 5 > so + 4(m +
1)+ 8m =so+4+12m.

From proposition 54, it follows that if (e, 7, V) € [0,€1] X [—¢,¢] % Ll](\jv), V e Kos and
i€ G (V) then (e,71,V) € JN) (as defined in (4) of [3], that is (109) holds for s € [so, 5.

In [3] [theorem 3] one considers N > Ny = Ny(vy) with Ny(~y) sufficiently large and
0 < e < ea(y) with ez(y) sufficiently small. We may choose No = No(v) = M,,(,) with a
suitable e3(y) < e2 and we consider in the following 0 < € < e3(7).

Theorem 56. Let sg and v be as in Proposition 54. Then for all 0 < v < 7 there exist
€a(7) € [0,€0] and a C?*—map V : (0, ea(7)) x[—¢, €] = Mnm0Q0Ko,s, 5 sSuch that V(0,0) = 0,
1102V |05 < M, and if € € (0,€2(7)), 1t € ([—¢,€] \ Cey), the function V (e, 1) is solution of
F(e,;t,V) =0 (110). Here C, is a subset of [—¢,¢e] which is a Holder continuous function
of €, and has Lebesque-measure less than Cye® for some constant C > 0 independent of €

and 7.

The proof is the same as in [4], except for Holder continuity which is proved at next
section. In fact C¢ is a union of intervals ) (see definition 57, with N,, = (No(v))?",
so that each end of each interval is a fonction of € which is Holder continuous in & with
exponent 1/2.

10 Resolution of the bifurcation equation

Let V be the function obtained in Theorem 56. It is C? in (e, 7). Replacing V (g, 1) in the
bifurcation equation (66), and replacing /i by 31/, we can solve with respect to x4/ and find
a function h(e) which is C! in (¢), such that

f = epg+eh(e), (H), h(e) = O(e) (111)

for € € (0,e2(7)) provided that e9 is small enough, and u' € [—1,1].

For obtaining solutions valid for our system, the condition py # 0 is not required (see
(62) for py). Indeed, in case uy = 0, the curve (H) in the (e, ') plane is just more flat near
¢ = 0. This coefficient u4 has not been computed yet, but it can be computed in principle,
depending a priori on ¢ only.

Let us show that in the plane (g, 1’) the bad set is located into "bad strips”. Then we
shall need a transversality condition to insure that these bad strips intersect transversally
the ”curve” (H), such that any point of this curve, which does not belong to bad strips,
gives indeed an eligible solution of our problem.

10.1 Transversality condition for ”bad strips”

In the plane (g, ), the bad strips are bounded by the curves given by the solutions ™ (¢)
(where i = e3y/) of

o-j(gnﬂ) = /72 + f]'(sna) = 772a
where 17 = /N7, not forgetting that o; depends on N.
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Definition 57. For N and V fixed, a set of "bad strips” is defined by
BSN(V) = {(e, 1) € [0,e2()] x [-1,1];° € IV},

where I is one of the intervals (fi; (¢), ﬂ;‘(e)), or with one of the bounds replaced by &3
(right bound), or by —e3 (left bound), as defined at section 8.3 .

Let us show that the limiting curves i} (¢), ﬂj(s) are Holder continuous with exponent
1/2. We have for ey > 1, along a limiting curve

oj(e2, fi2) — oj(er, fin) =0, 15 = fie),
0j(e2, fiz) — oj(e1, fn) = A5 — i1 + fj(e2, fi2) — fi(en, in)
and thanks to (99)), assuming g > 1,
fi5 — i} < c(8) +¢)(le2 — e1| + iz — [in)

hence c c
iz = 58 +)* = [ = 50 +2)]* < /(6 + )2 =€),

and since the two quantities in brackets have the same sign when |fi2 — fi1| is small enough,
then if c c
(o — S0+ — [l — (& + ) > 0,

we may use the argument that when 0 < a? —b? < %, with ab > 0, then |a —b| < |n|, which
leads to

o — it < (/¢ (6 + €)= — e1),
which is the Holder continuity. If, on the contrary
- c - c
72 = S (8 + o) = [ — 5 (8 + )P <0,

we need to use Condition 47, as in Section 8.3. For |uy — 11| small enough, we may assume
that either f1,,(1) < i1 < iz (upper limit curve), or i1 < fig < fim(e2) (lower limit curve).
In the first case, we obtain

oj(e1, fiz) — oj(er, fin) = (1= k/2)[(F2 — fim(21))? = (1 — fim(£1))%] = (1 — k/2) (52 — jin)*
In the second case, we obtain

