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Abstract

We consider a Boussinesq system which describes three-dimensional water waves in a fluid layer with the depth being small with respect to
the wave length. We prove the existence of a large family of bifurcating bi-periodic patterns of traveling waves, which are non-symmetric with
respect to the direction of propagation. The existence of such bifurcating asymmetric bi-periodic traveling waves is still an open problem for the
Euler equation (potential flow, without surface tension).

In this study, the lattice of wave vectors is spanned by two vectors k; and k, of equal or different lengths and the direction of propagation ¢ of
the waves is close to the critical value ¢ which is a solution of the dispersion equation. The wave pattern may be understood at leading order as
the superposition of two planar waves of equal or different amplitudes, respectively, with wave vectors k; and k,.

Our class of non-symmetric waves bifurcates from the rest state. The four components of the two basic wave vectors are constrained by the
dispersion equation, forming a 3-dimensional set of free parameters. Here we are able to avoid the small divisor problem by restricting the study
to propagation directions ¢ such that (k; - ¢)/(ko - ¢) is any rational number close to (ki - ¢g)/ (k> - ¢g). However, we need to solve a problem of
weak differentiability with respect to the propagation direction for the pseudo-inverse of the linear operator. It appears that the above rationality
condition influences only mildly the domain of existence of the bifurcating waves.

In the special case where the lattice is generated by wave vectors k| and ky of equal length, the bisecting direction is the critical propagation
direction ¢, the parameter set is two-dimensional and the rationality condition gives bifurcating asymmetric waves which propagate in a direction
¢ at a small angle with the bisector of k; and k».

In the last section of the paper, we show examples of wave patterns for k| and ky of equal or different lengths, with various amplitude ratios
along the two basic wave vectors and with various angles between the traveling direction ¢ and the critical direction ¢j.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction proposed by Bona, Colin, Lannes [1], describing small-
amplitude gravity waves of an ideal, incompressible liquid

We consider the following Boussinesq system layer, with small depth relative to a characteristic wave length.

| Here, the horizontal coordinate x and time ¢ are scaled by

m+V-v+V.-@v)— =An =0, ho and \/hg/g, with g being the acceleration of gravity and
6 (1) ho being the average water depth. The elevation of waves

v, + Vi + %V(V V) — éAVz =0, n(x,t) and the horizontal velocity v(x,?) at level /2/3hg

of the depth of the undisturbed fluid, are scaled by &y and
/gho respectively. The derivation of (1) is similar to its one-
PO dimensional version, which is given in detail in [2].
Corresponding author. . . ; .
E-mail addresses: chen@math.purdue.edu (M. Chen), We are interested in traveling waves of constant velocity
gerard.iooss @unice.fr (G. Iooss). ¢ which have a periodic horizontal pattern in x € R2. In
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the paper [3] we considered diamond patterns I' spanned
by wave vectors k; and ky having the same length and we
proved the existence of bifurcating symmetric solutions, where
the amplitudes ¢; and &, along the basic wave vectors are
equal, propagating in the direction of the bisector of the
wave vectors. We managed to apply the Lyapunov—Schmidt
method to the system above, which is impossible for the full
Euler equations without surface tension, due to a small divisor
problem (see [4]).

In the present work we consider asymmetric waves
experimentally produced by Hammack et al. in [5]. Assuming
the presence of surface tension, asymmetric waves were
theoretically predicted from the full Euler equation by Craig
and Nicholls in [6] (numerically sketched on page 631) using
Lyapunov—Schmidt reduction, and by Groves and Haragus in
[7] with the theory of spatial dynamics. As in [6,7] these waves
may result from a choice of pattern I" spanned by two wave
vectors k; and ky having different lengths. They may also result
from a pattern I" spanned by two wave vectors kj and k, having
the same length, but with different amplitudes €1 and e, along
these basic wave vectors. In the absence of surface tension, the
above methods cannot apply, in particular because of a small
divisor problem.

In the present model, we don’t need to add surface tension
due to a fundamental factorization property of the dispersion
relation of the Boussinesq system (1). We are able to find a good
estimate of the inverse operator (see Lemma 8) provided that
we restrict the study to propagation directions ¢ where the ratio
(k1-¢)/(Kky-¢) is any rational number r /s close to the ratio (K1 -
¢p)/(kz - ), where ¢ is the propagation velocity given by the
dispersion relation A(k;, ¢g) = 0. This allows us to avoid the
small divisor problem and use an adapted Lyapunov—Schmidt
type method, despite of the lack of regularity with respect to the
angle parameter (between ¢ and ¢p) in the pseudo-inverse of the
linearized operator. This rationality condition influences mildly
the domain of existence of the bifurcating waves in allowing
an existence domain of the order (Ins)~!. Our main result is
Theorem 11, which can be roughly summed up as follows:

Theorem 1. Choose basic wave vectors (K1, Kp) in the form
of (7) which satisfy the non-degeneracy condition (40), such
that the dispersion relation A(K, ¢g) = 0 defined in (18) with
co = co(1, 0) has the only solutions kK = XKk, j = 1,2, in
I’ (i.e., we have now only 3 free parameters). Then choose the
bifurcation parameter ¢ such that the ratio

ki-¢c r

=" cQ" @
k2 - C N
is close enough to t;gg Fix o € N large enough and assume

1 < s < o. Then, there is a family of bifurcating bi-periodic
traveling waves, U = (n,Vv) which are solutions of (1),
are in general non-symmetric with respect to the propagation
direction ¢, and are of the form

v- ¥

1<j+l+m+q<n

ATA BB Ujimg + o((|Al + |B)")

with

A = geX1Y, B = gyelk2y,

The bifurcation parameter ¢ = (1, w) is linked with the

amplitudes €1 and &3 by

4]
I+

= are] + axes + O(e7 +63)7,
w = ﬂlsf + ,328% + 0(8% + 8%)2.

The “rational” restriction (2) implies a “rational type of”
restriction on amplitudes (g1, €2) which are uniformly bounded
by O{(Inl/Ino)'/?} with |u| < (Ino)~".

Remark 2. In the phases of A and B, y corresponds to an
arbitrary horizontal shift for the solution.

Remark 3. The “rational” restriction (2) concerns only w (not
-

Remark 4. The U j;,, are bi-periodic functions of x — ¢f. For
J +1+m+q less than or equal to 2, the functions U j;,4 and the
coefficients «;, B;,i = 1, 2 are explicitly given in the Appendix.

In the case when the waves propagate in the critical direction
¢o the rationality restriction only concerns the ratio Eﬁg The
result also applies when the lattice is built with wave vectors k;
and k; of equal length, with the bisector direction as the critical
propagation direction ¢g. In such a case, the free parameter set is
two-dimensional and the rationality condition gives bifurcating
asymmetric waves which propagate in a direction making a
small angle with the bisector of k; and k,. The factorization
property of the dispersion relation mentioned above is specific
to the Boussinesq system (1), while the corresponding problem
for the free surface of a potential flow in absence of surface
tension (Euler equations) is still open.

