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define the vector £ = (£1,&2) = (t1,t2) + 7(n1,n2), and the matrix ”ad-
joint” to £(P,E) : L(P,Z) = det(£(P,Z).£~1(P,Z), then the complement-
ing boundary condition may be expressed in terms of the product of matri-
ces: B(P,E)-LL(P,E) which is a 4x6 matrix, whose coefficients are polyno-
mials of 7. The rows of this matrixz are required to be linearly independent,
modulo (7 —i)*. In fact this matrix is the restriction of the matrix L(P, Z)
where we suppress the 3rd and 6th lines. It can be written as follows:

Lii  a&iée  d& cé} Cflgzz ey

| a&iée Loo déo &1 &5 ely
BL=1 2 iy —etr L atile dé (24)

—cti1&y  —ctd  —ely abily Ly dé

where

Lit = —a&3 — b(1+7°), Loy = —aé} — b(1 + 1),
a+b=v(1+7°){\(m+v) + K]? + A7 (m +v)*},
b=12(14+1)2NK + (02 4+ AH)(m +v)),
c=12(1+72)?NK, e =121+ 723N K (m +v),
d =121+ 71)3K[\(m +v)+ K]

Notice that all the coefficients have (1 + 72)2 in factor, and that their
degree in 7 is 6 or 7 (don’t forget that &; has degree 1 in 7). It is not
difficult to show that the columns 1, 2, 4, 5 of the matrix B - L are linearly
independent modulo (7 —4)?%, thanks to the fact that (14 72)% and (1+ 72)3
are not 0 modulo (7 — %)%, a + b is never 0, and that b and ¢ cannot be
both zero together except if A, and A; are both 0 (because of the hypothesis
made at lemma 5). Now, in the case when A, and A; are both 0, the matrix
simplifies sufficiently to let us show easily that its rank is still 4. The proof
is then completed.
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1 ® A3 acting in the 2 last components is Fredholm. In the Appendix, we
show that this operator satisfies all properties required by Agmon-Douglis-
Nirenberg [1] for systems of elliptic operators, including the complementing
boundary conditions. This will finish the proof of lemma 5, thanks to a
theorem due to Geymonat [4] (see theorem 3.4) insuring that A" ® A} is
then a Fredholm operator.

5 Appendix

We prove in this appendix, in the dimension 3 case, i.e, the case where X
has dimension 2, and for A ¢ A = {z € C;Rez = —K (I + 2v)"'}, that
the operator A" ® A} acting on the 2 last components (u, o) satisfies all
properties required by Agmon-Douglis-Nirenberg [1] for systems of elliptic
operators, including the complementing boundary conditions.

First we define the 6 dimensional real vector (uj,,o,,u;,0;) where
(uy,0) = (ur,,o0.)+i(u,,,0;), and denoting by m = I+v, and A; = A\;j+nvy,
A = A + i\, we can write the 6x6 matrix £(P,E)corresponding to the
symbol of the differential operator A"} ® A3 acting on the 6 dim real space:

L1 —m&ié K& 0 0 0
—mé1&a L2 K& 0 0 0
=) — &1 &2 Ar 0 0 —Ai
£(P,2) = 0 0 0 £11 —méi1€a K& (22)
0 0 0 —m&iéy £ K&
0 0 A; &1 ) Ar

where £11 = —v(&2 + €3) — m&?, and £99 = —v(& + €3) — mé3. The
determinant is easily computed:

det(£(P,8)) = v*(& + &)\ (m+v) + KPP + A{(m+v)*}. (23)

We notice that, precisely, the hypothesis made at lemma 5 insures that
the coefficient in brackets, which is a regular function of the point in ¥ does
not cancel on X. We can then verify the supplementary condition (see [1])
on det(£(P,E)). Its degree is 8, and for every pair of linearly independent
vectors Z and Z' | the polynomial (in 7) [(é; + 7)) 4 (&2 4 765)%]* has one
quadruple root 7 of positive imaginary part. This quadruple root is just ¢
for any orthonormal vectors Z and Z’. In addition, our system is uniformly
elliptic (see equ. (1.7) of [1]).

The complementing boundary conditions are a little harder to check.
Here we have Dirichlet boundary conditions for (ui,,uy;), i.e. on 4 com-
ponants only of our 6 dim vector. The corresponding matrix B(P,d) has
4 lines and 6 columns, with only 1 or 0. Now consider any unitary tan-
gent vector(t1,t2) to the boundary 9%, and the unit normal (n,n2), and
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% is invertible, while for dimension 3, we are only able to check that AY is
an elliptic operator in the sense of Agmon-Douglis-Nirenberg [1].