|0j(e2, i) — aj(ea, 1) | = (1= k/2)[(Fim(e2) — fi)* = (Bim(£2) — f12)*] > (1 = k/2)|fi2 — fia|*.
On the other hand, we have

loj(e1, i) — oj(er, )| = |ojler, f2) — oj(e2, )| < (6 +¢€)le2 — 1

|0j(e2, fi2) — oj(ea, )| = |oj(e2, fir) — oj(e1, fin)| < ¢ (0 + €)|e2 — el

Hence, in all cases
iz — | < (1= k/2)71 (6 +e)lez — &1,
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which is Holder continuity. O
In the case when ji is not exceptional, i.e. if the eigenvalue o; is not multiple, the slope
of the tangent to the curves fi; (¢), ﬂj(a) is

B agO'j(i?, ﬁ;r)

He) —
& i)

(112)

given here for ﬁj(s) (analogous formulae holding for the other curve). Now in a more
precise way, for (e, fi) not exceptional, and taking into account of the form (96), we obtain
by standard arguments for simple eigenvalues:

Opoj(e, i7) = 2((A=X0)G(e, i7), Ge, i) + 27 + O(e) = O(& + ¢),
0z0j(e, i) = —4(Bur, (A= Xo)¢i(e, i), (e, i) + O(e) = O(5 + €,

where (j(e, 1) is the eigenvector with norm 1 belonging to the eigenvalue o;(e,at) of
(N.V) g (V1)

e, e,

subspace where (; lives, we may notice that (A — A\o)¢j(e, #7) may be very small, so the

term O(e) above might be the dominant order in dz0; and 0d.0;. It is then difficult to be
more precise for any transversallity condition of the strips BSxy (V') with respect to the
curve (H) defined by (111).

Now, let us consider for (N,¢) fixed, the bad set of i which we know is of measure
bounded by c37e%/N (see Proposition 49 and Lemma 55). In case of intersection of a
bad strip with (H), we need to measure the corresponding set of "bad ¢”. The proof of
Theorem 56 via Nash-Moser process considers a sequence N, = (No(7))?" and successive
approximates V;, of the solution V. For estimating the intersections of the bad strips with
the curve (H) we are led to make a transversality conjecture.

the operator £ . Even though the operator (A — \g) is definite negative in the

Conjecture 58. Let ﬁi(N“)(s) be any one of the limiting curves of the bad strips of
BSN, (Va—1), n € N. Then we assume that for any of these curves, there exists ¢ > 0
independent of Ny, such that for h € R in a neighborhood of 0, the following inequality
holds:

il + B) — fi(2)] > c=2|h].

Remark 59. This is indeed a very weak assumption for the slopes defined by (112), since
this means that the slopes t(e) have a lower bound |t(¢)| > ce?. This insures transversality
with the bifurcation curve (H) , the slope of which is O(e3). However we have no means to
check its validity. Moreover, if, unluckily, a curve (e) belonging to one of the bad strips
of BSn, (Vn—1) intersects (H) at an exceptional point (e, i(e), where an eigenvalue oj is
multiple, then we cannot a priori define the "slope” of the corresponding limiting curve of
the bad strip. This is why we took the above formulation for the Transversality conjecture
even though we might just eliminate the corresponding exceptional values of € (we have no
bound for their measure).

Remark 60. In taking p. in (63) at a higher order than €3, we should find [i of higher
order than €* which flattens the slope of the bifurcation curve (H). Then we could weaken
the transversality condition and replace €2 by a an order in € larger than 2, which still
guarantees the transversality with (H).
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Let us denote by 011 the measure of the bad p, and by de the corresponding measure for
bad . Then we have, (see the right side of Figure 6):

Let us define for ¢ fixed, the set B. Sy (V) which is the section of BSy (V') for some €. In
summing the measure of the bad set for ¢ after all iterations, we obtain a measure of the bad
set for e, bounded by the measure of C., = Up>1B:Sn, (V,,—1) divided by ce?, ie. a bad
set bounded by Cye* (see Theorem 56). The complementary subset in (0,e3), constitutes

the good set of ¢, which is of asymptotic full measure since # —lase—0.

Remark 61. In the case when we need to weaken the transversality condition 58, as in-
dicated in the Remark above, we can also increase the order (here €9) for the size of bad
1 in Theorem 56, just in increasing T in Proposition 54, so that we can keep an order of
smallness €* for the bad ¢’s.