We show in Section 5 several patterns of traveling
asymmetric waves computed with the explicit expression of
the free surface elevation for the terms of order 1 and 2 in
amplitudes (g1, €3).

2. Formulation of the problem

We are looking for solutions of System (1) of the form of
2-dimensional traveling waves, i.e., n and v are functions of
X = X — ¢t, where X = (x1, xp) € R2, and ¢ is the velocity of
the traveling wave which plays the role of a two-dimensional
bifurcation parameter. For these solutions, system (1) reads

1
V-(V—i—nv)—c'V(n—gAn):O,

) ! 3)
V(n—i—z(wv)) —c~V<V—aAv) =0,
where we assume the flow is potential, i.e.,
curl(v) = 0, “4)

which is shown to be consistent with Euler equations in [3]. We
consider the periodic solutions with Fourier expansions of the
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form (for simplicity of notation, x is used for X)

nx) =y e,

kel’

v(X) = Z vielEX,

kel

®)

where I' is a lattice in the plane defined by two non-colinear
vectors ki and k. This means that for k € I', where

k = (ki, ko) = nik; + moky, ny,np € Z. (6)
Because of (4) we have
vk xk=0.

For simplicity, we require vo = 0 and n9 = 0, so the averages
of the elevation n and of the horizontal velocity are set to be
zero. One might treat the nonzero case as in the case of the
symmetric doubly periodic wave pattern (c.f. [3]). This would
introduce 3 additional parameters which do not change the
results qualitatively.

Let us define the basis {k, ko} of the lattice I" by

ki=h(,7), k=hd,-n), [,1;>0;=12 ()

where 7; = tan6;. We then have for k = (k1, ko) = nik; +
nako

k1 = n111 —}-}1212, kz = n1r111 - }121’2[2. (8)

The lattice I' forms a diamond pattern if k; and k, are
symmetric with respect to the x1-axis, making an angle £6 with
this axis. In such a case,

def

I =15%, def

def
‘L’1=‘L’zé‘r, 0 =0, =0.

Now we define the Sobolev space of bi-periodic functions
which are square integrable with their p first derivatives over a
period parallelogram:

Hu’; déf{u = Z upe®x ¢ H"{RZ/F/}} ,
kel

where I is the lattice of periods dual of I" defined by
I’ = {mki +noks € RE A -k, =278,
jon e 1,2, on ma) e 22} ©)

We equip H;; with the classical Hermitian product (-, -)g».
Note that any u € H,; is invariant under the shift

o X X+

We notice that I; has to be chosen small enough for the
consistency of the Boussinesq model, in which the horizontal
wave lengths |A ;| should be large with respect to 1 (which
is the depth of the fluid layer at rest). Moreover, in the final
assumptions we also assume that the parallelogram built with
the vectors A1 and A; is not too flat (see conditions on 7; and [
in Definition 7). The basic function space in our study is

G, (U= (1.v) € HEPN feurl(v) = 0} N = 0, vo= 0},

and system (3) can be reformulated in the form

LU+ GNU,U) =0, (10)
where
1
V~v—c~V(n——An>
LU = RENAE (11
Vn—c-V<V—8AV)

1
N, U) = <§(V-V),77V>, G(g.H = (V-1 Vg).

It is clear that the linear maps

Le:Gp—>Gp3, p=3; G:Gp—>Gp1, p=1

are bounded and the quadratic map
N:G,—> Gy, p=2

is bounded (p > 2 is necessary for having the product of two

functions of Hn’; in Hjl;). Moreover we have, for any U; and
U2 (S Gp,

(LU, Un)yo = —(Uy, LUz o, p =3 (12)
(GUy, U)o = —(U1,GUz) o, p =1,

after integration by parts.

System (10) possesses important symmetries. We define
their representations by the following bounded linear operators
7y and Sy:

(yU)x) =U(x+Yy), (SoU)(x) = (n(—x%), v(—X)).

It is clear that the following commutation properties hold

Tle= LT, TNWU.U)=NGU TU).

o =0Ty (13)
SoLe = —LcSo, SoN(U,U) = N(SyU, SoU),

SoG = —GSo.

The first three properties results from the invariance of the
original system under the translations of the plane, while the
rest comes from the reversibility of the original system.

If the lattice I' has a diamond structure, we have an
additional symmetry. Define S; by

S = (X)), V(¥)),

where X = (x1, —x3) is the symmetric vector of x with respect
to the xj-axis. It is clear that in the case when the velocity ¢
of the wave is colinear to the x;-axis, we have the following
additional commutation properties

Slﬁc = »Cc'Sla
516 =G8.

SINWU,U) =N(S U, S U), 14
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3. Study of the linearized operator
3.1. Inversion of the linear operator

To use the Lyapunov—Schmidt method, it is fundamental to
study the linear system

LU =P, 15)

where P = (gq,p) € G; (I > 0) is given and we are looking
for U = (n,v) € G; with a periodic vector function p and a
periodic scalar function ¢ with Fourier series

px. 1) =Y pe®* py=0, pxk=0,

kel
. (16)
g =Y qke™, g9 =0.
kel’
System (15) leads to
1, .
-\ I+ 8|k| (c-Knk +k- vk = —igx,
1 (17)
knk — (1 + 6|k|2> (c-K)vg = —ipy,
where k € I'. Define
1 2
Ak, ¢) = (1 + 8""2> (c- k) — k% (18)

The linearized operator L has a nontrivial kernel in Gy if there
exists a pair (Ko, ¢o) satisfying
A(ko,c0) =0 and ko # 0. 19)

The solution of (17) can be written as follows.

e When A(K, ¢) # 0, the solution reads

_ U+ gIkP) (e Rgk + k- pi

Mk = :
| 2A(k, 5) 20)
(14 3Kk (- K)pg + gkk
vk =1 ,
Ak, ¢)

where we notice that
curl(vge¥*) = 0.

e When k = 0, then vg = g = 0.
e When A(k,¢) = 0,k # 0, and if (py, gk) satisfies the
compatibility condition

sgn(k - )k - p + [Klgk = 0, 2D

the solution reads

e = isgn(k - ©) X 4 |Kk|B,
K| (22)

vk = sgn(k - ©)kg,

where f is an arbitrary constant in C.
3.2. Kernel of L,

To obtain bifurcating solutions we need to have a nontrivial
kernel for the operator L. for some critical values of the

parameters. Hence we need to study the set
(kkel; AKk,c) =0}

for a given velocity ¢. Without loss of generality, we can assume
that ¢ = ¢g = co(1, 0) and the basic wave vectors k| and k; are
solutions of

