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1 Introduction

These lectures are extracted from the book ”Local Bifurcations, center Manifolds, and
Normal Forms in infinite-dimensional Dynamical systems”, EDP Sciences and Springer
Universitext 2011, co-authored with Mariana Haragus.

We restrict our attention to the study of local bifurcations. Starting with the simplest
bifurcation problems arising for ordinary differential equations in one and two dimensions,
the purpose of these notes is to describe several tools from the theory of infinite-dimensional
dynamical systems, allowing to treat more complicated bifurcation problems, as for instance
bifurcations arising in partial differential equations. Such tools are extensively used to solve
concrete problems arising in physics, mechanics and natural sciences.

In a parameter-dependent physical system, for example, modelized by a differential
equation, the presence of a bifurcation corresponds to a topological change in the structure
of the solution set (which may break its symmetry in the case of a system invariant under
some symmetry group). Such a change may imply the occurrence of new solutions, or
the disappearance of certain solutions, or may indicate a change of stability of certain
solutions. Local bifurcation theory allows one to detect solutions and to describe their
geometric (including symmetries) and dynamic properties.

For instance, in the classical Couette—Taylor problem describing flows between two coax-
ial rotating cylinders (briefly presented in Section 6), the theory was not only a qualitative
one, but also sufficiently quantitative to allow prediction of numerical values of the parame-
ters, where new flows, such as “ribbons,” were expected to be observed. These were indeed
later observed experimentally [70]. This predictive power of the local theory appeared again
in water wave theory, or in the propagation of interfaces between metastable states (see [23]
chapter 5).

We focus here on two specific methods that arise in the analysis of local bifurcations
in infinite-dimensional systems, namely the center manifold reduction and the normal form
theory. Center manifolds provide a powerful method of analysis of such systems, as they
allow one to reduce, under certain conditions, the infinite-dimensional dynamics near a
bifurcation point to a finite-dimensional dynamics, described by a system of ordinary dif-
ferential equations. An efficient way of studying the resulting reduced systems is with the



help of normal form theory, which consists in suitably transforming a nonlinear system,
in order to keep only the relevant nonlinear terms and to allow easier recognition of its
dynamics. The combination of these two methods led over the recent years to significant
progress in the understanding of various problems arising in applied sciences. A common
feature of many of these problems is the presence of symmetries. It turns out that both
the center manifold reduction and the normal form transformations preserve symmetries,
allowing then an efficient treatment of such problems. In addition, they provide a detailed
comprehensive study near a singularity in the solution set of the system, which might also
orient a numerical treatment of such problems.

In sections 2 and 3 we discuss typical local bifurcations in one and two dimensions. We
restrict our attention to bifurcations of codimension 1 which require only one real parameter
in order to generically occur. We include several cases of systems that possess an invariance
under some simple symmetry. Section 4 is devoted to the center manifold theory. This is
the core tool used all throughout these notes. We present the center manifold reduction for
infinite-dimensional systems, together with simple examples and exercises illustrating the
variety of possible applications. The aim is to allow readers who are not familiar with the
subject to use this reduction method simply by checking some clear assumptions. Section
5 is concerned with the normal form theory. In particular, we show how to systematically
compute the normal forms in concrete situations. We illustrate the general theory on
different bifurcation problems, for which we provide explicit formulas for the normal form,
allowing one to obtain quantitative results for the resulting systems.

Finally, in section 6 we present some applications of the methods described in the pre-
vious sections. Without going into detail, for which we refer to the literature, we discuss
hydrodynamic instabilities arising in the Couette—Taylor and the Bénard—Rayleigh convec-
tion problems.

Historical Remark. Many authors refer to the work of C. G. J. Jacobi from 1834,
on equilibria of self- gravitating rotating ellipsoids [37], as a first reference in the field of
bifurcation theory. Howewver, it seems that the first serious works on bifurcation problems
were by Archimedes and Apollonios over 200 years BCE. Archimedes studied the equilibria of
a floating paraboloid of revolution [64]. In today’s terminology his results would correspond
to a pitchfork bifurcation which breaks a flip symmetry, or to a steady bifurcation with O(2)
symmetry, when taking into account the invariance under rotations about the paraboloid
axis. Apollonios studied the extrema of the length of segments joining a point of the plane
to a given conic [40]. The number of solutions changes from one to three in crossing the
envelope of the normals to the conic. Here again, due to the symmetry of the conic, we have
an example of a pitchfork bifurcation. Finally, it seems that the French word “bifurcation”
was introduced by Poincaré in 1885 [61].

2 Bifurcations in Dimension 1

We consider in this section two generic bifurcations that are found for scalar differential
equations of the form

du
) (2.1)



Here the unknown w is a real-valued function of the “time” ¢, and the vector field f is real-
valued depending, besides u, upon a real parameter u. The parameter u is the bifurcation
parameter.

We assume that the vector field f is of class C*, k > 2, in a neighborhood of (0,0)

satisfying
of

£0.0) =0, =5(0,0) =0. (2.2)

The first condition shows that u = 0 is an equilibrium of (2.1) at g = 0. We are interested
in (local) bifurcations that occur in the neighborhood of this equilibrium when we vary the
parameter p. Then the second equality in (2.2) is a necessary, but not sufficient, condition
for the appearance of local bifurcations at p = 0. If 9f/0u(0,0) # 0, the condition (2.2)
is not satisfied and a direct application of the implicit function theorem shows that the
equation f(u, ) = 0 possesses a unique solution v = u(u) in a neighborhood of 0, for any u
sufficiently small. In particular, u = 0 is the only equilibrium of (2.1) in a neighborhood of
the origin when p = 0, and the same property holds for p sufficiently small. Furthermore,
it is not difficult to show that the dynamics of (2.1) in a neighborhood of the origin is
qualitatively the same for all sufficiently small values of the parameter . Consequently, in
this situation no bifurcation occurs for small values of u.

2.1 Saddle-Node Bifurcation

We discuss in this section the simplest bifurcation that occurs in one dimension, the saddle-
node bifurcation. Throughout this section we make the following hypothesis.

Hypothesis 2.1. Assume that the vector field f is of class C*, k > 2, in a neighborhood of
(0,0), and that it satisfies (2.2) and

of
o

(0,0) =: a # 0, %(0,0) =:2b # 0. (2.3)

An immediate consequence of this hypothesis is that f has the expansion
fu, ) = ap + bu® + o|u| + u?),

as (u, ) — (0,0). It is then natural to start by studying the truncated equation

d
d_:fb = ap + bu?, (2.4)

for which we expect that the dynamics near 0 are the same as those of (2.1).

Truncated Equation

The equilibria of (2.4) are solutions of the equation ay + bu? = 0, so that the truncated
equation has no equilibria if aby > 0, one equilibrium v = 0 if 4 = 0, and a pair of equilibria
u = +/—ap/bif abu < 0. As for the dynamics, in the case abu > 0 the function au-+bu? has
a constant sign for all u € R, so that the solutions are monotone: increasing when b > 0 and
decreasing when b < 0 (see Figure 2.1(a)). The same property holds for the nonequilibrium
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Figure 2.1: Extended phase portrait, in the (¢, u)-plane, of the truncated equation (2.4) for
b>0and (a) au >0, (b) u=0, (c) ap < 0.

solutions in the case p = 0: They are increasing when b > 0 and decreasing when b < 0
(see Figure 2.1(b)). Finally, in the case aby < 0, the function au + bu? changes sign at the
equilibrium points u = ++/—ap/b, and we find that solutions with |u(t)| < \/—au/b are
decreasing when b > 0 and increasing when b < 0, whereas solutions with |u(¢)| > /—au/b
are increasing when b > 0 and decreasing when b < 0 (see Figure 2.1(c)). In particular,
the equilibrium —/—au/b is attractive, asymptotically stable, when b > 0, and repelling,
unstable, when b < 0; whereas, the equilibrium \/—au/b has opposite stability properties.

We summarize in Figure 2.2 the dynamics of the truncated equation. In all cases,
the qualitative behavior of the solutions changes when p crosses 0. The value yu = 0 is
the bifurcation point. At this value, a pair of equilibria with opposite stability properties
emerges for y > 0 when ab < 0, and p < 0 when ab > 0. We are here in the presence of a
saddle-node bifurcation (also called fold or turning point bifurcation).
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Figure 2.2: Saddle-node bifurcation: bifurcation diagrams, in the (u,u)-plane, of the trun-
cated equation (2.4) for different values of a and b. The solid lines represent branches
of stable equilibria, the dashed lines branches of unstable equilibria, and the arrows indi-
cate the sense of increasing time ¢. For the full equation (2.1), under Hypothesis 2.1, the
bifurcation diagrams are qualitatively the same in a neighborhood of the origin.

Remark 2.2 (Saddle-node bifurcation). The names fold and turning point bifurcations
are inspired by the form of the branch of the bifurcating equilibria in the (u,u)-plane. The
name saddle-node bifurcation comes from the fact that in the n-dimensional case, when
u(t) € R™, the two emerging equilibria are typically a saddle point and a node.

Remark 2.3 (Explicit solutions). The truncated equation (2.4) can be easily solved explic-



itly. For abp > 0 we set

and obtain the equation
d
d_: = sign(b)\/abp (1 + v?).

The unique solution v of this first order ordinary differential equation (ODE) with initial
data v(0) = vg is then given by

v(t) = tan <sign(b)\/@t + arctan(vo)> , (2.5)

with arctan vy € (—m/2,7/2). Similarly, for abu < 0 we set

w= ] =y
N b
and obtain p
d_: = sign(b)\/—abp (v* — 1).
Hence,

v(t) +1 _ v+ 1 ogn(s)y=abut
?}(t) —1 Vo — 1 ’
for any vy # +1. For vg = £1, we find the constant solutions v(t) = £1. Finally, for u =0

we have the unique solution
Uug

t) = ———
u() 1—bUQt

for initial data w(0) = ug. These calculations then give the results described above and
summarized in Figures 2.1 and 2.2. In addition, they show that the solutions blow up in

finite time (either positive or negative), except for initial data ug € [— v/ —ap/b, \/—au/b] ,
when abp < 0.

Full Dynamics

Let us now consider the full equation (2.1). The equilibria are solutions of the equation
f(u, ) = 0. Since a # 0 we can apply the implicit function theorem, which shows that this
equation possesses a unique solution p = g(u) for u close to 0. The map g is of class C* in
a neighborhood of the origin, and g(0) = 0. Moreover, its Taylor expansion is given by

= —9u2 + o(u?).
a
This gives a curve in the (u,u)-plane, which has a second order tangency at (0,0) to the
parabola y = —bu?/a found for the truncated equation (see Figure 2.2). In particular, this
shows that the truncated equation and the full equation have the same number of equilibria
in a neighborhood of the origin, which are o(|u|*/?)-close to each other. Consequently, the
full equation has no equilibria if abu > 0, one equilibrium v = 0 if © = 0, and a pair of
equilibria us (p) = ++/—apu/b + o(|u|*/?) if aby < 0.



As for the dynamics, the situation is also similar to that for the truncated equation,
provided u and p are sufficiently small. In the case aby > 0 the function f(u, ) has constant
sign for sufficiently small v and p, so that in a neighborhood of the origin the solutions are
monotone: increasing when b > 0 and decreasing when b < 0 (see Figure 2.1(a)). When
u = 0, the nonequilibrium solutions are monotone: increasing when b > 0 and decreasing
when b < 0 (see Figure 2.1(b)). Finally, in the case abu < 0, the function f(u,u) changes
sign at the equilibrium points ug (1), where

%(Ui(ﬂ)au) = 2bui(,u) + 0(‘:“"

1/2)

has a definite sign. Then the equilibrium u_ (p) is attractive, asymptotically stable when b >
0, and repelling, unstable when b < 0; whereas, the equilibrium w4 (1) has opposite stability
properties. Further, we find that solutions with u(t) € (u—(u),u4(p)) are decreasing when
b > 0 and increasing when b < 0, whereas solutions outside this interval, with u(t) > u4 (@)
or u(t) < u_(p) are increasing when b > 0 and decreasing when b < 0 (see Figure 2.1(c)).
Just as for the truncated equation, we have here a saddle-node bifurcation (see Figure 2.2).
We summarize this result in the following theorem.

Theorem 2.4 (Saddle-node bifurcation). Assume that the vector field f satisfies Hypothe-
sis 2.1. Then, for the differential equation (2.1) a saddle-node bifurcation occurs at p = 0.
More precisely, the following properties hold in a neighborhood of 0 in R for sufficiently
small p:

(i) If ab < O (resp., ab > 0) the differential equation has no equilibria for p < 0 (resp.,
for ;n>0).

(ii) If ab < 0 (resp., ab > 0), the differential equation possesses precisely two equilibria
us(e), € = |p|V/? for p >0 (resp., for i < 0), with opposite stabilities. Furthermore,
the map € — u~ () is of class C*=2 in a neighborhood of 0, and u+(g) = O(¢).

Remark 2.5 (Higher orders). In the case when b = 0, but still a # 0, one has to look
for the lowest positive integer n for which the derivative 0" f/0u™(0,0) = bn! # 0. The
equilibria are then of order O(|u|'/™), and for n even the qualitative phase portraits are as
in Figure 2.2. When n is odd, the branch of equilibria crosses the u-axis, and on each side
the equilibria have the same stability (stable if b < 0, or unstable if b > 0). Ifa =b =0, then
the situation requires a study of the Newton polygon and enters more into the framework of
singularity theory (e.g., see [19]).

2.2 Pitchfork Bifurcation

In many physical situations the problem possesses some symmetry. The simplest one that
occurs in one dimension is the reflection, or mirror, symmetry: u — —u. In this section
we discuss this situation and the corresponding generic bifurcation, which is the pitchfork
bifurcation.

We consider again the scalar differential equation (2.1) and now make the following
assumptions.



Hypothesis 2.6. Assume that the vector field in (2.1) is of class C*, k > 3, in a neighbor-
hood of (0,0), that it satisfies (2.2), and that it is odd with respect to u, i.e.,

Further assume that
Pf o Pf o
M(O,O) =:a #0, 70 3(0 0) =: 6b # 0. (2.7)

An immediate consequence of the oddness property of f is that
f(0, ) =0 for all p,

so that u = 0 is an equilibrium of (2.1) for all p.

Truncated Equation

We start again by studying the truncated equation, which in this case is

% = apu + bud. (2.8)
As for the full equation, v = 0 is an equilibrium of this equation for all values of pu.
Upon solving the equation apu 4+ bu® = 0, we find that « = 0 is the only equilibrium of
(2.8) if abu > 0, and that for abyu < 0 there is an additional pair of nontrivial equilibria
u = ++/—au/b. As for the dynamics, the nonequilibrium solutions are monotone, with
monotonicity determined by the sign of the function apu + bu®. This function changes
sign precisely at the equilibrium points, and a direct calculation leads to the diagram in

Figure 2.3.
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Figure 2.3: Pitchfork bifurcation: bifurcation diagrams, in the (u, w)-plane, of the truncated
equation (2.8) for different values of a and b. The solid lines represent branches of stable
equilibria, the dashed lines branches of unstable equilibria, and the arrows indicate the
sense of increasing time ¢. For the full equation (2.1), under Hypothesis 2.6, the bifurcation
diagrams are qualitatively the same.

Again, the qualitative behavior of the solutions changes when p crosses 0, so that p =0
is a bifurcation point. At this value, the trivial equilibrium « = 0 changes its stability, and
a pair of equilibria having the same stability, but opposite to that of the trivial equilibrium,
emerges for p > 0 when ab < 0, and ¢ < 0 when ab > 0. Here we are in the presence



of a pitchfork bifurcation. The cases in which the emerging nontrivial equilibria are stable
are called supercritical, whereas the cases in which these equilibria are unstable are called
subcritical.

Remark 2.7 (Pitchfork bifurcation). The name pitchfork bifurcation comes from the form
of the branches of equilibria in the bifurcation diagram (even though actual pitchforks in the
countryside may look different in various countries).

Remark 2.8 (Explicit solution). The truncated equation (2.8) can be easily solved explicitly.
A direct calculation shows that its unique solution for initial data w(0) = ug is given by

apud
ape2a1t 4 pyd(e—2ant — 1)

u?(t) =

This formula allows us to recover the bifurcation diagrams in Figure 2.8 and shows, in
addition, that the unbounded nonequilibrium solutions blow up in either positive or negative
finite time.

Full Dynamics

We consider now the full equation (2.1), under Hypothesis 2.6. The equilibria are solutions
of f(u, ) = 0, and as already noticed, u = 0 is always an equilibrium because of the oddness
of f in w. In addition, a standard analysis argument shows that we can rewrite the vector
field f as follows:

Flu,p) = uh(u®,p),  h(u?, 1) = ap+ bu® + o(|u| + u?),

where h is of class C*~1)/2 in a neighborhood of (0,0). Since a # 0 we can apply the
implicit function theorem to the equation h(u?, ) = 0, which shows that it has a unique
solution p = g(u?) with g(0) = 0 and g of class C*~1/2 in a neighborhood of 0. The Taylor
expansion of g is given by
w= —éu2 + o(u?).
a

We then conclude that there is a curve of nontrivial equilibria in the (p,u)-plane that has
a second order tangency at (0,0) to the parabola u = —bu?/a found for the truncated
equation (see Figure 2.3), and which is symmetric with respect to the p-axis. Again, this
shows that the truncated equation and the full equation have the same number of equilibria
in a neighborhood of the origin, which are o(|u|'/?)-close to each other. As for the dynamics,
it is here again easy to study by looking at the sign of f(u, x). The arguments are analogous
to those in the case discussed in Section 2.1 and lead to the bifurcation diagrams in Figure
2.3. We summarize these results in the following theorem.

Theorem 2.9 (Pitchfork bifurcation). Assume that the vector field f satisfies Hypothe-
sis 2.6. Then, for the differential equation (2.1), a supercritical (resp., subcritical) pitchfork
bifurcation occurs at p = 0 when b < 0 (resp., b > 0). More precisely, the following
properties hold in a neighborhood of 0 in R for sufficiently small p:



(i) If ab < 0 (resp., ab > 0) the differential equation has precisely one trivial equilibrium
u=0 for p <0 (resp., for p>0). This equilibrium is stable when b < 0 and unstable
when b > 0.

(ii) If ab < O (resp., ab > 0), the differential equation possesses, for u > 0 (resp., for
p < 0), the trivial equilibrium v = 0 and two nontrivial equilibria ux(c), € = |u|*/?,
which are symmetric, u_(¢) = —u(g). The map & +— ux(e) is of class CF=3 in
a neighborhood of 0, and uy(e) = O(e). Furthermore, the nontrivial equilibria are
stable when b < 0 and unstable when b > 0, whereas the trivial equilibrium has opposite
stability.

Remark 2.10 (Higher orders). In the case b = 0, but still a # 0, one has to look for the
lowest n. for which the derivative 9*" 1 f /0u?"+1(0,0) # 0. The equilibria are then of order
O(|p|'?™) and the qualitative phase portraits are as in Figure 2.3. If a = b = 0 then the
sttuation requires a study of the Newton polygon and belongs more in the field of singularity
theory (e.g., see [19]).

3 Bifurcations in Dimension 2

In the remainder of this chapter we consider differential equations in R2,

2—1; =F(u, p). (3.1)
Now the unknown u takes values in R?, just as the vector field F, which depends again
besides depending on u, upon a real parameter pu.
We assume that the vector field F is of class C¥, k > 3, in a neighborhood of (0,0),
satisfying
F(0,0) = 0. (3.2)

Again, this condition shows that u = 0 is an equilibrium of (3.1) at 4 = 0. We are interested
in (local) bifurcations which occur in the neighborhood of this equilibrium when varying
the parameter pu. The appearance, or the absence, of bifurcations is in this case determined
by the linearization of the vector field at (0,0),

L := D,F(0,0),

which is a linear map (operator) acting in R?. In the case when the linear map L has no
eigenvalue on the imaginary axis, the Hartman—Grobman theorem shows that the phase
portraits of the equation (3.1) are qualitatively the same upon varying p in a neighborhood
of 0 (e.g., see [21], [24]). In particular, no local bifurcations occur in this case. When L has
eigenvalues on the imaginary axis, bifurcations may occur at u = 0. The type of these bi-
furcations depend upon the location of the eigenvalues on the imaginary axis. While we do
not attempt to give a complete description of the possible bifurcations for two-dimensional
systems, we focus in this section on two cases: L has a pair of complex conjugated purely
imaginary eigenvalues (Hopf bifurcation), and L has a double zero eigenvalue (steady bi-
furcation) for a system possessing an O(2)-symmetry. The cases in which 0 is a simple



eigenvalue of L and another eigenvalue is real and different from 0, fall in the discussion
of Section 4, using a center manifold reduction (e.g., see the examples in Subsections 4.2.4
and 4.4.1). The case of 0 a double, non-semisimple (with only one eigenvector) eigenvalue
of L is treated in Section 5.

3.1 Hopf Bifurcation

One generic bifurcation in two dimensions is the Hopf bifurcation, which occurs when the
linear operator L possesses a pair of purely imaginary complex conjugated eigenvalues.
This bifurcation was first proved in two dimensions by Andronov [1] in 1937; it is therefore
also referred to as Andronov—Hopf bifurcation, after it was guessed by H. Poincaré in the
early 1900s [60]. The n-dimensional case was proved by Hopf in 1942, using the Lyapunov—
Schmidt method [26]. Our analysis relies upon the normal form theory that we develop in
detail in section 5.

Hypothesis 3.1. Assume that the vector field F in (3.1) is of class C*, k > 5, that it
satisfies (3.2), and that the two eigenvalues of the linear operator L are Liw for some
w > 0.

Remark 3.2. (i) Since the operator L is real, its spectrum is symmetric with respect to
the real axis, so that purely imaginary eigenvalues occur in pairs tiw.

(i) Hypothesis 3.1 implies that L is invertible, since 0 is not an eigenvalue of L. By
arquing using the implicit function theorem, we can then solve the equation ¥ (u, ) =0
near (0,0). This gives a unique family of steady solutions u = u(u) for sufficiently
small p, with u(0) = 0. Furthermore, the map p +— u(u) is of class C*, and by making
the change of variables u — u(p) + u, we may replace assumption (3.2) by

F(0,1) = 0. (3.3)

In this way, u = 0 becomes an equilibrium of (3.1) for all values of p sufficiently small.
We point out that it is then a generic possibility that a pair of complex eigenvalues of
the linearized operators L, = D,F(0, 1) crosses the imaginary axis for a critical value
of the parameter p (here p=0).

(iii) In contrast to the two bifurcations discussed before, now the number of equilibria of
the differential equation stays constant upon varying p in a neighborhood of 0. As we
shall see, we have here a different type of bifurcation in which it is the dynamics of the
differential equation that change at the bifurcation point = 0, and not the number
of equilibria. Such bifurcations are also called dynamic bifurcations, whereas those in
which the number of equilibria changes are also called steady bifurcations.

Consider the eigenvectors ¢ and ( associated with the eigenvalues iw and —iw of L,
respectively,
L{ =iw(, L(=—iwC.
A convenient way of looking at equation (3.1) in this case is by representing any u € R? by
a complex coordinate z € C through

u=2( + 2. (3.4)

10



Adopting the same decomposition for F, we write

F(u,p) = f(2,2, 0+ (2,2, 1)

and then obtain two complex differential equations

d

—= = f(=,7. 1), (3.5)
together with its complex conjugate. The complex-valued vector field f is of class C* in
a neighborhood of the origin in R? x R, where the argument in R? is represented by the
“diagonal” (z,z) € C2. (Notice that f is not holomorphic in 2.) In these coordinates, the

differential of the new vector field (f, f) at the origin is given by

0, .
L (0,0,0) g—g(o,o,o) :<zw 0 >
(0,0,0) §£(0,0,0) 0 —iw
Though the linear part L of (3.5) is now in canonical form, it is still difficult to detect its
dynamics in general. Our approach relies upon the normal form theory developed in section
5. Roughly speaking, the idea of normal forms consists in adding a polynomial term to the

change of coordinates (3.4), such that the vector field of the resulting system has a simpler,
particular form, also at the nonlinear level.

SIS

Normal Form

According to the general normal form theorem, Theorem 5.21, for any integer p < k, and
any p sufficiently small, there exists a polynomial ®,, of degree p in (A4, A), with complex
coefficients, depending upon p, and taking values in R?, such that

0(0,0) =0, 9a®(0,0) =0, z%0(0,0) =0,
and that the (near to identity) change of variables in R?,
u=A(+ A+ ®,(A,A), AeC, (3.6)

transforms the equation (3.1) into a differential equation, or “amplitude equation,”

dA — _
= = iwA+ Ny (A A)+p(A A, ). (3.7)

Here N, is a complex polynomial of degree p in (4, A), with
No(0,0) =0, 9aNo(0,0) =0, 945No(0,0) =0, (3.8)

and the remainder p satisfies

p(A A, ) = o|AP).

Furthermore, the polynomial

NM(Av Z) = (NM(Aa Z)v WM(A7 Z))



commutes with the mapping

(A Z) — (eith’ e—ith)7

which implies that
N, (™A, e ™ A) = !N, (A, A) for all A,t. (3.9)

Remark 3.3 (Symmetry). We observe that the transformation (3.6) has the effect of
adding a symmetry for the terms up to degree p in the expansion of the transformed vector
field. The property (3.9) means that the truncation at order p of the vector field is equiv-
artant under rotations in the complex plane, which is a rather strong restriction. We point
out that in general this transformation cannot be achieved for p = oo, even when F in (3.1)
s analytic.

The following elementary lemma, proved in [23], allows us to describe more precisely
the polynomials N, satisfying (3.9).

Lemma 3.4. Let f be a complez-valued function of class C*, k > 1, defined in a neighbor-
hood U of the origin in {(z,Z) ; z € C}, and which verifies

f(e™z e7™'7) = ™' f(2,%) for any t € R and (2,%) € U. (3.10)

Then there exists an even, complez-valued function g of class C*~1 defined in a neighborhood
of 0 in R, such that

f(2,2) = zg(|2]). (3.11)

Furthermore, if f is a polynomial, then g is an even polynomial, g(|z|) = ¢(|z|?), for a
polynomial ¢.

Going back to the differential equation (3.7), the above lemma together with the equal-
ities (3.8) show that it is of the form

dA _
— = wA+ AQ(AP, p) + p(4, 4, p). (3.12)

Here @ is a complex-valued polynomial with expansion
QAP 1) = ap + Bl AP + O((Iul + A1), (3.13)

in which a and b are complex numbers. We make the following generic assumption on the
coefficients a and b.

Hypothesis 3.5. The complex coefficients a and b in the expansion (3.13) of the polynomial
Q@ have nonzero real parts, a, # 0 and b, # 0.

12



Truncated System

We start again by the study of the truncated system obtained by suppressing the higher
order terms p in (3.12). We introduce polar coordinates by setting

A =re?,
where r € R and ¢ € R/27Z. We obtain the equation

dr . dp 9
g +ZTE =wr +rQ(r°, 1),

and by taking the real and imaginary parts, we find the system
dr

_ 2
% - TQT‘(T 7”)7 (314)
dp 2
P + Qi(r*, 1), (3.15)

where Q, = (Q + Q)/2 and Q; = (Q — Q)/2i are the real and imaginary parts of the
polynomial @, respectively. Then @, and @; are polynomials of degree < (p —1)/2 in r?
with @,(0,0) = Q;(0,0) = 0, and expansions

Qr(r®, 1) = appu+ber® +O((|ul +1°)?),
Qi(r*, 1) = aip+bir* +O((|lu +1*)?).

The real coefficients a, and b, represent the real parts of a and b, respectively, which are
both nonzero, by Hypothesis 3.5, whereas a; and b; represent the imaginary parts of a and
b, respectively.

The key property of the system (3.14)—(3.15) for r and ¢ is that the radial equation
(3.14) for r decouples, so that we can solve it separately. Upon comparing (3.14) with the
scalar differential equation discussed in Section 2.2, we conclude that for this equation a
pitchfork bifurcation occurs at p = 0, which is supercritical when b, < 0 and subcritical
when b, > 0. The bifurcation diagrams for this equation are the same as those in Figure 2.3
with a and b replaced by a, and b,, respectively. Since for the radial equation we restrict
ourselves to positive solutions, then for a,b, < 0 (resp., a,b, > 0), the radial equation
possesses the positive steady solution

* ar
(1) = =25+ O(luP?),

for p > 0 (resp., u < 0). Upon substituting this solution in the equation (3.15) we obtain
the derivative of the phase (pulsation),

do* (1)
dt

* * Qy
=) =+ Q")) =+ (05 = b5 ) i Ol
and going back to the amplitude A this gives the periodic solutions

A (t, p) = r*(p)e Wt eR. (3.16)
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The stability of these periodic solutions is the same as that of the steady solution 7*(1u)
of (3.14): They are stable when b, < 0 and unstable when b, > 0. Figure 3.1 illustrates
the bifurcation diagram in the supercritical case a, > 0 and b, < 0. Similar bifurcation
diagrams can be easily obtained in the other three cases, just as for the pitchfork bifurcation
in Figure 2.3.

Figure 3.1: Hopf bifurcation in the case a, > 0, b, < 0.

Persistence of Periodic Solutions

We now turn back to the hardest part of the analysis, that is, the proof of the persistence of
such periodic orbits for the full equation (3.12). In what follows, we assume a, > 0, b, < 0,
and then also p > 0, to fix ideas, the proof being analogous in the other cases.

As for the truncated system we introduce polar coordinates by setting

A=re®, reR", ¢ecR/2Z,

and obtain the system

d

d_: - fr(ra¢7,u):rQT(T27M)+R7’(T’¢’M)’

d

d—f = folr ¢, 1) = w+ Qi(r, 1) + Ry(r, 6, 1),

where R, = O((r + |u|)P*1) and Ry = O((r + |u|)P*1/r). We now set

T:M1/2 <,/—%+v>,

where the new unknown v is supposed to lie in a small interval near 0. In this annular
region of the plane, for p small enough,

fo(r,é, 1) =w+ O(n)

has a constant sign, and

(1) = 2 (M—% + v) <2vbm /—% + brv2> +O(uPD/2),
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Using the fact that we can choose p > 4, this leads to the equation

dv  2a.p

do
where p; is Lipschitz-continuous and bounded for —e < v < ¢, for € small enough. We
use a fixed point argument to show that this equation possesses a 27-periodic solution for
sufficiently small p, which then gives the desired result.

By Duhamel’s formula, the solution v(¢), for initial data v(0) = v, of the differential
equation (3.17) satisfies the integral equation

vt py (v, 1), pr(v, b, p) = O + p?), (3.17)

ar ¢ ar
v(¢) = 6_27#%0 +/ 6_27“(¢_9)p1(v,9,,u)d6.
0

The uniqueness of the solution of the initial value problem, and its differentiability with
respect to the initial data vy, allow us to conclude that, for |vg| < &, we have

2arp

u(g) = e

d)UO + h(UO7 ¢7 :u)a h(U07 :u) = O(IU'U(QJ + M2)

for ¢ € [0,2x], where the function h is continuously differentiable. Now, if we can find a
solution v for the equation

_Zarps

vg=-¢€ w vy + h(vg,2m, p), (3.18)

then the corresponding solution of the integral equation satisfies v(27) = vg, so that we
have a periodic orbit of (3.12) in a small neighborhood of the circle |A| = u'/?\/—a, /b,.
Indeed, observe that the Poincaré map

_ 2arp
’UO = e w 2

vy + h(UO, 27Ta //J)a

is a contraction in a sufficiently small interval [—e,¢], because the derivative of the right
hand side with respect to vg is

2a,p
w

1 21 + O(p? + pe) < 1
for ¢ and p > 0 small enough. Consequently, this mapping possesses a unique fixed point
v solution of (3.18) for sufficiently small x> 0.

This shows that the full equation (3.12) has a periodic orbit close to the circle of radius
|A| = r*(p), and with period approximated by that of the solution (3.16) of the truncated
equation. In addition, this proof allows us to conclude that this periodic orbit is attractive
for b, < 0. We summarize this result in the following Hopf bifurcation theorem (see also
Figure 3.1).