Remark 62. If we consider i in an interval independent of €, we can look at the situation
for e =0, as in Remark 39. We see that the eigenvalues o;(0, 1) have the form:

aj(0,71) = (H+ Mo([k[*) = X0)*, Nk <N
This leads to bad intervals for i of the form

Mo — Ao([k[?) — % o — Ao(k[2) + %}, with k such that N < N.  (113)

We notice that Ao — Mo(|[k|?) ~ c(|[k|? — k2) with ¢ # 0 because of Assumption 32. Hence

/
c
Ao = Mo(Ikl) >+
which gives intervals (113) “far” from 0 for T large enough (which is one of our assumptions
in Proposition 54).

10.2 Final result

If the Transversality Conjecture 58 is verified, then there is a good set for ¢, with asymptotic
full measure as € — 0, such that there exists a couple (e, fi(€)) on the curve (H) which lies
in the good set (see Figure 6). Then this gives the existence of a solution (g, i/ (¢)) of (111),
as ¢ tends towards 0.

Now we observe that we can write ' = ez, with 1z centered in 4. This defines the good
1-dimensional set A. of all good Ji..

Finally with (63), we obtain a solution of (35) under the form

u = euy +e%ug + e3ug + etuy + et (V(e, Vi) — hie, enm))
A= Ao — pee? — e — £

This ends the proof of Theorem 1, with little adaptation of notations. Notice that the
solution (\,u)(g) is C1, restricted to the "good” values of €. (see Figure 2).

46



O©CO~NOOOTA~AWNPE

u 3 ~
bad strip K
il
(H) (H)slope g3
i -Slope t
0 € [}3 ' €

Figure 6: Sketch of the bad set in the plane (e,/1). (H) is the ”curve” given by (111)
approximated by ey (g4 > 0 is assumed here). The drawing on the right side explains
the bound for the measure of de.

A Inverse of L

In this appendix we compute and estimate the inverse of the operator L. By construction,
solving the equation

LU =G = (F,g) € Ko, with U € Dg(L), (114)
means that we have

AV-Vq = F, V-V =0,

A = g,
i.e.
(D* — K — D = £, (115)
(D2 k2)v<H> ikge = FI, (116)
(D> = k)b = g, (117)
Do ik v = o, (118)

where k = |k|, and with the boundary conditions :

0 = (Z):Oinz:O,l,
Vk(H)‘Z:()J = 0 OI‘V ‘Z o—DV |Z 1—0 OI‘V ’Z 1— V( )‘Z 0—0
The above system is a classical one (Stokes operator and Laplace operator), already obtained

in the periodic case. The only thing to check concerns the estimates with respect to k € I
The scalar product of (115) with v(Z) plus the scalar product of (116) with V(H) nd

integration by parts, taking into account of Dvl(() + ik - Vk( ) = 0 and of the boundary
values, leads to

1 — k2 1
IDVA[G + K[| Vid I = —/0 Fi - Vidz < |[Fi|lol|Vil[o < 5|!Vk\|% + ﬁHFkH%' (119)
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Moreover, thanks to the boundary conditions, we have also the Poincaré estimate (see (27))

1
[[Villo < fQIIDVkllo-

It results that there exists ¢ > 0 such that for any k& € I" we have

(1 + EAIDWIG + (1 + BV I§ < el Fl I3

The same (simpler) is valid for 6 :

(1 + KA DOIE + (1 + £ (1l < cllgill3-

Now (117) leads to
1D?6kllo < k*[|0kllo + [lgxllo < Il gxllo;

hence, using (121),
6|2 < e1llgxlfo-

Let us show that the same type of estimate holds for Vi = (Vk(H)
the divergence free condition on F' leads to

DAY ik B =

0
which implies

(D* = k)ge = 0,
(D* =)0 = (D =K,

(2)

with boundary conditions on vy~ as Ul(j) |2=0,1 =0, DUI((Z) |z=0,1 =0or Dvl((z) |.=0 =0, D2vl(:) l.=1 =

(120)

(121)

(122)

,vl((z)). We observe that

(123)
(124)

0, or Dvl((z)|z:1 =0, ngl((z)]zzo = 0. Now taking the scalar product of (124) with U1(<Z) in

L?(0,1), and integrations by parts, lead to

1 1
1D20 |12 + 2k2| | Do |2 + Kol 12 = / z’k.FlﬁmDvﬁj)dz—k?/ 80 de
0

0

IN

Taking into account of (120), we obtain immediately
157112 < e[| Filo
Now, in using (115) we can say that
[Dak|| < esl[Fxlfo,
where c3 is independent of k£ € I'. Now (123) gives

k —k
qx = axe™* + Pre F,
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and
Do = kakekz — /ﬁﬁke_kz

should satisfy (126). It is easy to check that this implies that
kage®® + kB2 — 4k on b

is bounded by 2c3||Fx||3 for large k. Now since
k
|4k x| < 8K ai; + 551%7

and since, for large k, 8k% << ke?*  we conclude that for large k the quantity kaie% + kﬁﬁ
is bounded by c4||Fi||3. Now computing ||kgk||?, we see the same behavior in kaie?® + k32
for large k. It follows that we have

|lkqx|| < es]|Fxllo,
and (116) allows to conclude that
H
1V llz < collFid o
Collecting all the above estimates gives for a certain constant ¢ > 0
[Ukll2 < ¢f|Gxllo,

which is the desired estimate for L=! now bounded from K s to Ds(L) C Ka.s.