Aj,e0) =0, j=1,2. (23)
This means that
1+172
g = Fh— . i=12, (24)
{1+ +1)?
ie.,
2 2

! 01 + l% 0 + l%
— = cos = | cos ,
cg LT 6 cos 01 27 Gcos 6>

0<0; <m/2, (25)

which leads to the relationship (automatically satisfied when we
choose a diamond lattice I")

B R

cosO;

6(cos; — cos ) = (26)

cos b
Therefore, for fixed angles 61, 67, the point (I1,12) (close to
0) needs to belong to a hyperbola in the plane. The critical
set in the 4-dimensional space (t1, 72, [1, [2) is a 3-dimensional
hypersurface restricted to the quadrant 7y, 72, /1, /> > 0. When
I' is a diamond lattice, we only have two parameters (z, /) for
the critical set.
Replacing k by n1k| + nyk; in the equation A(k, ¢p) = 0,
we obtain

1
(1 + 6|"1k1 + nzkzlz) leo - (n1ky + naky)|
= |n1k; + na2ko|, 27

or, more explicitly,

1 2
0= (1 +glmh + nab)? + (mnly — nmhf})

X C(z)(nlll + naly)?

—{(mili + na)* + (il — naaly)*}. (28)
We already know that
(n1,n2) = (£1,0), (0, £1),

are solutions of (27). Next we want to determine the number of
solutions (n1, ny) of (27).

When the equalities (24) hold, the critical set in the
4-dimensional space of parameters (ty, 72,11, [2) is a 3-
dimensional hypersurface. When cg is considered as a function
of t; and [i, then for a fixed pair (n1,ny), the Eq. (28)
represents a 2-dimensional submanifold: express for instance
(71, 2) as a function of (1, [y). The set of relations (28) is
countable for all (ny,ny) € Z2. This yields a countable set
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of 2-dimensional submanifolds of the 3-dimensional critical
hypersurface. Therefore, there is a full measure set of choice
of parameters (11, 12, /1, [2) on the 3-dimensional hypersurface
such that none of relations (28) is satisfied, except for
(n1,ny) = (£1,0) and (n1,ny) = (0, =1). Hence, a general
choice of parameters provides no solution of (27) except for
+k; and £k;. The consequence is that the dimension of ker L,
is 4, in general.

Remark 5. In case of resonance, which means that the
dispersion equation A(k,cp) = O has more than the 4
solutions £k and £ko, the kernel of L, is finite dimensional
as we shall see in the next two subsections. Hence for the
Boussinesq system (1), there is no possibility to have a
“complete resonance” (i.e. with an infinite-dimensional kernel)
as it might occur in the corresponding problem governed by
the Euler equations (see [4]). In the present paper we do not
consider resonant situations.

3.3. Inverse of L¢, when 11/ 15 is rational

Let us assume that the scalars /1 and [, are such that

l

_1 - r_() c QJF, (29)
Iy so

where ro and 59 € N are relatively prime. When ¢ - k 5 0, this
assumption gives a lower bound for ¢y - k. Indeed, we have

Colz
co -k =co(nily +n2ly) = S—(nlro + n2s0),
0

ie.,
Colz
lco - k| > —
S0

for any (n1, n2) # 0 in Z? with ¢q - k # 0. It is then clear that,
for |k| > K where

9
K = ﬂ,
colp

and for any (n1, n2) # 0 in 72 (even when ¢ - k = 0),

Lhe
T+ k™ ) leo - K| — k|

which provides a lower bound for |A(K, ¢g)|. Notice that when
I is a diamond lattice, we have [{ = [, =/ and s = 1.
Let us now remark that

1
— K|, 30
> 51Kl (30)

k|* = (m1l) + nak)* + (mit1ly — nawala)?

is a positive definite quadratic form of (np, ns), hence the
following inequality (d; > 0)

di(n} +nd) < k1> < (3 +n3) (31)

holds, where

1 1
&= (A +DB+ 1 +HB) - VA,
A=(A+mDB+0+DB) —43Bm + )

For a > 0, we have a — v/a? — b2 > b%/2a, hence
i (Tt + 1)
(1 4+ )82 + (1 +22)'?

holds. This shows that for k € I, the condition |k| < K leads
to the condition

k1 x ko

dy > =
‘ K +K3)1/2

(33)

K
(n} +nH'/? < -
1

where d; satisfies (33), which means that there is only a finite
number of “bad” (n1, n2). Hence, in general, the parameters
(lj, Tj) are not among the finite number of “bad” (resonant)
curves defined by conditions (28) and (29) on the 3-dimensional
manifold given by (24). We are now able to prove the following
Lemma 6. Let ¢ = co(1, 0), % = 2—8 € QT, (co, i, b, 71, 1)
satisfy
2 2
0(2) _ 1+ 15 _ 1+
? 2 ’
U+3a+HP {1+ 20+ )P

such that K, j = 1, 2 are the only solutions of the dispersion
relation A(k, ¢g) = 0 withk € I'. Then, for any given

P =(q.p) € Gy,
satisfying the compatibility conditions

(P.&sk,) o =0, j=1.2, (34)
the general solution U = (1, V) € G 1 of the system

L:COU:P,

p =0,

is given by

U= L' P+ Abx, + Ab_x, + Bé, + Bé_x,. (35)
where

Eug = (1472, 1 (=) gyeti, (36)

A, B are complex numbers, and Z;Ol is the bounded linear
operator: G, — Gpy1 N {kerﬁcO}i}O for p = 0, and there
is a positive p such that

1L, Gz, < - (37)

Proof. Assume that (co,/j,7j),j = 1,2, are such that
£k;, j = 1,2, are the only nontrivial solutions in I" of (27)
(this is the general case) and let us define the eigenvectors &1,
of L¢, by (36), where ¢g = (co,0). Then we observe that
with the Hermitian scalar product in {Huou}3 the compatibility
condition (21) is equivalent to (34). Moreover, using the
symmetries, we have

Tyéik, = ke, Sobik, = &1y, = Exk;- (38)

In the case when the lattice I has a diamond structure, we have
in addition the following symmetry property

Siéqk, = E1x,. (39
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The above calculations (the proof of the estimates is made
in [3]) show that we are able to define an operator 5&)1’ which
is the pseudo-inverse of L,, mapping G, into G, for any
p > 0, provided the compatibility condition (21) is satisfied.