Theorem 3.6 (Hopf bifurcation). Assume that Hypotheses 3.1 and 3.5 hold. Then, for the
differential equation (3.1) a supercritical (resp., subcritical) Hopf bifurcation occurs at = 0
when b, < 0 (resp., b, > 0). More precisely, the following properties hold in a neighborhood
of 0 in R? for sufficiently small p:
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(i) If a,b, < O (resp., ayb, > 0) the differential equation has precisely one equilibrium
u(p) for w < 0 (resp., for p > 0) with w(0) = 0. This equilibrium is stable when b, < 0
and unstable when b, > 0.

(i) If ayb, < 0 (resp., a,b, > 0), the differential equation possesses for p > 0 (resp.,
for < 0) an equilibrium u(p) and a unique periodic orbit u*(u) = O(|u|*/?), which
surrounds this equilibrium. The periodic orbit is stable when b, < 0 and unstable when
b, > 0, whereas the equilibrium has opposite stability.

Remark 3.7. The proof in dimension 2 is originally due to Andronov [1]. The n di-
mensional case is due to Hopf [26]. The present proof using normal form arguments is
contained in Ruelle and Takens [65]. We also refer to Marsden and McCracken [53] and
Vanderbauwhede [73].

Remark 3.8 (Higher orders). In the above proof, we extensively use the assumption that
the coefficient b, is not zero. In the case when this coefficient is zero, one needs to consider
the higher order terms, like the term of order O(A|A[*) in the expansion of the amplitude
equation, and so on. If the problem is not completely degenerated, it is then possible to adapt
the above proof without difficulty. Of course, this then gives other orders of magnitude for
the bifurcating periodic solutions. We see in Chapter 4 of [23] that in the case of reversible
systems all terms in Q, in the radial equation disappear, leading to a degenerated situation.

How to Compute the Hopf Bifurcation

We show now how to compute the important coefficients a and b in the normal form (3.12),
(3.13), starting from the expansion of the vector field F in (3.1).
Consider the Taylor expansion of the vector field F in (3.1),

Flu,) = > #nFrg(u®) + ol + |lul)*, L=F, (3.19)
1<r+q¢<k

where F,, is the r-linear symmetric operator from (R?)" to R?,

F,. = 1 anTFOO
K et (0,0),

and u(") = (u,u,...u) for u € R2. In particular, the map u Frq(u(”)) is homogeneous of
degree r in the coordinates of w. Similarly, for ®,, in (3.6) we write

B (AA) = > B ATAY, (3.20)
1<r+s+q<p

with
(1)100 = 07 CI)010 = 07 (I)rsq = (I)srq-

Next, we substitute the change of variables (3.6) into (3.1) and obtain the identity

dA — dA _
¢+ aA‘I’u)E + (¢ + 32‘1’#)% =F(AC+ AC+ ®,, 1),
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in which, according to the normal form (3.12)-(3.13), we have

dA .

i iwA 4+ apA + bA|A]? + O(u?| Al + |u]| AP + |A]P). (3.21)
Replacing F and ®,, by the expressions (3.19) and (3.20), we now identify the different
powers of (A, A, u) in the identity above in order to determine the coefficients a, b, and
®,, from the known coefficients F,,.

First, at order O(A) we recover the eigenvalue problem
iw¢ = L,

and then successively, respectively at orders O(u), O(uA), O(A2), O(AA), O(A3), O(A%A),
we find

0 = L®g + Fo (3.22)

aC + (iw —L)®101 = F11¢ + 2F2(¢, Poo1) (3.23)
(2iw —L)®a0 = F20(¢, () (3.24)
—L&1;p = 2F(¢, () (3.25)

(3iw —L)®300 = 2F20(¢, P200) + F30(¢, ¢, C) (3.26)

b + (iw — L)®a1g = 2F20(¢, ®200) + 2F20(¢, ®110) + 3F30(¢, ¢, C). (3.27)

All these equations are linear, and (3.22), (3.24), (3.25), (3.26) can be easily solved, be-
cause the operators L, (2iw — L), (3iw — L) are invertible. This allows us to compute
D01, Paoo, 110, P300, and the complex conjugates ®gog, Po3o. The equations (3.23) and
(3.27) have the same structure, however, with the noninvertible matrix (iw — L). The
kernel of this matrix is one-dimensional, since +iw are simple eigenvalues of L, and one
compatibility condition is needed in order to solve each of these equations. A convenient
way of computing this compatibility condition is with the help of the eigenvector (* of the
adjoint operator satisfying

(miw —=L")¢" =0, (¢.¢") =1,

where (-,-) denotes the Hermitian scalar product in C2. (For ¢ = (21, 22) € C? and ¢* =
(2, 23) € C%, we take the Hermitian scalar product defined by

<C7 <*> = le_ik + ZQZ_;)

Upon computing the Hermitian scalar product of these equations with * we find

a = (F11¢ + 2F2 (¢, ®001),¢"), (3.28)
and 3 3
b= (2F20(C, ®200) + 2F20(¢, ®110) + 3F30(¢, ¢, (), ¢, (3.29)
in which
by = L 'Fy,
Po00 = (2iw—L) 'Fy(¢,0),
P10 = —2L7'Fy0(¢,0),

17



are obtained as explained above. We point out that ®¢y; = 0 in the case when u =0 is a
solution for all u, since then F(0, ) = 0, so that Fop; = 0. In the same way, it is possible to
derive formulas for higher order coefficients in (3.21), if needed.

3.2 Example: Homogeneous Brusselator

Consider the following system of ODEs:

d

% = —(B+1)us +ufus +

du

—dt2 = Puy — ’LL%UQ, (3.30)

in which u(t) = (u1(t),u2(t)) € R? and «, 3 are positive constants.

Remark 3.9. This system, called the homogeneous Brusselator [63], arises in the modeling
of an autocatalytic chemical reaction ruled by the following reaction mechanism:

AR x
B+X B v4ibD
oX +Y ™ 3x

X Mo op

Here A, B, D, and E denote different chemical species, X and Y are intermediate products,
and k;j represent the speeds of reactions. Denoting by X, Y, A, B the chemical concentra-
tions of the corresponding species, assuming that the concentrations are homogeneous, and
that the concentrations of components A and B are maintained constant, one finds that the
evolution of X and Y is governed by the system of ODEs

dX
il k1A — koBX + ks X%Y — ks X
C% = koBX — ks X2Y.

Upon setting

[k [k _ [kskA | kB
uyp = ]’C4X’ Ug = k4K a = k4 ]C4 9 B_ ]C4 ) t_k4ta

this leads to the system (3.30), in which we have dropped the bar on t.

The system (3.30) possesses one equilibrium at (u1,u2) = («a,[/a) for any positive
constants « and (3. The linearization at this equilibrium has the two eigenvalues

1 1 1/2
)\izi(ﬂ—l—oﬂ)i(—042—1(6—1—042)2> .
When 3 < 1+ o2, the equilibrium is stable, and it loses its stability at 3 = 1 + o?. At this

point, the two eigenvalues are purely imaginary, A, = +i«, and we are in the presence of a
Hopf bifurcation.
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Computation of the Hopf Bifurcation

In the system (3.30) we set

U = a+ v, UQZE_(U1+UQ)7

and
w=a, 2u=pf-1-a’

This leads to the system

dv1

oLy,

dt 2

dv 20 +1—w?

d—t2 = —wv1 + 2uvs — 2wuivs + MT v% — (v1 + vg)vg, (3.31)

in which w is fixed, p is a small bifurcation parameter, and (0,0) is a solution for all values
of w and p. The system (3.31) is of the form

d
d_qt) =Lov+ R(v, ), (3.32)

where v(t) = (vi(t),v2(t)) € R? and

0 1
L= ( 2 ) ) R(U, M) = ,U'Rllv + RQO(Ua ’U) + ,U'RQI (/U, U) + R30(/U, v, U)a

with

0 0
Riv= ( 20y >7 Roi(u,v) = <%u202>’

0
R -
20(u; ) ( —w(uve + viug) + 1-w? U2V > ’

w

Rio(u, v, w) = ( ) 0 >

— 5 (u1v2ws + ugv1Wa + U2V2WT) — UV2W?

Now, the linear operator L has the pair of simple purely imaginary eigenvalues +iw with

the associated eigenvectors
1 - 1
<_<iw>’ C_<—iw>'

According to the results in the previous section the system (3.32) has the normal form
(3.12). We are interested in computing the coefficients a and b in the expansion (3.13) of
the polynomial (). Of course we can use directly the formulas (3.28) and (3.29) for the
coefficients a and b, but for the sake of clarity we prefer to go through the steps of the
calculation, again.
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Since we restrict ourselves to the terms of order 3 in the expansion of the normal form,
it is enough to take p = 3 in the expansion (3.20). Then ®, is a polynomial of degree 3,

B,(AA) = > By, AAY, Bigg = Boro =0,
1<p+q+r<3

such that the change of variables

v=AC+A(+ ®,(AA) (3.33)
transforms (3.31) into the normal form
dA |
0 oA+ apA+ DAIAR + O( AN + k| AP +]AF)). (3.34)

By arguing as explained in the previous section, i.e., substituting (3.33) in (3.32), then
replacing dA/dt from (3.34), and finally identifying the different powers of (A, A, i), we
find the system (3.22)—(3.27) with F;; = R;;. Since Rg; = 0, we have ®¢9; = 0, and the
identity (3.23) becomes

2w

a( + (iw — L)®191 = Ri1( = ( 0 > .

The coefficient a is now found from the solvability condition for this equation, obtained by
taking the Hermitian scalar product with the vector ¢* in the kernel of the adjoint operator
satisfying

(ciw— L) =0, ((,¢)=1.

A direct calculation shows that
« (0 —w? « 1 w
L_<1 0)’ 4‘%(—1)’

a=(Rn¢ ) =1
Remark 3.10. Since R(0, u) = 0, it is not difficult to check in this case that the eigenvalues

of the 2 X 2-matriz
0 1
L + ,URll == < 2 > )

and then

w2

obtained by linearizing the system (3.32) at U = 0, are the same as the eigenvalues of
the 2 x 2-matriz obtained by linearizing the normal form equation (3.34), together with the
complex conjugated equation, at (A, A) = (0,0). We can use this property to compute the
coefficient a in a different way. Indeed, this latter matriz is of the form

w + ap 0 9
< 0 —iw + ap >+O(M )

and since the eigenvalues of L + uRq1 are

;2
Ay = ptivw? — 2::|:z'w—|—,u:FZ2L—|—O(,u4),
w

we can conclude that a = 1.
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Next, in order to compute the coefficient b we use the equations (3.24), (3.25), and
(3.27), i.e.,

(2iw — L)®200 = R20(¢,0),
—L<I>110 = 2R20(C76)7
b¢ + (zw — L)(I>210 = 2R20(Z, (I)QOQ) + QRQO(C, (I)HO) + 3R30(C7 G, Z)

Solving the first two equations we find

1—w? + 2 2(1-w?)
200 (_4%_’_&(1_&)2)), 110 “6 )

_ 0
2R20(¢, ®200) = ( (1 — w? + w) + 2iw(1 — w?) > ;

and then

2R (¢, @110) = ( _4iw($ —w?) > , 3R(G6.0) = ( —w? E Jiw? ) '

Finally, we compute b from the solvability condition for the third equation,

b= (2R20({, ®200) + 2R20(¢, ®110) + 3R30(¢, ¢, (), ¢F).

We find

2R20(C, ®200) + 2R20 (¢, ®110) + 3R30(¢, ¢, C)

0
N ( (4= 7w + dwt) —iw(2 + w?) > ’

which gives

1 )
—Z(2 2y _
2( ) 6w

In particular, this shows that the real part b, of b is negative, so that we have here a
supercritical Hopf bifurcation.

b= (4 — Tw? + 4w?). (3.35)

3.3 Hopf Bifurcation with SO(2) Symmetry

We discuss in this section a particular case of a Hopf bifurcation, where the vector field
possesses a continuous symmetry. As before, we assume that the vector field F in (3.1)
satisfies Hypotheses 3.1 and 3.5, and now further assume that the following holds.

Hypothesis 3.11. We assume that the vector field F is SO(2)-equivariant, that is, there
exists a one-parameter continuous family of linear maps R, on R?, for ¢ € R/277Z, with
the following properties:

(i) Ry o Ry = Ry for all p, ¢ € R/21Z;

(ii) Ro = I;
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(iit) F(Rou, ) = RyF(u, ) for all ¢ € R/27Z.

An immediate consequence of the third property in this hypothesis is that if u(u) is a
steady solution of (3.1), then R u(u) is also a steady solution of (3.1). On the other hand,
as already noticed in the Remark 3.2, the system (3.1) has a unique steady solution in a
neighborhood of the origin for all sufficiently small ;. Then we necessarily have Rou(u) =
u(p), that is, the steady solution u(p) is invariant under the action of R,. In addition,
notice that

L(R«JC) = Rga(LC) = iW(RgOC),

and since the eigenvalue iw is simple we have
R,( = k(p)¢ for some k(y) € C.

Using the group properties of R, Hypothesis 3.11(i)—(ii), we obtain that k(¢ + ¢) =
kE(p)k(y) for all p,, and that k(0) = 1. The fact that k is a continuous function of
¢ € R/2nZ, now implies that

k() =e™?, meZ. (3.36)

We now distinguish two cases depending upon the value of m in (3.36).

First, assume that m = 0, which means that the action of the group R, on the eigenvec-
tor ¢ is trivial, R,¢ = ¢. Then the same also holds for the complex conjugated eigenvector
¢, and since {¢,(} forms a basis of R?, we have in this case R, = I for all ¢. Consequently,
the action of the continuous group Ry, is trivial, so that there is no new fact with respect
to Theorem 3.6 in this case, except that all points of the periodic bifurcating orbit are
invariant under R.,.

Next, assume that m # 0. Then in the basis {¢,(} of R?, the action of R, on the
coordinates (z,%), z € C is given by

eme 0
ch = ( 0 efimtp > .

This matrix commutes now with the vector field in equation (3.5), so that we have
J(€95, €75, 1) = € f(2,7, 1)

for all ¢ € R/27Z and all z in a neighborhood of 0. Then, by Lemma 3.4, it follows that
the differential equation (3.5) is of the form

s+ 292, ), (3.37)
dt

with ¢ of class C*~! and even in |z|. This means that in this case the equation is already
in the normal form (3.12), with polynomial @ given by the regular part in the Taylor
expansion of g, and the rest, p, being of the form z times a function depending only upon
|z|. The particular form of this part allows to use the same arguments as for the truncated
normal form and to show that in this case for the bifurcating periodic solutions u*(+; ) the
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coordinate z*(-, i) is of the form (3.16). In particular, they describe a “circle” in the plane
C. Furthermore, from (3.16) we obtain

mcp')

Rou(t; p) = u(t + o)

Choosing ¢ = —w*(u)t/m, we obtain

R_.- (u)t/mu(t; M) = u(Ov M)y

and this gives a new formula for the periodic solutions,
u(ts 1) = R u(0; ). (3.38)
These periodic solutions are rotating waves, with wavenumber m thanks to the property
u(t; p) = R u(t; p).
This proves the following result:

Corollary 3.12 (Hopf bifurcation with SO(2) symmetry). Assume that Hypotheses 3.1,
3.5, and 3.11 hold. Further assume that the action of the group Ry is not trivial. Then
the family of periodic solutions bifurcating in the Hopf bifurcation at = 0 are the rotating
waves (3.38), with wavenumber m given by the action of the group on the eigenvector ¢ of
L associated with the purely imaginary eigenvalue iw.

3.4 Steady Bifurcation with O(2) Symmetry

We end this chapter with a case where the differential equation (3.1) possesses a one-
parameter group of symmetries together with one discrete symmetry. More precisely, we
make the following assumption.

Hypothesis 3.13. Assume that the vector field F in (3.1) is of class C*, k > 3, that it
satisfies (3.2), and that 0 is an eigenvalue of L. Further assume that F is O(2)-equivariant,
that is, there exists a one-parameter continuous family of linear maps R, on R?, for ¢ €
R/277Z, and a symmetry S on R? with the following properties:

(i) Rp,oRy = Ryty and SR, = R_,S for all p, 1 € R/27Z;
(ii)) Ro =1 and S =1T;
(iii) F(Ryu, ) = RyF(u, 1) and F(Su, ) = SF(u, ) for all p € R/277Z.

Remark 3.14. This type of symmetry is very frequent in physical examples, particularly
in systems of PDEs (infinite-dimensional case) when the system is invariant under trans-
lations in one unbounded spatial direction and possesses a reflection symmetry in this di-
rection. When looking for solutions that are periodic in this unbounded spatial direction,
the invariance under spatial translations provides the one-parameter group of symmetries,
whereas the reflection is the discrete symmetry. We present an example of such a PDE in

Section 4.4.2.
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An important consequence of the O(2)-equivariance in this hypothesis is that any eigen-
value of the linear map L is double, provided the action of the group R, is not trivial.
Indeed, any eigenvalue of L is either simple or double. Assume that A € C is a simple
eigenvalue of L, with associated eigenvector (. Then we have

L(Reoo = Rw(LC) = )‘(Rwo,

so that R,( = r(p)( for some 7(p) € C, and similarly S¢ = s( for some s € C. As for k(y)
given by (3.36), in the case of the Hopf bifurcation with SO(2) symmetry discussed in the
previous section, we conclude that r(p) = €™, with m € Z. Moreover, since S = I, we
have that s = %1, and from the equality R,S¢{ = SR_,(, we obtain that seMP = seTMP(
for all ¢. Thus m = 0, so that R, = I for all ¢, which means that the group represented
by R, reduces to the identity. Consequently, if the action of the group R, is not trivial,
then X is a double eigenvalue of L. We shall therefore make the following hypothesis.

Hypothesis 3.15. Assume that zero is a double eigenvalue of L and that the action of R,
on R? is not trivial.

Now we construct a suitable basis for R? in which the action of R, and S is given by

the 2 x 2-matrices ‘
ey 0 01
n (77 0 ) s=(0 ). o0

First, we claim that the eigenvectors of R, are independent of ¢, and more precisely, that
an eigenvector ¢y of Ry, for some ¢ is also an eigenvector of R, for any ¢, namely,

Ry Co = 7(9)Co; (3.40)
with corresponding eigenvalue 7(¢) depending continuously upon ¢ such that
r(0) =1, r(e+v)=r(p)r) for all p,v € R/27Z. (3.41)

This result is proved in [23].

An immediate consequence of the continuity of 7(¢) in ¢ and of the equalities (3.41) is
that r(¢) = €% for some m € R for all ¢. Here m # 0, because R, acts nontrivially on
R?. Next, R,S(y = e~m¥S(,, so that S¢ is an eigenvector of R, for the eigenvalue e~ ime,
Together with (y, which is an eigenvector of the same operator R, for the eigenvalue ™%,
this provides us with a basis for R%. In particular, there exists k € C such that

and the property S? =1 leads to |k| = 1, i.e.,
E=¢eP, peR.

We set A
(= 6_25/2607
for which we find A o
S¢ = e8¢y = ¢y = C.
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It is then straightforward to conclude that the action of the operators R, and S in the basis
{¢, ¢} is given by (3.39).

We now proceed as for the Hopf bifurcation, and represent any u € R? by a complex
coordinate z € C through

u=2(+2Z(.
Similarly, for the vector field F we write

F(unu') = f(Z,z,,U,)C + f(Z,z, M)Cy

and then obtain two complex differential equations

dz _
a - f(Z,Z,,U,)

and its complex conjugate. The equivariance properties in Hypothesis 3.13(iii) and the
equalities in (3.39) imply that f satisfies the relations

F(™Pz, 677, 1) = M f (2,7, ),

and
f(E,z,,u) = f(Z,E, :U’)

for all z and p. Using Lemma 3.4, again, the first relation implies that

f(Z,E,,U,) = zg(‘Z’7M)7

where ¢ is a complex function of class C¥~! in a neighborhood of 0, and even in |z|. The
second relation implies that, in addition, g is real-valued.
We introduce polar coordinates A = re’® and obtain the system

d

d_: = rg(r,n) = apr +or® + o(r|u| +1°) (3.42)
do

Z — 3.43
- : (3.43)

in which the coefficients a and b are found from the Taylor expansion of g. Since the function
g is even in r, the scalar vector field in (3.42) satisfies Hypothesis 2.6 from the case of a
pitchfork bifurcation, provided the coefficients a and b are nonzero. We therefore assume
now:

Hypothesis 3.16. Assume that the coefficients a and b in (3.42) are nonzero,

99
op

(0,0) = a # 0 829(00) 2% #0
=:qQ o = .
) ) a/r2 )

Applying the result in Theorem 2.9, we conclude that for the equation (3.42) a pitchfork
bifurcation occurs at u = 0, which is supercritical when b < 0 and subcritical when b > 0.
The bifurcation diagrams for this equation are the same as those in Figure 2.3. Since for
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the radial equation we are restricted to positive solutions, this shows that for ab < 0 (resp.,
ab > 0), the radial equation possesses the positive steady solution

r(n) == + ollu*?)

for 4 > 0 (resp., u < 0). The dynamics of the second equation (3.43) is trivial, showing
that the phase ¢ of the solutions stays constant in time t.

Going back to the two-dimensional equation (3.1), this shows that at the bifurcation
point © = 0, a “circle” of equilibria, parameterized by the phase ¢,

w*(p, @) = r*(p)e"*C + r(p)e ¢,

bifurcates for p > 0 (resp., p < 0) when ab < 0 (resp., ab > 0). We have here a steady
bifurcation. The stability of the bifurcating equilibria is given by that of 7*(u), so that they
are stable when b < 0 and unstable when b > 0. Figure 3.2 illustrates the phase portraits
for p < 0 and g > 0 in the case a > 0, b < 0. Similar phase portraits can be obtained in
the other cases.

u(p,

©n<0 ©w>0

Figure 3.2: Steady bifurcation with O(2) symmetry: phase portraits in the u-plane for
equation (3.1) in the case a > 0 and b < 0.

In addition, we have that the bifurcating equilibria are invariant under the rotation Rz

3

)

3

since
Raxu®(p, ¢) = u*(p, 9),
and there are two equilibria that are symmetric, i.e., invariant under the symmetry S,
Su™ (1, 0) = u*(p,0),  Su*(p,m) = u*(p, ).

Moreover, u*(u, ¢) may be obtained from u*(u,0) through
w (s ¢) = Rsu”(p,0).

This shows that we have a group orbit of equilibria. We summarize these results in the
following theorem.

Theorem 3.17 (Steady bifurcation with O(2) symmetry). Assume that Hypotheses 3.13,
3.15, and 3.16 hold. Then, for the differential equation (3.1) a steady bifurcation occurs
at i = 0. More precisely, the following properties hold in a neighborhood of 0 in R? for
sufficiently small w:
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(i) If ab < 0 (resp., ab > 0) the differential equation has precisely one trivial equilibrium
u=0 for p <0 (resp., for p>0). This equilibrium is stable when b < 0 and unstable
when b > 0.

(i) If ab < 0 (resp., ab > 0), the differential equation possesses for u >0 (resp., for u <
0), the equilibrium uw = 0 and a unique closed orbit of equilibria u*(u, ) = O(|u|"/?)
for ¢ € R/27Z, which surrounds this equilibrium. These equilibria are stable when
b < 0 and unstable when b > 0, whereas the equilibrium uw = 0 has opposite stability.

(iii) The equilibria u*(u, @) satisfy

they are all invariant under the action of Rax, and there are two equilibria, u*(,0)

and u*(p, ), invariant under the symmetry S.

Remark 3.18 (Higher orders). In the case where the coefficients a or (and) b in Hypothesis
3.16 vanish, one has to consider the next nonzero higher order terms in the expansion of g,
just as in the case of the pitchfork bifurcation.

4 Center manifolds

This section is devoted to center manifold theory. We present a general result on the
existence of local center manifolds for infinite-dimensional systems in Section 4.2 and then
discuss several particular cases and extensions, as, for instance, to parameter-dependent
systems and systems possessing different symmetries in Section 4.3. We give a series of
examples showing how these results apply to various situations in Section 4.2.4 and 4.4.

4.1 Notations

Consider two (complex or real) Banach spaces X and Z. Throughout this chapter we shall
use the following notations:

e B.(X) is the closed ball {u € X;||ul|x < &}.

e CF(Z,X) is the Banach space of k-times continuously differentiable functions F : Z —
X equipped with the sup norm on all derivatives up to order k,

|Flles = max ((sup (IID7F(y)]2ezs.)) ):
.7_ 7"'7k yeZ

here, and in the following, D denotes the differentiation operator.
e For a positive constant n > 0, we define the Banach space
Fo(R.X) = {u € C'R, X) ; |[ul7, = Sup (e™llu(t)]lx) < oo},
te

equipped with the norm || - ||£,, of functions which may grow exponentially at —oo
and which tend towards 0 exponentially at +oo.
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e L(Z,X) is the Banach space of linear bounded operators L : Z — X, equipped with
the operator norm

ILllzz,x) = sup ([[Lullx).

lull z=1

If Z =X, we write L(X) = L(X,X).
e For a linear operator L : Z — X, we denote by im L its range,
imL={LueX;ueZ}CAX,
and by ker L its kernel,

kerL={ue Z; Lu=0} C Z.

e Assume that Z — X with continuous embedding. For a linear operator L € L(Z, X)
we denote by p(L), or simply p, if there is no risk of confusion, the resolvent set of L,

p={AeC; M- L: Z — X is bijective }.
The complement of the resolvent set is the spectrum o(L), or simply o,

o =C\ {}.

Notice that when the operator L is real, the resolvent set and the spectrum of L are
both symmetric with respect to the real axis in the complex plane.

4.2 Local Center Manifolds

In this section we present the main result on the existence of local center manifolds. We
discuss the hypotheses in Section 4.2.1, and then in Section 4.2.3, and state the main
theorem in Section 4.2.2. The proof of the theorem is given in [23].

4.2.1 Hypotheses
Let X, Z, Y be (real or complex) Banach spaces such that
Z—Y =X,

with continuous embeddings. We consider a differential equation in X of the form

du
=Lu+R 4.1

in which we assume that the linear part L and the nonlinear part R are such that the
following holds.

Hypothesis 4.1. We assume that L and R in (4.1) have the following properties:
(i) L e £(Z,);
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(ii) for some k > 2, there exists a neighborhood V C Z of 0 such that R € CF(V,Y) and

R(0) =0, DR(0)=0.

Remark 4.2. The condition R(0) = 0 means that 0 is an equilibrium of the differential
equation (4.1), and the condition DR(0) = 0 then shows that L is the linearization of the
vector field about 0, so that R represents the nonlinear terms which are O(||ul|%). More
generally, for an equation which has a nonzero equilibrium, u., say, we recover these condi-
tions after replacing u by u—u, and then taking for L the differential of the resulting vector

field at 0.

Definition 4.3. A solution of the differential equation (4.1) is a functionu:7 — Z — X
defined on an interval T C R, with the following properties:

(i) the map u:Z — Z is continuous;
(ii) the map u:Z — X is continuously differentiable;
(iii) the equality (4.1) holds in X for allt € T.

Besides Hypothesis 4.1, we make two further assumptions on the linear operator L,
which are essential for the center manifold theorem.

Hypothesis 4.4 (Spectral decomposition). Consider the spectrum o of the linear operator
L, and write
oc=o0cyUogUo_,

in which
or={ €0o; ReA>0}, op={N€o; ReA=0}, o_={\€o; ReX <0}.
We assume that

(i) o4 is empty, and there exists a positive constant vy > 0 such that sup (Re\) < —7v ;
AEo_

(ii) the set oy consists of a finite number of eigenvalues with finite algebraic multiplicities.

Remark 4.5. The hypothesis above implies that the resolvent set p of Li is not empty. This
further implies that L is a closed operator in X. Indeed, for some X € p, the operator Al —L
is bijective, and since I and L belong to L(Z,X), by the closed graph theorem the resolvent
(AL — L)~ belongs to L(X, Z). Now L(X,Z) C L(X), so that (\[—L)~! € L(X) and then
by the closed graph theorem Al — L is closed in X. Consequently, L is closed in X.

As a consequence of Hypothesis 4.4 (ii), we can define the (spectral) projection Py €
L(X), corresponding to oo, by the Dunford integral formula

1
Po=— [ (I -L)"id 4.2
0 20 F( ) >‘a ( )
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where IT" is a simple, oriented counterclockwise, Jordan curve surrounding oy and lying
entirely in {\ € C; |Re\| < v}. Then

P2 =Py, PyoLu=LPyu for all u € Z,

and the range im P is finite-dimensional, since o consists of a finite number of eigenvalues
with finite algebraic multiplicities. In particular, it satisfies im Py C Z, and

PO € E(X,Z),

since the map A — (A — L)~ € £(X, Z) is analytic in a neighborhood of T.
We define a second projection Py, : X — X by

P, =1- Py,
which then also satisfies
P? =P,, P,Lu=LPuforalluc Z,
and
Ppe L(X)NL(Z)NLYY),

since Py € L(X, Z) and the embeddings Z < ) < X are continuous!.
Next, we consider the spectral subspaces associated with these two projections,

S =imPy=kerP, C Z, A, =imP, =kerPyC X,

which provide a decomposition of X into invariant subspaces,
X =& A,
We also set
Zpn=PpRZCZ, YVp=PryYcC),
and denote by Ly and Ly, the restrictions of L to & and Z;,, respectively,
Lo € L(&), Lp € L(Zh, Xh).

An immediate consequence of these definitions is that the spectrum of Lg is op and the
spectrum of Ly, is o, = o_.

Remark 4.6. As already noticed, the space & is finite-dimensional by Hypothesis 4.4 (ii).
Then Lg acts in a finite-dimensional space, and the exponential et allows us to explicitly
solve the linear ordinary differential equation
duo
dt

via the variation of constant formula,

Louo + f(t) (4.3)

t
uo(t) = etug(0) + / elolt=9) £(5) ds.
0

Our second hypothesis concerns the analogue of this linear problem for the operator Ly,.

If there is no risk of confusion we shall sometimes use the same notation for an operator L € L(X), say,
and its restrictions to Z and Y, L| _ € £(Z) and L|y € L(Y), respectively.
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Hypothesis 4.7 (Linear equation). Assume that for any n € [0,~] the following properties
hold:

(i) For any f € F,(R, V) the linear problem

duy,

o Lyup + f (4.4)
has a unique solution v, = Kpf € Fy(R,2Zy). Furthermore, the linear map Ky,
belongs to L(F,(R,Vn), Fy(R, 24)), and there exists a continuous map C : [0,7] — R
such that

IKn 27 @), 7R, 20)) < C0)-
(ii) The linear initial value problem

duy,

E = Lpuy, uh|t:0 = uh(O) € Zp,

has a unique solution uy(t) € CO(RY, Z,), which satisfies
un(®)]lz < cpe™™ for allt >0
for some positive constant c,.

While Hypotheses 4.1 and 4.4 are rather easy to check, in applications it is much more
difficult to check Hypothesis 4.7. In Section 4.2.3, we discuss this hypothesis in more detail
and give standard results showing how to verify it for a large class of infinite- dimensional
systems.

Exercise 4.8. Prove that Hypothesis 4.7 is satisfied in finite dimensions when X = R"™.
Hint: For the differential equation (4.4) the initial condition up(0) is uniquely determined
by the exponential growth required for the solution, up € F,(R, Zy), which is given by

t
up(t) = / L EIP_f(s)ds.

—00
Here, P_ is the spectral projections associated with o_, which is in this case a finite set,
jJust as og, and the projection can therefore be defined by a formula similar to (4.2).

4.2.2 Main Result

In this section we state the center manifold theorem. This result has been proved for the
first time in finite dimensions by Pliss [59] in 1964, in the case where the unstable spectrum
o is empty, and by Kelley [43] in 1967, in the case where o is not empty. There are several
versions of these results in infinite dimensions (e.g., see [25], o is empty, and [56, 74, 45],
and the references therein, o is not empty), and there are analogous results for mappings
(e.g., see [49, 53, 38]).
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Theorem 4.9 (Center manifold theorem). Assume that Hypotheses 4.1, 4.4, and 4.7 hold.
Then there exists a map W € C*(Ey, Z3,), with

v(0)=0, D¥(0) =0, (4.5)
and a neighborhood O of 0 in Z such that the manifold
Mo ={ug+¥(up) ; up € &} C 2 (4.6)
has the following properties:

(i) My is locally invariant, i.e., if u is a solution of (4.1) satisfying u(0) € MoN O and
u(t) € O for all t € [0,T], then u(t) € Mg for all t € [0,T].