In the case of dimension 2, ¥ is reduced to the interval (0,1), then we
show for A ¢ A = {z € CGGRez = —K (I + 2v)~!} that the operator A? is
invertible, which implies the result of lemma 5. Indeed, let us study the
following equation:

AU = @ € [L*(%))? x LA(%); U € Dy, (20)
where ® = (¢, ¢, P2) is given.

In fact we have
AMU = —(I+2v)u” | + Ko’

where the primes denote derivatives with respect to 4, and where u; is a
scalar function. It results easily that we obtain

((1+2) (/\—f—z'm}o(y))—i-K}J:/Oy¢L(s)ds+(l+21/)</>2 Lo @)

where the coefficient of ¢ does not cancel in the interval [0, 1] thanks to
the assumption, and where the constant C' is uniquely determined by the
following condition
1 1
[ ety = [ Ot imann)) oty
0 0

which comes from the boundary conditions on u;. This determines ¢ in
L?(%) , hence one obtains

uL(y):(l—i-Ql/)1{K/Oya(s)ds—Cy—/oy/;(ﬁL(T)dT}

which satisfies the boundary condition at y = 1 and belongs to H}(X). It is
then obvious that one can solve the first component of (20) with respect to
u, € H> N H}(X). This ends the proof of the bounded invertibility of the
operator AY in the case of dimension 2. Let us observe in addition that when
Re) = —K(I+2v)7!, and Im\ € range{—nwvo(y)} then the coefficient of o
y€(0,1)

in (21) cancels at some point of (0, 1), hence such a A belongs to the essential
spectrum of L™ (invariant under a relatively compact perturbation).

In the case of dimension 3, X is then a 2-dimensional regular connected
open set of R, let us first observe that the operator A” acting in the first
component, is invertible with respect to wu,., as soon as u; € {H}(¥)}?, and
o € L%(Y), and that the component u, of U does not appear in the other
components of the operator A%}. An obvious consequence of this fact is that
it is equivalent to prove that AY is Fredholm, or to prove that the operator

11



We easily see that AY is closed, and that BY is relatively compact with
respect to A% (see[7] chapterIV). As a consequence, for values of A such
that A% is a Fredholm operator [closed range with finite codimension and
finite dimensional kernel (see for instance [7] chapter IV)], then the operator
A} + BY is closed and is also a Fredholm operator, with the same index and
the reverse is also true (A%} + B} Fredholm implies A%} Fredholm). Since we
know that A%} + BY is Fredholm of index 0 for A ¢ ©¢(L£) U ©¢(L") (in fact
this is even true outside of a sector depending on n, as what we showed for
small Fourier modes at section 3), it results that this operator is Fredholm
of index 0 on the connected component I of the +oo direction of C in
the complementary set of {\ € C; A} 4+ BY = Al — £ is not Fredholm}.
Moreover, we know that for A real and large enough (€ Fyj), AL — L is
invertible, so a general result on Fredholm operators (see [7] p.242-243) says
that in [} all points are in the resolvent set of L", except a discrete set of
1solated points, corresponding to eigenvalues of finite multiplicities for L£".
Our aim now is to show

Lemma 8 For A ¢ A= {z € C;Rez = —K(l+ 2v)™'} the operator A} is
Fredholm.

This implies that AI — £" is also Fredholm, hence Fj D {z € C;Re z >
—K(l + 2v)71}. Finally, the only values of A such that AI — £" is not in-
vertible, are isolated points corresponding to eigenvalues of £ with finite
multiplicities, possibly accumulating (for fixed n) on the line A. It then re-
sults that the essential spectrum of L (defined as the complementary set in
C of the set where the operator (Al — £) is Fredholm), consists in the union
of essential spectra of AY for all integers n , this set being located on A, and
the set of accumulation points of eigenvalues for growing values of n. We
can now sum up all results above by the following

Theorem 9 The spectrum of L s formed with an essential spectrum located

on the left of the line of abscissa limsup(—'yévvo) < 0, and a discrete set
N—oo
of ergenvalues of finite multiplicities possibly accumulating at points of the

essential spectrum. The part of the spectrum lying on the right of a certain
line of negative abscissa, is only formed with a finite number of eigenvalues
(located in a triangle given by lemma /).