The componentwise definition of
U=Lg'P

reads

{EEO] Pk = Uk = (k. Vi),

where

o (L' Pl = (k. Vi) is given by (20) for A(k,co) # O,
i.e, for k # +ki, +k;, and 0,

o (L' Plo =0, fork = (0,0),

o for k = £k; we set (see (22))

i gk, _i:l:kaikj>

2 kjlT 2 k12 )

so that Zc_olP is orthogonal, in {Huo}3, to the four-

b
dimensional space E = span{fikj; j=1,2},1e.

(Lo P e o =0, j=1,2.

{Lq) Pix, = (i

Notice that our pseudo-inverse operator Zc_ol is defined even
if P = (q,p) does not satisfy the compatibility condition (21).

3.4. Inverse of the perturbed operator L, + w L™V

In what follows we need to consider the perturbed operator
Leo,wy = Leg + wLM for w close to 0, where

LOY = —eg— (1 — lA) U.
0x2 6

Taking w # O (which plays the role of an angular bifurcation
parameter) means that we intend to find traveling waves moving
not exactly in the direction of the x-axis. We shall see that this
is linked with the ratio of amplitudes &; and ¢, of the waves
along the basic wave vectors k; and ky. The perturbation w£"
appears to be singular as it leads to a small divisor problem
when we invert L. (1,w), contrary to the inversion of L, with
the assumption (29). Indeed, the A(k, ¢) in the denominators of
(20) may become very small for large |k|. In what follows, we
control the smallness of A(K, ¢) by assuming again a rationality
condition. Let us first define a non-flatness condition of the
parallelograms generated by the vectors k; and k.

Definition 7. We say that (ki, ko) satisfies the §-non-flatness
condition if for a fixed § € (0, 1),

§<ti<8l, j=1,2

1 (40)
§<L <57l <o

I

This condition also insures that the parallelograms of the
dual lattice I built with the vectors A; and A, are not flat and
their size is large with respect to 1 (which is the scale of the
depth of the fluid layer).

We now show the following

Lemma 8. Let ¢ = co(1, w), 8 € (0, 1), and choose basic wave
vectors (K1, k) which satisfy the §-non-flatness condition, such
that the dispersion relation A(K, ¢g) = 0 has the only solutions
k=2Kk;, j =1,2,inI'. Then choose |w| < % and the ratio

ki -
L% =T eqr, @1)
ky-¢ s

with r,s € N being relatively prime. Then, except for > in a
small neighborhood of a finite set ©2(11, 11, [2) of cardinality at
most O (Ins), the linear operator L. has a bounded inverse in
the orthogonal complement of ker L¢, in Go, with the estimate

1L Gl ey < cs),

where c(s) is bounded by y Ins. Moreover, for any ¢ > 0

1 >0, (42)

Ll =L+ Y o) (L LD Ly + Ry(w),  (43)

l<n=gq

+1 +1
IR g W £G1,Graigenyn) < 01Ty H (),

where the linear operator Ec_l is computed in {kerﬁcO}JP‘[O,

(Zgolz:U))"Zgol € L(Gy, Gi—2n+1), and y > 0 is independent
of s.

Remark 9. We notice that the operator Zc_ 1G is bounded. This
is just what is needed to apply the Lyapunov—Schmidt method,
since the nonlinear terms take the form GN (U, U), where N is
a bounded quadratic operator.

Remark 10. We observe that the operator Ec_ Vin £(Gy, Gi41)
is weakly differentiable in w at 0. Formula (43) gives precisely
the loss of regularity of the successive derivatives in w at the
origin (the loss is 2 at each increasing order). The difficulty
introduced by this non-smoothness is in fact not a problem for
the 4-dimensional bifurcation equation.

Proof. First, for any k = n1k; + noko, nj € Z, we have by
(41)
ki-¢c (1

¢ Ii( +le)_£€(@+.

k¢ bL(l—nw) s

Hence

c-k=colh(1 —rw) (}’llZ + n2>
s

and if ¢ - k #£ 0, we have

d
o k| > 25 (44)
S

where d satisfies

d < bl —hw|.
In choosing w such that jw| < % we can take d = %. Notice

thatif ¢ - k = 0, (20) yields

1
k| + |vi| < m(|4k| + IpkD- (45)

Now, if ¢ - kK # 0, we have

I |K|cod
L+ —|k[” ) |e-Kk| — K| > [K| -1
6 6s
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and for |k| > CZ)—Sd we obtain

T+ k2) ekl — k) =
6 6

We then use the fundamental factorization of A(K, ¢):
1
Ak, ¢) = {(1 + g|k|2) e k| — |k|}
1o
X 1+—|k| lc - K|+ [K]|
o Kl K2
z & | I“ ) le - k| + |K|

and (20) leads to the estimate

Il + Ivi| < m(lé]kl + [Pk D- (40)

We observe that if |K||c - K| > 7, (46) holds.
It remains to study the region R of the plane (n1, n) where
K < k|lc-Kk| <7 A(k,¢) #£0, and
— C- </, ,C , an
~ cod 47)
c-k#0.

Using here the estimate (31), we observe that the region R is
included in the region A defined by

7s \?
< {(n1,n2) ny+n; < coddi

7

coddl,/n% +n%

The area of A in the plane (1, n2) can be computed with polar
coordinates. We set

r
ny + —ni| <

ny = pcoso, np = psiné,
7cos6p\ /2 7
p<min{(=2) " Jsin@ —6p) 2, ——
codd codd;
where
tanfy = —r/s, 6y € (—n/2,0).

Estimating 2[”/2 2(0)d0 + 2¢(c ad; )2 for large s, for
02(0) = (7°°SGO> |sinf|~! and sing = M, yields

coddy

14 cos 6 ! 1
n
coddy tan¢/2

098s2 | _1 { coddy cos 6y
+ ————sin _
(Codd1)2 7S2
28 cos By
coddy
We notice that, by construction, r/s is close to [{/l, hence
cos 6 is close to \/% and the following estimate holds
I7+15

cosfy _ S5(A+ )i+ A +1D13)
ddi = 4hbU+1)V2 (1 + )

Area(A) =

Ins.

1/2

For 75 < 87! the estimate for ¢ (see (24)) is independent
of 1, (but depends on I/, and §), which shows that Area(A) <
yo(Ins) with yg independent of 5. Hence the number of points
(n1, np) lying in A is of order In s.

In what follows, it is useful to notice that for

2
|k|2> 7lzd0 ,
licodd,

we have
naky < 0. (48)

To see this, we look at the intersection of the curve (in polar
coordinates)

7cosf
2= 500 in@ — 60)!

codd;

which bounds the region A, with the nj-axis (6 = 0). The
points of this curve with 6y < 6 < 0 are such thatn; > 0,1y <
0. This shows that for points in the region of .4 such that

7 s

2 2
ny+n; > ———-—,
! 2 coddy r

ny and ny have opposite signs. Then in order to obtain (48)
we use (31), and observe that r/s is close to 1 /1>, and kp =
nility — nalr 7 has the sign of .