A.1 Extension of the inverse of L

Let us consider now the same equation (114) but with a less regular right hand side. Now
we take G € (Dy/g,,)* which is the dual of D,/ ; defined in (24). This means that for any
V' € Dy /94, we have the following bound for the semi-linear form (G, V)q s :

(G VYol < Gy 0 1V Il

We are now looking for U € D5, defined by a variational formulation (also classical for
the Stokes linear operator, as well as for the Laplace operator (see [28]), both written in
Fourier components)

(U, V>1~s = —(G,V)os for any V € D1/,

where the definition of (U, V')~ comes from (28). For the type of discussion which follows,
we may also refer to [16] p.223-224, adapted to each Fourier component here.
It is easy to check, in looking at the first equality in (119) and its analogue for 0y, that

(LU, V)o,s = (G,V)os for any V € Dy o,

holds, where the brackets are dual products. This proves that the unique solution U €
D /3,5, hence by definition (-L)V?U € Ko,s and

Ul < Gy .0)%» (127)
which means that the operator L which is bounded from D,/ s to (D;/9,)*, has its inverse

bounded from (D5 ,)* to Dy /g -
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B Proof of Lemmas 16
(1)

1,s°

u(x,z) = Z uge (2) e,

kel

Let uw be a scalar function in H which means that

with

1
SO0+ N2l 2 < o0, |2 = /0 (IDwel® + (1 + [KP)lux?) d=.
kel”

Assume now that u and v are scalar functions in 7-[;15), then

1
lwoll,, , = / D (L NR)* (ID(uo)i? + (1 + [k[*)|(uo)]?) dz
0 ker
and using (a + b)? < 2a® + 2b°
1
< / D (1 NR)* (2[(vDulil® + 2| (uwDo)icl* + (1 + k)| (uv)i]?) -
0 ker

From Lemma 10 we have

D A+ N lDok(2)]? < 20(s,50)*(Y_(1+ NP’ [r(2)[) (Y (14 Ng)* [ Dvm(2) ) +

kel lel’ mel
+2C(s,50)* (O (1+ NP un(2)]2) (D (1+ N[ Dom(2) ),
lerl mel

and the analogue holds for vDu.
Now, introduce v’ and @ defined by

Uk = ]uk| ui{ =v1+ kzﬂk,

then, in using (1 + 14+ m|?) < 2((1 + [1]?) + 2(1 + |m|?)

ulv!
V1+R|(w)] < V1+k? 1'm
[(wv)id k;m V1+12v/1 + m?

< V2O i+ uftm = V2[00 )k + (WD)

k=14+m

Hence
(1+ k)| (o) > < 4(|(@0")l? + [(w'D)]?),

and using again Lemma 10 we obtain
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kel lel’ mel’

+8C (s, 50)° (Z(l + N?)S!uﬂ?) <Z (14 N2)*0(1 + |m|?)|vm|?

lel’ mel

+8C(s, 50)? (Z(l + N2 (1 + rl|2>|u1|2> (Z (1 + N2)*|vml?

lel mel

+8C(s,50)* (Z(l + Nf)SOItLlIQ) (Z (14 Ni)* (1 + [mf?) [vm[?

lel’ mel’

Now we can use

1
/O DuPlomlPdz < cllurlnlfvm] %,

1
/0(1+!1!2)!u1!2lvm!2d2 < L+ )l 2ol 7,

and the similar symmetric estimates to show that there is a constant c2(s, so) = 10cC?(s, s0)
such that finally

[luv][f ¢ < ¢*(s, 50)( +[ullf g 10112 ),

Lemma 16 is proved.