Remark 3 The important consequence of such a result is that for the linear
stability study of parallel flows such as the one we consider here, it will be
sufficient to consider eigenvalues of the largest real part, as it is usual in the
incompressible Navier-Stokes case.

Proof of the lemma: We shall distinguish between dimension 2 and di-
mension 3, because for dimension 2, we can prove the stronger result that

10



Corollary 7 Let &y = sup{Re \; A € spectrum(L)},then if £y > —'yé,vvo (true
in general for N large enough), the growth rate of exp(Lt) when t — oo is
equal to &g.

Indeed, the corollary follows from the above splitting of the space Ey =
Ex + EN. When & > —’)/N the behavior at oo is dominated by the com-

avo
ponent in Ey. By a classical result on analytic semi-groups, it follows that
for any € > 0,3 C; such that || exp(Lt) ||< C. exp(&p + €)t, for t > 0.

4 Structure of the spectrum of £

We consider now, in more details, the structure of the spectrum of £; this
will be achieved by studying the resolvent equation

(MI-L)U=® € Ey, UeD. (19)

We already know that for A\ ¢ ©y(L)U Oy(L*), for instance A real and large
enough, then A belongs to the resolvent set of £. We also notice that we
have not here the opportunity to use a compactness property of the resolvent
because the embedding D CFEy is not compact.

Let us decompose (19) into Fourier components in z. We split the op-
erator A — £" into the sum of two linear operators A} = (A2, A", A3) and

BY = (B2.B' ,By) defined below, where U = (u,,u;,0) :
AU = —vAju, —in(l+v)Vy -uy +inKo

.ASL_U:—VAJ_UJ_—(Z—FZ/)VJ_VJ_-UJ_—FKVJ_O'
AU = (A + invg)o + V -uy

BoU = Au, + nQ(l + 2v)uy + tnvpuy +uy -V Vg
BlU = Auy + nvu, — in(l +v)V u, + invou .

B3U = inu,

where for n = 0, one has to add the condition

/020.
b

Let us define L%(X) as L*(X) for n # 0, and as the quotient of L?(X) with
respect to constants for n = 0. The basic space is now [L%(X)]? x L3(X),
and the domain of A} becomes

Do | U=(uzur,0)iu, € H2NHy(),up € {H,(2)}? 0 € LE(3),
= —vAju; — (I4+v)VV, -u, + KV, 0 € LA(X) ‘



Notice that the linear stability condition has been obtained here by stan-
dard elementary inequalities. In this direction the result (17) can be consid-
ered as "optimal”, in the sense that it coincides with the formula deduced
for incompressible fluids with variational method [12].

Lemma 5 Let DV be the subspace of D such thatU = Y. U,(y, z)e2mm=/h,
[n|>N

then for any Vy, there exists N large enough such that in (16) v2, ~(which

replaces You, ) s positive.

This lemma follows easily from (17) once we notice that in the above
subspace DY of D, the Poincaré constant 'yg which replaces yp is such that
v < h/2mN.

From this lemma, follows the exponential decay of high Fourier modes
of U and a better estimate of the spectrum of £ on the closed subspace DV

of "high” Fourier modes.

Let Dy be the subspace of D such that U = 3 U,(y, 2)e?"™*/" then
In|<N
for U € Dy,we have

|0, | < 2N7/h||o]|
hence, we can estimate in Dy

(LU, U)) <I| VVo [zl w P + [l vo [l |l Ve [lff |
2K | Voulll o | +2aNEL™ || vo ||z o ||
+a{(l+20) [ V-u|[ +0 || V xu || +byp [ vg [[p=]| Va |
+orp (| VVo [[pell wll} | o | +aby [a ][ (fwlf + [ o [l vo [[z=)-

Combining this estimate with (15), and using classical inequalities, we obtain
for any U € Dy the new estimate:

| (LU, U))| + Re((LU, U)) < Lanwy IU]1* (18)

where I', vy, is @ number depending on N, vy and «. This estimate gives the
following

Lemma 6 The numerical range of L restricted to Dy s located in a sector
of the complex plane: S ={z =z +iy € C |y| < Tany, — z}.

Remark 2 Collecting the two last lemmas, we have a better estimate of
the spectrum of L, which is included in the union of S and the half plane
{z € GGRez < —’y(‘x)o}. Moreover, in each of the closed subspaces En and
EN of Ey, we have a better estimate for the resolvent operator, than (11) of
lemma 1. On Ey the semi-group exp(Lt) is analytic [7], while on EN it is
a contraction semi-group.