Now, the equation

Loe
1+6|k| le- k| —1k| =0

is equivalent to (28) with c(z) replaced by its expression (24)
as a function of 1, and /», which makes for every “bad”
pair (n1, n2) a polynomial equation of degree § in 7. Hence
we cannot have more than 8 roots 7o > 0 for every “bad”
pair (n1,n3). This makes a finite set of “bad” values for
) = tz(p )(rl, l1,1p) of cardinality O(Ins). We then need to
exclude small neighborhoods of these roots to control the size
of the inverse of (1 + %|k|2)|c - k| — |k|. Let us exclude
O (Ins) neighborhoods of these specific values of 7. We may
choose, for each (ny, n»), neighborhoods of exclusions of size
O (v/Ins) around every such root 75, with v < 1, so there are
good values for the (72)’s remaining. Let us show that outside
these neighborhoods we have

1 2
1+ 2Ik ) e k| — K]

To show this, it is sufficient to show that the derivative of

g(n) = <1 +

with respect to 7o at any root 7o of (28) satisfies |g'(to)| >
clk| for some ¢ independent of s. Indeed, an elementary
computation gives

> L, for large s. 49)
Ins

Loe
kI ) le- k| — k]

w —B(1+13)
0 +r§)(6+12<1 + 1))

dr, | - K|
le- k|

=10 1 — 7w
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hence
—nabaky (k> —6 w
/ — |k _
g'(r0) = | |{ k]2 <|k|2+6 T—
6—12(1+ 1?2
+ 70 2 2 2 o) (-
(426 + 21+ 1)
For
k| > M, M= Thdy NG
Z A MmN ddy

the inequality (48) shows that the first term on the right hand
side is positive. Moreover, for 7, < §~L and lw| < 8/5, we
have

el

< .
I —nw 4

Taking I, small enough, such that
12 < 1, lg‘L’() <1

and remarking that 7 < § ~1 we see that this condition holds
as soon as

lLh <8<l (50)
We obtain l%(l + t&) < 2, hence

6—13(1+13) !
6+20+7) 2
and we conclude, (since 6 < 13 < 1/6), that
6—13(1+10) 8
70 >
A+)OE+50+17)  2(1+8%)

which is independent of s. We notice that

4>2(1+8%
hence
'(10) > |K]| ) ) K| >0
— — - =clk|, ¢ .
&L 21+62) 4

In the region R where
k| < M,

the number of corresponding points of the plane (ny, ny) is
bounded by a finite number independent of s. To avoid the
corresponding bad values of 1, near the corresponding roots,
we just need to avoid a fixed (independent of s) small v
neighborhood of this finite number of roots, since the minimal
value of |g’(tg)| at these roots is independent of s.

This ends the proof of the fact that in choosing 7> outside a
small open set included in (8, 8~ 1) and for |k| < CZ)—"{']Z we obtain
(49). Finally, we find a constant ¥ > 0 independent of s such
that

ylns
Il + vl = W(WH + [PkD- (5D

Now, collecting (45), (46), (51) we obtain an estimate valid for
all k such that k # +ki, £k;

Lop
T+ 2IkI™ e k| — k]

and the required estimate (42) follows for Zg 1G. Property (12)
and

L

c(s)’

G& 1, = Filj\ /1 + t7E4x, (52)

imply that the subspace {ker ﬁco}i}o is mapped into itself by
g. Notice that the dependency in s of the bound of the linear
operator L 1G is delicate to control, since the dangerous values
of (n1, np) (for which we may have roots of (28)) are large ones,
and not so frequent in the set 4.

To obtain the precise loss of differentiability indicated by
(43), we first observe that the subspace {ker ‘CCO}JF_IO is stable

under £V since we have property (12) and
L4, = Hi(—1)71j7j,/1+ T7Euk; (53)

Then, for F € {ker Lco}éo,

the equation
LU= (Leg +wlLU =F

leads to
U=Lg' F+Ui,  LUy=-wLWE'F,
which leads to (43) for ¢ = 0. Writing now

Uy =—wle LVLLF + Us,

LUy = w2£(1)Zc_01£(1)£~C_01F,

leads to (43) for ¢ = 1. Then the result (43) follows for any g
and Lemma 8 is proved. [

4. Bifurcation equations

Let us introduce the set of two parameters (i, w):
o
I

C

(1, w)
and notice that

1
LU = — (ECOU +wlWy —I—;LQU),
m

1+

which allows us to rewrite Eq. (10) as

LeyU + nGU + (1 + wGN (U, U) + wLPVU = 0. (54)

Notice that this choice of parameters might be questionable.
However it has the benefit that all the bad (and interesting)
singularities are concentrated only in the linear term wZ VU .
All other terms are ideal for a Lyapunov—Schmidt method
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(thanks to Lemma 6) and may be treated in a standard way as
in [3], which immediately gives the result of the forthcoming
theorem for w = 0. This choice of parameters enables us to
show the following more general result.

Theorem 11. Let § € (0, 1) and choose basic wave vectors
(K1, ko) which satisfy the §-non-flatness condition, such that
the dispersion relation A(Kk, co) = 0 has the only solutions
k = xK;, j = 1,2, in I". Then choose ¢ = ITM(I’ w) such

that lw| < % and the ratio

k] - C r
=-eQ", (55)

k2 - C N
. . . Kk -¢o
where r, s € N are relatively prime, is close enough to Koco-

Fix 0 € N large enough and assume 1 < s < o. Choose
values of ty € (8,87"), except in a small neighborhood of a
finite set tém)(rl, l1, b)) of cardinality at most O(Ino). Then,
for any p > 5, there is a family of bifurcating bi-periodic
traveling waves, U = (n, v) which are solutions of (3) in G,
are in general non-symmetric with respect to the propagation
direction ¢, and are of the form

._l J—
U= ATA BmBqUﬂmq +o((|Al + |B])") (56)
1<j++m+q<n
with
A =gy, B = gy,

where 'y corresponds to an arbitrary horizontal shift,
w= alsf + azs% + 0(8% + 8%)2,
w = Bie] + oy + O(ef +&3)%,

where the “rational” restriction (55) on w implies a restriction
on amplitudes (e1,¢&2) which are uniformly bounded by
O{(lul/ o)/ with |u| < (Ino)~".

(57)

Remark 12. If we ignore the translation invariance of the set
of solutions, we notice that we have a basic 3-dimensional set
of free parameters with (ki, ko) subjected to the dispersion
relation, with the bifurcation parameters (u, w) or equivalently
the amplitudes (g1, £2). However, we should notice that the
rationality condition (55) only allows a reduced choice for w
of measure zero in R.