(ii) The center manifold My is locally attracting, i.e., any solution of (4.1) that stays in
O for allt > 0 tends exponentially towards a solution of (4.1) on My. More precisely,
if uw(0) € O and the solution u(t;u(0)) of (4.1) satisfies u(t;u(0)) € O for allt > 0,
then there exists u € Mo N O and v > 0 such that

w(t;u(0)) = u(t; w) + O(e™ ") as t — .
(Here we denoted by u(t;u(0)) the solution of (4.1) satisfying u|i—o = u(0)).
The proof of this theorem may be found in [23] Appendices B1 and B5.

Remark 4.10. The manifold My is called a local center manifold of (4.1), and the map
W is often referred to as the reduction function. Notice that Mg has the same dimension
as &y, so it is finite-dimensional, and that it is tangent to & in 0, due to (4.5).

Center manifolds are fundamental for the study of dynamical systems near “critical
situations,” and in particular in bifurcation theory. Starting with an infinite-dimensional
problem of the form (4.1), the center manifold theorem reduces the study of small solutions,
staying sufficiently close to 0, to that of small solutions of a reduced system with finite
dimension, equal to the dimension of &. Indeed, such solutions belong to the center manifold
My, and are therefore of the form u = ug+ ¥ (up). The corollary below shows that solutions
on the center manifold are described by a finite-dimensional system of ordinary differential
equations, also called reduced system, which has the same dimension as &.

Corollary 4.11. Under the assumptions in Theorem 4.9, consider a solution u of (4.1)
which belongs to My fort € I, for some open interval T C R. Then u = ug + ¥(ug), and
ug satisfies

duo

% = Loug + PQR(UO + \I’(U,O)) (4.7)

Furthermore, the reduction function W satisfies the equality

D‘I’(U()) (LQUQ + P()R(UQ + ‘I’(UO))) = Lh\I’(uQ)
+PrR(ug + ¥(ug)) for all ug € &. (4.8)
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Proof. By substituting u = ug + ¥(ug) into (4.1) we obtain

d d
% + D\I'(uo)% = Louo + Lp¥ (uo) + R(ug + ¥(uo))-

Projecting this equality with Py we find that wug satisfies (4.7), and then projecting with

P;, we obtain
du
d—to = L, (ug) + PrR(uo + ¥(ug)).

Inserting dug/dt from (4.7) in the equality above gives (4.8). I

D\I’(UQ)

Remark 4.12. In applications it is important to compute the reduced vector field in (4.7),
and more precisely its Taylor expansion. Very often it is enough to know the lowest order
terms in its Taylor expansion, which can be computed directly from the formula PyR(ug +
W(ug)). However, there are situations in which we need to know the terms at the next
orders. This requires the computation of the Taylor expansion of the reduction function
W, as well, which can be done with the help of formula (4.8). We point out that one can
compute the Taylor expansions of the reduced vector field and of the reduction function up to
the order k, but these computations become more involved as k increases. Several examples
of such computations are made in Section 4.4.

Remark 4.13. (i) Local center manifolds are in general not unique even though the
Taylor expansion at the origin is unique. This is due to the occurrence in the proof
of the theorem of a smooth cut-off function x, on the space &, which is not unique
(see [23] Appendixz B1). Uniqueness can be achieved under appropriate boundedness
conditions on the nonlinearity R: it should be Lipschitzian with sufficiently small
Lipschitz constant. We refer to [74, Theorems 1 and 2] for a precise statement of this
result. In addition, in this case the resulting center manifold is global in the sense
that the properties in Theorem 4.9 hold with O = Z.

(i) Center manifolds are in general not analytic even when the right hand side of the
differential equation (4.1) is analytic in u. We refer to [69, 7, 67], and [53, pp.
44-45], [22, p. 126], [13, p. 123] for examples of analytic vector fields leading to
nonanalytic center manifolds.

(iii) A crucial hypothesis in the existing proofs on local center manifolds is Hypothe-
sis 4.4(ii) on the set oy, which has to be finite. Without this hypothesis one would
expect to construct an infinite- dimensional manifold. However, this raises a number
of difficulties, which, so far, have been overcome in only very particular situations
[57, 58]. Such a construction would require we first build a “good” projection Pqy as-
sociated with the infinite spectral set oo, allowing us to obtain a group property for
elot together with a subexponential growth as t — 400, and then also to construct a
smooth cut-off function x, on the central space & = Py X.

4.2.3 Checking Hypothesis 4.7

We discuss in this section Hypothesis 4.7, and more precisely how to check it in applica-
tions. While this hypothesis always holds in finite dimensions (see Exercise 4.8), in infinite
dimensions this is not always the case. Here, we distinguish between
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e the semilinear case, Y C X with Y # X', and

e the quasilinear case, Y = X.

First, we give some conditions on the resolvent of L which are sufficient for Hypothesis
4.7 to hold in the semilinear case. In contrast, in the quasilinear case Hypothesis 4.7 is in
general not true. We discuss this situation in the second part of this section.

Semilinear Equations in Banach Spaces We assume that Hypotheses 4.1, 4.4 hold,
and show here that we may replace Hypothesis 4.7 by the following one. Though we do not
make explicitly the assumption that ) # X, the hypothesis below can only be verified in
this case.

Hypothesis 4.14 (Resolvent estimates). Assume that there exist positive constants wg > 0,
¢>0, and a € [0,1) such that for all w € R, with |w| > wg, we have that iw belongs to the
resolvent set of L, and

. _ c
1wl = L)o@y < W (4.9)

. _ c
| (iwl — L) 1HL(J),Z) < W . (4.10)

Remark 4.15 (Hilbert spaces). Though necessary to show that Hypothesis 4.7
holds, as we shall see in Theorem 4.18, the second inequality (4.10) is not needed for the
center manifold Theorem 4.9 to hold when X, Z, and Y are Hilbert spaces. We make use
of this fact in the examples presented in Section 4.4.

We prove in [23] that Hypothesis 4.14 above implies Hypothesis 4.7, so that the following
holds.

Theorem 4.16 (Center manifold theorem in the semilinear case). Assume that Hypotheses
4.1, 4.4, and 4.14 hold. Then

(i) Hypothesis 4.7 is satisfied;
(i) the result in Theorem 4.9 holds.

Remark 4.17 (Parabolic problems). An important class of problems for which Hypothesis
4.14 usually holds is that of parabolic equations in Hilbert spaces. In such a situation the
operator L is typically sectorial and generates an analytic semigroup. In particular, its
resolvent satisfies Hypothesis 4.14, so that center manifold Theorem 4.9 applies provided
Hypotheses 4.1 and 4.4 hold.

Quasilinear Equations in Hilbert Spaces We consider now the quasilinear case, ) =
X. In this case Hypothesis 4.7 requires a maximal regularity property for the linear equation
(4.4), and it turns out that such a property does not hold in general for spaces of continuous
functions such as C,(R, A}).

Nevertheless, maximal regularity has been shown in Sobolev and Hoélder spaces. We
mention here the maximal regularity result by da Prato and Grisvard [14] in Sobolev spaces
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WoP(R, X), with 6 € (0,1) and p € (1,00], X is a Banach space, and the result by Mielke
[55] in Sobolev spaces LP(R,X), with p € (1,00), X is a Hilbert space. For both results,
the resolvent estimate (4.9) turns out to be a sufficient condition for maximal regularity in
these spaces. As for the Holder spaces, Kirrmann [45] proved a maximal regularity result
in (R, X') with X a Banach space, but under a slightly different resolvent estimate.

Since these maximal regularity results hold in different spaces (Sobolev or Holder spaces
instead of spaces of continuous functions), the proof of the center manifold theorem needs
to be adapted. Starting with the result in [55] for Hilbert spaces, Mielke [56] proved a
center manifold theorem for quasilinear equations in Hilbert spaces. In Banach spaces, the
maximal regularity result by Kirrmann allowed proof of a center manifold theorem [45], with
a reduction function W of class C*~! instead of C¥. We state below the result in Hilbert
spaces, which uses our resolvent estimate (4.9), and refer to [56] for its proof and to [45] for
the slightly different result in Banach spaces.

Theorem 4.18 (Center manifold theorem in the quasilinear case). Assume that X, Z,
and Y are Hilbert spaces, and that Hypotheses 4.1 and 4.4 hold. If the linear operator Ly
satisfies (4.9), then the result in Theorem 4.9 holds.

4.2.4 Example

We show in this section how to apply the center manifold theorem in one example ruled by

a PDE for which X is a Banach space of continuous functions.

A Parabolic PDE Consider the parabolic boundary value problem

ou  0%*u ou
u(0,t) = u(m,t) =0, (4.12)

where u(z,t) € R for (z,t) € (0,7) x R, and g € C¥(R2,R), k > 2, satisfying
g(0,v) =0 for all v € R, and g(u,v) = O(|u|® + |[v|*) as (u,v) — 0.

Formulation and Hypothesis 4.1 First we write the problem (4.11)—(4.12) in form (4.1) by
setting
d*u du
Lu = @—l—u, R(u) :g<u,%> ,
and choosing the Banach space
X = ([0, 7))

of real-valued continuous functions on [0,7]. Then L is a closed linear operator in X with
domain

zZ = {u S 02([077T]) ) u(O) = u(ﬂ') = 0}7

taken such that Lu € X for u € ), and such that the functions in ) satisfy the bound-
ary conditions (4.12). The nonlinear terms R satisfy R(u) € C1([0,7]) and (R(u))(0) =
(R(u))(m) =0 for u € Y. We therefore set

Y = {ue C'([0,7]) ; u(0) = u(r) = 0},
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and then we have R € C*(2Z,)). In particular, these show that L and R satisfy Hypothesis
4.1.

Spectrum and Hypothesis 4.4 Next, we investigate the spectrum of L and check Hypothesis
4.4. For this we have to solve the linear equation

Au—Lu=f

for A € C, f € X, and u € Z; that is, we have to find solutions u € C%([0,7]) of the linear
problem

u—u—u"=f (4.13)
u(0) =u(mr) =0 (4.14)
for f € C°([0,7]). The second order ODE (4.13) has a unique solution u € C?([0,7])

satisfying the boundary conditions (4.14), for f € C°([0,7]), precisely when the associated

homogeneous equation
W tu—Au=0 (4.15)

possesses no nontrivial solutions. When this is the case, then A belongs to the resolvent set
p(L) of L. A direct calculation shows that (4.15) has nontrivial solutions for A = 1 — n?,
with n any positive integer. We conclude that the resolvent set and the spectrum of L are,
respectively,

p(L)=C\o(L), oL)={AeC; Ax=1-n? neN}

(here, and later in the text, N* ={n e N; n > 1}).
With the notations from Hypothesis 4.4 we now have

or =9, o9={0}, o_ C(—o0,—3|,

so that part (i) of this hypothesis holds. Next, the kernel of L is one-dimensional, spanned
by £, = sinz, so that the eigenvalue A = 0 has geometric multiplicity one. A generalized
eigenvector v associated to the eigenvalue 0 satisfies the ODE

" .
v+ v =sx,

and the boundary conditions (4.14). Multiplying this equation by sinz, integrating over
[0, 7], and then integrating twice by parts on the left hand side gives

/ v”(w)sinxdw—k/ v(m)sinxdwz—/ v(x)sinxdx+/ v(z)sinzdr =0,
0 0 0 0

™
) T
sinzdr = =,
0 2

so that there are no solutions to the ODE above. This proves that 0 is a simple eigenvalue
of L, with algebraic multiplicity one, as well, and then shows that part (ii) of Hypothesis 4.4
holds. Notice that the spectral subspace & associated to og is one-dimensional, spanned
by £, so that we expect in this case to find a one-dimensional center manifold.

while the right hand side is equal to
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Checking Hypothesis 4.7 Finally, we have to check Hypothesis 4.7. For this we use the
result in Theorem 4.16, so that we have to verify the estimates on the resolvent (4.9) and
(4.10). Since our problem is formulated in Banach spaces we need to check both inequalities

(see Remark 4.15).
Consider w # 0. Since og = {0}, we have that iw belongs to the resolvent set of L, so

that the equation
(iwl —L)u=f

has a unique solution u € Z for f € X. This solution satisfies

(iw—1Nu—u" = f

u(0) = u(m) =0,

and a direct computation gives
1 x
we) = s ([ s sinh 7 - )€
+ [ sine) s - )0

in which

¥ =Viw — 1.
We need to show that

c c
[ullco < WHchm [ullez < W\\f\\m (4.16)

for |w| > wp and constants ¢ > 0 and a € [0,1), which then proves that (4.9) and (4.10)
hold.
We write

1 1 [*
u(z) = ~simh(77) (5/0 cosh(y(m + & —x)) f(€)d§

b3 [ oot +2 = )00 = 5 [ coshiata + € - m s ).

and v = v, +%v;, 7, > 0. Using the inequalities
| sinh(a + ib)| > sinh(a), | cosh(a + ib)| < 1 + sinh(a),

which hold for real numbers ¢ > 0 and b € R, we estimate

1 flles .o »
; ( [ @ sint, 4 - e

< L A—
ko)l < 2|y| sinh(y,m

T™—X

+ [ (1 + sinh(y, (7 + 2 — €))de + /O (1+ sinh(v, (r — 2 — €)))dé

+ /7T (1 + sinh(y,(z + & — W)))df)
_ IIf1lco
B m (77’77 + COSh(fyrﬂ-) _ 1) <

2| fllco
el
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This proves the first inequality in (4.16).
Similar calculations show that

&
o lew < M o

and it remains to estimate ||u”||co. Now we use the fact that f € ), in order to obtain
the second inequality in (4.16), with o # 0. (We point out that [|u”|co < ¢||f]|co, since
u” = y?u — f, which gives the second inequality in (4.16) for o = 1, only.) Integrating by
parts in the formula for u we find, for f € C'*([0,7]),

u'(x) = ~Pu(z) - f(z)
1

_ m( — sinh(y(r — 2)) £(0) — sinh(yz) f(r)

~ [ cosh(€) s r = )€
+ [ sinhra) coshiy (7 - O)F(€)d€).
Using the fact that f(0) = f(7) = 0 for f € ), and arguing as above, we find
(= M%/Quf’uco,

which completes the proof of (4.16). Notice that the equalities f(0) = f(w) = 0 were
essential in this last part of the proof, taking f € C'([0,7]), only, does not allow us to
obtain the second inequality in (4.16) with a # 0. However, such boundary conditions on
[ are not necessary when the Banach spaces C*([0,7]) are replaced by the Sobolev spaces
H*(0, ), for which one can prove the second inequality in (4.16), with o = 3/4, without

imposing f(0) = f(7) = 0 (see [74]).

Reduced Equation Hypotheses 4.1, 4.4, and 4.7 being satisfied, we can now apply center
manifold Theorem 4.9. This gives us a one-dimensional center manifold My as in (4.6),
parameterized by ug € &. Notice that Loug = 0 in this case, so that the linear term in the
reduced system (4.7) vanishes. Furthermore, since & is spanned by &, we may write

up(t) = A(t)§o € &0, A(t) €R.
Replacing this formula in the reduced system (4.7) we obtain a first order ODE for A,

dA
E = fO(A)7

with fo(A) = O(A?) as A — 0. For concrete nonlinear terms g in (4.11), one can compute
explicitly the Taylor expansion of fy (see Remark 4.12), and then easily determine the
dynamics near 0 of the reduced equation, since it is a first order ODE. We present examples
of such computations in Section 4.4.
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4.3 Particular Cases and Extensions
4.3.1 Parameter-Dependent Center Manifolds
In the same frame as above, we consider a parameter-dependent differential equation in X
of the form
du

- = Lu + R(u, p), (4.17)

where L is a linear operator as in Section 4.2 and R is defined for (u, ut) in a neighborhood
of (0,0) in Z xR™. Here u € R™ is a parameter that we assume to be small. More precisely,
we keep Hypotheses 4.4, 4.7, and replace Hypothesis 4.1 by the following:

Hypothesis 4.19. We assume that L and R in (4.17) have the following properties:
(i) Le £(Z,X);

(it) for some k > 2, there exist neighborhoods V,, C Z and V,, C R™ of 0 such that
R € C*(V, x V,,Y) and

R(0,0) =0, D,R(0,0)=0.
Remark 4.20. The equalities above on R imply that 0 is an equilibrium of (4.17) for u =0,
and that L represents the linearization of the vector field about this equilibrium at u = 0.
Now, if L has a bounded inverse, then this equilibrium persists for small pu. More precisely,

by arguing with the implicit function theorem, we find that there is a family of stationary
solutions u = u(u) of (4.17) for u close to 0, i.e., such that

Lu(p) + R(u(p), ) = 0.

On the contrary, if L does not have a bounded inverse, then this equilibrium may not persist
for some values of u near 0.

The analogue of center manifold Theorem 4.9 for the parameter-dependent equation
(4.17) is the following result.

Theorem 4.21 (Parameter-dependent center manifolds). Assume that Hypotheses 4.19,
4.4, and 4.7 hold. Then there exists a map W € CF(EgxR™, Z},), with

¥(0,0) =0, D,¥(0,0)=0, (4.18)
and a neighborhood O, x O, of (0,0) in Z x R™ such that for p € Oy, the manifold
Mo(p) = {uo + ¥ (uo, ) ; uo € o} (4.19)
has the following properties:

(i) Mo(p) is locally invariant, i.e., if u is a solution of (4.17) satisfying u(0) € Mo(u) N
Oy and u(t) € Oy for all t € [0,T], then u(t) € Mo(u) for all t € [0,T].
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(i) The center manifold Mo(p) is locally attracting, i.e., any solution of (4.17) that stays
in Oy for all t > 0 tends exponentially towards a solution of (4.17) on Moy(u). More
precisely, if uw(0) € O, and the solution u(t;u(0)) of (4.17) satisfies u(t;u(0)) € O,
for all t > 0, then there exists u € Moy(u) N Oy and ' > 0 such that

w(t;u(0)) = u(t; @) + O(e™") as t — .
(Here we denoted by u(t;u(0)) the solution of (4.17) satisfying u|i—o = u(0).)

Proof. We consider (4.17) as a particular case of a system of the form (4.1), namely,

%%:ia+ﬁ@% (4.20)
by setting
u = (u, ),
and
Lu = (Lu+ D,R(0,0)u,0),

We show that L and R verify Hypotheses 4.1, 4.4, and 4.7, with Banach spaces
X=XxR", Z=ZxR" Y=YxR™

and then the result in the theorem follows from Theorem 4.9.
First, Hypothesis 4.1 is an immediate consequence of Hypothesis 4.19. Next, we show
that the spectral sets o_, g of L satisfy

5=, 0\ {0} =00\ {0}, (4.21)

where o_, o are the spectral sets of L, and that g consists of purely imaginary eigenvalues
with finite algebraic multiplicities. These properties imply then that Hypothesis 4.4 holds.
Indeed, let us consider the linear equation

L-Nu=70
where v = (v,v) € XxR™. This means that

(L=XNu+D,R(0,0)p = w,
- = v

Hence, if A # 0 we have u = —v/\ and
(L - Nu=v+A"'D,R(0,0)v.

Consequently, in C \ {0}, the resolvent set of L is identical to the resolvent set of L.
In particular, we have that (4.21) holds. Furthermore, for L ‘we can define the spectral
projections Py, Ph, and the corresponding spectral spaces 50, Xh as in Section 4.2.1.
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Next, notice that X} x {0} is an invariant subspace for i, since
i(uh, 0) = (Lpup,0) € &y, x {0} for all up € 2.
From this equality we further deduce that

O'(L‘th{o}) =o(Lp)=0_=0_.

Consequently, X x {0} C ./'Fh, and since
codimAy, < codim (X, x {0}) = dim & + m < oo,

we conclude that B N
dim & = codimAX}, < oo.

In particular, this shows that o consists of purely imaginary eigenvalues with finite algebraic
multiplicities and proves Hypothesis 4.4. N

In order to prove Hypothesis 4.7 it is enough to show that &}, = A&j x {0}, and then the
conditions on L in Hypothesis 4.7 follow from the analogue ones on L. We claim that

€ = {(uo — L, DuRA(0,0)s, 1) 5 wo € €0, p € R™} =2 Fo,
Then this implies that
codimXy, = dim & = dim & + m = codim (X, x {0}),

and since X}, x {0} C &), we conclude that X, = &), x {0}. N N
It remains to prove the claim & = Fy. First, take v = (u,pu) € & C Z. We write
u = ug + up with ug € &, up € 25, and compute

Li = (Lpun + DuRi(0,0)4,0) + (Loug + D,Ro(0,0)p, 0),

where Ry, = PyR and Ry = PoR. The first term on the right hand side of the above
equality belongs to A x {0} C X, whereas the second term belongs to & x {0} C &.
Then, since Lu € 50, the first term vanishes, so that

Lyup + D, Ry (0,0) = 0.
Now Ly has a bounded inverse because 0 does not belong to its spectrum, so that we find
up, = —L; "D, Ry (0,0) .
Summarizing, for u € go, we have
U= (u, 1) = (ug + up, pr) = (uo — Ly, ' DR (0,0)p2, ),

which proves that go C Fo-
Next, notice that

L(uo — Ly ' DR, (0,0) 1, 1) = (Louo + D,Ro(0,0)p,0) € & x {0} C Fo,
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so that Fp is an invariant subspace for L. Consider the bases {ej;7 =1,...,dim&} and
{fr;k=1,...,m} of & and R™, respectively. Then the set

{(ej,0), (=L, * D, R (0,0) fx, fx) ; 5 =1,...,dim &, k=1,...,m}

is a basis for Fy, in which we find that the matrix of i‘]__o is of the form

My M
0 0 ’

with My the matrix of Lo in the basis {e;;7 = 1,...,dim&} and M; a matrix of size
m x dim &y. The set of eigenvalues of M is precisely the set og, and we then conclude that

O'(f;|]__0) =og U {0} C gyp.

In particular, this implies that Fy C go, which completes the proof of 50 =Fo- 1
Remark 4.22. The analogue of the reduced equation (4.7) in this situation is

du de
d—to = Louo + PoR(uo + ¥ (uo, 1), 1) = f(uo, p), (4.22)

where we observe that f(0,0) =0 and Dy, f(0,0) = Lo has the spectrum oo. Similarly, we
have the analogue of the equality (4.8),

Dy ¥ (uo, 1) f (o, 1) = Lp¥(uo, )
+PrR(up + ¥ (ug, p), ) for all ug € &. (4.23)

Exercise 4.23. Consider a system of the form (4.17) for which 0 is a solution for all values
of w, i.e., such that R(0,u) =0 for all u in a neighborhood of 0 in R™. Show that

W(0,u) =0, f(0,u)=0,
for u sufficiently small. Furthermore, set

0
L,=L+D,R(0,n) € L(Z,X) and A, = a—f(O,,u).
Ug
Show that eigenvalues of A,, are precisely the eigenvalues of Ly, which are the continuation
for small v of the purely imaginary eigenvalues of L (i.e., those of Ly)).
Hint: Identify the terms linear in ug in the identity

(I+ Dy ® (ug, i) f(uo, pt) = Lug + ¥ (ug, 1)) + R(ug + ®(ug, ), 1) for all ug € &.

Remark 4.24 (Case when o does not lie on the imaginary axis). A situation arising in
some applications is one in which the eigenvalues in oy of the operator L in (4.17) do not
lie on the imaginary axis but stay close to the imaginary axis. More precisely, we still have
the spectral decomposition in Hypothesis 4.4, satisfying the properties (i) and (ii), but with
oo such that

oo ={N€o0; |Re\| <4} (4.24)
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for some § < ~ sufficiently small. This means that og consists of a finite number of
eigenvalues \;, j = 1,...,r of L, with real parts that are small but not necessarily 0:

Re)\j:z’fj, \aj\gé, j:1,...,T'.

In such a situation we can apply the result in Theorem 4.21 by arguing in the following way:
Consider the bounded linear operator

T
A, :Zuij forv=(v1,...,v,) €R",
j=1

where P denotes the spectral projection associated with the eigenvalue \j € oo of L. When
v=e¢,e=(e1,...,&), the operator

L/:L_Aea 6:(615"'557')5

satisfies Hypothesis 4.4, the effect of adding —A. to L being that all eigenvalues in oy are
shifted on the imaginary axis. Consequently, we can apply the result in Theorem /.21 to

the modified system
d
d_:fb =L'u+R/(u, ),
where ' = (p,v) and
Rl(u’ :u,) =Ayu+ R(u, p),

which satisfies the hypotheses in Theorem 4.21 with the parameter ' = (u,v) € R™". We
recover the original equation by taking v = £, and find the invariant manifolds Mo(u, €) for
this equation, provided ¢ is sufficiently small, such that (0,¢) belongs to the neighborhood O,
of (0,0) in R™*" given by Theorem 4.21. This latter property is achieved when § in (4.24)
is sufficiently small, i.e., when the eigenvalues in oo are close enough to the imaginary axis.

Remark 4.25. (i) In (4.17) the parameter p occurs only in the term R, which takes
values in' ). A more general study would be for cases where u also occurs in the linear
terms which take values in X. Then one would have a family of operators L, with
domains which may also depend upon p. Such a situation requires a more delicate
analysis, which does not enter in our setting.

(ii) It is possible to develop the theory for a parameter u lying in a (infinite-dimensional)
Banach space instead of R™. Nevertheless, for such a situation one needs to go back
and adapt the proof of the general result in Theorem 4.9. The proof of Theorem 4.21
giwen above does not extend to this situation, since it relies upon the fact that R™ us
finite-dimensional (one has that dim&y = dim &y + m, and this quantity is infinite
when R™ is replaced by an infinite- dimensional Banach space, so that the extended
system (4.20) does not satisfy Hypothesis 4.4(ii)). We refer the reader to [39] for an
example of a problem with a parameter varying in a function space, and for which the
continuity of the reduction function ¥ with respect to the parameter, is only valid in
X, not in Z.
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4.3.2 Nonautonomous Center Manifolds

We present in this section an extension of the result of center manifold Theorem 4.9 to the
case of nonautonomous equations of the form

d
d—? = Lu + R(u, ). (4.25)

We replace here Hypothesis 4.1 by the following assumptions on L and R.
Hypothesis 4.26. We assume that L and R in (4.25) have the following properties:
(i) Le £(Z,X);

(i1) for some k > 2, there exists a neighborhood V C Z of 0 such that R € CF(V x R,))
and

R(0,t) =0, D,R(0,t) = 0.

In addition, we assume that for any sufficiently small e, there exist positive constants
So(e) = O(e?) and 61(c) = O(e) such that

sup [[R(u,t)[ly =do(e),  sup [[DuR(u,t)llz(zy) = d1(e). (4.26)
u€EB:(2) u€EB:(2)

The equalities in the formula (4.26) above, show that the nonlinear term R is bounded
with respect to all ¢ € R, uniformly for u in any sufficiently small closed ball B.(Z).
Furthermore, the dependency in ¢ of the system (4.25) is in the nonlinear term R, only. In
this sense, the following theorem is a “perturbation” result of center manifold Theorem 4.9.

Theorem 4.27 (Nonautonomous center manifolds). Assume that Hypotheses 4.26, 4.4,
and 4.7 hold. Then, there exist a map W € CK(E x R, Z3,) and ¢ > 0, with

¥(0,t) =0, D,,¥(0,t) =0,
and

sup || ¥ (ug,t)|lz = cdo(e), sup HDU\Il(uo,t)HL(Z) = cd1(e),
uoEBg(&)) UOEBE(&))

for sufficiently small €, and a neighborhood O of 0 in Z such that the manifold
Mo(t) = {up + ¥(up,t); (ug,t) € Be(&y) xR} C Z
has the following properties:
(1) the set {(t,u(t)) € R x My(t)} is a local integral manifold of (4.25);

(ii) the manifold Mq(t) is locally attracting. Any solution u of (4.25) staying in O for all
t € R tends exponentially toward a solution lying on the set (t,u(t)) € R x My(t).

We give a brief proof of this result in Appendix B3 of [23] (see also [54] for a complete
proof).
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Remark 4.28. The analogue of the reduced equation (4.7) in this situation is

d €
% = Loug + PoR(uo + (uo, 1),#) < f(uo, 1), (4.27)

whereas the analogue of the equality (4.8) is
¢ (uo,t) + Do ¥ (uo, t) f(uo,t) = Lp¥(uo,t)
+PrR(ug + ¥ (ug,t),t) for all ug € &.

There are at least two particular cases of equation (4.25) that are important in applica-
tions:

(i) the case in which the map R is periodic with respect to ¢, and
(i) the case in which lim;_, o R(u,t) — Reo(u) or limy, o R(u,t) — R_(u).

In these cases the reduction function ¥, and then also the reduced system, has similar
properties. The following result is proved in [23] Appendix B3:

Corollary 4.29 (Special cases). Assume that the hypothesis in Theorem 4.27 holds.

(i) If the map R is periodic with respect to t, R(u,t) = R(u,t + 1) for some 7 > 0, then
one can find a reduction function ¥ that is periodic, with the same period, namely
W (ug,t) = U(ug,t 4+ 7) for any (ug,t) € B:(&) X R.

(ii) Assume that there exist a map Roo € CK(V,Y) and dy > 0 such that
|R(u, ) — Reoo(u)|ly < ce™®t for all (u,t) € V x RY.

Then the result in center manifold Theorem 4.9 holds for the autonomous equation

d
d—j — Lu + Roo (1), (4.28)

and there exists ¢ > 0 such that
1 (0, £) — W (w0) | 2, < e for all (ug, ) € Bu(€) x R*,

where W, is the reduction function for the autonomous equation (4.28). A similar
result holds when |R(u,t) — R_oo(u)||y < ce®?! for all (u,t) € V x R™.
4.3.3 Symmetries

We discuss in this section three cases of equations possessing a certain symmetry. In each
case we show that this symmetry is inherited by both the reduction function ¥ and the
reduced system.
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Equivariant Systems We start with the case of an equation that is equivariant under
the action of a linear operator. More precisely, we make the following assumptions.

Hypothesis 4.30 (Equivariant equation). We assume that there exists a linear operator
T € L(X) N L(Z), which commutes with the vector field in equation (4.1),

TLu = LTu, TR(u)=R(Tu).
We further assume that the restriction To of T to the subspace &y is an isometry.

Notice that the fact that the operator T commutes with the vector field in the equation
(4.1) implies that the subspace & is invariant under the action of T, so that the restriction
Ty in the hypothesis above is well defined. Indeed, since T commutes with L, it also com-
mutes with its resolvent (Al — L)~!, and from the Dunford integral formula (4.2) it follows
that T commutes with the spectral projector Py. Consequently, the spectral subspace &
associated with Pg is invariant under the action of T.

We show in [23] Appendix B4 that the following result holds in this situation.

Theorem 4.31 (Center manifold theorem for equivariant equations). Under the assump-
tions in Theorem 4.9, we further assume that Hypothesis 4.30 holds. Then one can find a
reduction function W in Theorem 4.9 which commutes with T, i.e.,

T (ug) = ¥ (Toug) for all ug € &,
and such that the vector field in the reduced equation (4.7) commutes with Ty.

We point out that analogous results hold for the parameter-dependent equation (4.17)
and in the nonautonomous case for the equation (4.25).

Continuous Symmetry We end this section with the case where equation (4.1) is equiv-
ariant under a one-parameter group of isometries. We focus on the case of the underlying
group R, and, instead of a single equilibrium at the origin, the equation has a “line” of
equilibria. This situation is encountered in the applications in Subsections 6.2, 6.3. Other
groups of symmetries can be treated in the same spirit, however, this may require more
specific tools and further evolved algebra. We refer the reader to the book [10] for such
cases. More precisely, we make here the following hypotheses.

Hypothesis 4.32 (Continuous symmetry). Assume that there exists a continuous one-
parameter group of isometries (To)acr C L(Z) N L(X), which commutes with the vector
field in (4.1), that is, such that the following properties hold:

(i) the map o € R— T, € L(Z) N L(X) is continuous;
(it) To =1 and Toyp = ToTp for all o, § € R;
(i1i) ToLu = LT u and ToR(u) = R(Tqu) for all o € R.

Further assume that the infinitesimal generator T of the group (Ty)acr C L(X) belongs to

L(Z,Y),
( ) ._drI‘_O‘ eﬁzy)
7= lao (2,Y).
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Hypothesis 4.33 (Equilibria). Assume that equation (4.1) has a nontrivial equilibrium
u* € Z,
Lu*+R(u*) =0, u"#0,

satisfying Tu* € Z \ {0}.