(1)

Assume now that u and v are scalar functions, respectively in H; s and ’Hél) with

s> sp > d/2. Then
ol / S0+ NP (w22
kel
which gives, by Lemma 10

Do+ N [(wo)l* < 20(s,50)7 (D (1 4+ NP fur*) (D (1 + Nz foml?) +

kel’ leT mel
+2C(5,50)° () _(1+ NP ) () (1+ N3 vml?).
lel’ mel

Now we use .
| Pl Pz < el ol
which leads to
w2, < 2¢C(s, 50)* (||ul|? 5] [01[5 50 + NullF 5l [01[5.5)

which gives Lemma 17.
Now by Lemma 9 we have for all z € (0, 1) the two inequalities

S el < 2¢.> (1 + N ) (D lvml?), (128)

kel lel’ mel’
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and

D lwon® < 2¢O (14 Ni)*loml). (129)

kel ler mel

We also have for some ¢ > 0 :
1
/0 |ut|*[vm[*dz < cmin{||w][F1][vml| 72, w7 2] [ve] 71 }-

Then summing (128) on (0,1) and using the last inequality leads to Lemma 18, while
summing (129) and using the last inequality leads to Lemma 19.

C Proofs of the bounds for the quadratic term
0

For U € Kg 4, we have all components of VV and V@ which are in Hg,s' Moreover, for
U € Ky, and U’ € Ky s Lemma 16 says that the components of

vV.vVv', v.ve, V'.VvV, V.V

satisfy estimates given by this Lemma in H;s. The projection 8 does not change the
estimates, hence

[1BU,U")|1,s < c(5,50)([1U]l2,s/|U"l12,50 + [1U|]2,50 [T ]2,5),

which is (20).

For proving (21) we have U € K 4, hence components of VV and V8 € 7—[(()12 and Lemma
17 shows that the components of V - VV’, and V - V¢ lie in Hélg. To obtain B(U,U’) we
just need to apply the projection B to V - VV’ and to V' - VV. Then estimate (21) results
immediately from estimate of Lemma 17.

For proving (33) we need to prove that for (U, V) € K1 s x K19 then

IB(U, Voo < ¢[|Ull1s|[V]10-

Indeed, components of VU and VV belong respectively to Hg s and Hoo and we need to
consider products of functions of the forms Ho s x Hi,0 and Hi s X Ho,o. Then Lemmas 18
and 19 and projecting by P (as above) allow to prove that B(U, V') € Koo with the required
estimate (33).

D Study of the nondegeneracy condition leading to (44)

Let us come back to the homogeneous system associated with (41), which gives for every
fixed k € I the discrete set of eigenvalues A;(|k|),j = 0,1,2,... (below, for the sake of
simplicity, we omit to consider Ay as a function of |k|?). Below, we only consider k in R
since we know that only its modulus matters. We are interested in the concavity of the
graph of A\g(k) in the neighborhood of k = k. > 0, where %(k‘c) =0.
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By construction, we have

Mo(D? = k)0 + 6 — Dge = 0
Ao(D? = )W — ke = 0
0

0

Y

(130)

Mo(D? = k)t + 0 =
Dol +ike, - V) =

)

9

where D = d/dz, e; is the unit vector along the x axis, and where

Ul(:)|z=0,1 = Ox|.—0,1 =0,
and either

M o1 =0, or V.o =DV =0, or Py = DV = 0.

For k = k. > 0 the eigenvalue \o(k) reaches \g > 0 where %f(kc) = 0, as this results
from the analyticity of the function Ag(k) with Ay — 0 as k — 0 and as k — oo (see [25],

[26]). Our purpose is to compute d;]go (kc). We need Ciuj‘zo( ¢) 7 0 for establishing (44) since

the denominator in (44) corresponds, up to a factor, to A(k) — ¢ in a neighborhood of k.
(notice that the function A(k) is even in k). In fact it is only known numerically that there
is only one maximung and that the graph is concave at this point, so we intend to just give
a formula for \j = %(kc).

More precisely let us differentiate (130) with respect to k :

Xo(D? = k)0l — 200kol?) + X\o(D? — K)o + 6}, — Dgfe = 0,
My(D? = )WV — o2k V) —ierqi + Mo(D? — BV —ikerq, = 0, (131)
Xy(D? = k2)0y — 220k + Ao(D? — k)0 + v = 0,
Do +ike; - V) ey - VD = o,
which, for k = k. gives
20kl + Ao(D? = BP0, — Dg, = 0,
—2k V) —ieygi + Mo(D? — kz)V'(H) —ikeerq, = O, (132)

0

0
—2X\okefy + Ao(D? — kD) + v = 0,
Do +ikeer - i e - v = 0

)

with the same boundary conditions for (V. (H) ( ) , 0;.) as for the eigenvector Uy = (V( ) (Z), Ox).

Before going further we need to determine the derlvatlve with respect to k of the eigen-
vector Uy in k = k.. We observe that the last equation in (132) is not exactly as in (130),
so we need to make a little change of notation, for being able to use the pseudo-inverse of
)\OLkC + Akc in k. = k.eq.