Remark 13. If we fix the order of regularity p, we need to stop
the expansion (56) at order n such that p — (2(n —2)) > 2, i.e.
n < 14 p/2.This is due to the loss of regularity for increasing
powers in w for the expansion of V(A, A, B, B, i, w) defined
below.

Remark 14. With the calculations presented in the appendix,
the explicit expression for the orders 1 and 2 in ¢ and ¢, of the
solution U is

U= Aé, + Z?E_k, + Bé, + Eg_kz + Q’O(AZGZikl‘x
+ AT 4 Co.2 (B2 X 4 Ble 2k,
+¢1.1(ABel®i k)X | AR e—ilkithe) x)

711 (ABel®i—k)X | Ae-itki—k)x) 4 p o 1

where A, B € C, and &1k, &1, are defined in (36), (71), (72).
The coefficients «; and B; appearing in the expansions of u
and w are given by (68), (75)—(78). These explicit expressions
allow us to make numerical computations and show pictures at
the end of the paper.

Proof of the theorem. First we decompose U € G as
U=X+V,

where

X = Ak, + Aé_x, + Bé, + Bé_y, € E,

(V. Ea)po =0, j=1,2.

Observe that E C G, for all p > 0. The above decomposition
is unique for any p > 0, hence the mapping U +— V defines a
projection Q from G , to G , N {ker ‘C’CO}J]-}O’ which is orthogonal
for p = 0. Now, we note that

QGX =0, QGV =GV, p=1,

ocVx =0, ocVv =Dy,

Assuming U € G, p > 3, it follows from (54) that

Leot,w)V +uGV + (1 +w)QGN (X +V, X+ V) =0, (58)

(HGX +wLDX + (1 +WGN (X +V, X + V), §1x) =0,
j=172. (59)

We notice that (58) may be solved by the implicit function

theorem in G, N {ker CCO}i]O, for any p > 3, with respect to

V. Indeed, Eq. (58) is of the form
;CCO(l’w)V +FX,V,u) =0

p =3

in G,_3, where F is analytic in its arguments as a function

from E x (Gp N {ker ECO}JI;()) x Rinto G,_1 N {ker /JCO}JF}O,

and satisfies
F(0,0,u) =0, Dy F(0,0,0) =0.

Due to Lemma 8, the operator L(1,,) has a bounded inverse
from G ,—1 N{ker ’CCO}iIO to G, N{ker CCO}i]O, and this bound is
uniform in w, provided that w satisfies the rationality condition
(41), (ki,kz) the non-flatness condition, and s is bounded
by some fixed o. Due to the bound of {ECO(l)w)}_l found in

Lemma 8 we need to assume that
ullno < 1, [XIlno < 1, (60)
which implies

IVIE, no and [ullVic,Ino < IVig,

and finally

VI = 0IX|*Ino). (61)

Therefore, for A, B close enough to 0, w satisfying (41), and
(k1, kp) satisfying the non-flatness condition and s < o, we
obtain

V=V(A, A B, B, i, w) € G, {ker Ley}o
which is analytic in (A, Z,_B, B, 1), the dependency in w being

more subtle. In fact V(A, A, B, B, u, w) is in G , N {ker Eco}ilo
with p > 3, and has an asymptotic expansion in powers of w in
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the neighborhood of 0. To prove this, let us define
Vo=V(A, A, B,B, 1,0,
Vi =V(A, A, B, B, p,w) — V.
Then V) satisfies
0 = LeytupV1 + wLDVy + uGv
+2(1 4+ w)QGN (X + Vo, V1)
+ (1 4+ ) QGN V1, V). (62)
Since wLMVy € G5 N {ker Ley}, With a small enough

norm, we can solve Eq. (62) with respect to V; in G5 N

{ker /jco};o, provided that p > 5. Denoting by V¢ the value of
the solution V| when one replaces Lq(1,w) by L¢,, We can set
V1 = Vo + V> and obtain V), by the implicit function theorem
in Gp—4 N {ker ECO}J- and so on. Now we have estimates of

HY
the form
Mollg, < ye@IXI?,
Villg,-, < ye@wllIX]?,
Mallg,_, < ve@wIX]2,
and so on. This proves the assertion on the asymptotic

expansion in powers of w (not converging in general) for

V(A, A, B, B, w, w) in any space G, N {kerﬁco}i}o, p >3

(the choice of p is arbitrary, but we need to stop the expansion
at some order to insure the existence of the solution in some
space G, as indicated in the Remark 13.

Now, using the symmetry properties (13) of the basic
equation (54), (38), and also

TyQ =0Ty, &Q=QS,
we show that the uniqueness of )V leads to the following
properties:
TV(A, A, B, B, p,w) = V(A1 Ae= k1Y pelkay,

Be 1Y,y w), (63)
SoV(A, A, B, B, u,w)=V(A, A, B, B, i, w).

L

More precisely, we have in any G, N {ker L¢,} 70

p=>3
V(A, A, B, B, p,w) = —Lg, QGN (X, X)
+ Ol + wh X2+ 1X1%). (64)

Now replacing V by V(A, A, B, B, u,w) in (59) which
consists of four equations, we obtain in fact 2 complex
equations, with their complex conjugates, of the form
hi(A, A, B, B, pu, w) =0, hy(A, A, B, B, ju, w) =0,

where h; is obtained by taking k; in (59) and hy by taking
ky, and hj, j = 1,2, is analytic in (A, A, B, B, u) and in c!
at the origin with respect to w (/ is arbitrary). The symmetry
properties (13), (38) and (63) lead, for any y € R2, to the
following relationships

hi(Ae®1Y Ae~ k1Y pelkay Bekay | g

=e™Yhi(A, A, B, B, u, w),
hy(Ae®1Y Ae~ k1Y pekey Bekay )y

= eikz‘yhg(A, A, B,B, W, W),
hi(A, A, B, B, u, w) = —hi(A, A, B, B, j1, w).

It results that

hi(A, A, B, B, i, w) =iAgi (A%, |BI*, u, w),
ha(A, A, B, B, i, w) = iBga(|A]%, | BI%, 1, w),

where g1 and g are real valued smooth functions of their
arguments, since the i ; are smooth. When B = 0 (or A = 0)
one obtains plane waves with basic wave vector k; (or kj), and
the direction of propagation being somewhat arbitrary provided
it is not orthogonal to k; (or ky). When AB # 0, one obtains
the bi-periodic traveling waves, which are the main object of
our study. To conclude their existence, we need to solve the real
system of two equations:

1A% 1B, w) =0,
2 i pi2 (65)
g2(|Al%, |B|”, n, w) = 0.