(L1U:2) =K || o [P |<[(0+20) | Vou] +0b | V xu|
+oyplvollz (| Va |l +bvp || VVo [zl w ][ o[ -

It remains to analyze (W;u) where

VW:_UOg_O_Vu:—V(U+UUOi)
Xr

Notice that problem (12) for W has to be solved with g = —V-(u+owpi),
with (u+ ovpi) - n = 0 on the boundary. Therefore by theorem 3.3 of [3] we
have the stronger estimate for W

I W< b1 ]| u+ow |
hence
(W) < b [ ([all+ ol voflz=)-
Inserting these informations in (14), we deduce, for o > 0
Re((LU;U)) < —v || Vu ||> =(1+v) || V- u ||* —=Re(u- VVy;u) (15)

—aK || o || +o{(l+2v) | V-ul[+vb | V x u || +byp || vo =] Vu ||
+ovp | VVo [l wll} [T o || +aby [[w ][ ([ wlf + [ o [[ll vo [[z=)

By use of Poincaré inequality and results on positiveness of quadratic forms,
it is straightforward to obtain

Re((LU:U)) < =(v'1p7 = || Vo [lz=) [ |* —aK" || o |7,

where ' and K’ can be taken arbitrarily close to v and K (respectively)
provided that we choose a small enough. We then arrive to

Re((LU;U)) < —aw || U |17, (16)
where 7., 1S a positive constant, once
v =7 || Vo [[1> 0 (17)

holds, i.e. if the basic flow has not too high velocity gradient.We have now
the following

Theorem 4 The operator L is the infinitesimal generator of a C° semi-
group in Ey. Moreover, if | VVy ||fee< V’yEQ, the semi-group exp(Lt) is
uniformly bounded by e~7>vo! for t > 0, where Yau, is defined by (16).

Remark 1 In the above theorem, || VVy || may be replaced by || Dy ||
where Dy is the symmetric part of VVy, as it can be shown from the form

of (15).



Lemma 3 Let g € L2, such that fnﬁg = 0. Then there exists a unique
solution ¢ € H&ﬁ of the problem

V-op=g, in (12)
satisfying the estimate

Ve ll<blgll

where b 1s a positive constant.

Let U = (u,0),V = (v,7), we denote by z and w solutions to (12)
respectively corresponding to g = 0 and 7. Let « be a suitable real number
which will be defined below, then we introduce the following new scalar
product in Ej

(U V) = (UsV) g, — of(w;w) + (z;v)].

It is easy to see that w : (U,V) — ((U;V)) is a sesquilinear symmetric
form. Moreover, the following estimate holds

(U:0) 2l |? +K || o > =2le] [u ] 2|
2w ? +K || o[> =2lalbyp [alll o |l
Therefore, the sesquilinear form w is positive definite when
lalbyr < VK, (13)

which also insures the equivalence of the two norms in Ejy. We can study
the numerical range of £ using the new scalar product. To simplify the
formalism, we introduce the following notations

0
£1UzuAu+(l+u)V(V-u)—voa—z—u-VVO_Kvg

£2U:—voa—a—v-u
Oz

so, for U € D, we have
(LU;U)) = (L1Usu) + K (L2Us 0) — of (L1U52) + (Wia)] - (14)

where W solves problem (12) with g = £2U. Let us now estimate the two
new last terms of the right hand side of (14).
We observe that

(L1Usz) =K || o |> =1+ 2v)(V-w0) —v(V x w;V x z) — (vou,, +u - VVp; z)



for any u € H&ﬁ. We have at once, for any U € D

Re(LU;U) gy < (—vyp >+ || VWG [loe) |0 [P C || U ||F, (9)
where C = max(0, —V’y;2+ | VVo |l zee)-

Let us define the adjoint operator £* of £, since we shall use the property
that the spectrum of £ is included in ©g(L)UO(L"). For U € Dand V € Ej
and sufficiently regular, we have