An immediate consequence of the hypotheses above is that equation (4.1) possesses
a line of equilibria given by {T,u* € Z;a € R}. Furthermore, since Tu* € Z, we may
differentiate the identity
LT u* 4+ R(Tyu*) =0
at a = 0 and obtain
Lru* + DR(u")Tu" = 0. (4.29)

This shows that 7u* belongs to the kernel of the linearization L+ DR(u*) of the vector field

at the equilibrium u* (this eigenvector is often called the “Goldstone mode” by physicists).
Our purpose is to construct a local center manifold along this line of equilibria in Z,

taking into account the continuous symmetry of the equation. We make the Ansatz

u(t) = Ty (u” +v(t)), (4.30)

replacing the unknown u by the pair (a,v), with «(t) € R and v(t) € Z satisfying a
transversality condition that we define now. For this we decompose the space X in the
subspace spanned by 7u*, parallel to the line of equilibria, and a complementary subspace.
Consider the linear form ¢* in the dual space X* such that (ru*, o*) =1 (e.g., see [42, p.
135]). We define the subspace H C X' transverse to Tu*,

H={veX; (v,p*) =0}
which provides us with a decomposition of X into two complementary closed subspaces,
X ={ru"} &H.

The linear operators
IMou = (u, *)Tu*, Iy =1-1I

are projections onto the subspaces {Tu*} and H, respectively. Since Tu* € Z, we have that
IIyu € Z (resp., [Iyu € V) if u € Z (resp., u € V), so that we have similar decompositions
for Z and ). We now choose v in (4.30) such that v(¢) belongs to H, i.e.,

Iov(t) =0 <= (v(t),¢*) =0.

Next, we substitute the Ansatz (4.30) into the equation (4.1) and obtain the equation

da dv
TTo(u" +v)— 4+ To—

=LT T * — T, u*
7 o oV + R(To(u* +v)) — R(Tyu"),

where we have used the fact that T,u* is an equilibrium of (4.1). Using the equivariance
property in Hypothesis 4.32(iii) we find

da  dv ~
* —+—=A R
(Tu* + Tv) 7 + o v+ R(v),
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in which

Av =Lv+ DR(u*)v, R(v)=R(v*+v) — R(u*) — DR(u")v.

Projecting successively with ITy and Iy, this gives the first order system for («,v),

Cfi—? = (1+{r0,¢) {Av+ R(v), ¢") = g(v) (4.31)
% = TyAv+IR(v) — g(0)y 7o, (4.32)

which holds for v € Z sufficiently small.

The key property of the system (4.31)—(4.32) is that the vector field is independent of
a, which in particular does not appear in the equation (4.32). This equation decouples, so
that we can solve it separately, and once v is known we obtain « from the first equation.
The differential equation (4.32) is of the form of (4.1), with the spaces X', Z, ) replaced by

X=H, Z'=MyZ, Y =Ty,
respectively, and operators L and R replaced by
L' =TIxA, R/(v) = Oy (R(v) - g(v)7v), (4.33)

respectively. In particular, this means that thanks to the choice of the Ansatz (4.30), the
dimension of the problem is decreased by one, the space X being replaced by H. In fact
we suppressed the direction 7u*, which belongs to the kernel of A as shown by (4.29).
Furthermore, once we obtain a local center manifold for equation (4.32), we have a center
manifold for equation (4.1), with one additional dimension, in a neighborhood of the line
of stationary solutions {T,u* € Z;a € R}. More precisely, we have the following result.

Theorem 4.34 (Center manifolds in presence of continuous symmetry). Assume that Hy-
pothesis 4.1 holds and that the linear operator L' = Iy A in (4.33) acting in X' satisfies
Hypotheses 4.4 and 4.7. Then for the differential equation (4.32) the result in Theorem 4.9
holds.

Let O', W', and &) be respectively the neighborhood of the origin in Z', the reduction
function, and the spectral subspace, given by Theorem 4.9 for (4.32). Consider the “tubular”
neighborhood

O={T,(u"+v);ve0, acR}CZ

of the line of equilibria {Tou* € Z;a € R}, and the manifold
Mo ={To(u* +vo+®(rg)) ; vo € E), a €R} C Z. (4.34)
Then for differential equation (4.1) the following properties hold:

(i) The manifold My is locally invariant, i.e., if u is a solution of (4.1) satisfying u(0) €
MoN O and u(t) € O for allt € [0,T], then u(t) € Mgy for all t € [0,T].

(i) My is locally attracting. Any solution of (4.1) staying in O for all t € R, tends
exponentially towards M.
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We point out that in this situation the center manifold M attracts the solutions which
stay close to the line of equilibria for all £ € R. The asymptotic solutions are of the form

u=Tqo(u* 4+ vo + ¥(vy)),

with « and vy satisfying the reduced system

da

10 g+ B(w)) (4.35)
dv, N

d_to — IIxAv +P) (HHR(vo+‘I’(U0))>

—P6 (g(vo + \I’(UQ))HHT(UQ + ‘I’(Uo))) , (4.36)

in which g is defined in (4.31) and P{ is the spectral projector for the linear operator
L’ = IIxA defined as in Section 4.2.1. Furthermore, for such a solution we have that vg
is a small bounded solution of the equation (4.36), whereas « given by (4.35) has bounded
derivative and may grow linearly in ¢.

Similar results hold for the parameter-dependent equation (4.17) and for the nonau-
tonomous equation (4.25).

4.4 Further Examples and Exercises

We end this chapter with some further examples in which we apply the different variants
of center manifold Theorem 4.9 presented in Section 4.3. In each example we show how to
check the hypotheses and discuss the reduced system. In contrast to the second example
given in Section 4.2.4, here we work in Hilbert spaces, which, in particular, simplifies the
checking of Hypothesis 4.7 (see Remark 4.15). In addition, these examples are such that
u = 0 is a solution of the system for all values of the parameter(s), except for the example
in Section 4.4.2, case V. This property allows us to use the result in Exercise 4.23, and so
simplify some computations.

4.4.1 Burgers Model

We consider the initial boundary value problem

¢ 102 (¢

a—f:§a—£+¢— gi)JquS, (4.37)
d 1

¢(0,t) = ¢(1,t) =0 (4.39)

where ¢(x,t) € R and U(t) € R for (z,t) € (0,1) x R. This model equation, introduced
by J. M. Burgers [6], is a one-dimensional model used for understanding instabilities in
viscous fluid flows. In this system ¢ represents a velocity fluctuation, U is the induced
perturbation on the mean basic flow, and R is the Reynolds number, proportional to the
inverse of viscosity. The product U¢ represents the interaction between the mean flow and
the perturbation, the derivative of ¢? represents inertial terms, and the integral represents
Reynolds stresses.
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Formulation as a First Order Equation We start by writing the problem (4.37)—(4.39)
in the form (4.1), but now with linear part L depending upon the parameter R, L = Lg.

We set
(¢ Y 8- ([ —2D g
= () e (R0 ) mo= (T )

and choose the Hilbert space

X =170,1) xR.

As in the example given in Section 4.2.4, we include the boundary conditions (4.39) in the
domain of definition ) of the operator Ly, by taking

Z = (H?(0,1) N H}(0,1)) x R.

Finally, we set
Y =H}0,1) x R,

so that R(u) € Z for u € Y. Notice that the system commutes with the symmetry T

defined by
T( ¢§Jw) > _ ( —¢(}J—x) >

which is an isometry in both X and Z.

This formulation of the problem does not quite enter into the setting of center manifold
theorems presented in the previous sections, because the linear operator depends upon
the parameter R. The next step consists in determining the spectrum of this operator
in order to detect the “critical” values of the parameter R, where its spectrum contains
purely imaginary eigenvalues. These values are bifurcation points. Then we choose such
a bifurcation point and apply the result in the parameter-dependent version of the center
manifold theorem, Theorem 4.21, by taking L to be the operator Lz at this bifurcation
point.

Spectrum of the Linear Operator The linear operator Ly is a closed operator in X
with domain Z. Since the domain Z is compactly embedded in X, the operator Lz has
compact resolvent. Consequently, its spectrum consists of isolated eigenvalues, only, which
all have finite algebraic multiplicity. In order to determine the spectrum we then solve the
eigenvalue problem

Lru=Au, wue2Z

which is equivalent to the system
P"+R(A-Np=0 ¢(0)=0¢(1)=0,

1
(L)oo

The two equations in this system are decoupled, so that we can determine ¢ and U sep-
arately. The second equation gives the eigenvalue \g = —1/R, with eigenvector (0,1),
whereas by solving the first equation we find the sequence of eigenvalues A\, = 1 — k?72/R,
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with eigenvectors (sin(kmx),0) for k& € N*. Upon varying the parameter R, we find that
there is a sequence (Ry)ren+ of critical values of R, where the part oo of the spectrum of
Ly is not empty:

Rp = k*n%, ke N*.

At each such value, g = {0} and it is easy to check that the operators Ly, satisfy spectral
Hypothesis 4.4. Furthermore, in each case the kernel of the operator Ly, is one-dimensional,
spanned by the vector (sin(kmx),0), so that 0 has geometric multiplicity one, and by arguing
as in the example in Section 4.2.4 we conclude that its algebraic multiplicity is also one.

Checking Hypotheses 4.19 and 4.7 We restrict our analysis to the first bifurcation
point R = Ry = m2. We set 1 = R — Ry and write the system in the form (4.17) by taking

L =Lg,, R(U, :U') = R(u) + (LR1+M — Ly, )u

Then L satisfies Hypothesis 4.19, whereas we now have R(u,u) € X, instead of ), for
u € Z, because of the term (Lg, 4, — Lz, )u, which belongs to & but not to ). Since R(u)
is quadratic, and

IR(uw)|x < C|lul|% for all u € Z,

for some positive constant C, we have that R € C*(Z x Vi, X) for any positive integer k,
where V,, = R\ {R1}. Consequently, R satisfies Hypothesis 4.19 with X instead of Y. We
are in the presence of a “quasilinear” equation with this formulation.

Remark 4.35. Alternatively, one could go back to the original system (4.37)-(4.39), and
rescale the time t through t = Rt', which then allows us to recover a formulation for which
Hypothesis 4.19 holds with the space Z introduced above. With this second formulation we
are in the presence of a “semilinear” equation. Since our problem is formulated in Hilbert
spaces we can apply the center manifold theorem to both formulations, Theorem 4.18 to the
first one and Theorem 4.16 to the second one. We choose here the first formulation above
as a quasilinear equation. However, this won’t be possible in Banach spaces, e.g., if the
Sobolev spaces H* are replaced by C*, in which one has to choose this second formulation
as a semilinear equation (see Section 4.2.3).

It remains to check that Hypothesis 4.7 holds. For this we use now the result in The-
orem 4.18 which shows that it is enough to check the estimate on the resolvent (4.9). For
f =, V) e X, we have to show that the solution u = (¢,U) € Y of the system

(iw — 1) — — 4" = ¢
v

1
™

C C

12 = o (113200 + 1V 12)

@l

satisfies
1/2
)

1/2
2 2
p— <
e = (WoliEao +10P) " <
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for |w| > wp and some positive constant ¢. First, from the second equation we immediately

find
2

whereas for the solution ¢ of the first equation we can proceed as in the example in Section
4.2.4 (explicitly compute the solution and then estimate its norm). Alternatively, we can
make use of the fact that we know that this solution exists and belongs to H2(0,1)NH}(0,1)
for ¢ € L%(0,1), when w # 0, since any iw # 0 belongs to the resolvent set of Lz,. Then
multiplying the equation by ¢, integrating over (0,1), and integrating once by parts we
obtain

Vil (4.40)

1 L
(iw — 1)”@”%2(071) + FHQS,H%Q(O,I) = /0 ¢($)¢($) dx

Upon taking the imaginary parts of both sides of this equality we find

1
22 :I b d
Aol = Im | dla)i(e) do

so that
ollolan < [ W@H @ < Wl loliaon

Consequently,

1
9l 20,1) < U|H¢HL2(O,1)a

which together with (4.40) gives the desired estimate and proves that Hypothesis 4.7 holds.

Center Manifold Hypotheses 4.19, 4.4, and 4.7 being satisfied, we can now apply center
manifold Theorem 4.21. Since 0 is a simple eigenvalue, the space &y is one-dimensional,
which gives us the family of one-dimensional center manifolds Mo(p), as in (4.19), for
sufficiently small p. As in the example in Section 4.2.4, we have that Loug = 0, so that the
linear term in the reduced system (4.7) vanishes. Further denote by £, the eigenvector

&y = (sin(mx),0)
which spans &y, and write
uo(t) = A(t)¢y € &, A(t) € R.
Replacing this formula in the reduced system (4.22) we obtain a first order ODE for A,

dA
— = fo(A
dt fo( 7/’[/)7

with fo(A, n) = O(|A[(|n] +[A])), as (A, ) — (0,0).

Now, recall that the system commutes with the symmetry T, so that the result in
Theorem 4.31 holds, as well. Then the vector field in the reduced system commutes with
the induced symmetry Ty on &. Since T¢, = —¢&,, this symmetry acts on A through
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A — —A. In particular, this shows that the vector field fy is odd in A, so that we may
write

dA
—=apA+ bA3 + O(JA|(|u|? + AY)).

We expect to find here a pitchfork bifurcation (see Section 2.2). In order to analyze this
bifurcation we compute the coefficients a and b.

Pitchfork Bifurcation The coefficient a can be computed with the help of the result in
Exercise 4.23, which shows that dfo/0A(0, i) is the eigenvalue of Lz, 1, vanishing at y = 0.
This latter eigenvalue is

n Boop 3
A =1-— - = -2 40

so that we find

Next, in order to compute b we write for v on the center manifold
u(t) = A(t)§o + R (A(t), 1), (4.41)

in which ug(t) = A(t)§, and ¥ is the reduction function. Recall that R(u,0) = R(u) is
quadratic, so that we may write

_o@d) | 1 1
R(u,0) = Ro(u,u), Reo(u,v) = ( 9, T 2U0¢v+35Ve ) 7

i
- fo gb(:c, )¢($, )dx
where v = (¢, V). We set u = 0 in the following calculations, and consider the expansion
W(A,0) = AWy + A3W3 + O(AY),

in which TWy = ¥y, and TW3 = —W¥3, because ¥ commutes with the symmetry T. Now
we substitute u from (4.41) into

du

= = Lu + Ro(u,u), (4.42)
and taking into account that

dA

= bA® + O(|A%)

when p = 0, we identify the powers of A in this equality. At orders O(A?) and O(A4?), we
find, respectively,

LW, = —Ra (&, o),
LY = —QRQ(SO, \I’Q) + b§0

A necessary condition for solving these equations is that the right hand sides of both
equalities lie in the range of L, or equivalently, lie in the space orthogonal to the kernel
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of the adjoint of L. A direct calculation shows that here L* = L, i.e., L is self-adjoint,
so that its kernel is spanned by &,. Further, recall that W(A, ) belongs to Z}, the space
defined by Z;, = (I—Pg)Z, where Py is the spectral projection onto &y, associated with .
It is this property which allows one to uniquely determine ¥y and W3 from the equalities
above. However, in this particular example we can get the desired result without explicitly
computing the projection Py.

First,
Ro(€0. &) = ( ~sin(2ma) ) ,

2
which is clearly orthogonal to &, in X, and a direct calculation gives

— T gin(2
‘1’2 = < 3 Slnﬂ(z ﬂ-x) ) + CM&O

2

for some o € R. Now, recall that TWy = W9, which together with the fact that T{, = —¢,
implies that @ = 0. Next, we compute

72 sin(3mw) — % sin(mx) >

2R2 (&, ¥2) = < 0

The solvability condition for the second equation is

1 52
0 = (b€, — 2R2(&g, W2), &) = §b+ SR
so that )
5T
b= ——.
6

Summarizing, the reduced equation is

dA 1

at  n2t
in which the right hand side is odd in A. According to the result in Theorem 2.9, we have
here a supercritical pitchfork bifurcation, in which a pair of steady solutions emerges from

0 as R crosses R1. These steady solutions are stable, whereas the trivial solution A = 0 is
stable for R < R; and unstable for R > Ry (see Figure 4.1).

57 3 2 4
AR+ O(AI(f? + 1AL,

Exercise 4.36. Consider the integro-differential equation

ou  0%u o m
E—@—l—l—e —K/O u(zx, t)dx,
ou ou

%‘x:O - %‘m:ﬂ = 0’

where u(z,t) € R for (z,t) € (0,7) x R, and K, v are real parameters.

(i) Check that u = 0 is a solution of this problem for all K and v. Write the system in
the form (4.1) with linear operator L = Lk ,,, depending upon the two parameters K
and v.
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Figure 4.1: Supercritical pitchfork bifurcation, which occurs at the first bifurcation point
R1 = 7% in the Burgers model.

(i)

(iii)

(iv)

(v)

Show that the system is equivariant under the symmetry T defined by

Tu(x,t) = u(m — z,t).
Show that the spectrum of L, is a discrete set, 0 = {\, € R;n € N}, consisting of
the eigenvalues

N=v—Kr, A =v-—n? n=N*

with associated eigenvectors

&, =cos(nz), neN.
Give the action of the symmetry T on these eigenvectors.

Assume K > 1, and set v = 1 + u. Write the system in the form (4.17) and show
that it possesses a center manifold of dimension 1. Show that the reduced equation
takes the form

dA
dt

1 1
= pA+bA*+ O(A|(|uf? +14Y), b=—+ = >0.
pA+ DA+ OUAI(E + A1), b=+ s
(Notice that the coefficient b tends towards oo when Km — 1. This is due to the
mmwalidity of the study when K is close to 1, since at Km = 1 there are two “critical”

eigenvalues, Ao and A1, instead of only one for Km > 1.)

Consider Km and v close to 1, and set y =v —1 and e =v — Kn. Write the system
in the form (4.17) and show that it possesses a center manifold of dimension 2. Show
that the reduced system is given by

dA 1
— = MA—AB+6A3+h.o.t.
dB 1 1
— —e)B—-A*> - -B%?+ hot.
dt (M E) 4 9 +h0t’

in which the first component of the vector field is odd in A, and the second component
is even in A. Here and in the remainder of this book “h.o.t.” demotes higher order
terms.
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4.4.2 Swift—-Hohenberg Equation
We consider the Swift-Hohenberg equation (SHE)

ou 2\ 2 3
E:_<1+@> u~+ pu — u’, (4.43)
where u = u(x,t) € R for (x,t) € R?, and pu is a real parameter. The Swift-Hohenberg
equation arises as a model for hydrodynamical instabilities. We refer to [11] for a detailed
analysis of this equation.

Notice that u = 0 is a solution of (4.43) and that the equation is invariant under spatial
translations x — x + «, o € R, and the reflections z — —x and u — —u.

Linear Stability Analysis We first analyze the linear stability of the trivial solution
u = 0. We look for solutions of the form

u(z,t) = Getkr At (4.44)

where k is a real wavenumber and A and u may be complex numbers, of the linearized SHE

ou 9%\ >
E:_ 1+W u—i—,uu.

Inserting (4.44) into the linearized equation gives the linear dispersion relation
A k) = i (1= K22, (4.45)

The solution v = 0 is linearly stable (resp., unstable) with respect to the mode e™? if
ReX(u, k) < 0 (resp., ReX(u, k) > 0).

The dispersion relation (4.45) shows that A(u, k) is real for all & and p. For a fixed p,
the solution u = 0 is stable with respect to all modes e*** for which u < (1 — k)2, and
unstable with respect to all modes for which p > (1 — k?)2. The modes ¢** such that
(1 — k2)2 = 1 are the critical modes at the threshold from stability to instability. We plot
in Figure 4.2 the curve A(u, k) = 0. This shows that, upon increasing u, the first critical

I

Figure 4.2: Critical curve A(u, k) = 0 for the Swift—-Hohenberg equation.

modes, k = +1, occur at g = 0. These modes correspond to 27m-periodic solutions et of
the linearized equation, at the threshold of linear instability. We therefore expect spatially
2m-periodic solutions to play a particular role in the dynamics of the equation, and restrict
ourselves to this type of solutions in our analysis.
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Center Manifolds We write the equation in the form (4.1), with linear operator L = L,
depending upon the parameter p, by setting

02 \? 5
Lu:_<1+w> +u, Rlu)=-u”,
and choosing the spaces of 27-periodic functions

X =12,0,21), Y=2=H:/(02n).

per per

Then L, is a closed operator in X with domain Z, and R is a cubic map in Z, satisfying
3
IR(u)]z < Cllullz,

so that R € C*(Z) for any positive integer k.

Next, we compute the spectrum of L,. As for the operator in the previous example,
Section 4.4.1, the domain Y of L, is compactly embedded in X, so that L, has a compact
resolvent. Consequently, its spectrum consists only of isolated eigenvalues with finite mul-
tiplicities. Since we work in spaces of 2w-periodic functions, we can use Fourier analysis to
solve the eigenvalue problem and conclude that

o={\=p—(1-n%?%; neN}

All these eigenvalues are real, and there is a sequence (u,, = (1 —n?)?),en of values of p for
which 0 is an eigenvalue of L,,. The smallest value, ;1 = 0, is the one at which the solution
u = 0 loses its stability when increasing p. We apply center manifold Theorem 4.21 for
values of y close to this critical value p; = 0.
We proceed as in the example in Section 4.4.1 and first rewrite the equation in the form
(4.17), with
L= LQ, R(u, ,U,) = R(u) + (LM — Lo)u

From the arguments above it follows that L and R satisfy Hypothesis 4.19 and that Hypoth-
esis 4.4 holds with o9 = {0}. Furthermore, 0 is an eigenvalue with geometric multiplicity
two, with associated eigenvectors e, and by arguing as in Section 4.2.4, one can show
that its algebraic multiplicity is two as well. (Alternatively, notice that L, is self-adjoint
in X so that its eigenvalues are all semisimple. In particular, 0 is then a double eigenvalue
of L.) Finally, Hypothesis 4.7 can be checked as in the example in Section 4.4.1. Applying
Theorem 4.21, we conclude that the equation possesses a two-dimensional center manifold
for p sufficiently small.

Symmetries An important role in this example is played by the different symmetries of
the SHE mentioned above. The invariance under spatial translations z — z+«a, a € R, and
the reflections « — —x and u — —u imply that the equation is equivariant with respect to
the isometries defined by

(Tou)(z) =u(r+ ), aeR, (Tu)(z)=u(—z), (Uu)(zr)=—u(z).

All these symmetries, (Ty)acr, T, and U, satisfy Hypothesis 4.30. Consequently, the
result in Theorem 4.31 holds with any of these symmetries. The family (Tg)acr also
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satisfies Hypothesis 4.32. However, we haven’t in this case a nontrivial equilibrium satisfying
Hypothesis 4.33, so that we cannot argue as for Theorem 4.34 in this example.
In addition, notice that

Ty = Tasor, TToa=T_.T, UT,=T,U, acR.

The first equality is a consequence of the fact that we restrict our analysis to 27-periodic
functions in z. In particular, the first two equalities show that (4.43) is equivariant under
the representation of the group O(2) by (T, (Ta)acr/2x2)-

Steady O(2) Bifurcation We discuss now the reduced system given by Theorems 4.21
and 4.31. Recall that the subspace & is two-dimensional, spanned by the complex conju-
gated eigenvector ( = " and ( = e™"*, so that it is convenient in this case to write

ug = A+ AC, A(t) € C,
for real-valued ug(t) € &. Then we set for the real-valued solutions on the center manifold
u=AC+ A+ V(A A ), At) €C,
where W(A(t), A(t), u) € Z;,. The reduced equation reads

dA -

together with the complex conjugated equation for A. In addition, since the original equa-
tion is equivariant under the actions of T, and T, by the result in Theorem 4.31, we
have that the reduced vector field (f,f) is equivariant under the actions of the induced
symmetries. Since

To( =€, Tol=eC, TC=(, TC=¢,

the action of the induced symmetries on the pair (4, A) is given by the 2 x 2-matrices

et 0 0 1
o () (00)

This shows that we are in the setting of the study made in Section 3.4, on steady bifurcations
with O(2) symmetry. Consequently, we have that

F(A A ) = Ag(|AP%, ),

where the function ¢ is of class C*~1 in (A, A, 1) and real-valued. We consider the Taylor
expansion of g and write

dA
—r = aAp+DAIAR + O(JAl(|ul” + |AD).

In polar coordinates, for A = re’?, this gives the system (3.42)—(3.43) studied in Section 3.4.
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We now compute the coeflicients a and b in order to determine the nature of this bifur-
cation. For this we proceed as in the previous example in Section 4.4.1. First, using the
result in the Exercise 4.23, we obtain

af L
8_A(0“u) - )‘1 = W,

so that
a=1.

Next, we set u = 0 in the following calculations and consider the expansion of the reduction
function W,
(A A0) =) W, APA".
X
Here W, € Zj, are such that

U, =W, Po="T="T, =0.

The first equality shows that W is real-valued, whereas the last equalities come from (4.18).
Furthermore, from the equivariance of the equation with respect to U, we conclude that
W(—A,—A,0)=—P(A,A,0) for all A, and thus ¥,, = 0 when p+q is even. Summarizing,
we find the expansion

‘I’(A, /I, 0) = ‘I’goAg + ‘11031‘13 + ‘Il21A2A + ‘I’lgAAQ + O(|A|5),

where ‘1103 = \1’30 and ‘1112 = \I’Ql.
Now by arguing as in the calculation of the coefficient b in the example in Section 4.4.1,
we obtain the equalities

L‘I’go = 63”5,

LWy = 3e' + be'™.

The solvability condition for the second equation gives
b=-3.

Summarizing, the reduced equation is

dA
—r = pA = BALAP £ O(A|(ul* + [A[%), (4.47)

and the reduced vector field possesses an O(2) equivariance, just as in Hypothesis 3.13.
According to the result in Theorem 3.17, we have here a steady bifurcation with O(2)
symmetry, in which a family (Aa).cr /QFZ) of stable equilibria emerges from 0, as p crosses

0. A direct calculation gives
Ao = [+ O

for > 0, and the corresponding family of steady 2m-periodic solutions of SHE,

Uo () = 2\/gcos(:c—|—oz) +O(|u*?). (4.48)

We point out that u, = T,ug, so that the solutions in this family are obtained by spatially
translating ug.
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Remark 4.37. These steady 2m-periodic solutions of the SHE are called roll solutions.
Actually, such solutions exist for a range of periods close to 2w, for any sufficiently small
w. One can prove the existence of all these rolls in a similar way. Looking for periodic
solutions of the SHE with wavenumbers k close to 1, instead of wavenumbers k = 1, only,
and normalizing the period to 2w in the equation, one finds an equation having an addi-
tional parameter, the wavenumber k. The normalization of the period allows us to use the
same function spaces X and Z, and this reduction procedure can be performed with two
parameters, k close to 1 and u small.

Symmetry Breaking We briefly discuss here several scenarios in which we perturb the
Swift—-Hohenberg equation, by adding a small term, in such a way that one, or more, of the
symmetries of the SHE is broken. We are interested in the effect of the perturbation on the
reduced equation (4.47).

I. First we consider the perturbed equation obtained by adding the term eu? in the right
hand side of the SHE, with £ a small real parameter. This term breaks the equivariance
of the equation with respect to the symmetry U but preserves the O(2) equivariance with
respect to (T, (Ta)acr/27z). The center manifold analysis remains the same, up to the
equivariance in U, which is lost, and to the appearance of the additional small parameter
€. However, this parameter does not play a role in checking the different hypotheses, its

effect being that now the reduced vector field (f, f) depends upon ¢ as well. Since the O(2)
equivariance is preserved, we still have the particular form

f(Aa A’,U'ae) = Ag(|A|2nu’>€)’

with ¢ of class C*~1 and real-valued.

Notice that at € = 0 we find exactly the reduced vector field obtained for the unperturbed
equation. Furthermore, we have here a new symmetry, which is the invariance of the SHE
under (u,€) — (—u, —¢). It is then straightforward to check that this induces the invariance
of the reduced equation under the action of (A4,e) — (—A, —¢). In particular, this shows
that the map g above is even in €. This fact is useful in the computation of the Taylor
expansion of g.

IT. Next, we add the term edu/Jz in the right hand side of the SHE, with ¢ a small
real parameter. This situation actually reduces to the unperturbed SHE, by the change of
variables u(z,t) = u(x + et,t). It is easy to see that u is a solution of the perturbed SHE
if and only if u is a solution of the unperturbed SHE. In particular, our previous analysis
gives us in this case the family of traveling wave solutions wu,(x + €t), with wu, the steady
27-periodic solution in (4.48). These traveling waves have small speeds —e, are 2m-periodic
in the spatial variable z, and are periodic in time with large period 27 /e.

Our interest in considering this example is to see the effect of such a term on the different
symmetries of the SHE and then on the reduced system. This term breaks the symmetry
T, but preserves the symmetries T,, and U. In particular, instead of an O(2) equivariance
we have now an SO(2) equivariance. However, one can argue as in Section 3.4 and conclude
that the map f in the reduced system is of the form

FA A pe) = Ag(J AP, p,e),
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with ¢ of class C*~1, and complex-valued but not necessarily real-valued anymore.

In this situation, we have the additional invariance of the SHE under (z,¢) — (—z, —¢).
On the center manifold, this induces the symmetry acting by (4,e) — (A, —¢), so that g
satisfies

g(|A|2uu>6) = g(|A|2’,U’a _6)'

Consequently, the real part g, of g is even in e, whereas the imaginary part g; of g is odd
in €. This leads to the equation

dA
=t ce? +ide)A — 3A|AP* + h.o.t.,

which in polar coordinates A = re'® reads

d

d—: = (u+ced)r—3r3 + hot.

d

d—f = de+ h.o.t. (4.49)

Here the real coefficients ¢ and d can be computed explicitly, just as the coefficients a and
b in (4.46), and we have used the fact that the reduced system at € = 0 is the same as the
reduced system found for the unperturbed equation. It is then straightforward to find the
solutions

M+Cc€2 1/2
ro(p,?) = < 3 ) + hot., ¢y=wt+a, w=de+ h.o.t.,

with any a € R. These give the solutions of the perturbed SHE equation
u(x,t) = 2ro(u, €?) cos(z + wt + @) + h.o.t..

The lowest order term in this solution is clearly a traveling wave, with speed —w. A careful
use of the symmetries mentioned above, together with the invariance of the equation under
translations in the time ¢, allows us to show that these solutions are indeed traveling waves.

Exercise 4.38. Show that ¢ =0 and d =1 in the reduced system (4.49).

ITI. Consider now the additional term eudu/0x on the right hand side of the SHE. This
term breaks the symmetries T and U, but preserves the composed symmetry T = T o U
and the family (T, )aer. Consequently, we still have an O(2) equivariance of the system,
but now with T instead of T. The action of T on the pair (4, A) is given by the 2 x 2-matrix

0 -1

-1 0 /)
However this does not change the form of the reduced equation, the map f being again of
the form

FA A pye) = Ag(|AP, . €).

61



In addition, we have here the symmetry (u,e) — (—u, —¢), which implies that
9(1AP%, 1, —e) = g(|AI%, p, e).

IV. We introduce now an additional term equdu/dx +e9u?, in which we have two small
parameters €; and 2. This term breaks the symmetries T, U, and also T="To U, but
preserves the symmetries T,, a € R. Consequently, we still have an SO(2) equivariance,
just as in the case II, which allows us to conclude that the map f in the reduced system is
of the form

f(A, /L,u,&‘l,é“z) = Ag(‘AP?M?gl?aQ)?

with ¢ of class C*~1 and complex-valued.
In addition, we now find the new symmetries

(U, €1, 62) = (—U, —€1, _62)? (U(IE), €1, 62) = (u(_x)a —€1, 62)-
Their action on (4, A) is given by
(A7 A7 &1, 82) — (_A7 _Za —&1, _82)7 (A7 Aa €1, 52) — (A7 A7 —&1, 52)-

We can then conclude that the map g satisfies

g(|A|2’:U’>€1’52) = g(|A|2uu7 —€1, _62)’ g(|A|2’:U’>51,52) = g(|A|2uu> _61562)’
so that the reduced equation is

dA
E = MA — 3A|A|2 + (616% + ’id€162 + 6263)A|A|2 + h.o.t..

In polar coordinates A = re*®, we find the system

d

d_:; = pr —3r3 4+ (c16% + cogd)r® + hoo.t.
d

d_(f = d6162’l“2 + h.o.t..