In the case when the lattice I" has a diamond structure and
the xj-axis is chosen such that k; and k, are symmetric with
respect to this axis, we have the additional symmetry properties
(14) and (39) which, thanks to the uniqueness of V and for
w = 0 (i.e. when c is in the x{-direction), leads to

SIV(A, A, B,B,iu,0) =V(B, B, A, A, 11,0).

This implies

hi(B,B, A, A, 11,0) =hy(A, A, B, B, i1, 0),

hence

g1(IBI, |AP, 11, 0) = g2(|AI%, | B, 1, 0). (66)

The computations in the general case, detailed in the
Appendix, lead to

g =21+ )22 |+~ we; +ajl A1
+b,1BR +hor), 67)

where the coefficients are explicitly given in the Appendix. This
leads to

+ by +b
_al 61282_ 1 28%4—0(8%—!—8%)2,

2 ! 2 (68)
_ 2 2 2 .2\2
w(t + 12) = (a1 — ax)ey + (b1 — by)ey + O(e7 + &))"
From the bounds (60) and (61), one has
e1+e2= 0(lul(no)” '), (69)
which finishes the proof of Theorem 11. [
Remark 15. A particular case of Theorem 11 is when % =te

Q. In such a case w = 0 is elligible, i.e., waves traveling in the
x1 direction.



M. Chen, G. looss / Physica D 237 (2008) 1539-1552 1549

1=0.5, ¢, =0.1, ¢ fe <0.1 =05, £, =0.1,¢,/c 0.5 t=1,2,=0.1,¢,/¢,=05 1=1,¢,=0.1,8,/e =1

05,2, =01, 8, fe, 07 05,2, =01, 2,/ =1 Fig. 3. I symmetric, T = 1,11 = lp = 0.25, &1 = 0.1, (i) e2/e; = 0.5
(asymmetric waves), (ii) &2/&1 = 1 (symmetric waves).

A\
\\\\\

1::1.5,2 =0.1, €, .’e =05 1=15, €, =0.1, £, n't =1

Fig. 4. I symmetric, T = 1.5,1] =l = 0.25, &1 = 0.1, (i) &2/e1 = 0.5
(asymmetric waves), (ii) &2 /e; = 1 (symmetric waves).

Fig. 1. I" symmetric, 7 = 0.5,11 =1, = 0.25, &1 = 0.1, (i) e3/e1 = 0.1, (ii)
er/e1 = 0.5, (iii) &2 /61 = 0.7 (asymmetric waves), (iv) €3/¢; = 1 (symmetric
waves). The direction of propagation of the waves is the vertical axis, point
downward. Crests are light and troughs are dark.

1=0.7, L =0.1, nz.'sl =05 1=0.7, e, =0.1, szfn1-1

1:1-0.5. T, =0.7, £ =0.1, £, .'21-0.5 11--0.5. T, =0.7, £ =0.1, £, .'21'-'!

. Fig. 5. I' asymmetric, 1y = 0.5, rp = 0.7, [} = 0.25, &1 = 0.1, (i)
5. Plotting the free surface &y /61 = 0.5, (i) £2 /1 = 1.

A
S

Fig. 2. I" symmetric, 7 = 0.7, 1] = I = 0.25, &1 = 0.1, (i) &5/e; = 0.5
(asymmetric waves), (ii) £p/€1 = 1 (symmetric waves).

We can now plot the traveling surfaces in the (zy, z2) plane,

where z» is the traveling direction and points downward, i.e., n =~ 2e14/1+ 712 cos(kj - X) + 2e2,/1 + fz2 cos(ky - X)

x = Lt xy = ALt W +262(22.0)1 cos(2K; - X) + 262(20.2)1 cos(2K; - X)

2’ 2
St w? Vitw +2e182(51,1)1 cos((ky +ka) - X)

In all figures the crests are light and troughs are dark. ) Ki — ko) -
By choosing the waves of the bifurcating family with 2612081 cos((ky 2) - X).

A =g, B =g,

For fixed values of [, t1, T2, we compute /o with formula (24)
and once &1 and &; are fixed, we compute w with (68). When
the elevation n of the waves indicated in the pictures is 71 = 17 = T and l1 = [, the lattice I" is symmetric. Fig. 1
computed with terms up to degree 2 in (g1, €2): shows the influence of the ratio €1/, when the lattice I is
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'[120.5, 1, =1, [ =0.1, €, 1'5:150.5

'[150_5, T, =1, £ 20.1,512 f{:‘=1

Fig. 6. I asymmetric, 11 = 0.5, 70 = 1,11 = 0.25, &1 = 0.1, (i) &2 /e1 = 0.5,
(ii) ep /g1 = 1.

t,so.s‘ T, =0.53, [ =0.1, €, =017 r‘-U.s. T, =06, £ =0.05, £, =0.2

Yo

|

TRTITAY

-
-
-

—

-

-

-

-
-

Trr

Fig. 7. I" asymmetric, here w = 0, /] = 0.25, 1 = 0.1, (i) ;1 = 0.5,
7 =0.53,6p =0.15, (ii) 7y = 0.5, = 0.6, 61 = 0.05,ep = 0.2.

symmetric. When e2/e1 = 1, the wave pattern is symmetric
with respect to the propagation direction (here the vertical
direction). Figs. 2—4 also show cases with a symmetric lattice
I" for different values of T and compare the asymmetric pattern
with e;/e1 = 0.5 with the symmetric one with ¢/¢; = 1.
Figs. 5 and 6 show cases with a non-symmetric lattice I'. Fig. 7
provides two examples of waves where w ~ 0 i.e., once &
is fixed, we compute &, with (68) in such a way that w = 0
at leading order. Notice that in view of Theorem 11, these
solutions exist for / / /5 rational. But in our computed examples
this ratio may not be rational, so we take r/s to be a rational
approximation of /1 /I, in such a way that w is very close to 0.

Appendix. Computation of the coefficients

This Appendix is devoted to the computation of the principal
part of the system (67), leading to the existence of non-
symmetric traveling waves for (1). First, Eq. (64) with the
symmetry property (63) leads to

V = gz,()(AZCZik] X + Zze_zikl'x) + é‘O,Z(BZCZikZ.X
+§23_2ik2ix) + 1 1(ABel Rtk x | Age—itkitky)x)
+ ¢ _1(ABelki—k)x L A ge—iki=ka)xy L py 64 (70)

where

02,0671 = L TGN (6, 6,

t02e7 %X = LGN (6. Eiy),

g ®HRDX = 2FCIGN (8, £k,),
g1 ®TRX = DFCIGN (6, Ei,y).