(LU V), = (wrvAV + (L +v)V(V - V) + 0oV, —v - (VV)) + KV7)+

+K(0;V v +or, )+ B=(ULYV), (10)

where

B::y/ @-V—}—(l—l—z/)/ V-uv-n)—K [ o(¥-n).
oy On oy oy

The domain of £* is by definition the set of V' such that (LU; V), can
be extended as a bounded linear form on U in Ey. To this aim we need to
have v = 0 on 9X. Then, it is easy to show (via an analogous argument as

for the study of D(L) via (8)), that

o [ V=(v,T)€eEyve (Hgﬁ)?’,vog—; € L?’
e RN et gy §7 PO

Concerning the numerical range of £*, in the wake of what is proved for
the operator £, we can see that (9) also holds for £*. As a consequence,
when A\ is not in the closure of ©y(L) U Og(L*) it belongs to the resolvent
set of £ (see Kato [7], chapter 5). So, we have the following

Lemma 1 For Re(\) > C, X belongs to the resolvent set of L. Moreover,
we have the following upper bound:

I AL=L)7" < (Be(A) =€) (11)

where C' is defined in (9).
Now, by the Hille-Yoshida theorem, we have

Corollary 2 The operator L is the infinitesimal generator of a C° semi-
group in Ey. Moreover, if | VVj ||fe< yfy;2, the semi-group exp(Lt) is
uniformly bounded for t > 0.

In order to obtain a better estimate on the spectrum of £ we deem it
better to introduce a new scalar product. To this aim, we first remind a
classical result [2].



From now on, we omit the subscript L? and (L?)3 in the common scalar

products and norms in L2.

Let us denote by £ the linear operator defined by the right hand sides
of (4),(5) as an operator acting in the space Ey, with domain D(L), taking
into account the Dirichlet boundary condition on u . The system (4),(5)
can be rewritten in the following form:

Cfi_(t] = LU, in Ey (7)
Uli=o = Uy, in Ej.

Let us first show that D(L) = D.
We first notice that D(L£) is dense in Ey and we have for any U € D(L)
after integrations by parts

’

(LU U)g, = —v || Vu [P = +v) | V-u | —(u- Vg (8)
—iIm(vou,, ;u) — 20K Im(V - u;0) — iK Im(vgo,, ; 0).

Then, noticing that |(u- VVy;u)| <|| VV ||| u ||?, and taking the real
part of identity (8) we see that U € (Héﬁ)3 X L? which proves, from the
definition of D, that D(L) = D.

The operator L is closed. Indeed, let us consider U,, -+ U and LU, — V
in Ey, then by a classical argument using distributions, it follows that LU =
V. Then, by using (8) we can prove that U € (Héﬁ)3 X L?,Which implies
that U € D.

We are interested in the existence, uniqueness, and asymptotic behavior
as t — oo of solutions of (7). To this end, we analyse in section 3 the
numerical range of £ with suitable scalar products in Ey. This will imply
that £ is the infinitesimal generator of a CU- semi-group, with first estimates
on the growth rate as t — oo and a first idea of the location of the spectrum
of £. In section 4, we study the spectrum of £, which allows to furnish a
more precise behavior as ¢ — oo of the solutions of (7), even though there
is an essential part in the spectrum.

3 Numerical range of £
We begin by studying the numerical range
Oo(L) ={(LU;U)p,; UeD,||U ||p,=1,}.
Therefore, we denote by yp the Poincaré constant of €2, i.e.

lwll<vp |l Ve



admit solutions, which will be refered below as ”the basic flow”, of the form:

Avg = g on X,
vg = a on 9%

Vo = wo(y, 2)i, where { (1)

P = Po. P =po (2)

where Vj is the velocity field of a parallel flow, 2 is the unit vector in the
direction of x axis and g and a are given functions respectively on > and
0%, the basic pressure py as well as the basic volumic mass pg are constant.
Let us set

V=Vo+u, p=po(l+o) (3)

then the linearized Navier-Stokes equations may be written as follows:

Ju Ju
E—I/AU—I—(Z—I—I/)V(V-U)—’UO%—U-VVO—KVG (4)
Jo Jo
T Mg Vo 5)

where u = 0 on R x 9%, K = c% (square of sound velocity), and v, [ are
kinematic viscosity coefficients (assumed to be constant). We only consider
here periodic functions in z (period &). The periodicity cell is denoted by
Q = (R/hZ) x £.We have to complete the system (4,5) with initial data
such as: u |;—,= ug and o=, = 0¢p. Moreover, we ask fQj oo = 0, which
means that the total mass in €24 is the same as for the basic flow.