By arguing as for the system (4.49) in case II, one can show in this case the existence of
bifurcating traveling waves with speeds of order O(ueie2).

Exercise 4.39. Show that ¢; = —1/9, d =4/3, and ca = 20/9 in the reduced system.

V. Consider now the case of an inhomogeneous additional term eh(x), on the right hand
side of the SHE, where h : R — R is an even 2m-periodic function and € a small parameter,
again. Notice that in this case the trivial solution u = 0 is no longer a solution for € # 0.

This term now breaks the translation invariance T, a € R, and the reflection U, but
preserves the symmetry T. As in the previous cases we find a two-dimensional center
manifold and a reduced equation of the form

dA -
— = f(AA
o = J (A A e
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for A(t) € C. At e =0, the map f is the one obtained for the unperturbed equation,
J(A, A, 1,0) = Ag(A2, 1) = A — 3AJAP + huodt.,
whereas for € # 0 the equivariance with respect to T implies that

f(A7A7:u75) = f(/_l, Aaua‘g)'

Consequently, the reduced equation is of the form

dA
—r = e+ A= 3A|A]* + hoo.t.,

where c¢ is a real constant. Notice that the constant term on the right hand side of this
equation is real, because of the property of f above, and nonzero, since © = 0 is no longer
a solution of the perturbed equation.

Exercise 4.40. Show that the coefficient ¢ in the reduced system is given by

1 2

c h(z) cos zdzx.

Remark 4.41 (Steady solutions). Notice that the steady solutions of this system are easy
to compute. They are real, A = A,, with A, satisfying

ce + Ap(pp — 3A%) + h.ot. = 0.

We plot in Figure 4.3 the bifurcation diagram for the steady solutions of this reduced equa-
tion. As for the stability of these steady solutions, it can be determined from the eigenval-

Figure 4.3: Bifurcation diagram in the (u, A, )-plane for the steady solutions of the reduced
system in the SHE perturbed by an inhomogeneity eh(z) in the case ce > 0. The solid lines
represent the branches of steady solutions for a fixed, small ¢, whereas the dashed lines
represent the branch of steady solutions for ¢ = 0.

ues of the linearized vector field at A = A,. A direct calculation gives the two eigenvalues
u—9A2%2 +h.ot. and p—3A2+h.o.t.. In particular, in the case represented in the bifurcation
diagram in Figure 4.3, the upper branch is stable (both eigenvalues are negative), while the
lower branch is unstable (at least one eigenvalue is positive). We point out that this result
differs from the classical result occuring in a perturbed pitchfork bifurcation. Notice that
one eigenvalue is 0 at the turning point of the lower branch, but that this does not change
the stability here, because of the second eigenvalue. Moreover, observe that all these steady
solutions are symmetric, invariant under T, since they are real.
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VI. Finally, we consider the Swift-Hohenberg equation (4.43), but instead of looking for
solutions that are 2m-periodic in x, we seek solutions that satisfy the boundary conditions
ou

u(£h,t) = —(+h,t) =0 (4.50)
ox
on some interval [—h,h]. We assume that h is large enough, so that we regard this new
problem as a “small” perturbation of the equation (4.43).

Replacing the spatial periodicity of the solutions by the boundary conditions (4.50)
breaks the translational invariance T, but does not break the symmetries T and U, and
u = 0 remains a solution of the new problem. As a consequence, the eigenvalues of the
linear operator L, are no longer double, and for = 0 the former 0 eigenvalue splits into
two simple, negative eigenvalues, which are close to 0, of order O(1/h®) as h — co. The
other eigenvalues are all negative and at least of order O(1/h?). It is then convenient to
rescale the variables in order to push the eigenvalues of order O(1/h?) at a distance of order
O(1) from the imaginary axis. Then the two eigenvalues of order O(1/h%) are changed into
eigenvalues of order O(1/h), which allows us to use a center manifold reduction, as described
in Remark 4.24, when the critical spectrum o does not lie on the imaginary axis, but stays
close to it. In addition to the original parameter u, we now have a second small parameter
e = O(1/h), so that this case is indeed a small perturbation of the original problem.

Taking into account the fact that 0 is always a solution, and that in this new problem
only the translational symmetry is broken, by arguing as in the previous cases one finds
that the reduced equation is now modified at main orders as follows:

dA

= (1 + ae)A +beA — 3A| A,

where a and b are real coefficients. Using polar coordinates A = re'®, we find the system

d

d—z = 7r(u+ ae + be cos 2¢ — 3r?)
d

d—f = —besin(2¢).

Steady solutions are found for ¢ € {0,7/2,m,37/2}. Note that changing ¢ — ¢ + 7
is equivalent to changing r +— —r, so that we can restrict to the two cases ¢ = 0 and
¢ = /2. The case ¢ = 0 leads to symmetric solutions, i.e., invariant under U, since A = A,
whereas the case ¢ = 7/2 leads to antisymmetric solutions, since A = —A. Tt turns out
that symmetric solutions bifurcate for p = —(a 4+ b)e and have the amplitude given by
r%3 = 1/3(p + (a + b)e). Their stability is determined by the sign of the two eigenvalues
—6r%, —2be. Antisymmetric solutions bifurcate for y = (b — a)e, and have the amplitude
given by r4 = 1/3(u + (a — b)e). Their stability is determined by the sign of the two
eigenvalues —67“%, 2be. In particular, it follows that the stabilities of these two branches of
solutions are opposite (see Figure 4.4 for a typical bifurcation diagram).

Remark 4.42. This question has a major physical importance for many hydrodynamic
stability problems where, for a large aspect ratio apparatus, one replaces, for mathematical
convenience, the physical boundary conditions by periodic boundary conditions (large peri-
ods), as for example in Section 6. On the model equation SHE, a complete mathematical
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—(a—i—b)io (b—a) I

Figure 4.4: Bifurcation diagram for the Swift—-Hohenberg equation with boundary conditions
(4.50), for a fixed € = O(1/h). The two curves S and A represent the branches of symmetric
and antisymmetric solutions, respectively.

justification of the new amplitude equation obtained for Dirichlet—Neumann boundary con-
ditions, as a perturbation of the periodic case, can be found in [76], while this is still a
mathematically open problem for classical hydrodynamic stability problems like the ones in
Section 6.

5 Normal forms

In this section we present a number of results from the theory of normal forms. The idea of
normal forms consists in finding a polynomial change of variable which “improves” locally
a nonlinear system, in order to more easily recognize its dynamics. As we shall see, normal
form transformations apply to general classes of nonlinear systems in R"™ near a fixed point,
here the origin, by just assuming a certain smoothness of the vector field. In particular,
this theory applies to the reduced systems provided by the center manifold theory given in
Section 4.

5.1 Main Theorem

We consider a differential equation in R™ of the form

du
— =Lu~+R 1
I U (u), (5.1)

in which L and R represent the linear and nonlinear terms, respectively. More precisely,
we assume that the following holds.

Hypothesis 5.1. Assume that L and R in (5.1) have the following properties:
(i) L is a linear map in R";
(ii) for some k > 2, there exists a neighborhood V C R™ of 0 such that R € C*(V,R™) and

R(0) =0, DR(0)=0.
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Our purpose is to transform this system, in a neighborhood of the origin, in such a
way that the Taylor expansion of the transformed nonlinear vector field contains a minimal
number of terms at every order. The following result shows the existence of a polynomial
change of variables leading to a transformed vector field, which, as we shall see later, has
this property.

Theorem 5.2 (Normal form theorem). Consider the system (5.1) and assume that Hy-

pothesis 5.1 holds. Then for any positive integer p, 2 < p < k, there exists a polynomial
® : R" — R" of degree p, with

®(0) =0, DP(0)=0,
and such that the change of variable
u=uv+ P®(v) (5.2)

defined in a neighborhood of the origin in R™ transforms the equation (5.1) into the “normal

form”

% = Lov + N(v) + p(v), (5.3)

with the following properties:
(i) N : R™ — R" is a polynomial of degree p, satisfying
N(0) =0, DN(0)=0.
(i) The equality
N(eMv) = " N(v), (5.4)
holds for all (t,v) € R x R™, where L* represents the adjoint of L.

(iii) p is a map of class C* in a neighborhood of 0, such that
p(v) = of[[v]").

Remark 5.3 (Equivalent characterization of the normal form). Instead of the characteri-
zation (5.4) for the polynomial N, it may be advantageous to use the following equivalent
characterization

DN(v)L*v = L*N(v) for all v € R™. (5.5)

Indeed, the following identity is valid for any (t,v) € R x R™:

d * * * * * *
% <efﬂ‘ N(e'l v)) = b (—L*N(eﬂ‘ v) + DN(e'M v)L* et v) .

Consequently, if (5.4) holds, then the left hand side in the above equality vanishes, and by
taking t = 0 in the right hand side we obtain (5.5). Conversely, writing (5.5) with ¥ v
instead of v implies that e~ N(et¥ v) is independent of t, which gives (5.4).
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Remark 5.4 (Uniqueness of the normal form). As we shall see from the proof of this
theorem, the choice of the polynomial N is not unique. Actually, one can add to the poly-
nomial N satisfying one of the equivalent characterizations (5.4) or (5.5) any polynomial

Q which belongs to the range of the linear operator Ay, acting on the space of polynomials
® . R" — R"” defined by

(AL®)(v) = D®(v)Lv — L®(v) for all v € R™.

Of course the new polynomial N+Q does not satisfy (5.4) and (5.5) anymore, but the change
of variables ® still exists. This property may sometimes allow one to further simplify the
normal form (e.g., see Remark 5.10).

Remark 5.5. In applications we often use the characterizations (5.4) or (5.5) in a complex
basis in which L* is diagonal, or triangular (Jordan form). The formulations of (5.4) and
(5.5) are valid in such a basis, as well. Indeed, denote by P the matriz for a change of
basis, which may be complex, such that
P'L'P =T"
Replacing v = Pw into (5.5) we find
D,P7'N(Pw)PT*w = T*P'N(Pw).

Consequently, the polynomial N defined through

N(w) € PIN(Pw)
satisfies N N
DyN(w)T*w = T*N(w),
which is equivalent to (5.5).
Remark 5.6. (i) Theorem 5.2 has been proved in [16] in its elementary formulation,
given below in Subsection 5.1.1. The characterization (5.5) is in fact contained (a

little hidden) in the general work of Belitskii [3], using more sophisticated methods of
algebraic geometry.

(i) Some normal form results are also available in infinite- dimensional spaces for very
specific problems, but there is no general result in this situation. The result in Theorem
5.2 suffices for the analysis of the reduced systems obtained by a center manifold
reduction, since these are all finite-dimensional.

5.1.1 Proof of Theorem 5.2

We give in this section the proof of the normal form Theorem 5.2.
Consider the Taylor expansion of R,

R(u)= Y Ry(u'?)+o(|[ul”)

2<q<p
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for a given p, 2 < p < k, where (9 = (u,...,u) € (R")?, with v € R" repeated ¢ times,
and R, is the g-linear symmetric map on (R™)? given through

Rq(u(q)) — %DqR(O)(u(q)).

Similarly, we write the polynomials ® and N in the form

2<q<p 2<q<p

with @, and N, ¢-linear symmetric maps on (R™)9.
Differentiating (5.2) with respect to ¢t and replacing du/dt and dv/dt from (5.1) and
(5.3), respectively, leads to the identity

(I+ D®(v)) (Lv+ N(v) + p(v)) = L(v + ®(v)) + R(v + ®(v)), (5.6)

which should be valid for all v in a neighborhood of 0. Our purpose it to determine ®
and N from this equality. By identifying the Taylor expansions on both sides, we obtain at
order 2

D®y(v?)Lo — Ld,y(v?) = Ry(v?) — Ny (v?), (5.7)

and then at any order ¢, 3 < ¢ < p, we have

D®,(v)Lv — L&, (v@) = Q,(v?) — N, (v?), 655)
with
Qq(v(q)) = - Z D{)T(U(r))Nq_rH(v(q—rH)) "
2<r<g-1
Y R (808,08, (01)).

ritetre=q, ;21

where we have set ®1(v) = v. Notice that if ®; and N; are known for any [, 2 <1 < ¢ —1,
then Qg is known. Therefore, we can determine ® and N by successively finding (®2, N2),
(®3,N3), and so on, from (5.7) and (5.8).

The equations (5.7) and (5.8) have the same structure; more precisely, they are both of
the form

AL®q, = Qg — Ny, (5.9)
in which Ay, is a linear map (also called “homological operator”) acting on the space of
polynomials ® : R™” — R™ through

(AL ®)(v) = D®(v)Lv — L®(v). (5.10)

A key property of Ay, is that it leaves invariant the subspace H, of homogeneous polynomials
of degree ¢, for any positive integer ¢. In the equality (5.9), Qg is known, and we have to
determine ®, and Ny. It is clear that if Ay, is invertible, then we can take N, = 0, which
gives the simplest solution here. However, this is not always the case, and the condition
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for solving (5.9) is that Q, — N, lies in the range of the operator Ay,. We claim that this
condition is achieved when (5.4), or equivalently (5.5), is satisfied by Nj.

Indeed, we define below a scalar product in the space H of polynomials of degree p, such
that the adjoint operator (Apr)* of Ay, with respect to this scalar product is A, where
L* is the adjoint of L with respect to the canonical Euclidean scalar product in R™. Then
Q, — N, belongs to the range of Ay, if

Qg — Ny € ker(Ar-)" = im(Ay),

or, equivalently,
Prer(ap)(Qq —Ng) =0

)
where Pie(4,.) is the orthogonal projection on ker(Ar+) in the space H of polynomials of
degree p. It is then natural to choose

Ny = Prer(ap)Qq-

Of course, this choice is not unique, since we can add to N, any term in the range of Ay,
(this then implies Remark 5.4). Furthermore, we shall see that the projection Piey,.)
leaves invariant the subspace Hg, so that Ny € ker Ap+|x,. In particular, this shows that
(5.5) holds for N,. With this choice for N, we can now solve (5.9) and obtain a solution
®,, which is determined up to an arbitrary element in the kernel of Ay,. A possible,
but not unique, choice is to choose the unique solution @, orthogonal to ker Ay, in H,.
Summarizing, this shows that (5.9) possesses a solution (®,,N,) with N, satisfying (5.5).
Solving successively for ¢ = 2,...,p, we obtain the polynomials ® and N in the theorem,
with N satisfying (5.5).
To finish the proof, it remains to define the scalar product in the space H such that

(AL)" = Ar-, (5.11)

and to check that the orthogonal projection Pye.(4,.) on ker(Ayp) leaves invariant the
subspace H,.
For a pair of scalar polynomials P, P’ : R®” — R we define

(PIPY % P(8,) P (1) o, (5.12)

where u = (uq,...,u,) € R” and 9, = (0/0uy,...,0/0uy,). The equality (5.12) defines
a scalar product in the linear space of scalar polynomials P : R® — R. To see this, it
is sufficient to take the canonical basis of the space of scalar polynomials, consisting of
monomials u]? ... ug", and to check that

a &
(uit . ouguyt o un™) = anll o an!bayg - 0ang,

where 5%.5], =1if aj = 5}, and 5%5], = 0 otherwise. (Notice that this scalar product can
be extended to complex-valued polynomials P : C" — C by taking

(PP % P(8,)P (w)]uo,

69



where P(u) o P(m).)
Now we define a scalar product on H by taking

n

(B|2) =) (®;|9))

j=1
for ® = (®q,...,9,) € H, ®' = (®),...,P)) € H. An important property of this scalar
product (used in theoretical physics) is that the adjoint of the multiplication by w; is the
differentiation with respect to u;,

(u; P|P"y = aujP(au)P'(uﬂu:O = P(@u)aujP'(uﬂu:o = (P|6ujP'>.
For our purpose, the most interesting property is the equality
(PoT|P") = (P|P' oT*), (5.13)

in which T is any invertible linear map, and T* is the adjoint of T with respect to the
Euclidean scalar product in R™. To show (5.13), consider the change of variable u = T*v,

which means
n
u; = § Tjivj,
j=1

for u = (ul, cee ,un), v = (?}1, cee ,Un) and T = (Ej)lgi,jgn- Then
ou; 0 - 0
=Ty — = Tii—,
81)]' 7 81)]' ZZ; I auz
so that 0, = T0d,. Using this equality and the fact that u = 0 is equivalent to v = 0, we
find
(PoT|P") = P(Td,)P (u)|u=0 = P(0y)P'(T*v)|y=¢ = (P|P' o T"),
which proves (5.13).

We use the identity (5.13) to determine the adjoint of Ay,. We take T = e~ for which
we find T* = e~ and T~! = ¢, Then from (5.13) we obtain

(e7 L@ o eL|®') = (Bl L ® 0 ell)
for any ®,®’ € H. Differentiating this equality with respect to t at t = 0, leads to
(AL®|®') = (P|AL-P').

This proves the formula for the adjoint (5.11).
Finally, the identity above also holds in the subspaces H, of homogeneous polynomials
of degree ¢, which are all invariant under the actions of both Ay, and Ay«. Consequently,

ker(Ar+|x,) = ker AL N'H,,

and since monomials with different degrees are orthogonal to each other, this implies the
invariance of H, under the orthogonal projection Pye 4,.. This ends the proof of Theo-
rem 5.2.

In the next subsections, we apply this theorem to different cases in dimensions 2, 3, and
4. In all these cases the linear map L has purely imaginary eigenvalues, only, just as the
linear part has in the reduced systems obtained from the center manifold reduction.
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5.1.2 Examples in Dimension 2: iw, 0?

We discuss in this section two cases in dimension 2: iw, where L has a pair of simple
complex eigenvalues +iw, and 02, where L has a double zero eigenvalue with a Jordan block
of length 2.

The case iw corresponds to a matrix

0 —w
(5 %)

where w > 0, and L has the simple eigenvalues +iw. In this situation it is more convenient
to identify R? with the diagonal {(z,z);z € C} in C? and to choose a complex basis of
eigenvectors {¢, (} with ¢ = (1, —i), such that L becomes

L= < %" _gw ) (5.14)

A vector in R? is now represented as
u=A(+ A, AcC.
Applying Theorem 5.2, we now prove the following result.

Lemma 5.7 (iw normal form). Assume that the 2 X 2-matriz L takes the form (5.14) in
a complex basis {(,(}, in which a vector u € R? is represented by u = (A, A), with A € C.
Then the polynomial N in Theorem 5.2 is of the form

N(u) = (AQ(IAP), AQ(|A%)),
where @ is a complex-valued polynomial in its argument, satisfying Q(0) = 0.

Proof. In order to determine the normal form in this case, it is convenient to use the identity

(5.4) and Remark 5.5. We have
. et 0
e = ( 0 eiwt > )

and denoting N = (P(4, A), P(A, A)), from (5.4) we obtain that
P(e7™'A, " A) = e P(A, A).

In particular, this shows that the normal form in this case commutes with all rotations in
the complex plane (with this choice of the basis). Using Lemma 3.4, we find that

P(A,A) = AQ(|AP),

where @ is a complex-valued polynomial in its argument. Moreover, Q(0) = 0 since
DN(0) = 0, which completes the proof. I
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Exercise 5.8. Compute the terms up to order 2 in the normal of the system (3.31), with
w=0.
Hint: Redo the calculations in Section 3.2 with p = 0.

Next we consider the case 0% where L has a double zero eigenvalue with a Jordan block
of length 2.

Lemma 5.9 (0% normal form). Assume that the matriz L is in Jordan form

0 1
= (00);
in a basis of R? in which a vector u € R? is represented by u = (A, B) € R2. Then the
polynomial N in Theorem 5.2 is of the form

N(u) = (AP(A), BP(A) + Q(A)),
where P and Q are real-valued polynomials, satisfying P(0) = Q(0) = Q'(0) = 0.
Proof. We set
N(’U,) - ((bl(A? B)7 ¢2(A7 B))7

where ®; and @9 are polynomials in (A, B). Then we have L*(A, B) = (0, A) and using the
identity (5.5) we obtain
0P 0D,
A— = A—— = P.
o~ Ao =™
Consequently, ®; does not depend upon B, ®1(A, B) = ¢;(A), and since the polynomial
A0P9 /0B = @ is divisible by A, there exists a polynomial P such that

®,(A,B) = AP(A).
Then the equation for the polynomial ®5 leads to
(A, B) = BP(A) + Q(A),

with @ a polynomial. Finally, we find that P(0) = Q(0) = Q’(0) = 0, since N(0) = 0 and
DN(0) = 0.

Remark 5.10. (i) Notice that the kernel of the operator Ay~ in the proof of Theorem 5.2
in the space H, of homogeneous polynomials of degree q is in this case two-dimensional,
spanned by

(A9, BAT™Y), (0, AY).
Furthermore, (—A9,qBAY1) is orthogonal to this two-dimensional space, so that it
belongs to the range of Ay,. As it was noticed in Remark 5.4, we can add to N any
term in the range of Ar. In particular, in this case we can then choose N such that
its first component is 0, which gives a simpler normal form,

N(u) = (0, BP1(A) + Q1(4)),

where Py and Q1 are polynomials such that P;(0) = Q1(0) = Q}(0) = 0.

72



(ii) Alternatively, we can obtain this simpler normal form starting from the result in
Lemma 5.9, which gives the system

% = B+ AP(A) + po(A, B)
Cfi_f = BP(A)+Q(A) + py (A, B), (5.15)

by making the change of variables

B =B+ AP(A) + py(A, B). (5.16)
By the implicit function theorem, this change of variables is invertible:

B =B —AP(A) + (A, B),

and leads to the system

dA ~
T - B
= BAM)+ Qi) + 74, B),
with p
PL(A) = P(A4) + 2 (AP(A)), - Qu(A) = Q(A) — A(P(A))™

Notice that in contrast to the result in the first part of this remark, in the first equation
of the system above there is no longer a remainder. In turn, when going back to the
change of variables from (A, B) to u, this transformation is now not a polynomial.

Example: Computation of a 0> Normal Form

Consider the following second order differential equation
v’ = au® + pud + y(u)?, (5.17)

with «, 3, and ~ real numbers.

Normal Form We set U = (u,v), so that the equation takes the form

au
— =LU + Ry(U.), (5.18)

with

01 ~ 0
L_<0 0)’ R2(U’U)_<auﬂ+§(u5+ﬂv)+7v5>'

We are interested in computing the normal form of this system up to terms of order 2.
Therefore it is enough to use the result in the normal form Theorem 5.2 with p = 2, i.e., to
take the polynomial ® of the form

®(A,B) = A’®y + AB® 11 + B*®yp.
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Then, according to Lemma 5.9 and Remark 5.10(ii), the change of variables

NORNO!

transforms system (5.18) into the normal form

where

dA
-~ _ B

dt

B , ,

S5 = aA’+bAB+O(|A| +|BI), (5.20)

where a and b are real constants.

Computation of the Coefficients a and b In order to compute the coefficients a and
b in this normal form we proceed as in the computation of the Hopf bifurcation in Section
3 (see Subsections 3.1 and 3.2).

First, substituting the change of variables (5.19) into the system (5.18) we find the
equation

dA
dt

dB dA dB
CO + %Cl + aA(I)(A7 B)E + 33‘1’(14, B)%

= B(o+ L® + Ra(A(, + B¢ + @, A(y + B¢, + @),
where we have used the fact that L{y; = 0 and L{; = (. Next, we substitute the expressions

of dA/dt and dB/dt from (5.20) in the left hand side of the equality above. In the resulting
equality we identify the monomials A%, AB, B2, and find that

aCy = L®g + Ra((p, o) (5.21)
bCl +2®P9y = L®P;+ 2R2(C0, Cl)? (522)
®;; = L®p +Ra((,¢), (5.23)
where
0 0 0
R2(Co,Co) = < o >7 2R2(Cp,¢1) = ( 3 > , Ra((1,¢1) = ( - > .

Each of equations (5.21)—(5.23) are nonhomogeneous linear systems of the form
L® =R, & ReR?

which are not uniquely solvable, since L is not invertible. Notice that the range imL of
L is given by imL = {(u,0);u € R} C R? and that the kernel ker L is spanned by (.
Consequently, the system L® = R has a solution if and only if R € imL and this solution
is unique up to an element in ker L.
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For the equation (5.21) we find

a— «

a¢y — Ra(Cp, Co) = ( 0 > ,

so that the solvability condition a; — Ra({y, () € ¢mL is satisfied when
a=a,

which determines the coefficient a in the normal form. Then the solution ®9 is any element
of the kernel of L,
P20 = P20C0, P20 € R.

Next, for equation (5.22) we have
2
bCy + 2P0 — 2R2((p, (1) = < b?mﬂ ) )

so that the solvability condition for this equation determines the coefficient b, namely,

b=3.

This completes the calculation of the coefficients a and b.

Notice that it is not necessary to compute the solution ®1; of the equation (5.22) and to
solve the equation (5.23), unless one needs to also compute the polynomial ® in the change
of variables. Here we find

‘I’ll = 2¢20<1 + ¢11<0, 2¢20 =7, (1)02 = gbllcl + ¢02<0?

where the second equality is the solvability condition for the equation (5.23). In particular,
this uniquely determines ¢, whereas ¢, and ¢, are arbitrary. We can choose, for instance,
®11 = ¢g2 = 0, which then leads to the formula for ®:

B(A, B) = 2 A% +7ABC;.

Remark 5.11. In this example it was easy to determine the range imL of L, and so to
obtain the solvability conditions for the equations (5.21)—(5.23). In general, a convenient
way of finding these solvability conditions is with the help of the adjoint L*, since the kernel
of the adjoint L* is orthogonal to the range of L. This means that the solvability conditions
are orthogonality conditions on the kernel of the adjoint L*.

5.1.3 Examples in Dimension 3: 0(iw), 0°

We present in this section two cases in dimension 3: 0(iw), where L has a pair of simple
complex eigenvalues +iw and a simple eigenvalue at 0, and 03, where L has a triple zero
eigenvalue with a Jordan block of length 3.
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Lemma 5.12 (0(iw) normal form). Assume that the matriz L is of the form

0 O 0
L=| 0 w O
0 0 —w

for some w > 0, in a basis of R® in which a vector u € R? is represented by u = (A, B, B),
with A € R and B € C. Then the polynomial N in Theorem 5.2 is of the form

N(u) = (P(4,|BI*), BQ(A,|B*), BQ(A,|BI)),

where P and Q are polynomials in their arguments, taking values in R and C, respectively,
and satisfying P(0,0) = 0P/9A(0,0) = Q(0,0) = 0.

Proof. We set

N(u) = (PO(Aa BaE)a QO(A’Baﬁ)a@(A’BaB))
Then identity (5.4) leads to

Py(A,e ™'B,e“'B) = Py(A,B,B),
QO(A, efith’ 6iwt§) _ efithO(A’ B,E),

which holds for all £ € R and all (A, B, B) € R x C2. First, the same arguments as in the
proof of Lemma 3.4, give the form of the dependency of Qg upon B, namely,

QO(A7 B7§) = BQ(A7 ‘3’2)

Since Qg is a polynomial in (A4, B, B) with Q¢(0,0,0) = 0 and DQq(0,0,0) = 0, we conclude
that @ is a polynomial in its arguments with Q(0,0) = 0. Next, for the polynomial Py we
take successively wt = arg B and wt = 7, which give that

Fo(A, B, B) = Ro(A,|Bl, |B]) = Py(A, ~ B, ~T).
Consequently, Py is of the form
Py(A,B,B) = P(4,|BJ),
where P is a polynomial in its arguments and satisfies P(0,0) = dP/9A(0,0) = 0. &
In the case 03, it can be proved that the following result holds.

Lemma 5.13 (03 normal form). Assume that the matriz L is in Jordan form
010
L=(001
0 00

in a basis of R? in which a vector u € R3 is represented by u = (A, B,C), with A, B,C € R.
Then the polynomial N in Theorem 5.2 is of the form

N(u) = (AP (A, B), BPi(A, B) + APy(A, B), CP(A, B) + BPy(A, B) + P5(A, B)),
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where

B = B?_-2AC,

and Py, Py, and Ps are real-valued polynomials such that Py(0,0) = P»(0,0) = P3(0,0) =
0P3/0A(0,0) = 0.

Remark 5.14. As in the case 02, we can use here Remark 5.4 and choose N such that its
two first components vanish, i.e.,

N(u) = (0, 0, CPy(A, B) + BPy(A, B) + P5(A, B)),

where the polynomials Py, Py, and Ps are real-valued such that Py(0,0) = P»(0,0) =
P3(0,0) = 9P; /OA(0,0) = 0.

5.1.4 Examples in Dimension 4: (iw1)(iws), (iw)?, 0?(iw).

In this section we consider four cases of matrices L in R*. The first case is that in which L
has two pairs of simple purely imaginary eigenvalues, +iwy and tiws.

Lemma 5.15 ((iw;)(iwg) normal form). Assume that the matriz L is of the form

w1 0 0 0

0 iwz 0 0

0 0 —iwp 0 ’
0 0 0 —iwy

L=

where wi # wy are positive real numbers, in a basis of R* in which a vector u € R* is
represented by uw = (A, B, A, B), with A, B € C.

(i) Assume that wi/wy ¢ Q. Then the polynomial N in Theorem 5.2 is of the form
N(u) = (AP(IAP%,|BI), BQ(IAP,|BI*), AP(|A]%,|BI), BQ(|AP,|BI?)),

where P and Q are complez-valued polynomials in their arguments such that P(0,0) =

Q(0,0) = 0.
(ii) Assume that wy/we =r/s € Q. Then the polynomial N in Theorem 5.2 is of the form
N(w) = (API(AP,|B[% A°B) + A B Py( AP B, A°B),
BQ:(| AP, B>, A°B") + A°B" ' Qa(|A]%,| B2, A°B),
(AP,([A]%,|BE, AB') + A 'B' By(| AR, | B2, A Br),
BQi(|AP,[BP, A Br) + A'B ' Qu(| AP, | B2, A°T) )

where Py, Py, QQ1, and Qo are complez-valued polynomials in their arguments and

P1(07070) = Q1(07070) = 0.
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Proof. We set
N(u) = (®1(A, B, A, B), ©3(A, B, A, B), ®1(A, B, A, B), ®3(A, B, A, B)),
and then from (5.4) we find

@1(€_iwltA7 e—iwgtB7 eiwltZ’ eiWQtE) — e_iwltél(A7B7Z, E)
@2(€_iwltA e—iwgtB eiwltz eiWQtE) — e_iw2t¢2(A B Z E

forallt € R, and A, B € C.
Consider the monomials

1 7N a2 2 et a2
¢1§71)¢11P2Q2APIA Bp2B and ¢1§71211P2Q2APIA Bp2B

in the polynomials ®; and ®2, respectively. Then (5.24) implies that
wi(p1 —q1 — 1) + wa(p2 — g2) = 0.
If wi/we ¢ Q, we then have
rn=q+1, p2=qo,

from which we conclude the result in part ().
If wi/wa =1/s € Q, then the relation above gives

r(p1—q1 — 1)+ s(p2 — q2) =0,
and since r and s have no common divisor, we obtain
pr—q—1=ls, pa—q=—Ir
for some [ € Z. For [ > 0, this gives

pr=q +1+I1s, qo=p2+lir,

(5.24)

which corresponds to a polynomial of the form AP;(|A|?,|B|?, A*B"), where P; is a poly-

nomial in its arguments. For [ = —I' < 0, we find

ap=p1+s—1+0"-1s, pr=qg+r+ {1 -1r

which gives a polynomial of the form ZSilBTP2(|A|2, |B|?, A°B"), where P; is a polynomial
in its arguments. The same arguments work for the polynomial ®5. Notice that the lowest
order terms in these polynomials, which are not of the standard form found in the irrational
case, are of degree r +s — 1 > 2 (we assumed w; # wg, which implies that r and s are

different positive integers). This ends the proof of the lemma. I

Exercise 5.16 (Generalization). Consider the matriz L in R®*™ with the pairs of simple

etgenvalues tiwq, ..., iw,.
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(i) Assume that (a,w) # 0 for any a € Z™ \ {0}, where (-,-) denotes the scalar product
in R", and w = (w1,...,wn). Show that the polynomial N in Theorem 5.2 is of form

N(u) = (Alpl(’A1‘27 tety ‘An’2)7 s 7A7LP7Z(’A1‘27 cc ‘An’2)7
AP(|AL%, . AP, . AP (AL L | AR]P)),

where the Pj, j = 1,...,n, are complex-valued polynomials in their arguments such
that P;(0,...,0) = 0.