The suppression of the projection Q comes from the non-
resonance of 2Ky, 2ks, k; & ky with k; and we also used the
fact

GN(Ek; 5-x,) =0, j =12

Straightforward calculations show that

2ily (14 )32

OGN (&, &) = | i +1d) |e2Xx,
it (1 4+ 7:12)
2ilr (1 + 7;22)3/2 .
gN(";:kz, &K,) = ilr(1 + -,;22) 621k2-x’

—inh(1 + ‘522)

1+ 124 b1+ 12
L+
(tilh — 1)

x elkitka)x i1+ 112,/ 1+ t22
1+ 124 b1+ 12
1 + 1 -(i)- 2 + 175 Sk x

0

2g-/\/’($k1 s Ekz) = 1(1 - TITZ)

X

11\/1+r12—l2\/1+122
Lh—1D
(il + 1)

2GN (8, é-k,) =i(1 — 71 12)

x elki—ka)x i1+ 112,/ 1+ 1'22
L1+ 12—y J1+ 12
8 1\/ 1 0 2\/ 2 ei(kl—kz)x’

0

and therefore, we find by using (20) that

2co/1+ D1+ 1+ T}

281+ 1)
0= —7 CoD1,0+2 1—|—‘1:12 s

D0
71(coD1,0 +24/1+ 1:12)

2c0\/1+13Do1 + 1413

coDo1 +2 1—|—‘L’22 ,

(71)

_ 205(1+13)

0,2
Do,»

—12(coDo,1 +24/1 +13)
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Dyco(ly + 1)

L
{11 = D_+ L+
LI\ ¢l — vl
1—11m2 6Dy —1
D1 Dico(y +h)? ,
’ Dyco(ly + D) (1l — ©alo) (72)
L D_co(ly — )
{1,-1= D =1
L-1 Tly + by
1—11 6D_ -1
P D_co(ly — 1)? :
L= A\D_co(lh — L) (1ilh + 0b)
where
Ly = <1—rlt2+,/l+t12,/l+t22>
X (ll\/1+r12+lz\/l+t22>,
L_ = <1—rlr2+,/1+t12,/1+r22)

(ll\/l +rl lz\/l +12)

212 212
DI’O:1+T(1+‘CI)7 D01=l+—(1+ 2)
Dy = 43[(D1 0)*c}

Dyp = 4l§[(D0,1)2CO

- +rl)]
- +'52)],

1
Dy =1+ ol +0)° + (him — )],

1

- =14 Ll =)+ (i + b)),
Dy =c(lh +1)*Di — (1 + b)* — (ht1 — b)),
Dy 1 =c§(lh —)*D* — (1 — b)* — (hr1 + o).
Let us now calculate the leading terms in (65). Let us notice that
(Ek;» &) =21+ 1) 02,
where

_ 472

INICEES)

is the area of the parallelogram formed with A1 and A, (see the
definition of the lattice of periods I in (9)). Now, from (52)
and (53) we have the following identities

1(Ghx;, E;) = 2iul; (1 +17)°20,

(wLWe, &) = 20(-D wr;l;(1 +17)202

and it is clear that with our non-resonance assumption we have
(GN (X, X), &) =

For deriving the principal parts of g; and g; in (65), we obtain
(67) with

2 (1 + 152 0Qa) = RGN (£_x,, 2,067 1%), &),

. 73
2is(1 + )20y = QOGN Gt £0267%%). £), )

20l (1 -+ T¥20b1 = (26 | NG, &1, -1 F1 %)
N G, a0 ] g )

2ila(1 + 200 = (26 [N, 61,1707
+ Nk, El,lel(k‘+k2)"‘)} , §k2>.

(74)

Solving (67) with respect to u and w and denoting |A|] =
£1, |B| = &, leads to (68).

Notice that the value w
provided that

(a1 — az) (b

This particular case gives (the propagation direction is the x1-
axis)

= 0 leads to asymmetric waves

—b) <0.

ay —az
8%=b o 2+0(81)
2
. — by —b
! T2y - {(al + ax) (b2 — by)

+ (a1 — az)(bl + b)) + O(e)).

If the lattice I has a diamond structure and we choose the x;-
axis such that k| and k, are symmetric with respect to this axis,

the additional symmetry (66) implies
ay = by, a = by,

and

al + ap
n=- ) (1+32)+0(81+52)2

wt = (s%—e%) {@ + 0(8%4-8%)},

where only rational values of the small parameter wt = (r —
s)/(r +s), s < o are allowed, which leads to a restricted
choice for the amplitudes €1 and &>. The special choice & = &3
gives the symmetrical waves propagating in the x-direction as
described in [3].

It remains to compute the coefficients a; and b;. Since

2051+ )0

(26N (_x,, £2,06”X17%), &) = Dre

x (4coDio + 5/ 1+ 1),
2151+ 3)° 2

(20N (£_x,, C0.267%2%), &) = Dos

x (4coDo,1 +5¢/1+13),
ih(1+tHl20
QRGN (8y, €1, _rei®17kx) gy = 21 717
Dy
x {LZ +2L_(1 — 1i72) D_co(ly — bn)
+6(1 — i)* (D= — 1)},
il 1+T 120
(QGN (6. £11€ M%), gy ) = %
1,1

x {L% +2L4+(1 — i) Dyeo(ly + 1)
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+6(1 — 11w)*(Dy — D},
) il>(1 + 2 1/29
(QGN (Ex,. &1 _rei®ek0x) gy — %
x {L? +2L_(1 — 1112) D_co(ly — o)
+6(1 — 1iw)*(D- — )},

. _ ib(1+ 1t
QOGN (E_x,, ¢1 el®iIkx) gy — Tzl

s

x (L3 + 2L (1 — i) Dico(ly + 1)
+6(1 —1i)* (D4 — D},

we obtain

_ B+

ai Do (4coDio + 51+ ), (75)
12(1 +T2)3/2
) = %(4%1)&1 +5/1+12), (76)
2 2
_ 1 1o, L
2(1+13) | D11 D1
L.D L_D_
+2(1 — 1112)c0 ( T+ b)) + (= lz)>
Dy Dy,
Di—1 D_—1
b 61— 110)? ( + ) , a7
Dy Dy,
1 L? L2
by = 5 =
2(0+1) | Dii D1
L.D L_D_
+2(1 — 7112)c0 ( T+ b)) + (= lz)>
Dy Dy,
Di—1 D_—1
61— mﬂ( ) (78)
Dy Di,

In the case when the lattice I has a diamond structure, and
we choose the x1-axis such that k| and k; are symmetric with
respect to this axis, these formulas become

P(1+1%)*?
ai=by = ¥(4COD1,O +5V1+12),

Dy o
1 (1-1% 5+2r2+r4}
ay = by = ————134coD +
S 2(ch£—1){ 0t 122 1+ 12
(1—1%)?
2(1 +12)°
where

212 )
Dio= D1 =1+ ?(1 + 1),

D20 = Do = 41%(c§DT o — (1 + %)),

D —1+212
+ = 3
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