Let us define

Op = (G 0 60, with U =y 4 - Ly,

93



O©CO~NOOOTA~AWNPE

then (132) becomes

Ao(D? = K0P 16, — Dgf, = 2xokerl?,
220

Cc

Ao(D2 = K2V —ikeerq, = 220k 4+ 22202 — g2y, (133)

Mo(D? = k)0 + v = 2okebi,
Dy + ikeer - V) = 0,

The system (133) holds because of the property A{, = 0, which implies that the compatibility
condition is realized for the right hand side (cancelling the scalar product of the 3 first lines

resp. with (vl((z), Vk(H), 0x)):

2\ —
ko O (D2 - KV vy Haz = o,
i.e. after integrating by parts
z H
E(Iod 112 + 10l 3) — 11DVEP112 = 0. (134)

Notice that for k = keq, the functions vl((z), Oy, v{fz), 0, are real valued, while Vk( ) and V/(H)

are pure imaginary.

Remark 63. We can also give a formula for any k in using (151):

2)\0
NEITIE = =2 [IDVEPIE = R2(1 1 + llowl )] (135)
where
103 = DU + ][kl (136)
which corresponds to the norm of the k-component in the definition (28) of norm || - ||

From (133) we can now write

~ 2\
Uk = (MoLx, + Ak.) [2)\0k Uk + s1314:( g

C

(D? - k%)vk(H%o,m] |

—_—~— —1

where (AgLk, + Ax.) is the pseudo-inverse of (Ao Ly, + Ak, ) taking values in the orthogonal
of its kernel (selfadjoint operator) and By is the k-component of the projection 8 defined
in section 4.1. Hence

—_— —1

2
Uy, = (MoLy, + Ax.) |:2/\0kok + P ( ’ 0

C

1

C
Differentiating (135) with respect to k in k = k. then gives

d z
S = 2o gy (HIDVEIE =~ kOB + 160 o (139

which is the desired formula, where all terms are now known.
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E Proof of Lemma 53

We refer extensively to [2], pages 628-636, here adapted to an operator in an infinite-
dimension space (since we do not consider the projection II).

The operator (A— \g) is diagonal (all k-th Fourier components are uncoupled for opera-
tors A,B, L, A) as well as for orthogonal projections mp and II. The projection Qyp = I—-Py
is also diagonal, since it just modifies each Fourier component e’ j = 1,2, ..,2¢. More-
over, notice that k; belongs to the singular set S(y) for any N since k| = k.. However 0
is not an eigenvalue because of the z dependency of coefficients of €%, the corresponding
eigenvalues being \;(k2) — Ao < =09 <0, j =1,2,....

Eigenvalues of Dy = IIymQo(A — Ao)Qomolly are )\j(|k\2) — Ao, 7 = 0,1,... with
||k| — kc| < 601, and N < N, the eigenvalues close to 0 corresponding to 7 = 0, with the
estimate (108) (notice that the operator Qg eliminates the eigenvalue 0). Then, the required
estimates on (Dy) ! restricted to the subspace corresponding to parts of Qy = Rny+ S
are valid. For example, since we have for k € Rny, Ao—Ao(|k|*) > p, and since the operator
is self adjoint in Ko,

[[Drhllo,s > pl|hllo,s for any h € EN,

where Dp is the operator Dy restricted to Fourier modes with k € R y;.
Let us now show the "multiplication property” of operator 7', where Lemma 36 gives,
for (57/77 V) € [0751] X [_575] X QO’CO,sa HVHO,SO S 1

eT (e, 11, V) = TN (fi + B: + 1€, 7 + Re sy ), (139)

with estimates (84).
First for U € K15, 8 > so > d/2 and H € K; o we see with the definition 21 of B(U, H),
that for U = (V,0) and H = (Vi,0p), there are functions occurring in components of

V-VViy, Vi -VV,V -Voy, Vi - V0

each one denoted by T1 H lies in Ho o (see Lemmas 18, 19), satifying a bound such that, for
A, B C Q(N) (see definition of T4 at Lemma 53)

U115

s Hlloo < <) a1 By

S_d/QHHHLOv

as it is obtained by the same proof as Lemma 3.9 in [2]. We observe that the projection
P is diagonal in Fourier components, so that the above estimate stays valid for B(U, H) in
Ko,0. Now the operator (—L)_l/2 is also diagonal, and bounded from Ky, to Ky, for all
s > 0. It then results from the definition of B that we have the following generalization of
(26) for any V € Kos , s > so > d/2 and h € Ko :

||V| 0,s HhH
(1+d(A, B))s—d/2!""100"