(it) Set |ap| = min {|a|; (o,w) = 0,a € Z"\ {0}} < oo, where |a| = 377 |ay], for a =
(a1,..., ap) € Z™. Show that the lowest order terms in the polynomial N in Theorem
5.2, which are not of the “standard form” obtained in the case (i), are of degree |ap|—1.

In the remainder of this section, we give the normal forms in the cases (iw)?, 02(iw).
The proofs of the following results are given in Appendices C2, C3 and C4 of [23]. The
proofs can be also found in [16]. We also refer to [31], [13] for different proofs of the results
in the cases (iw)? and 0%02.

Lemma 5.17 ((iw)? normal form). Assume that the matriz L is of the form
w1 0 0
0 w 0 0
0 0 —w 1 ’
0 0 0 —w

L=

where w > 0, in a basis of R* in which a vector u € R* is represented by u = (A, B, A, B),
with A, B € C. Then the polynomial N in Theorem 5.2 is of the form

N(u) = (AP(|A|2,Z'(A§—ZB)), BP(|A|2,Z'(A§—ZB))+AQ(|A|2,1'(A§—ZB)),
AP(|AP,i(AB — AB)), BP(|AP,i(AB - AB)) + AQ(|A]%,i(AB — 4B))),

where P and @Q are complex-valued polynomials in their arguments, satisfying P(0,0) =
Q(0,0) = 0.

Lemma 5.18 (0%(iw) normal form). Assume that the matriz L is of the form

01 O 0
0 0 O 0

L= 0 0 w 0 ’
00 0 —w

where w > 0, in a basis of R* in which a vector u € R* is represented by u = (A, B,C,C),
with A, B € R and C € C. Then the polynomial N in Theorem 5.2 is of the form

N(u) - (APO(A7 ‘0’2)7 BPO(A7 ’0‘2) + Pl(A7 ’0‘2)7
CP(A,|CP), CR(A,|C%)),
where Py and Py are real-valued polynomials, and Py is a complex-valued polynomial, satis-
fying
oP;

Py(0,0) = Py(0,0) = P5(0,0) = -(0,0) = 0.
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Remark 5.19. The interested reader may find other normal forms in literature, as for
exzample 020% in [16], (iw1)?(iws) in [32, 52], (iw)® with spherical symmetry O(3) in [36].
5.2 Parameter-Dependent Normal Forms

5.2.1 Main Result

In the same framework as above, we are interested now in parameter-dependent equations
of the form

d
d—? = Lu + R(u, p), (5.25)

in which we assume that L and R satisfy the following hypothesis.

Hypothesis 5.20. Assume that L and R in (5.25) have the following properties:
(i) L is a linear map in R";

(it) for some k > 2, there ewist neighborhoods V,, C R"™ and V,, C R™ of 0 such that
R € C*(V, x V,,R") and

R(0,0) =0, D,R(0,0)=0.

In this situation we have the following result.

Theorem 5.21 (Normal form for perturbed vector fields). Assume that Hypothesis 5.20
holds. Then for any positive integer p, 2 < p < k, there exist neighborhoods Vi and Vs of 0
in R™ and R™, respectively, such that for any p € Vo, there is a polynomial ®,, : R — R"
of degree p with the following properties:

(1) The coefficients of the monomials of degree q in ®,, are functions of pu of class chka,
and

B0(0) =0, Dy®o(0) = 0.
(i) For v € Vi, the polynomial change of variable
u=v+®,(v), (5.26)

transforms equation (5.25) into the “normal form”

d
d—i) =Lv+ N,u(v) + p(v, /‘)a (5'27)

and the following properties hold:
(a) For any p € Vo, N, is a polynomial R™ — R™ of degree p, with coefficients
depending upon u, such that the coefficients of the monomials of degree q are of

class C*~1, and

No(0) =0, D,Ny(0) = 0.
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(b) The equality
N, (e v) = "N, (v) (5.28)

holds for all (t,v) € R x R™ and p € V.
(c) The map p belongs to C*(Vy x Vo, R™), and

p(v, 1) = o([[v]|”)
for all p € Vs.

The proof of this theorem is given in Appendix C5 of [23]. We point out that in most
results on normal forms in the literature the normal form N, is a polynomial in both v and
1, whereas here it is only a polynomial in v which is better for some use.

Remark 5.22. (i) As for Theorem 5.2, identity (5.28) is equivalent to the identity

DN, (v)L*v = L*N,(v) for allv e R", u € Vs.

(ii) Notice that the origin is not necessarily an equilibrium of (5.25) when p # 0. Then
N, (0) is, in general, not 0, and the equality above shows that in this case

N,(0) € ker L*.

(1it) In Theorem 5.21, the polynomials ®, and N, have coefficients depending upon .
The regularity with respect to pu of these coefficients decreases as the degree of the
corresponding monomial increases. In applications, we actually compute the Taylor
expansions of the coefficients of the polynomials ®,, and N, up to a needed degree in
w (see Section 5.2.3 below). Also notice, that the remainder p in (5.27) is uniformly
estimated for i € Vo. This is sometimes useful when one is looking for the optimal
behavior of certain solutions as t — +00.

(iv) We can consider again the examples in Sections 5.1.2-5.1.4, now in the context of
the parameter-dependent equation (5.25). In each case, we find that the parameter-
dependent normal form polynomial N, has the same structure as the unperturbed
polynomial N, but now with coefficients depending upon the parameter .

5.2.2 Linear Normal Forms

An interesting particular case occurs when the map R(u, i) is linear in u, so that we have
a linear equation

du
;i = Lu + R,u.

Assuming that Ry = 0, Hypothesis 5.20 is satisfied and the result in Theorem 5.21 holds.
The polynomial @, is of degree 1 in this case, so that we have a linear change of variables.
The normal form is also linear,

dv
a (L + Ny)v,
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in which the map p+— N, is of class C*~1 in a neighborhood of 0, and now
N,L*=L"N,. (5.29)

This result was proved in [2] and is of particular interest since it gives a smooth unfolding
of a linear map L, which is, in general, not the case when one uses the classical transfor-
mation into Jordan form. For example, assume that L is not diagonalizable, but L + R,
is diagonalizable for p # 0. Then the linear change of variables, which transforms L + R,
into a diagonal matrix, is singular in g = 0.

Exercise 5.23. Consider the 3 X 3-matriz

01
L= 00
0 0

> O O

in which A is a real parameter, and consider a linear perturbation R, depending smoothly
upon i € R™, such that Ry = 0.

(i) Assume that X\ # 0. Show that there is a linear change of variables in R3, which is
smooth in i in a neighborhood of 0, such that the transformed matriz is of the form

a, 1 0
By, a/.t 0 Y
0 0 A+,

where oy, B, and y,, depend smoothly upon p. Compute the first two leading order
terms in the Taylor expansions in u of the vectors in the basis {C;(p),Ca(p),(5(1)}
of R consisting of generalized eigenvectors of the new matriz, which is the smooth
continuation of the basis {£;,&,,&3} such that

L§ =0, L& =&y, L§3:O-

Hint: Use (5.29) to prove the first part. For the second part, use the dual basis
{7,835, €5} such that

L1 =&, LG =0, LG =X5, (§,4) =0m,
and identify the different powers of p in the identities

L+Ru)CG() = auCi(p)+ B0,
(L+Ru)C(n) = Ci(p) + aulalp),
L+ R)C() = (A+v(w)Cs(k)-
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(ii) Assume that X = 0. Show that there is a linear change of variables in R3, which is
smooth in i in a neighborhood of 0, such that the transformed matriz is of the form

a, 1 0
Bﬂ oy gy ,
op 0 v,

where v, By, Vs Ou, and €y, depend smoothly upon p. Describe a method for com-
puting the Taylor expansions in p of the vectors in the basis {((p),Co(), C5(p)} of
R3 consisting of generalized eigenvectors of the new matriz, which is the smooth con-
tinuation of the basis {£;,&4,&3} above. Show that in general the eigenvalues of the
transformed matrix do not depend smoothly upon p, even for a single parameter i € R.

5.2.3 Derivation of the Parameter-Dependent Normal Form

In this section we give a method of computing the Taylor expansions of the polynomials
®, and N, given by Theorem 5.21. We have already used this method in the particular
case of the Hopf bifurcation in Section 3.1, and without parameters in the example of a 02
normal form in Section 5.1.2.

We write the Taylor expansion of R and rewrite polynomials ®,, and N, as follows:

R(u,p) = Y Ru@? uD)+o((lull + |ul)?), R =0,
1<g+I<p

®,0) = > @D D) +o((Jull + [lul)?), B10=0,
1<g+I<p

Ny() = > N 5Dy +o((lv] + L)), N =0,
1<g+I<p

where Ry, ®,, and N are (¢ + I)-linear maps on (R™)? x (R™)!, u(® = (u,...,u) €
(R™)9, and pu® = (y,...,pn) € (R™)!. Furthermore, Ry (-, uV) and Ry (ul®, ") are g-linear
symmetric and [-linear symmetric, respectively, and similar properties hold for ®,, and
N,. Notice that the terms o((||v|| + ||x||)P) in the expansions of ® and N come from the
fact that these are polynomials in v with coefficients that are functions of u, of class CF~¢
for the monomials of degree q.

Now we proceed as in the proof of Theorem 5.2. Differentiating (5.26) with respect to ¢
and replacing du/dt and dv/dt from (5.25) and (5.27), respectively, we obtain the identity

AL®,,(v) + N, (v) = IT, (R(v + ®,(0), 1) — Dy, ()N, (v)). (5.30)

Here Ay, is the homological operator given by (5.10), and II, represents the linear map
which associates to a map of class CP the polynomial of degree p in its Taylor expansion.
Identifying the coefficients of the monomials of degree ¢ in u and of degree 0 in u leads to

AL®20+Nog = Rap,
AL®30 +N3g = Qso,

with
Qz0(v®) = Rgo(v®) + 2Rag (v, B20(v)) — 220 (v, Ngo (v?))
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for ¢ = 2 and ¢ = 3, respectively, and similar equalities hold for ¢ > 4, just as in (5.8).
Then the equation for Ay, ®,0 + Ny only contains in the right hand side terms involving
®, and Ny, with ¢’ < ¢ — 1, so that we can successively determine ®4o and No.

Next, we consider the monomials of degree ¢ in v and of degree 1 in u, and obtain

AL ®01 + No1 = Ry,
AL¢11(7}7 M) + Nll(v7 :u) = Rll(’l}, M) - 2¢20(Ua N01 (M))

for ¢ = 0 and g = 2, respectively, and
AL®y (09, 1) + Ny (v, 1) = Quu(v'?, p)

for ¢ > 2, where Qg1 depends upon @1, N1, @0, Nyrg such that ¢ < ¢g—1and ¢’ < g+1.
Consequently, once we have found (®40,Ng), ¢ = 2,...,p, we can determine (®41,Ny1) by
successively solving the equations above for ¢ = 0,1,...,p — 1. More generally, we obtain

AL‘I)ql(U(Q)7M(l)) + qu(U(Q)7u(l)) — qu(v(q)7 N(l)),

which is of the same form as above, with Qg depending upon ®,; and Ny either such
that ¢ +1' < q¢+1—1 with I’ <, or such that ¢’ +1' = g+1 with I’ < [— 1. This shows that
once we found (®4;,Ng;), for g+ j <p, j=0,1,...,l, then we can determine (®,y, Ny )
for '’ =141 and ¢ < p—1—1. We indicate in Figure 5.1 the way in which (®4,N)
depend upon (@, Nyy).

aravaravd
ararardvard

\
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0 1 2 3 q

Figure 5.1: Plot of the indices (g,l) of (®4,Ny). The arrows indicate the dependence of
(®g,Ny) at the position (g,1) upon (24, Nyy) at the position (¢, 1').

5.2.4 Example: 0> Normal Form with Parameters
Consider the second order differential equation
W = iy + iy + gl + ol + Bund + (),

where a, 3, v are real constants, and ), £, 115 small parameters. Notice that for pg = p; =
o = 0 this is precisely the equation (5.17) for which the normal form has been computed
in Section 5.1.2. Therefore, it remains to compute the terms in the normal form involving
the three small parameters pg, 1, and .
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Normal Form Weset U = (u,v) and = (pg, fi1, i2) € R3, so that the equation becomes

au

where L and Ry are as in (5.18), and

Ro1(p) = ( /?0 >, R (U, p) = ( M1U‘(|)’M2U )

We are interested in computing the normal form of this system up to terms of order 2, so
that it is enough to consider a polynomial ®,, of degree 2,

®,(A,B) = ®oo1(pn) + AP 101 (1) + BPo11 (1) + A2®og0 + ABP 119 + B> P,

where ®;;1 : R3 — R? are linear maps. Since for @ = 0 the result is the same as the one
found for the equation (5.17) in Section 5.1.2, it is clear that here

D0 = Pog,  Pr10 = P11, Po2o = Po2,

where 5
Py = §Co, P11 =79C¢;, Pe2=0

have been computed in Section 5.1.2. According to Lemma 5.9 and Remark 5.10(ii), and
taking into account the result found for g = 0 in Section 5.1.2, it follows that the change of
variables

NORNO!

transforms the system (5.31) into the normal form

where

dA

“ _ B

dt

dB ,
i ar () + ao(p)A+ as(p)B + aA” + BAB

+O(ul® + [l (|A] + [B)* + (1A + 1B])?), (5.33)

in which «; : R3 - R, j =0,1,2, are linear maps.

Computation of oy, a1, and as We proceed as indicated in Section 5.2.3, and also as
in the previous computations. We substitute the change of variables (5.32) into the system
(5.31), and then replace the derivatives dA/dt and dB/dt from (5.33). In the resulting
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equality we now identify the terms of orders O(u), O(pA), and O(uB), which gives the
equations

ai(u)¢y = L®Pgoi(u) +Ror(u), (5.34)

az(p)Cy +ar(pu)Prio = L®ior(u) + Ri1(Co, 1)
+ 2R2(Cos oot (w)), (5.35)

az(p)Cy + 201 (1) ®o20 + Pro1(1) = LPorr(u) + Rar(Cy, 1)
+ 2R3 (C1, Poo1 (1)- (5.36)

Using the fact that the range imL of L is given by imL = {(u,0);u € R} C R? and that
the kernel ker L is spanned by (,, we can solve these equations and determine «; from the
corresponding solvability conditions.

Solving these three equations we find, successively,

a1(p) = pg,  Poor (1) = G0 (11)Co,
aa(p) = =g + py + 2ad001 (1),  P1o1(1) = P101(1)Co0>

and

az(p) = pg + Bdoor (1), Por1(w) = 101 (1)1 + do11(11)Co,

in which ¢ggy, #101, Po11 : R® — R are arbitrary linear maps. A simple choice is of course
D001 = P101 = Po11 = 0, which then gives

ar(p) = po,  aa(p) = —ypo + p,  as(p) = po.
Alternatively, if 5 # 0 we may choose ¢gg; (1) such that as(u) =0, i.e.,

i
Poo1 (1) = —§27
which gives

2

ar(p) = po, (i) = =g + gy — 5 H az(p) =0,

whereas if o # 0 we may choose ¢y (i) such that as(p) =0, ie.,

1
Boo1 (1) = % (Yho — 1),

which gives

p
ar(p) = po,  aa(p) =0, as(p) =p + 2% (Vho — p1) -
Actually, these choices can be made in general for a Takens-Bogdanov bifurcation (see

Section 5.4.4).

5.3 Symmetries and Reversibility

In this section, we consider the particular cases where the equation is equivariant under the
action of a symmetry and where it possesses a reversibility symmetry. In both cases we
show that the symmetry is inherited by the normal form. We state our results for equation
(5.1), but the same results also hold for the parameter-dependent equation (5.25).

86



5.3.1 Equivariant Vector Fields

We start with the case of an equation that is equivariant under the action of a linear
symmetry. More precisely, we make the following assumption.

Hypothesis 5.24 (Equivariant vector field). Assume that there exists an isometry T €
L(R™) which commutes with the vector field in the equation (5.1),

TLu = LTu, TR(u) = R(Tu) for all u € R™.
In this situation, the following result holds:

Theorem 5.25 (Equivariant normal forms). Under the assumptions of Theorem 5.2, fur-
ther assume that Hypothesis 5.24 holds. Then the polynomials ® and N in Theorem 5.2
commute with T'.

5.3.2 Reversible Vector Fields

Next, we consider the case of reversible equations for which we assume that the following
assumptions are satisfied.

Hypothesis 5.26 (Reversible vector field). Assume that there exists an isometry S €
L(R™), with
S?2=1, S+#I,

and which anticommutes with the vector field in (5.1),
SLu = —LSu, SR(u)=—R(Su) for all u € R".
In this case the following result holds:

Theorem 5.27 (Reversible normal forms). Under the assumptions of Theorem 5.2, further
assume that Hypothesis (5.26) holds. Then the polynomial ® in Theorem 5.2 commutes with
S, whereas the polynomial N anticommutes with S.
5.3.3 Example: van der Pol System
Consider the van der Pol system [62],

u'1 = ,uul—u2—u§’

u'2 = Ui,
in which p is a small parameter. (This system models an electrical circuit with a triode

vacuum tube, nowadays replaced by a transistor.) Notice that the system is invariant under
the reflection (uy,ug) — —(u1, ug).
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Normal Form We set U = (uy,u2), so that the system is of the form

dau

where

L:(i’ ‘01>, RH(U):<%1>, Rgo(U,v,W):<‘ulgm>.

Due to the reflection invariance mentioned above, the system (5.37) is equivariant under
the action of
T=-1L

The linear map L has a pair of complex conjugated eigenvalues +i, with associated eigen-

vectors
-(2) (1)

This implies that © = 0 is a bifurcation point, at which we expect a Hopf bifurcation to
occur. We are interested in computing the normal form of this system up to terms of order
3, taking into account the equivariance of the system under the action of T.

We consider the change of variables

U=AC+ A+ ®,(AA),

with A(t) € C and ®, a polynomial of degree 3, since we are interested in the normal form
up to terms of order 3. According to the result in Lemma 5.7 and Theorem 5.25 there exists
a polynomial @, which commutes with T and such that the system is transformed into the
normal form

dA )
C = 1A+ apA + DALAP + O A] + |yl | AP| + | AP).

Since ®,, commutes with T, it follows that @, is an odd polynomial, hence

(A, A) = pA®1g1 + AP + AP P30 + AZAPo1o + AR B9 + A B3,

Computation of the Coefficients a and b We proceed as in the computation of the
Hopf bifurcation in Section 3.1, which leads for a general Hopf bifurcation to the system
(3.22)—(3.27). Here, due to the equivariance under T, implying in particular that &, is an
odd polynomial, several terms in this calculation vanish, so that we find the system

aC+ (i —L)®in = Riu(Q) (5.38)
(3i —=L)®300 = Ra0(¢,¢,0) (5.39)
b+ (i —L)®ai0 = 3Ra0(¢,¢,0), (5.40)

instead of the general system (3.22)—(3.27). Now, the coefficients a and b are easily com-
puted from the solvability conditions for the equations (5.38) and (5.40). Recall that these
conditions are orthogonality conditions on the kernel of the adjoint matrix, namely,

(i—-L)*=—i—L*=—i+L,
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e.g., see Section 3.1, which is here one-dimensional and spanned by

L1/
CZi(—z‘)'

This vector is chosen such that ((,(,) = 1, and then the solvability conditions lead to

3

a=(Ru1(¢),¢%) = % b= (3R30(¢.¢.0).¢7) = — 5.

Notice that b < 0, which implies that we have a supercritical Hopf bifurcation. Since a > 0
the branch of stable periodic solutions bifurcates for p > 0.

Exercise 5.28. Compute the higher orders terms and show that

- 0 3 ( 3i/8 o— 0
wa ) =y )+ (55)+42 ( s )
—-3 —32/8 —2 0 5 3 2
8 (AR YA (5 ) OUAP + lilAP 4 luPla),
and that the normal form is

dA o1 i o 3 . 5 630 4
- _ —— = A——(1- AlAlF — —A|A
— <z+2M 8#) 5 (1= iu) AJA] — T AlA[ + hoot

5.4 Normal Forms for Reduced Systems on Center Manifolds

Consider an infinite-dimensional system of the form

d
d_zzf = Lu + R(u, p), (5.41)

which satisfies the assumptions in center manifold Theorem 4.21. Then the reduced system
is of the form (5.25) and satisfies Hypothesis 5.20, so that we can apply normal form
Theorem 5.21. We show in this section how to compute the normal form of the reduced
system directly from the infinite-dimensional, without computing the reduced system. Of
course, this is the most efficient way of computation in applications.

5.4.1 Computation of Center Manifolds and Normal Forms
Recall that the center manifold theorem gives solutions of the form
u = up + ¥(uo, p),

with ug € & and W¥(ug, ) € Z,. Then the normal form theorem applied to the reduced
system for ug in the finite-dimensional subspace &y shows that

ug = vg + @M(UQ),

which leads to the normal form

dv
d_to = Lovo + Ny, (vo) + p(vo, p).- (5.42)
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Consequently, we can write N
u = vy + ¥(vo, ), (5.43)

with

‘II(UOHU') = (I)M(UO) + \I’(UO + (I)M(Uo)nu') €Z.

Notice that here ‘i(vo,u) belongs to the entire space Z, and not to 2, as ¥(ug, ). To
obtain the normal form, we can now use the Ansatz (5.43), and proceed as for the algorithmic
derivation in Section 5.2.3.

First, differentiating (5.43) with respect to t and replacing du/dt and dvg/dt from (5.41)
and (5.42), respectively, gives the identity

DUQ{IV’(UO7 /’L)LOUO - L@(UO7 /’L) + NM(UO) = Q(007 M)a (544)

where
Q(vo, 1) = T, (R(vo + B (0o, 2), 1) — Doy ¥ (v, 1Ny (v0) ) -

Here II, represents the linear map that associates to a map of class CP the polynomial of
degree p in its Taylor expansion. Next, we set

‘IJ(UOMU’) = {IVJO(UO’:U’) + {I;h(vo,:u’)’

where {IVIO = Poli and {Ivlh = Ph{IVl take values in & and Zj, respectively, according to the
decomposition Z = &) + Z,. Projecting the identity (5.44) successively on & and Z}, with
the projectors Py and Py, respectively, gives the following system:

ALy ®o(vo, 1) + Npu(vo) = Qolvo, 1) (5.45)
Doy W4 (v0, 1) Lovo — L@ (vo, 1) = Qun(vo, ), (5.46)

where

Qo(vo, 1) = PoQ(vo, 1),  Qn(vo, ) = PrQ.

We can solve both equations in this system using again the Taylor expansions of R, \ilo,
U, and N,,. Then equation (5.45) leads to an equation of the form (5.30), with ®,(v)
replaced by \io(vo, w) and can be solved as described in Section 5.2.3. Parallel to this, we
have to solve the second equation, which determines \ih(vo, w). This is also done with the
help of the Taylor expansions, which lead at every order to an equation of the form

Doy ¥, (v0)Lovg — Ly, (v0) = Qp(vo),

in which the right hand side is known. At this point we have to make sure that this equation
has a solution W (vy) € Zp. For this, notice that the equation above is obtained from the
equation

d ~ -
%\I’h(eLotvo) = Lh\I’h(eLOtvo) + Qh(eLOtvo)

90



by taking ¢ = 0. Here the map ¢ — Qy(e0%vy) belongs to C,(R, YV}) for any n > 0, so that
by Hypothesis (4.7) this equation possesses a unique solution Kth(eLO'vo). Consequently,
we may take

@), (vo) = (KnQn(e™ wp)) (0),

which then shows that (5.46) can be solved at every order.
We show in the following sections, how to simultaneously compute the center manifold
and the normal form for three different bifurcations in infinite-dimensional equations.

5.4.2 Example 1: Hopf Bifurcation

Consider an equation of the form (5.41), with a single parameter p € R, and satisfying
the hypotheses in the center manifold Theorem 4.21. Further assume that the spectrum of
the linear operator L contains precisely two purely imaginary eigenvalues +iw, which are
simple.

Normal Form Under these assumptions, we have that o9 = {fiw} and that the associ-
ated spectral subspace & is two-dimensional spanned by the eigenvectors ¢ and ¢ associated
with iw and —iw, respectively. The center manifold Theorem 4.21, gives

u:u0+‘11(u0uu)a ug € &o, ‘I’(UO,N) € Zp,
and applying the normal form Theorem 5.21 to the reduced system we find
ug = Vg + @M(UQ),

which gives the equality (5.43),

u = v+ CIJ’(”OaM)? Vo € 507 ‘II(UOMU') €Z.

For vy (t) € &, it is convenient to write

w(t) = A()C+AR)C,  A(t) €C,

and according to the Lemma 5.7 (see Remark 5.22(iv)), the polynomial N, (4, A) in the
normal form is of the form

NM(A7Z) = (AQ(‘AP? ﬂ)?E(’A‘Qa M))7

with @ a complex-valued polynomial in its first argument satisfying Q(0,0) = 0.

Computation of the Normal Form Our purpose it to show how to compute the two
leading order coefficients in the expression of N, i.e., the coefficients a and b in the expres-
sion

QUAP, 1) = ap+ blAP + O((Ju| + |A]*)?).

For this calculation we proceed as indicated in Section 5.4.
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_ We start from the identity (5.44) in which we replace the Taylor expansions of R and
W. With the notations from Section 5.2.3, we set

‘i’ql(v(()q)aﬂ(l)) = ,Ul Z AT Vorgt, Pogl € 2.
q1+92=q

By identifying in (5.44) the terms of order O(u), O(A?), and O(AA), we obtain
—L%y1 = Ro,
(2iw —L)¥a0 = Ra0((,0),
—LW¥0 = 2Ra(¢().
Here the operators L and (2iw — L) on the left hand sides are invertible, so that ¥y, ¥ago,

and W19 are uniquely _determined from these equalities. Next, we identify the terms of
order O(uA) and O(A%A) and find

(iw—L)¥191 = —af+Rqy1(¢) + 2R (¢, Poo1),
(iw —L)Wa9 = —b(+ 2Ra0(¢, P110) + 2Ra0((, P200) + 3Rs0(¢, ¢, ).

Since iw is a simple isolated eigenvalue of L, the range of (iw — L) is of codimension 1, so
that we can solve these equations and determine W51 and Wo(y, provided the right hand
sides satisfy one solvability condition. It is this solvability condition which allows us to
compute the coefficients a and b, just in the finite-dimensional case. In the case where L
has an adjoint L* acting in the dual space X'*, the solvability condition is that the right
hand sides be orthogonal to the kernel of the adjoint (—iw — L*) of (iw — L). The kernel
of (—iw — L*) is one-dimensional, just as the kernel of (iw — L), spanned by ¢* € X* that
we choose such that (¢,(*) = 1. Here (-, -) denotes the duality product between X and X*,
where it is semilinear with respect to the second argument. Then in this situation we find

a = (Ri1(¢) +2Ra0(¢, oo1), ("),
b = (2Ra0(¢, ¥110) + 2R (¢, Yago) + 3Ra0(¢, ¢, (), ).

Notice that here it is not necessary to further solve the equations and compute W17 and
Wo10.

Now, if the adjoint L* does not exist, we still have a Fredholm alternative for the
equations above. Indeed, both equations are of the form

(iw — L)¥ = R, (5.47)

with R € X. Projecting with Py and Pj on the subspaces & and A}, respectively, we
obtain

(iw—Lo)PQ‘I’ = PQR,
(iw—Lh)Ph\Il = PhR

The operator on the left hand side of the second equation is invertible, since the spectrum
of Ly is 0_ U o4, which is bounded away from the imaginary axis (see Hypothesis 4.4).
Then the second equation has a unique solution

Py¥ = (iw — L) 'PpR,  (iw—Lp) "' X, — 2.
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The first equation is two-dimensional, so that there is a solution ¥, provided the following
solvability condition holds

<R05 CS> = 05

where (5 € & is the eigenvector in the kernel of the adjoint (—iw — Lf) in & chosen such
that (¢, () = 1. We rewrite this solvability condition as

(Ro, Co) = (PoR, (p) = (R, Py(p) =0, (5.48)

in which P is the adjoint of the projector Py, and the last bracket represents the duality
product between X and A*. Upon setting

¢ =Py(p € AT,

the solvability condition becomes (R, (*) = 0, which then leads to formulas for the coeffi-
cients a and b as above.

We point out that the range of iw — L is orthogonal to the vector (* constructed above,
with respect to the duality product between X and X'*, and actually, its range is precisely
the space orthogonal to (*. Indeed, since iw is an isolated simple eigenvalue of L, the
operator is Fredholm with index zero, so its range is closed and has a codimension equal to
the dimension of the kernel, which is 1.

Reduced Dynamics The dynamics of the reduced equation, which is two-dimensional,
is as described in Theorem 3.6, so that we are here in the presence of a Hopf bifurcation.
We then have a branch of equilibria for small p and a family of periodic solutions of size
O(|p|*?), which bifurcate at g = 0 for p such that a,b.pu < 0. Here a, and b, denote the
real parts of a and b, respectively.

We point out that in this situation, the stability of both equilibria and periodic solutions
is the same in the reduced system and in the full equation. Indeed, for all these solutions,
one has a strong stable manifold of codimension 2 corresponding to perturbations of the
stable spectrum o_ of L, and the remaining dynamics are found on the center manifold.
For example, assume that a, > 0. Then the family of equilibria is stable for i < 0 and loses
its stability when p crosses 0 (see Theorem 3.6). In the supercritical case, when b, < 0,
we have an attracting periodic solution on the center manifold for p > 0, for which we can
compute the Floquet exponents. The most unstable exponents correspond to the flow on
the center manifold, which give here 0, due to the invariance under translations in time
t of (5.41), and a real negative exponent, close to 0. The other exponents correspond to
perturbations of the stable eigenvalues in o_ of L, and give a strong stable manifold of
codimension 2, transverse to the weakly stable mode obtained from the dynamics on the
center manifold. It results that in the supercritical case the bifurcating periodic solution is
also stable in ). In the subcritical case, when b, > 0, the periodic solution occurs for pu < 0
and is unstable, since it is already unstable on the center manifold.

5.4.3 Example 2: Hopf Bifurcations with Symmetries

We discuss in this section two examples of Hopf bifurcations, with symmetries SO(2) and
O(2). While in the first case the symmetry implies that the reduced system is always in
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normal form, in the second case we apply the result in Theorem 5.25 to determine the
normal form of the reduced system.

Hopf Bifurcation with SO(2) Symmetry

Consider the situation in Section 5.4.2 of an equation of the form (5.41), with a single
parameter p € R, satisfying the hypotheses in center manifold Theorem 4.21 , and such that
the spectrum of the linear operator L contains precisely two purely imaginary eigenvalues
+iw, which are simple. We now further assume that there is a one-parameter continuous
family of linear maps R, € L(X) N L(Z) for ¢ € R/27Z, with the following properties:

(i) RyoRy =Ry for all o, ¥ € R/27Z;
(ii) Ro =1;
(ili) R,L = LR, and R(Ry,u, 1) = RyR(u, u) for all ¢ € R/2nZ, u € Z, and p € R.
In particular, the group {Ry; ¢ € R/27Z} is a representation of an SO(2) symmetry in
X and Z. As in the two-dimensional case discussed in Section 3.1, these properties allow

us to simplify the analysis of the reduced equation, and induce some symmetry properties
for the bifurcating periodic solutions.

Reduced System Consider the eigenvector ( associated to the simple eigenvalue iw of L.
Then, by arguing as in Section 3.1 from the fact that R, commutes with L, we find that

RLPC = eim@Ca

for some m € Z. In the case m = 0, which means that the action of all R, on the subspace
&y is trivial, the results in Section 5.4.2 hold with the additional property that the periodic
solution is pointwise invariant under the “rotations” R.,.

Assume that m # 0. Then we choose a norm on & such that R, is an isometry, and
applying the result in Theorem 4.31, we find that the reduction function W satisfies

R, W (ug, 1) = ¥(Ryug, ) for all ug € &, p € R.