We now introduce the basic function spaces of our problem:

i) H, é“ is the Hilbert space of a.e periodic functions in z (period h), which
are square summable with their k** first derivatives in their periodicity cell
2y; for k = 0, we denote this space Lf. We denote by Héﬁ the subspace of
Hﬁl such that . = 0 on R x 9%. Moreover |

i) By = {U = (u,0) € (L) fo, o = 0} ,

i) D = U=(u,0) € Eyuc (Héﬁ)?’,vo% e L?,
vAu+ (1+v)V(V-u) - KVo € (L7)?

The space Ey is a Hilbert space with the following scalar product in

(12)*

U:V)g, = (u; V)(L§)3 + K (o; T)L§7 where U = (u,0),V = (v,7). (6)



where the linearized problem would give a weakly (growth rate close to 0)
decaying or weakly exploding solution as ¢ — oo. This is our motivation
for studying the structure of the linearized problem around a steady basic
solution flow (hence corresponding to non necessarily small velocity field). A
further non trivial step would be to rely the linear analysis done here, with
the nonlinear behavior of the solutions as ¢ — oo , in justifying, for instance
a center manifold reduction technique. This is not done here. However, the
Justification of linearization principle, when this one gives linear stability, is
provided by Neustupa [11] in working in Hélder spaces, for flows in bounded
domains.

Existence (for all ¢ > 0), uniqueness and regularity of the solution of
linearized Navier-Stokes equations for barotropic fluids, in a bounded do-
main of R? or R? has been established by G.Geymonat and P.Leyland in
[5]. In particular, they show that if the basic flow is steady, the linear oper-
ator is the infinitesimal generator of a C°- semi-group in a suitable Banach
space and that for "small” datas, it is a semi-group of contraction. It is
also stressed that the difference, between this case and the incompressible
Navier-Stokes case, is that the mass conservation is expressed via a trans-
port equation, which perturbs a lot the parabolic form of the system. In the
present work, we consider the linearized form of the Navier-Stokes equations
governing nonsteady flows of a viscous barotropic gas filling a cylindrical
domain. Precisely, assuming a periodicity condition along the generatrix
direction, we show again, but in a simpler way than in [5], that the linear
operator generates a CY- semi-group in a suitable space, being a contraction
semi-group for small datas. In addition we establish, in quite general situa-
tions, that the growth rate (in time) of the solution is given by the greatest
real part of eigenvalues of the linear operator. Notice that a similar result is
obtained by J.Neustupa [11] using very different techniques in Hélder spaces
(more regular than our space). In addition, we prove that the spectrum of
the above linear operator is the union of an essential spectrum lying on the
left side of a line of the left complex plane, and of a discrete set of isolated
etgenvalues of finite multiplicities, eventually giving the most ”dangerous
modes” as t — oo (we give some precisions also on the location of this ”dan-
gerous” part of the spectrum). The technique we use here is analogous to
the one used in [6], but with the additional difficulties here specific to the
compressible Navier-Stokes equations.

2 Statement of the problem

We consider a viscous compressible fluid (gas) occupying the cylindrical
region 2 = R x X whose cross section ¥ is a regular simply connected
domain of R?, orthogonal to the x axis. We assume that the state law for
the gas is a barotropic one, i.e. p = f(p). Then the Navier-Stokes equations
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Abstract

We consider the linearized compressible Navier-Stokes equation near
a parallel flow in a cylindrical domain restricting our study to pertur-
bations periodic in the generatrix direction. For any parameter values,
we show that the initial value linear evolution problem is solved by
the direct sum of a (strictly) contraction semi-group and an analytic
semi-group. Any unbounded in time solution of this linear problem
comes from isolated eigenvalues with finite multiplicities, which have
non negative real part, and whose imaginary part is bounded. In ad-
dition, we precise the structure of the spectrum of the generator of the
semi-group, locating the essential spectrum strictly on the left side of
the complex plane.

1 Introduction

The existence, uniqueness and regularity of non-steady solutions of com-
pressible fluids, besides the pioneering papers of Nash, Graffi and Serrin, has
recently received ”global in time” results (see for example [9],[10],[8],[13]).
The results in [9], [10], [13] prove existence, uniqueness and stability of
regular solutions for the full nonlinear problem, in a bounded domain, as-
suming smallness on the initial velocity field and on the part of the external
force which is not potential. Very few is known, on the stability of steady
solutions, having large velocity field, of the full nonlinear system. One pos-
sibility for starting the study of this problem is to make the analysis of the
linearized problem, which seems more affordable. Moreover, we wish to infer
informations on the nonlinear problem, from those known for the linear one,
and we need to study what happens near critical situations, i.e. situations