1BV )5hlloo < e(s) (140)

We then look at the operator appearing in (73):
/7 + te — 2QOB(UE> ) - 254Q081(V¢ )
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The operator Qo is diagonal, hence the above estimate (140) leads to a bound in Ky g as

(e +&Vllo.s)

) T+ d(a, By

[11]]0,0- (141)

Now we need to track the estimate for the transformed operator after the splitting by
mo (see section 7.5). For its computation we need first to look at operator Qilﬁlz/ acting
in (I — m9)QoKo,0. It is obtained via a Neumann series of powers of operators satisfying
estimates as (141) provided that ||V]p s, < 1, and proofs of Lemmas 3.10, 3.11 of [2] apply

analogously, leading to

(1+*[V]lo,s)
A

(1,1) 14
1119, % 1Bhlloo < C(S)(l +d(A, B))—?

Evﬁvv

0,0-

The composition of two operators satisfying estimates as above, satisfies also the same
estimate, with modified constants, so that finally for (139) and for any V' € Ko 5 , ||[V]]0,50 <
1,8 >s9>d/2and h € Ko

e(1+&%[Vllo.s)
(1+d(A, B))s=4/?

leT (e, /i, V)I5hlloo < e(s) [1Alo.0-

F A C? property for the Nash-Moser theorem in [3]

Starting point is the Nash-Moser theorem 3 in Berti-Bolle-Procesi [3] . We want to extend
this theorem from the C'-case to the C?-case. We assume the conditions of that theorem
with v = 0 and moreover that F(e, \,u) is C? in (¢, A\,u) on [0,¢69) X A x Xy, and that the
following conditions are fulfilled for z := (e, A) € [0,€69) x A and u € X, s € [s0,5), with
[lulls, < 1:

(F2)* ||03F (z,u)|ls < C(s)(|ulls + 1)

(F3)" |[DyF(2,u)[vr, vz, 0s]lls < C(s)(|lulls][or][so][v2]]s0][05]]o
Hlvillsllvzllsollvsllso + [[v2llslvrllsol[vallso I + [Tosllslvallso v2lls )
(F4)* [|3DuF (2, w)[]ls < C(s)(I[ullslv]lso + [[0]]s),
103D F (2, u)[vr, va]lls < C(s)(Ifulls][v1]so [lv2]]s +
[vr]ls][vallso + [lv2llsl[o1]]s)-
Then Theorem 1 of [3] holds with v = 0 and d3u exists and belongs to C([0, e2) x A, X5,).
To prove this we show that
The sequence (03uy)n>0 converges in C ([0, e2) x A, X, ), where u,, is as in [3]. Moreover,

given n € (0,1) we may choose No(7) large enough such that for 3uy, : [0,€2) X A — Epiq,
the properties (Pj)n,j = 1,2,3,4 are supplemented by

(P11 + [|8%unllsy < C(1)NG, (142)

(P2);5 1103 (uns1 — un)llso < Nt (143)
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(PA)) B! =1+ [|03un||s < 2NZ5H20H50 (144)

Finally in (P4),, we have B, < QN;L‘I{?, B, < 2N§ﬁ+u+2n.
We denote formula numbers from [3] in the following by adding a zero in front of that

number. So (041) corresponds to (41) in [3]. First we remark that corresponding to (034)
and (038) we also have for z € N (Ap41, 27N70/2):

n+1
7 2p+2
|hnsills < NAT™, (145)
10 hniallsg < N 204712 (146)
||aziln+1||§ S NS_{_21+2#+37]- (147)

and ||hpi1]lz < NST{M with a proof quite similar to that in [3]. Similarly it follows from
this that [3,Theorem 1] holds in case v = 0.

To prove the C? property in A we will follow the induction process in [3]. First functions
U and iLn are constructed. Then ug := Yotg, hy = @Z)nﬁn, Up+t1 = Up + hpt1, where the

cut-off function 1, is defined in (050), but now with the extra property that it is C? and
0:0n| < CyTINT2,|0200] < CPy 2N (148)

From the implicit function theorem it follows that h, is C2 in A and then the same
follows for h,, and u,,.

Next we have to estimate the norms of these functions in order to show that the sequence
O3uy, € C([0,€2) X A, E,,) converges in C([0,€2) x A, Xs,).