We set again

ug(t) = A(t)¢ + A(t)¢
for ug(t) € &, with A a complex-valued function, and then the reduced system is

90— it (A ),

together with the complex conjugated equation. In addition, the vector field commutes
with R |g,, which together with the equality R, ¢ = e™m# ¢ implies that

F(e™P A, e M, ) = ¢ F(A, A, p),
According to Lemma 3.4, we then have that

f(A,Z,,U,) = Ag(‘AP,,U,),

with g of class C*~1, so that in this case the reduced equation in already in normal form.
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Reduced Dynamics This situation was discussed in Section 3.1. First, A = 0 is always an
equilibrium of the reduced system, which gives the equilibria u = ¥(0, ). These equilibria
are invariant under the action of R,. Next, according to the results in Corollary 3.12, the
reduced equation possesses a family of periodic solutions

At,p) = (e W r(p) = O(ul'?),

which are rotating waves, with
At ) = Ruwue A0, )

satisfying

RSOA(ta )¢ =A(t+ mgpaM)C

Wx
Using the fact that R, commutes with the reduction function ¥, we find that the corre-
sponding solutions u(-, 1) of the full equation satisfy

RsOu(t? p) = RsO (uo (ta M) + ¥ (uo (ta M)a M))
m m m
= uolt + )+ gt + 2 ), ) =t p).
W W Wi
By arguing as for (3.38), this implies that u(-, ) is also a rotating wave, i.e.,
u(t, 1) = Ruwsqoeu(0, p). (5.49)

Hopf Bifurcation with O(2) Symmetry

In the same setting as above, we now further assume that there exists a symmetry S, with
S? =1, such that the vector field is equivariant under the action of S,

SL=LS, R(Su,u)=SR(u,p) for all p€R (5.50)
and that
R,S = SR_, for all ¢ € R/27Z. (5.51)

Then the group {R.,S;¢ € R/27Z} is a representation of an O(2) symmetry in X and Z.
We already met this type of symmetry in Section 3.4 and in the example in Section 4.4.2.

A key property here is that generically the eigenvalues of the linear operator L are at
least geometrically double. Indeed, by arguing as in Section 3.4, one concludes that any
eigenvalue A of L that has an eigenvector ¢ which is not invariant under the action of R, (i.e.,
R,( # ¢ for some ¢ € R/27Z) is at least geometrically double. We shall therefore assume
in this example that og = {+iw}, where +iw are algebraically and geometrically double
eigenvalues, with associated eigenvectors that are not invariant under the action of R..
Then the restriction of the action of R, to the eigenspaces associated with the eigenvalues
+iw is not trivial, and the result in (3.39) shows that we can choose the eigenvectors {(g, ¢ }
associated with iw such that

R,(y = "™ (o, R,( = e ", SCy=C1, 8¢ = (5.52)

Clearly, {C,,C;} are the eigenvectors associated with —icw.
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Normal Form We can now choose a norm on & such that R, and S are isometries, and
applying the result in Theorem 4.31, we find that the reduction function W satisfies

W(Ryuo, 1) = RoW(ug, i), ¥(Sug,p) = S¥(ug, p) for all ug € &, p € R.

Further applying Theorems 5.21 and 5.25 to the reduced equation, we write

u =17y + {IVJ(UOMU’)’ Vo € 50, ‘IJ(UOMU’) € Z’

and set

vo(t) = A(t)¢o + B(t)¢1 + A(t)Co + B(t)¢,-

Here A and B are complex-valued functions, and \i(, p) commutes with R, and S.
The polynomial N, in the resulting normal form satisfies the characterization (5.28)
and also commutes with R, and S. We write

Nu = (q)(], (1)1,60551)

where ®;, j = 0,1, are polynomials of (A, B, A, B) with coefficients depending upon .
Using successively the characterization (5.28) and the fact that N, commutes with R, and
S, we find that

Do(e ™A e @B A, e“'B)
(e WA e B, A, e B)
Do(eMPA, e MY B e P A Y B) = e™¥dy(A, B, A,B),
D1 (eMPA e MY B e P A Y B) = e (A, B, A,B),
A) = ®,(A,B, 4D (5.53)

for all t € R and ¢ € R/277Z.
To exploit these identities we proceed as follows. The first and third identities lead to

(bo(ei(mgo—wt)A7 e—i(mc,o-i—wt)B7 ei(wt—mcp)Z’ ei(mcp—f—wt)E) _ ei(mgo—wt)q)o(A7 B,Z, E)
for any t € R and ¢ € R/277Z. We choose (t,¢) such that
me —wt=—arg A, my+ wt =arg B,

which implies that A
®o(A, B, A, B) = ¢'#4®(|Al,|B|, |A], |B)).

Then we choose (¢, ) such that
mp —wt =m, me+wt=_0,

which gives

Bo(—A, B, ~ 4, B) = —o(A, B, 4, B),
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and finally we choose (¢, ) such that
mp —wt=0, me+uwt=m,

which shows that
Bo(A, B, A,—B) = ®y(A, B, A, B).

Since ®@g is a polynomial, it follows now that there is a polynomial Py such that
@o(4, B, B) = APy(| A2, | B2),
and similarly we obtain that there is a polynomial P; such that
®,(A,B,A,B) = BP(|A]%,|B|?).
In addition, from the last identity in (5.53) we conclude that
Pi(|AP%,|B?) = Po(IBI?, |AP).

Summarizing, we have the normal form

dA _
= A+ AP(AP B, p) + p(A, B, A B p)
dB _
O = WwB+BP(BP|AP p) + p(B, A B, A p)

(5.54)

in which P is a polynomial of degree p in its first two arguments with coefficients depending
upon i, as given in Theorem 5.21, and p(A, B, A, B, u) = O((|A| + |B|)**3). Furthermore,
notice here the particular form of the remainder p, which is due to the fact that the vector
field in this system commutes with S, whereas from the fact that the vector field commutes

with R, we have in addition that

p(e™P A, P B e YA e ™Y B 1) = e™p(A,B, A, B,pu).
Exercise 5.29 (Computation of the normal form). Consider the normal form truncated at
order 3,
dA ,
il iwA+ A(ap + blA)? + ¢|B|?),
dB ,
e iwB + B(ap + b|BJ? + ¢|A]?),

with complex coefficients a, b, and c, and the Taylor expansion of {Ivl,
U(A,B,A,B,p) = > W ATA'BTEY,
pHgtrts+i>1
i which Y1000 = Y1000 = Y0100 = Wooo10 = 0. Show that
Woooo1 = —L7'Ror,  Wao00 = (2iw — L) " Rao(Co; o),

Wy1000 = 2L 'Ra0(Co,Co)s - Poor10 = S¥11000,
Ti0100 = 2(2iw — L) "Ro0((:C1)s Pioo10 = —2L7 ' Rag (o, Cq)s
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and that the coefficients a, b, c are given by

a = (Ri1(Co) + 2Ra20(Cos ¥oooo1), o)
b = (2Ra9(Co: P11000) + 2R20(Co, Ya0000) + 3R30(Cos Cos Co)s C5)
c = (2Ra0(Co, Yoor10) + 2R20(¢y, T10010) + 2R20(C1» Pro100) + 6R30(Co, C1,Ch)s €5

where (f € X* is constructed as (* in Section 5.4.2.

Reduced Dynamics The study of the dynamics of the system (5.54) strongly relies upon
the study of the normal form truncated at order 3. In polar coordinates

i i0
A=rpe°, B =re"",

the truncated normal form becomes

% = rolarp+brg + 1),
% = ri(arp + by + 1),
% = w+am+bir§+cﬂ%,
% = wH aip+ bird + cird, (5.55)

where the subscripts 7 and ¢ indicate the real and the imaginary parts, respectively, of
a complex number. Here the two first equations for (rg,r;) decouple from the last two
equations for the phases (6, 6;), so that we can solve them separately.

The dynamics of these two equations are rather simple and are summarized in the
case a,u > 0 in Figure 5.2. (Similar phase portraits can be found in the other cases.) In

Figure 5.2: Phase portraits in the (rg, 71 )-plane of the equations for (rg, 1), depending upon
(br, ¢ ) in the case a,u > 0.

particular, for b, < 0 in this case, one finds two pair of equilibria (£7.(p),0) and (0, £r.(u))
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on the rg- and ri-axis, respectively. These equilibria correspond to rotating waves, just as for
the Hopf bifurcation in the presence of SO(2) symmetry. Here, the symmetry S exchanges
the two axes, so that it exchanges the rotating waves corresponding to r9 = 0 into the
rotating waves corresponding to r; = 0. Their stability is indicated in Figure 5.2, and we
refer for instance to [29] for a proof of the persistence of these rotating waves for the full
system (5.54). Next, for b, + ¢, < 0 in this case, there is another pair of equilibria with
r9 = 71, which correspond to standing waves, another class of bifurcating periodic solutions
(e.g., see [29] for a proof of the persistence of these solutions for (5.54)). These correspond
to a torus of solutions of the normal form

’U(](t, 1, 50, 51) = TO(M) (ei(w*(ﬂ)tﬂL(sO)CO + ei(w*(ﬂ)tJr(Sl)Cl)
+ ro(p) (e‘i(w*(“>t+50>zo +e—i(w*(u)t+51)zl>

for any (¢, 1) € R?, which induces a torus of solutions u(t, i1, g, d1) in Y of the full system
(5.41). Notice that these standing waves possess the following symmetry properties:

R51—50 Su(t,u,50,61) = u(tnu’a 50a 51)’ RQlu(tnUw&Oa 51) = u(tuu’ 50’ 51)’

™
R%u(t, s 50, 51) = u(t + W—(M), Hy 50, 61), Su(t, Ly 50, 50) = u(t, sy 50, 50)

Exercise 5.30. Consider a system of the form (5.41) with . € R? satisfying the hypotheses
of Theorem 4.21. Further assume that

(i) the linear operator L has precisely three eigenvalues on the imaginary azis, o9 =
{#iw, 0}, which are all simple;

(ii) L and R(-, u) commute with a symmetry S, with S% = I;
(iii) the eigenvector ( associated with the eigenvalue 0 is antisymmetric, S¢ = —(.

Using the result in Lemma 5.12, derive the normal form for the three-dimensional re-
duced system, and give formulas for the coefficients of the linear and cubic terms. (The
study of the dynamics of the reduced vector field in this situation can be found in [50].)

5.4.4 Example 3: Takens—Bogdanov Bifurcation

Consider now an equation of the form (5.41), with a parameter u € R™, and satisfying
the hypotheses in the center manifold Theorem 4.21. Further assume that 0 is the only
eigenvalue of L on the imaginary axis and that this eigenvalue is geometrically simple and
algebraically double.

Normal Form With these assumptions we have o9 = {0}, and the associated spectral
subspace & is two-dimensional. We choose a basis {(, (1} in & such that

Ly =0, L = G-
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As in the previous example, center manifold Theorem 4.21, gives
u=ug+ W(ug, pt), uo €&, W(uo,p) € Zp,
and applying normal form Theorem 5.21 to the reduced system we find
ug = vo + P, (vo),
which gives the equality (5.43),
u = wvo+®(vo,p), vo<€&, Wlug,p)€E Z.
For vy (t) € &, we now write

v(t) = A)¢o+ B(t)(y,

in which A and B are real-valued. According to the result in Lemma 5.9 and Remark 5.10,
we find here the normal form

dA
¢4 _ B
dt
dB

where P(-, 1) and Q(+, u) are polynomials of degree p such that

P(0,0) =Q(0,0) = 2—3(0,0) =0 (5.57)
and
p(A, B, ) = o((|A[ + [B|)?).

Computation of the Normal Form We compute now the leading order terms in the
expansion of the vector field. We set

% _ B (5.58)
dB N
— = alp) +aa(w) A+ as(p)B + B () AB + Ba(1)A® + B(A, B, ),

where the coefficients () and 3;(u1) are such that

aj(p) = i () + 0(?),  B;(u) =B + O(lul),

with ozy) : R™ — R linear maps, according to (5.57), and p(4, B, u) = O(|A2B| + |A®) +
o((14] + |B)P).

We proceed as for the previous example and start from identity (5.44), in which we
replace the Taylor expansions of R and ¥. With the notations from Section 5.2.3, we set
here

Yoo, ) = AIBW(u), Wi = Vg0 =0,
q+l4+r>1
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where W0 € Z, and Wy, r > 1, is r-linear symmetric in u € R™ with values in Z. By
identifying in (5.44) the terms of order O(42), O(AB), and O(B?), we obtain

¢, = LWagp + Rao(Cos o), (5.59)
§°)<1 +2Wsy 0 = LW¥i10+ 2Ra0(¢y, 1), (5.60)
Wi 90 = LW¥g + Rop((y, (), (5.61)

and similarly, for the terms of order O(u), O(uA), and O(uB), we find

oi’¢, = L®gy + Ror, (5.62)
Oégl)Cl + agl)‘l’no = L¥i01 + Ri1(Co, ) + 2R20(Co, Poo1), (5.63)
O‘gl)ﬁ + 2@9)‘1’020 + Wi = L%o +Ri1(¢q,0) +2Ra0(¢q, Poor)- (5.64)

Notice that each term in these three equalities is a linear map of g € R™ with values in X,
so that the equalities hold in X for any p € R™.
Next, we claim that for an equation of the form

LV =R, (5.65)

with R € X and ¥ € Z, a Fredholm alternative applies, just as in the previous example.
Indeed, projecting again with the spectral projections Py and P}, the equation decomposes
as

LoPo¥? = PR,
L,P,¥ = P,R.

Since Ly, : X}, — 2, is invertible, the second equation has the unique solution
P, ¥ =L, 'P,R, L, ':2, > .

The first equation is two-dimensional, and the linear operator Ly has a one-dimensional
kernel spanned by ¢, and a two-dimensional generalized kernel spanned by (; and (;. Then
we can choose a dual basis {((g,(p;} for the generalized kernel of the adjoint L, with the
properties

LCor =0,  Lgoo = Cons
and

(€0,€C00) =1, (€1.€00) =0, (Cp:Co1) =0, (¢1,¢o) =1

The solvability condition is now
<P0R7 C61> =0,

and a solution PoW is determined up an element in the kernel of Ly. Among these solutions
there is precisely one solution, Po¥, which is orthogonal to (3, and summarizing we have
that the solutions are of the form

Po¥ = PoU +al,, (Po®,(5) =0, ack.
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Taking now the adjoint Pg of Py, we can rewrite the solvability condition
<R’ C{> =0, Cf = PSCSD
and the solutions
PO‘II = PO{IV’ + aCO? <{Iv’7 C6> = 07 CS = PSCSOa (ORS R7

with ¥ uniquely determined by the condition <\i, (o) =0, and « an arbitrary real number.
In the case when the operator L has an adjoint L* in X™*, then ( and (] above are the
vectors in the dual basis of the generalized kernel of the L*, with the properties

L*(1 =0, L*(5=(7,
and

<C07C8> =1, <C1=C3> =0, <C07CT> =0, <<17<>{> =1

Notice that in this case again we have that the range of L is the space orthogonal to (7.
Going back to the equalities (5.59)—(5.64), we can now determine the different coefficients
in (5.58) from the solvability conditions, which give,

BY = (Rao(CorCo)s €T
5§0) = (2R20(¢o,¢1) — 2%200,(1)s
o (u) = <R0() 0,
o8 (1) = (—al’ (W) ®110 + Ru(Co, 1) + 2Rao(Co, Poon (1), C),
o8 (1) = (=208 (1) ®o20 — Tr01(12) + Ra1(Cy, 1) + 2Rao(Cy, Toor (1)), ).

Here, the terms Waoo, Y110, Woo1 (1), Po20 and Wyp1 (1) are obtained by solving successively
the equations (5.59), (5.60), (5.62), (5.61), and (5.63), using the procedure explained above.
First, from (5.59) we find

a0 = Pooo + Pa00Cos  (P200,C) =0,  hggg € R,
and then from (5.60) we obtain
W0 =W0+ 2500¢1 + ¥110C0> <‘i’1107 Co) =0, P10 €R.

The solvability condition for equation (5.61) determines the coefficient 15,

2900 = (Rao(C1,¢1) — P10, (),

and then solving (5.61) we find

o0 = Po20 + P110C1 + Yo20Cos (P20, C5) = 0, g € R.

Next, from (5.62) we obtain

Woo1 (1) = Coo1 (1) + oo (1)Co»  (Poo1,C5) =0, oy (1) € R
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and solving (5.63) we find

‘I’~101(N) = W01 (1) + agl)(ﬂ)ibuoﬁ + 9101 (1) Co + 2¥001 (1) P00,
(P101,¢0) =0,  Yyp1(p) €R,

where we have used in (5.63) the equality (5.59) which gives

2R20(Co, oo1 (1)) = 2Ra0(Cor Woon (1)) + 2001 (1) (BY ¢1 — L¥agg).

Notice that we do not need to solve (5.64) and determine o1 (p).

In the formulas above we have determined W119, W20, Woo1 (1), and ¥yp1 (1), up to an
element ¥115Co, Y020C0s Yoo (14)Co, and 1191 (11)Cp, respectively, which belongs to the kernel
of L and is arbitrary. The simplest choice is to take

Y110 = Yo20 = Yoo1 (1) = Y101 (1) = 0.

However, notice that the coeflicients Bgo), I} 50)7 and agl) (u) are uniquely determined, whereas

agl)(,u) and agl)(,u) depend upon the choice of ¥, and ¥gg; (). We can then make use of

the fact that 11,9 and 1y (1) are arbitrary, in order to further simplify the normal form.

(1)

Further Transformation Consider the coefficient a; ' (1) that we rewrite as

(1) = (=l ()T 110 — 20a00Ro1 (1) + Rut(Coy 12) + 2Rao(Co, Woor (1)), C)
+2ﬁgo)1/1001(ﬂ)-

If the coefficient Bgo) = 0, then agl)(,u) is uniquely determined. If ﬁgo) =% 0, then we can

choose the arbitrary coefficient tyy; () such that agl)(,u) = 0. Indeed, this is achieved by
taking

Yoo1 (1) j&o)@gl) (1) @110 + 2900 Ro1 (1)
— Ru1(Co, 1) — 2Ra0(Cor Woor (1)), CF)-
Similarly, for ol (1) we write
ol (1) = (=201 (1) 020 — Tro1 (1) + R (1 12) + 2Roo(C1, Boon (1), C)

—30451)(#)1/1110 + 550)%01(#)-

Then if ﬁgo) # 0 we can take ¥, = 0 and

Woor (1) = ﬁ@a%”(m@ozo + W01 (1) — Rat(Cy, 1) — 2Rao(Cr, Woo (1)), C),
1

and then agl)(u) =0.
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Remark 5.31. (i) Alternatively, we can obtain that either agl)(,u) =0 or agl)(u) =0 by

making a change of variables of the form
A=A- As(p),

with A.(p) suitably chosen, provided ﬂ;o) #0 or ﬁgo) # 0, respectively. Indeed, we
have that oz;l)(,u) = 0 after the change of variables above, provided A.(u) satisfies

0Q(Ax (1), 1)

DA =0

The ezistence of Ax(p) with this property is obtained by solving equation
9Q(A, 1)

e

0A

Since 0Q/0A(0,0) = 0 and 9°Q/9A%(0,0) = 2650), the implicit function theorem gives
a unique solution A,(p) of this equation for p sufficiently small, provided 550) #£0. In
a similar way, by solving P(A.(u), ) = 0, for which OP/JA(0,0) = 50)7 one finds
aél)(,u) = 0 when ﬁgo) # 0.

(ii) An example of a second order ODE which has a normal form as described here is
given in Section 5.2.4.

Reduced Dynamics The dynamics of systems of the form (5.58) have been extensively
studied in the literature. In particular, we refer the reader to [22] for an analysis of the
Takens—Bogdanov bifurcation, which is generically of codimension 2, arising for two small
parameters, the coefficients a; and ag in (5.58). Varying these two coefficients, one finds
here saddle-node, Hopf, and homoclinic bifurcations.

5.4.5 Example 4: (iwy)(iwy) bifurcation

Consider again an equation of the form (5.41), with a parameter u € R and satisfying
the hypotheses in center manifold Theorem 4.21. We assume now that the spectrum of the
linear operator L contains precisely two pairs of eigenvalues on the imaginary axis, diwq
and +iwse, with 0 < w; < wy. Furthermore, we assume that these eigenvalues are simple,
and that wy/we = r/s € Q, where r and s are positive integers, r < s, and the fraction is
irreducible.

We point out that, since we can use as many parameters as needed, in practical situations
when wj/we is irrational, or rational wi/wy = r/s with large r and s, then it is more
convenient to consider these cases as perturbations of the case with wy/we = r/s, where r/s
is a rational number, with smallest r and s, sufficiently close to wy /w2 (see also Remark 5.33).

Normal Form With these assumptions we have o¢g = {£iwi, £iws}, and the associated
spectral subspace & is four-dimensional. We choose a basis {(;,(y,(1,(o} in & consisting
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of the eigenvectors associated to the eigenvalues iw1, iws, —iw1, and —iws, respectively. As
in the previous examples, center manifold Theorem 4.21, gives

u=ug+ W(ug, pt), uo €&, W(uo,p) € Zp,
and applying normal form Theorem 5.21 to the reduced system we find
ug = vo + @, (vo),
which gives the equality (5.43),

u = v+ CIJ’(”OaM)? Vo € 507 ‘I’(’LLO,,LL) €Z.

For vy (t) € &, we now write

vo(t) = At)C; + B(t)C + A®#)¢; + B(t)(y,

in which A and B are complex-valued. According to the result in Lemma 5.15, we find here
the normal form

dA =T —5— —s

— = iw A+ AP(AP,|BP AB,p) + A 'BTRy(|AR, |BI2,ABT, 1)
+P1(A7B7Za Ea M)

dB . S or spr—1 s

% ZW2B+BQ1(|A|25|B|2’A B ’M)+A B Q2(|A|2a|B|2’A B ,:U’)

+p9(A, B, A, B, 1), (5.66)
with P; and Q; polynomials in their first three arguments satisfying 1 (0,0,0,0) = @1(0,0,0,0) =
0, and p;(A, B, A, B, i) = O(|A| + |B))**?), j = 1,2.

Computation of the Normal Form We proceed now as in the previous examples and
compute the leading order terms in this normal form. We write

dA

O = (e ()4 + Al AP +bBP) + 5 A B +7,(4,B,4 B, )
dB —r—1 _
8 = (iws +aa(u) B+ BlAP +dBP) + 5,AF T 45,4, B A B ), (5.67)
where .
aj(w) = af (W) + O(uP), =12
with ozg»l), j = 1,2, linear maps in u, the coeflicients a, b, ¢, d, 3,, and 3, complex numbers,

and
p;(A, B, A, B, ) = O(|u|(|A| + |B)? + (JA| + |B)* + [ul(|A + |B)"+71).

Here r + s > 3, so that the coefficients 3; and 3, are relevant in this expansion only in
the cases (r,s) = (1,2) and (r,s) = (1,3), which correspond to we = 2w; and we = 3wy,
respectively. Therefore the cases (r,s) = (1,2) and (r,s) = (1,3) are also called strongly
resonant cases, whereas the cases when r + s > 5 are called weakly resonant cases.

105



The computation of these coefficients can be done exactly as in the previous two exam-
ples. We shall therefore only give the results here. First, by looking at the terms of orders
O(pA) and O(uB) we obtain

ol = (Ryy(¢y) + 2Rao(C1y Wooo01), C),
ol = (Ri1(Cy) + 2Rao(Ca, Toooor ), C3),
where
o001 = —L'Ro1.

Here (7 and (3 belong to X*, and span the orthogonal to the range of iw; — L and iws — L,
respectively, just as the vector ¢* constructed in Section 5.4.2. Next, by considering the
terms of order 2 in (A, A, B, B), in the case wy # 2w, we find

Wooooo = (2iwr — L) "Rao((y,¢y),
Wioi0 = 2(i(wi+w2) — L) Rao(Cq, (o),
T = 2(i(wi —w2) — L)' Rao((1,(a),
Wii000 = —2L° 1R20(C17 1)

Wopo00 = (2iws — L) "R (Ca, (o),

Too110 = —2L7"Rao((y, (o),

whereas if wy = 2w we need to solve the equations

B1¢y + (iwr — L) W00 = 2Ro0(¢s, (1),
BaCa + (iwa — L)¥a0000 = Rao((1,¢1)-

The solvability conditions for these two equations give the formulas for the coefficients (3,
and f3,, in this case,

Br = (2Ra0(Cs, (1), CT),s
52 = <R20(Clagl)a<§>'

Finally, by considering the terms of order 3, we find in the case ws # 3w; that

a = (2Ra0(C1, ®11000) + 2R20(C1, Pao000) + 3R30(C1 1, C1),Ch)s

b = (2Ra0(¢1, Poor10) + 2R20(Ca, P1o010) + 2R20(Co, io100)
+6R30(C1,C2:C2), €T,

¢ = (2Ra(¢y, 10010) + 2R20(Ca, Y11000) + 2R20(C1, P10100)
+6R30(C1,¢2:C1),C3),

d = (2Ra0((e Poor10) + 2Ra0(Cy, Yoo200) + 3R30(Ca, (2, C2), (3).

Exercise 5.32. Compute the coefficients a, b, ¢, d, 51, and B, in the case ws = 3w .
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Reduced Dynamics Finding the full bifurcation diagram of a parameter-dependent dy-
namical system in high dimensions is beyond the scope of these notes. This is also the case
for the system (5.66), which is four-dimensional. Instead, the analysis is often restricted to
the questions of finding bounded orbits, such as equilibria, periodic orbits, invariant tori,
homoclinic or heteroclinic orbits, and determining their stability properties. In particular,
one way of treating the existence question is to first show the existence of some bounded
orbit for the truncated normal form, obtained by removing the small remainder p, e.g., by
removing p in (5.67), and then show the persistence of this orbit for the full system. For
equilibria and periodic orbits the persistence question can be often solved by an adapted
implicit function theorem, but this question is much more delicate for invariant tori, ho-
moclinics, and heteroclinics, and may be wrong. We discuss this type of difficulty in more
detail in Chapter 4 of [23] in the case of reversible systems.

We do not attempt to discuss here these issues for the system (5.66), for which we refer
for instance to [22]. Instead, we only mention some basic facts for the generic situation in
which all the coefficients in (5.67) are nonzero. For the u-dependent coefficients a4 (u) and
ag(p), which are small, since a;(0) = az(0) = 0, we write

aj(p) =v;+ix;, Jj=12

and assume that the small real parts v; are nonzero. A convenient way of studying system
(5.67) is in polar coordinates, by setting

A =r1e, B =rye.

Restricting ourselves to the leading order system obtained by removing the terms p;, j =
1,2, in (5.67), we find three equations which decouple:

dr,
dt
dry
dt
do
dt

= viry +ri(aprd 4 berd) + rfflrgRe(ﬂle*i@)

_ 2 2 s, r—1 9

= vory + ro(cri + dpry) + 1iry T Re(B2e"7) (5.68)
= v+ (sa; — ’I“CZ‘)’I“% + (sb; — rdi)r% + rf727“5723(rgsﬁle_ie — r%rﬂzeie),

in which

O = 891 — 7“62,

together with an equation for ;. Here v = sx; — rxy is a detuning parameter, and the
subscripts r and ¢ indicate the real and the imaginary parts, respectively, of a complex
number.

In particular, the equilibria (r1,79,0) of the three equations which decouple depend
upon the values of the coefficients a, b, ¢, d, 31, and (35, and upon the three small parameters
v1, Vg, and 7. These equilibria correspond to periodic solutions for the four-dimensional
truncated system (5.67), because of the additional phase 6;, and, provided they persist,
also for the full system (5.66).

Looking at (5.68) we notice again the fundamental difference between the weakly res-
onant cases where r + s > 5, and the strongly resonant cases where r + s < 4. Indeed,
in the weakly resonant cases the ©-dependent terms in the equations for r; and ry are of
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an order higher than 3, so that these two equations decouple in the truncation at order 3.
One can first solve these two equations, for which we are in the presence of a bifurcation of
codimension 2, with two small parameters v; and vo. We refer to [22] for a detailed analysis
of this situation. However, when including the higher order terms, we observe that the two
first equations give the equilibria r; and ro as functions of ©, which are generically of size
O((Jv1| + |v2|)*/?). Then the equation for © leads to a condition between the small param-
eters v and vy, va, represented in the three-dimensional parameter space by a “resonance
tongue.”

Remark 5.33. The case when wy/ws is irrational is similar to the weakly resonant cases
discussed above and can be analyzed in the same way. However, we point out that this
wrrationality condition is physically hard to check, so that in practical situations it is more
convenient to regard this situation as a perturbation of a weakly resonant case by considering
the closest rational number r/s to wi/we which has the smallest sum r+ s, and then taking
a detuning parameter § = swi — rwy, which is added to the detuning v in the system (5.68).
This allows us to regard this situation as a small perturbation of the case wi/ws = 1/5.
On the contrary, in the strongly resonant cases the terms in rfflrg and rfrgfl are of order
2 or 3, i.e., they are larger or comparable to the cubic terms. This introduces a number
of difficulties in the bifurcation study. We refer to [51], and the references therein, for a

discussion of the case wi/wgy = 1/2.

Remark 5.34 ((iw)? bifurcation (1:1 resonance)). In the same context as above, one can
consider the case wy = wg. The most interesting situation arises when these eigenvalues
are double, non-semisimple. In this case the center manifold is four-dimensional and the
normal form is given by Lemma 5.17. We refer to [18] for an analysis of the generic cases,
in which one finds a bifurcation of codimension 3, i.e., involving three small parameters. In
Chapter 4 of [23], we discuss this situation in the case of reversible systems, where it turns
out that the bifurcation is of codimension 1, only.

5.5 Further Normal Forms
5.5.1 Time-Periodic Normal Forms

A situation which arises quite often in applications is that of a periodically forced system.
Here we consider the cases where the system is nonautonomous, as in Section 4.3.2, with R
being periodic in ¢. In particular, this means that the time-dependency occurs as a small
perturbation near the origin. This is not the general case of systems with time-periodic
coeflicients, and also not the case of autonomous systems near a closed orbit, for which
normal forms may be found for general cases in [28, 29].

We consider a differential equation in R™ of the form

d
d—? = Lu+ R(u, u, t), (5.69)

for which we assume that the following hypothesis holds.
Hypothesis 5.35. Assume that L and R in (5.69) have the following properties:

(i) L is a linear map in R";
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(ii) for some k > 2 andl > 1, there exists a neighborhood V of the origin in R™ x R"™ such
that the map t — R(-,-,t) belongs to H'(R,C*(V,R"));

(i1i) R(0,0,t) =0 and D,R(0,0,t) =0 for all t € R;
(iv) there exists T > 0, such that

R(u,p,t +7) = R(u, pu, t) for all t € R, (u,p) € V.

Notice that the time dependency is taken in the Sobolev space H! with [ > 1. This
is to insure that we can multiply two such functions, since H'(R/7Z) is an algebra. We
could use continuous functions instead, but H' is really useful when we are looking at
infinite-dimensional problems.

Theorem 5.36 (Periodically forced normal form). Consider the system (5.69) and assume
that Hypothesis 5.35 holds. Then for any positive integer p < k there exist neighborhoods
Vi and Vo of 0 in R™ and R™, respectively, and a T-periodic function t — ®(-,-,t), which
belongs to H (R/7Z,CF(R™ x Vo, R™)), with the following properties:

(i) ® is a polynomial of degree p in its first argument, and the coefficients of the mono-
mials of degree q belong to H'(R/TZ,C*~9(Vy,R™)). Furthermore,

®(0,0,t) =0, D,®(0,0,t) =0 for allt e R.
(i) For v € Vi, the polynomial change of variable
u=v+ ®(v,u,t),

transforms system (5.25) into the “normal form”

dv

= Lo+ N(o,m,) + p(v, s 1), (5.70)

with the following properties:
(a) The map t — N(-,-,t) is T-periodic and satisfies
N(0,0,t) =0, D,N(0,0,t) =0 for allt € R.

Furthermore, N is a polynomial of degree p in its first argument and the coeffi-
cients of the monomials of degree q belong to H'(R/TZ,C*=9(Vy, R™)).
(b) The equality
e N(e ™ v, ) = N(v, 1, 0) (5.71)
holds for all (t,v) € R x R"™ and p € V.
(c) The map p belongs to H'(R/TZ,C*(Vy x Vo, R™)) and

p(v, u,t) = o(||v||P) for all (t,v) € R x Vi, p € Va.