By (032) we have I,y 1 F (2, 1) = 0 if u = wp + hpi1 = uf and z € N (Ans1, 27N, 773).
This also holds for n = —1 with u_; = 0, ufl = 1y = ho. Applying 8% to this equation leads
to ~

L:zr+1a>2\hn+1 + M1 =0

where LY, (2) := 41Dy F (2, w,}) which is invertible by [3, Lemma 2.3] and

Myt = M1 [03 (F (2,17)) +200Du(F (2, u) [Oawrd ] +-D5 (F (2, uf) ) [0y, Oxtsf ]+ D (F (2,107) ) [0

for z as above.
First let n = —1. Then ||Mp||s may be estimated using (F2)", (F3) and F(4). Thus

[Mol]s < C(s)[l]aiol]s(1 + 2[|Oxdo||s, + ||Oatio]12,) + 2||0xtiol|s(1 + |[Oxiol|se) + 1]-
From [3, p. 385] we have
40][so < po = Cov " Ni'e,||0tio]|sy < Ky~ NE, |[do||s < K(v)NE'e, [|0xiolls < K(v)NE.

Then we get
| Molls < C1(7)NG"

for both s = sy and s = 5. Then we apply (015) and (016) to d%iy = —(Lg) 1My and
obtain ||0%ip]|s < C’('y)Ng’“ for both values of s.

From wg = oto and (148) we deduce (P1)g and (P4)g for n > 0 and Ny sufficiently
large.
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For n > 0 we write M, 11 = I, 1 Y 5_o A; with
Ay = O03F(z,un) + 20\DyF (2, up)[0Oxun] + D2F (2, u,)[0\tn, Ortin] + Dy F (2, uy,) [03un)
A = B(F(z,ul) — F(z,u)) / B Dy(F(z,up + Ohpi1))d0[hn 1]
Ay = 20,\Dy(F(z,uy) — F(z,up))[0zuy] = 2 /01 OND}(F (2, un + 0hn11))d6[ g1, Oru)]
Az = 20\DyF(z,up))[0rhn 1]
Ay = Di(F(z,u)) = F(z,u5))[0xu;; , Oau,)] /1 D3y (F(2,un + 0y 11))d0[hn 11, Orut, Oyust]
A5 = DiF(z,un)([0rut, Oaut] - [@un,@wn])ao

r'n

1
As = Du(F(zut) — F(zun)[03un] = / D2(F (2, tn + 0hn 1)) d0lns1, 20
0

Similarly as in [3] using (S1), (F4), (F4)*, (F3)" and the estimates for ||Apn1||s, ||0:Pns1]]ss |[tn]]s
we obtain that there are constants Ci(s,y) independent of n such that

IMpt1 (A1 + Ag + Aglls, < Cilso, )Ny o1t (149)
Mas1 (A1 + Az + Ay < CL(E )N, (150)

Furthermore using (F4) it follows that there exist positive constants K independent of n,
which may be different in different places such that

— 4—
ML 1 Asllsy < KN, 27420 [T Al < KNP0, (151)

In A5 we may replace [Ohu), \ut] — [Oxtn, Oxuy] by [8,\iLn+1,8,\(2un + iLn_H)] and then
with (F3),(142), (145), (146) and (P4), we obtain

M1 As sy < KN, 274720 (152)
1T 41 As[s < KNS5, (153)
and also using (144)
Mgt Agllsg < KNI, (154)
M1 Aglls < KNJYT™. (155)

Finally using (F2)*, (F3), (F4), (F6), (P4), and (P4); we get
ML Aolls < KN4

With [3,(52)] it follows as in (047) that

1M1 Aollso = [Tl (I = TLo) Aglsy < KNy 550 M1 Aol < KN, 7[>,
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Combining the estimates for A;,j = 0,...6 it follows that
—0/2—-2+3
[Msallsy < KN 727

and
([ My a][s < KNG{3H2H90,

n+1
From (P4);" and [3, Lemma 2.3] we obtain

103 1llso < KN 222030 |03 Ri |5 < K NZ/AH W (156)

With Apq1 = Yny1hng1 and (148) it follows that

Haihn-&-lus < Haiiln—&-lus + 2‘6)\1/’714—1’”8)\;%-&-1”8 + ‘aiwn-i-lmiln—f—l"s (157)
and from the corresponding estimates for h, 1 in (145),(146),(147) and (156) we get that

103150 < Nt 103 |5 < N, (158)

From this and tn41 = up + hnt1 we deduce (P2)/, | and (P1);}, ;. Furthermore with (P4);
it follows that
242443 2442
Bliyy < By 108 Ansal s < 2N 4 NSO < NTE < o AT

and so (P4),41 holds and the induction step is proven. Finally this implies as in [3, section
2.4] the statement on the convergence of the maps d3u, in C([0,e2) x A, Xy,) to 3u.
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