A preliminary version of this theorem appeared in [15].
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Remark 5.37. As in Theorem 5.2 we can replace (5.71) by

ON(v, i, t)

Er = D,N(v, u, t)L*v — L*N(v, u, t) for all (t,v) e RxR", peVy.  (5.72)

Via Fourier analysis this equation is, for every Fourier mode, of the same form as (5.5).

Proof. Proceeding as in the proof of Theorems 5.2 in Section 5.1.1, we are lead to solve the
equation

®
%—t +AL® + N =TI, (R(- + ®, 1) — D,® - N) (5.73)

with respect to (®,N), which are unknown functions of (v, u,t). This equation is the
analogue for this situation as in the proof of Theorem 5.21, and the notations Ay, and IT,
below have the same meaning as in this proof (see also equality (5.30)).

We start by solving the equation at p = 0. Then, at each degree ¢ in v, we have to solve a
linear equation of the form

®
%T +AL® =Q-N, (5.74)

in which Q € HY(R/7Z, H,), where H, is the space of homogeneous polynomials of degree
g, as in Section 5.1.1. Taking the Fourier expansion with respect to ¢ of (5.74), we find for
the kth Fourier coefficient,

<2“” N AL> B0 — Qi _ N,
-

This equation is now solved using the scalar product introduced in Section 5.1.1. It fol-
lows that we may choose N(*) as the orthogonal projection of Q*) on the kernel of the
adjoint of (2ikm /T + Ay), which is (—2ikn /T + Ay+), and ®*) orthogonal to the kernel of
(2ikm /7T 4+ AL). In fact, this is equivalent to considering the scalar product in L?(R/7Z, H,)

defined through

(®, W), — - /OT<<1>(.,t),E(-,t)>dt, (5.75)

-
and then directly solving (5.74) with the help of the formal adjoint —9/0t + Ayp~ of the
linear operator 9/0t + Ay, in L2(R/7Z, H).

The Fourier analysis above shows that there is a unique solution (®,N) of (5.74) satisfying

1
®c HHYR/TZ,H,), ®c (ker (% —|—./4L>> ,

and

0
N ¢ H'(R/7Z,H,), N € ker (‘& + AL*> :
for any Q € H'(R/7Z,H,). Furthermore, the linear mapping Q + (®,N) is bounded from
HY(R/7Z,H,) to (H'(R/TZ,H,))?.
Finally, we solve the equation (5.73) for small . The proof is done in the same way as the
proof of Theorem 5.21 and we omit the details here. §

110



Remark 5.38. Consider an infinite-dimensional system, as in section 4, and assume that
the center manifold theorems , Theorem 4.27 with periodic time-dependence, and Theorem
4.21 for perturbed vector fields apply (e.g., see the example of periodically forced Hopf bi-
furcation below). We then obtain a reduced finite-dimensional system in &y which is of the
form (5.69). Hence, we can apply Theorem 5.36 to this reduced system. For the computa-
tion of the normal form, we can make it directly on the infinite-dimensional system, as it
18 not necessary to split the computation into the computation of the center manifold and
the computation of the normal form, just as in the computation made in Section 5.4.

5.5.2 Example: Periodically Forced Hopf Bifurcation

Consider an infinite-dimensional system of the form

d
d—? = Lu+ R(u, u, ), (5.76)

where, with the notations from section 4,
L e £(Z,X) and R € H(R,C*(V,)),

for k > 2,1 > 1, and V a neighborhood of the origin in Z x R™. We assume that R is
T-periodic in ¢,

R(u,p,t +7) = R(u, pu, t) for all (u,pu) €V, t € R,
and
R(0,0,¢) =0, DuR(0,0,t) = 0.

We further assume that the hypotheses of Theorems 4.27 and 4.21 are satisfied, and that
the Hypothesis 4.4 on L holds with oy = {+iw}, in which +iw are simple eigenvalues.

Normal Form Under the above hypotheses, we find a 2-dimensional reduced system to
which we can apply the Theorem 5.36. We choose an eigenvector ( associated with the
eigenvalue iw, so that {(,(} is a basis of &. As in the previous examples, we then have

u(t) = Uo(t) + CI}(UO(t% Ky t)?

with

vo(t) = A(t)¢ + A(t)¢ € &,
and ‘i(vo,u,t) € Z, for (vo,p) in a neighborhood of 0 in & x R™. Furthermore, ¥ is
T-periodic in ¢, and

W(0,0,t) =0, Dy, ¥(0,0,t)=0.

The normal form of the reduced equation is

dA _ _
E = ZWA + N(A7A7M7t) + p(A7 A7M7t)7

with N polynomial of degree p in (A, A), with coefficients depending upon p and ¢, as in
Theorem 5.36, and
p(A, A t) = O(JAPHY).
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Moreover,
N(0,0,0,t) =0,04N(0,0,0,t) = 04N (0,0,0,t) =0,
N(A A it +7) = N(A A, i t),

and the identity (5.71) gives in this case

e WIN(e™tA e WA i t) = N(A,A,p,0) (5.77)

forall A€ CandteR. B
We set wy = 27/7, and consider the monomials of the nth Fourier mode of N (A4, A, u,-) of

the form ‘
O‘z()z) () AP A% it

According to (5.77), these monomials should satisfy
o) (e hssman) 1)

so that
(p—q—1Dw+nws=0. (5.78)

Assume now that

Then the equality (5.78) leads to
p—q—1=lIlr, n=-ls, [€Z,
and we conclude that
N(A, A, p,t) = ANo(|A]2, (Ae™™1Y, 1) + A" e N (| A2, (Ae™H)T, ), (5.79)

where Ny and Np are polynomials in their first two arguments.
The leading order terms in the normal form now strongly depend upon the value of r. For
r = 1 we find the truncated equation

% = iwA+a(p) A+ c(u)e™! + d(p) APt + e(u) A% 4 f(u)A Pt
+ b()AIAP + g(u) Ae 2 4 h(u) A%t 4 () A A2, (5.80)
where a(0) = ¢(0) = d(0) = 0. For » = 2 we obtain the equation

dA

o = iwA + a(p)A + c(p)Ae*™t + b(p) Al A|? (5.81)

— 25w —-3 W A W
+ d(p) A% 4 g(p) AT f () AJ AP,

with a(0) = ¢(0) = 0, whereas for r > 3 we find

A e
UL At a() A+ D) AIAP + (A e, (5.82)

in which a(0) = 0. The cases r = 1,2,3 are strongly resonant cases, leading to very rich
dynamics, the “worse” being r = 1.
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Remark 5.39. (i) In the case of a small periodic forcing, i.e., if
OR(u,0,t) = 0,

all the coefficients of the time-dependent terms in the above equations vanish at p = 0.
We refer to [17] for an analysis of the dynamics in the cases r =1 and r = 2.

(ii) The case when wy/w is irrational is quite academic, since it is physically hard to check.
Instead, it is more convenient to consider this case as a small perturbation of the case
wr/w =r1/s € Q, by choosing a rational number r/s with minimal r close enough to

wrlw.

Computation of the Normal Form We briefly describe below how to compute the
terms of order O(u) of the coefficients a(u) and c(u), and the coefficients b(0), d(0), ¢(0),
and f(0) in the case wy = 2w, i.e., r =2 and s = 1.
We set

a(u) = a () + O(|uf),  e(p) = M () + O(luf),

where a®) and ¢ are linear maps in w € R™. We proceed as in the previous examples by
taking the Taylor expansions of R and ¥. With similar notations, we first find at order

O(n)
d¥ o1

dt
Here Ry (t) is 7-periodic, and after taking its Fourier expansion

— LWy = Roi(t).

Roi(t) = Y R{em™rt, R{Y € LR™, V),
nez

we then have to solve the equations
(inws — L) ¥, = Rey

for any n € Z. Since wy = 2w, the operators (inwy — L) are invertible, so that we obtain a
unique solution Wog; € H(R/7Z, L(R™, Z).
Next, we consider the terms of order O(uA) and find

d¥ 101
dt

+ (iw — L) @101 + ar¢ + e 2 = R (€)(1) + 2Ra0(¢, Woor (1)) (1)

Using again Fourier series, we obtain a system of equations for n € Z as above. These
equations are invertible for n ¢ {0, —1} and the solvability conditions for n = 0 and n = —1
determine the coefficients

a = (Ry1(¢)() + 2Rao (¢, Toor (+)) (), ¢¥)

d = (Ru(Q)() +2Ra0(¢, Toor () (), €*7C) .

Here (-,-); is the scalar product defined through (5.75), and ¢* is taken such that {¢*, ¢}
is a dual basis of {(,(} in &.
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Finally, we compute the coefficients b(0), d(0), g(0), and f(0) by considering successively
the terms of orders O(A2), O(AA), O(A?), and O(A%A). At orders O(A2%) and O(AA), we
find

d\];ioo + (21(41 _ L)\IIQOO = R20(C7 ()(t)’
dqéilo o L\I’110 = QRZO(Caz)(t)7

and Wooo(t) and W1(t) are determined just as Woo; above. At orders O(A3), and O(A?A)
we obtain

dW¥ 300

b7 + (31(4} _ L)‘Il?)OO + de—intC +§€_4thZ

2R20(¢, 200 (t)) (1) + Riao(C, ¢, O)(2),
+ (iw — L)‘I’Qlo + bC + ?B_QthZ
2R0(C, Wa00 (1)) (t) + 3Rs0(¢, ¢, C)(t) + 2Rao (¢, ¥110(t))(t),

d¥a10
dt

and the coefficients are obtained from the solvability conditions for these equations:

b(0) = (2R20(¢, ®a00(-))(+) + 3R30(¢, ¢, C) () + 2Rao(¢, ®110(+))(+), ¢ )7y
f0) = (2Ra0(C, ®200(-))(*) + 3R30(¢, ¢, O)() + 2R (¢, 110()) (), €2C ),
d(0) = (2Ra0(¢, Wa00(-)) () + Rs0(¢, ¢, ¢)(), €2°¢H)

9(0) = (2Ra0(¢, Ta00())(-) + Rao(¢, ¢ O) (), ™),

Exercise 5.40 (Periodically forced vibrating structure). Consider a system in R™, n = 2m,
of the form

2—? = Lu+ R(u,t),
in which L and R have the following properties:

(i) the linear map L has 2m simple, purely imaginary eigenvalues *iw;, j =1,2,...,m;
(ii) the map R is smooth and T-periodic in t;
(iii) R(0,t) = D,R(0,t) =0 for all t € R.
Further consider the change of variables in the normal form Theorem 5.56,
u=v+ ®(v,t),

with ® polynomial in v, T-periodic in t, satisfying ®(0,t) = D, ®(0,t) =0, and with
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where C; are the eigenvectors associated with the eigenvalues iw;.

Set wy =2m /7, and take ro and rj, j =1,...,m a set of integers, such that
m
rowy + erwj =0, 79#0, (5.83)
j=1

with a minimal total degree |r| defined by

rl =" Iril.

J=1

Assuming the nonresonance condition
m
Za]wj #0, o;€Z, |aof<p+1
j=1

for some p > 3, show that

(i) the normal form at order p reads

dA; _ _
d—tj = inAj + Aij(‘A1’2 + -4 ‘Am‘2) + Qj(Ah - ,Am, Al, - ,Am,t),
where P; are polynomials, and Q; are polynomials in (A, ... JAm, Av, .. Ay) with

T-periodic coefficients in t;
(ii) the lowest order monomials in the normal form that have time-dependent coefficients

are of degree |r|—1, and their coefficients are proportional to either em0¥st or e=rowst,

Application: Take m = 3 and assume that the eigenvalues tiwi, tiws, tiws of L

satisfy \
Z A Wj 7é 0,
j=1

for any o = (o, a2,a3) € Z® with |a| < 4. Further assume that the frequency wy of the
periodic forcing satisfies
4(41]0 + w1 — 3wy =0,

and that no other integer combination corresponding to the minimal degree |r| = 4 exists.

(i) Show that the normal form at order 3 contains only the following time-dependent
terms: cle*4iwftA§’ in the equation for Ay, and 0264i“’ftA1Z§ in the equation for As,
with complex coefficients ¢1 and cs.

(i1) Consider polar coordinates 0; = arg A; and set © = 01 — 302 + 4wyst. Show that the
normal form at order 8 written in these polar coordinates leads to a four-dimensional
autonomous system for (ri,r9,73,0), which decouples from the two equations for the
phases 01 and 03.
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5.5.3 Normal Forms for Analytic Vector Fields

An interesting issue about normal forms arises when the vector field in (5.25) is analytic in
(u, pv). The polynomials ® and N exist for any order p € N, and a natural question is then
the convergence of the series resulting as p — oo. In general this series does not converge,
but under suitable conditions, it is possible to determine an optimal degree for the normal
form polynomial that minimizes the remainder term p (in the sense that the remainder is
exponentially small). We present in this section two recent results by Iooss and Lombardi
[34, 35] which show the existence of this optimal degree.

Definition 5.41. Consider a linear map L on C" with eigenvalues Ay,..., A\, € C. Set
A= (A,..., ) € C", and consider v > 0 and 7 > n — 1. The linear map L is called
(7, 7)-homologically diophantine if for every a = (aq,...,a) € N, with |a] > 2, where
lo| = Z;‘L:1 aj, the following inequality holds:

[ a) = | > ——

o™
whenever (X, o) — \;j # 0.
The following result is proved in [34].

Theorem 5.42 (Optimal normal form). Consider the system (5.25) with R an analytic
map in a neighborhood of the origin in R™ x R™ such that R(0, u) = 0 for all p. Assume
that there exist positive constants ¢ and r such that in the expansion

R(u,p)= > Rp@®, u0)
k>2,k>1

of R, the (k +1)-linear maps Ry on (R™)F x (R™)! satisfy

ULl --- [|UE| I[ML1]] - - - ||
”Rkl(u177ukaula7Ml)”§c” H H J[L.!l 1” H l”

Then for any p > 2, the result in Theorem 5.21 holds, with ® and N polynomials of degree
p in (u,p). Furthermore, the following properties hold:

(i) If the linear operator L is diagonalizable and (v, T)-homologically diophantine, then
there is a degree pop for the polynomials ® and N such that the remainder p satisfies

_ b
sup lp(v, p)l| < M(r)e 7,
i+l <5

where C' depends upon (c,r,~v,n,m), M(7) depends upon 7 and (c,r,v,n,m), b =
(14+7)7Y, and popr = O(67°).

(ii) If 0 is the only eigenvalue of L, with at most one 2 x 2 or 3 x 3 Jordan block, then
the above estimate for p holds with b = 1.
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Remark 5.43. (i) Notice that the optimal degree popt of the normal form depends upon
the radius of the ball where the remainder p is estimated. In applications, this is
not really a restriction, since one may choose § to be of order O(|u|?) with 8 > 0
small enough, such that the “interesting dynamics” take place in a smaller ball. In
particular, the bifurcating solutions lie inside this ball. The result shows that, under the
above hypotheses, the remainder p is exponentially small with respect to the relevant
terms in the bifurcation analysis of the normal form.

(ii) The restriction (i) on the linear map L in Theorem 5.42 may sometimes be overcome
by using a suitable decomposition of the problem (see [33] where the case 0°Tiw, with
L not diagonalizable, is studied).

A key ingredient in Theorem 5.42 is the analyticity of R. However, this condition is
not satisfied by the reduced systems given by the center manifold theorem, of interest here,
in which the vector field is not analytic, even when the original vector field is analytic (see
Remark 4.13). In this situation, the idea is to first use a normal form transformation on
a suitably decomposed system, taking advantage of the analyticity of the vector field, and
then use the center manifold reduction, taking into account the exponentially small estimate
given by the normal form. In this context, the following result has been proved in [35].

Theorem 5.44. Consider the system (5.25) with R as in Theorem 5.42. Further assume
that L is the direct sum of two linear maps Lo on R™ and Ly on R™, with ng +ny = n,

(0) (0)

such that Lg is diagonalizable with eigenvalues N\, ..., A\ng, and that there exist positive
constants v and T such that
o XO) =012 e =1, (5.84)
o T

for any a € N o # 0, where A0 = ()\go), .. ,)\S?))) and )\gl), e )\,(111) are the eigenvalues
of Li. Then, there exists a polynomial ® : R™ x R™ — R"! of optimal degree pop: such that
the change of variables

up = uy + ®(ug, 1),

transforms the system (5.25) into the following system in R™ x R™

du, ~ -

d—to = Loug + Ro(up, 1, ), (5.85)
du ~ ~ -

d—tl - Llul +R1(u07u17,u') +P1(U07M)7

in which f{O, fil, and py are analytic in their arguments,
Ro(uo, u1, p) = PoR(uo + a1 + @ (uo, p), 1),
where Py is the projection on the subspace R™,
Ri(uo,ur, ) = O([[urll(fuoll + [Jar ]l + lll)),

and, with the notations from Theorem 5.42, popt = 0(54’) where b = (1 +v7)~L, v being
the maximal algebraic multiplicity of eigenvalues of L1, and

_Aysh
sup ||y (uo, p)|| < M(r)e 9
luol[+lull <5

117



Remark 5.45. The polynomial ® in the above theorem satisfies the identity

Dy ®(uo, ) Loug — Li®(uo, ) = — Duyy®(uo, )PoR(ug + ®(uo, p), 1)
+P1R(uo + ®(uo, ), 1) — p1(uo, p).-

From this identity one can compute the coefficients of the polynomial ® by identifying the
powers of (ug, i) in the Taylor expansions of both sides (like in the computation described in
Section 5.4; see also Figure 5.1). The Theorem 5.44 asserts that there is an optimal degree
for the polynomial ® for which the remainder p, is exponentially small.

A particularly interesting situation arises when in Theorem 5.44 the spectrum of Ly lies
on the imaginary axis, whereas the spectrum of Ly is hyperbolic, i.e., it has no point on
the imaginary axis. In this case the condition (5.84) is always satisfied, so that the result
in Theorem 5.44 holds. Notice that if p; would be identically 0, then the manifold u; = 0,
ie.,

{u=up +ur = uo + ®(uo, i) ; uo € R™},

would be an invariant center manifold for the system (5.25). This means that we have found
in Theorem 5.44 an approximated center manifold, with an exponentially small error, but
with the property of keeping the analyticity of the vector field. Applying now the center
manifold Theorem 4.21 to the system (5.85) one finds a reduced system for ug € R™ in which
the vector field is the sum of an analytic vector field with an exponentially small remainder,
and it is possible to adapt the Theorem 5.42 for this reduced system. This result can be
generalized to the infinite dimensional situation treated in Section 4.3.1. More precisely, we
have the following result.

Theorem 5.46. Consider equation (5.41), under the hypotheses of the center manifold
Theorem 4.21. With the notations from Section 4.3.1, further assume that R is analytic on
Vu XV, and that Lg is diagonalizable. Then, there exists a polynomial ® : & x R™ — Zj,
of optimal degree pope, such that the change of variable

up, = up, + P(uo, 1)

transforms equation (5.41) into a system of the form (5.85) for uy € & and uy, € 2y, with
the same properties as in Theorem 5.44 where the subscript 1 is replaced by h.

Remark 5.47. As in the finite-dimensional case, one can apply center manifold Theorem
4.21 to the system given by the theorem above, and find a center manifold of the form
{u = ug + ®(ug, p) + O(e= /%) ; ug € &Y} in a ball of radius § in Z. Again, it is possible
to adapt Theorem 5.42 for the reduced system.

Remark 5.48. Another interesting situation in Theorem 5.44 arises when the eigenvalues
of Lo and Ly are all purely imaginary. Provided they satisfy the condition (5.84), the result
of the theorem allows us to give a bound for the solutions of the initial value problem, for
initial values lying on the manifold {u = ug + ®(ug, 1);ug € E}. One expects that uy stays
exponentially close to 0 for a very long time, i.e., we don’t see the eigenmodes of Ly for a
very long time of order 0(5_(b+1/”)), where v is the mazimal index of the eigenvalues of
Ly (see [35]). This situation occurs for instance in the theory of nonlinear vibrations of
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structures, where in some circumstances many modes are not excited, this being true for all
times due to the existence of a small dissipation in the structure. A precise statement of
this last assertion would be an interesting application of these results.

Exercise 5.49. Consider a system of the form (5.25) with p € R and such that R(0, 1) =0
for all . Further assume that the eigenvalues of L are all purely imaginary {+iw;;j =
0,1,...,7}, with +iwy simple eigenvalues and such that this nonresonance condition is
satisfied:

nwo#wj, j=1,...,r, neZi.

Set
uw=Aly+ ACy + ®(A, A, u) +v, AcC, veE,

where ( is an eigenvector of L associated to the eigenvalue iwg, Ey is the spectral subspace
associated to the eigenvalues {Fiwj;j =1,...,7}, and ® is a polynomial in its arguments
taking values in R™.

(i) Check that the hypotheses of Theorem 5.44 are satisfied, with Lo being the restriction
of L to the spectral space associated to the eigenvalues tiwg and Ly the restriction of
L to El.

(ii) Show that there is a polynomial ® such that the system satisfied by (A, A,v) becomes

dA X A
— = Ag(AP, 1) + Ro(A, A, v, 1) + po(A, A, )
d . _

d_: = Liv+Ri(A A v, ) +pr(A A ),

with the properties:

9(|AP, 1) = iwo + ap + b|A]* + h.o.t.,
|Ro(A, A, v, )| + [[R1 (A, A, v, p) | = O([[v][ (JA] + [[v]] + |u])),

ysh
sup  (|po(uo, 12)| + [lpy (w0, p)||) < Me=C/%.
o | +[lull <6

(iii) Determine the first order terms of the polynomial ®. (One finds the same formulas
as for the Hopf bifurcation in Section 5.4.2.)

(iv) Notice that if b, < 0, and if at time t = 0 the v component is 0, or exponentially
small, then it stays exponentially small for a very long time.
6 Hydrodynamic Instabilities

6.1 Hydrodynamic Problem

Consider a viscous incompressible fluid filling a domain  in R? or R3. We present in this
section the hydrodynamic problem corresponding to the following three types of domains:

(i) a smooth bounded domain 2 C R? or 2 C R?;
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(ii) an infinite cylindrical domain Q = ¥ x R, where the section ¥ is a smooth bounded
domain in R?;

(iii) a domain situated between two planes Q@ = R? x I, where I = (,3) is a bounded
interval in R.

The velocity V of fluid particles and the pressure p are functions of (z,t) € Q x Rt and
satisfy the Navier—Stokes equations

—+(V-V)V+%Vp = VAV + f(x),
V.V o= o0 (6.1)

In this system V(z,t) has two or three components, when Q C R? or Q C R3, respectively,
the volumic mass p is constant, V, V-, and A denote the gradient, divergence and Laplace
operators, respectively, v is the kinematic viscosity, and f represents an external massic
force, independent of ¢t. The first equation represents the momentum balance, while the
second is the incompressibility condition.

Boundary Conditions System (6.1) is completed by boundary conditions. In the three
cases, we assume that we have fixed geometric boundaries.

The simplest situation occurs in case (i) of a smooth bounded domain 2, when the
boundary conditions are

Vl]aa = a, / a-ndS =0, (6.2)
o

where a is a given vector field, independent of ¢ and having zero total flux, in order to be
compatible with the incompressibility condition, and n is the exterior unit normal to 0f2.
In case (ii) of a cylindrical domain 2 = ¥ x R, the boundary conditions are

Vl]gnxr = a, / a-nds=0, (6.3)
ox

to which one can add, for instance, the following periodicity conditions along the cylinder:
V(z,t) =V (x + hey,t), Vp(x,t) =Vp(x+ he,,t) foral z=(X,z) e xR, (64)

where h is the period in the direction z € R along the cylinder, and e, = (0,1) € ¥ x R.
Notice that we require only Vp to be periodic and not p, which would also be a possibility,
but less realistic. These conditions are completed by the assumption

/V-ndS:D, (6.5)
by

where D is a given constant, showing that V' has a given flux through the section ¥ of the
cylinder. It is not difficult to check that this flux is independent of z € R. This implies that
p is allowed to increase linearly in z over a period.

Finally, in case (iii) of a domain Q = R? x (a, 3) situated between two planes, the
boundary conditions are

Virzxfay = VIgzx g = @
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which imply that the total mass flux through the periodicity domain is zero, together with
a biperiodicity condition,

V(z,t) = V(x +nier + naea,t), Vp(z,t) = Vp(r + nie; + ngea,t) (6.6)

for all z = (X, z) € R? x (o, 3), where (n1,n2) € Z2, and the lattice of periods is generated
by two noncolinear vectors e; and es in R2. To these conditions we add two conditions on
the flux of the velocity in the directions of two vectors k1 and ko in the X-plane,

/V-k:QdS:Dl, /V-k:ldS:Dg. (6.7)
31 P

The vectors k1 and ko are such that
<€j, kl> = 27‘(’(5]'[, (6.8)

and X1 (resp., Xg) is the face orthogonal to kg (resp., to k1) of the parallelepiped built with
vectors e, ey and the interval (a, ) orthogonally to the X-plane, which constitutes the
domain of periodicity.

Remark 6.1 (Free boundaries). Sometimes the boundary, or part of the boundary, of the
domain §2 is “free,” which means that the fluid is in contact with another fluid, the common
boundary being unknown. Here, we only mention the simplified situation in which one
assumes that the part of the boundary 01, say, where the fluid is in contact with another
fluid, is fived. (This is acceptable for instance if the external fluid is mercury and the
internal one is water.) Then, on this part of the boundary one has the following conditions:

V. n’agl =0, (6'9)
showing that no fluid crosses the boundary, and
(VV +V'V) -nlpa, x n =0, (6.10)

showing that the tangent stresses cancel.

Basic Solution We assume that a smooth stationary solution (V) (z),p©® (z)) is known
for system (6.1), together with the corresponding boundary conditions. We set

V=vO1U, p=p?+pq,

which leads to the system

%—Ii = vAU - (VO . v\ U - (U -V)VO —(U-V)U -Vq
V.U = 0. (6.11)

In case (i) the boundary condition (6.2) becomes

Ulaoa =0, (6.12)
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whereas in case (ii), the boundary conditions (6.3), (6.4), and (6.5) become, respectively,
Ulgsxr = 0, (6.13)

U(z,t) =U(z + hey,t), Vq(z,t) = Vg(x + he,,t) for all z = (X, 2) € ¥ xR,

and

/ U-ndS =0. (6.14)
b))

The boundary conditions in case (iii) are similar.

Analytical Set-up We introduce now the basic Hilbert spaces in which system (6.11), to-
gether with the corresponding boundary conditions, is analyzed.
In case (i), we restrict to the case  C R?, and define the Hilbert space

x={Ue ()" V-U=0, U-nlgg =0},

equipped with the scalar product of (LQ(Q))?’. Notice that here the trace U - n|gq is well-
defined in H=1/2(9Q) (e.g., see [71]). Next, we consider the subspace

Z = {Ue (H2(Q) N HY(Q)® ; v-Uzo} C x;

i.e., the functions in this subspace satisfy the boundary condition (6.12).

A key property of the Hilbert space X is that the kernel of the orthogonal projection
ITj in (LQ(Q))3 on the subspace X can be identified with the space {V¢ ; ¢ € H'(Q)}
(e.g., see [80, 47, 71]). Then, using the projection IIy, the pressure term Vg in (6.11) can
be eliminated, and we obtain a system of the form

U
= =LU+R() (6.15)

posed in X for U(-,t) € Z, where
LU = I, (VAU — (VO .U - (- V)v<0>> , R(U)= -, (U-V)U). (6.16)

The linear operator L, acting in X', may be regarded as a lower order perturbation of
the self-adjoint operator ITy (vAU). It is a closed operator in X', with dense domain Z
and a compact resolvent. The spectrum of L consists of isolated eigenvalues with finite
multiplicities, situated in a sector of the complex plane centered on the real axis, and
oriented on the negative side of this axis [80]. Its resolvent satisfies the estimate (4.9) (see
[80, 47]), and in fact also the estimate (4.10) with o = 3/4 (see [27, 5]), but this latter
estimate is useless if Theorem 4.18 in section 4 is applied. Actually, one can prove in this
case that L is the generator of an analytic semigroup e for t > 0 (see [42]).

The nonlinear term R(U) satisfies R(U) € &' N (Hl(Q))3 for U € Z, by the Sobolev
embedding theorem, and the map R : Z — X is quadratic and continuous.
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Remark 6.2. In the case of a free boundary, when a part of the boundary is subjected
to conditions (6.9)—(6.10), we can use the same space X, and replace (H&(Q))B in the
definition of Z by the space

{U € (H'9)" : Uloon =0, U-nlon, =0, (VU +Y'V) - n}lsn, x 0= 0}

where 021 U 9y = 01).

In case (ii) of a cylindrical domain 2 = ¥ x R, we define the Hilbert space
X = {UG (LQ(E X (R/hZ)))3 ; V-U=0, U-nlpsxr =0, / U-ndS:()}.
s

We point out that here the orthogonal complement of X in (L*(X x (R/ hZ)))3 is the space
{V¢; ¢ € HY(X x (R/hZ))+ 2R}, i.e., V¢ is a periodic function, while ¢ is not periodic [9].
The space Z is defined as a subspace of (H*(X x (R/ hZ)))3 NX, according to the boundary
conditions. Using again the orthogonal projection I1g on X, the Navier—Stokes system can
be written in form (6.15) with L and R defined as in (6.16).

Similarly, in case (iii) for a domain = R? x I, we can define the spaces X and Z in an
appropriate manner taking into account the boundary conditions, and use the orthogonal
projection IIy to write the system in the form (6.15). In both cases, the properties of L
and R mentioned above are still valid.

Summarizing, in the three cases we have a system of the form (6.15), for which Hy-
potheses 4.1 and 4.7 required by the center manifold theorem in section 4 are verified, and
in order to check Hypothesis 4.4, it is enough to locate the eigenvalues that have the largest
real parts. In general, this is obtained by a careful study of their location for each specific
physical situation. We point out that the parameter dependency comes from the viscosity
v and the boundary data, which influence the basic solution (V(O), p(o)).

We present in the next two subsections two classical examples where the theoretical
tools developed in the previous chapters apply particularly well. A description of classical
experiments and physical results connected to both examples may be found in the books [41,
46].

6.2 Couette—Taylor Problem

We briefly present in this section some results on the Couette—Taylor problem, which have
been obtained with the help of the methods described in this book. We refer to the book
[9] for details, and to [70] for the huge bibliography on this problem.

Hydrodynamic Problem Consider two coaxial cylinders of radii R; (the inner cylinder), and
Ry (the outer cylinder), the gap between them being filled by an incompressible viscous
fluid. Both cylinders rotate with constant rotation rates ; and 9, respectively (see
Figure 6.1(i)). For fixing ideas, we assume that €; > 0. When the length of the cylinders
is large with respect to the gap Ro — Ry, it is physically reasonable, for a first study, to
replace the rather complicated physically relevant boundary conditions at the ends of the
cylinders by periodicity conditions, as this is also suggested by experimental observations.
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The mathematical problem consists then in solving the Navier-Stokes system (6.1) in the
cylindrical domain

Q=% xR, %={(z,y) eR?; R? <z?4+y* <R3},

with f = 0 and the boundary conditions (6.3), (6.4), (6.14). In these boundary conditions
a is now the velocity R12; or Rs)s tangent to the inner or outer cylinder, respectively, and
orthogonal to the axis of rotation, and the flux of the velocity through any section is D = 0.

Couette Flow This problem possesses a basic steady solution (V(O), p(o)), the Couette flow,
given in cylindrical coordinates (r, 8, z) by

2
VO = 0,00).0. ¥ =p [ Lar
.

with
o) Q3B (@ 0)BERS 1
vo(r) = r —.
‘ R? — R? RZ—R? v
Notice that this solution is independent of z, the coordinate along the cylinder, and #, the
angle around the axis, and that its streamlines are circles centered on the rotation axis.
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Figure 6.1: (i) Domain of periodicity for the Couette-Taylor problem. (ii) Side view of the
Taylor vortex flow. (iii) Meridian view of the Taylor cells. (iv) Helicoidal waves (traveling
in both z and € directions). (v) Ribbons (standing in z direction, traveling in 6 direction).

Symmetries A fundamental feature of this system consists in its symmetries. When f = 0,
the Navier—Stokes system (6.1) possesses the Galilean invariance, which is typical to any
physical system ruled by Newtonian laws. The result is the symmetries of the system are
restricted to the symmetries of the boundary conditions. For the Couette—Taylor problem,
the invariance under translations along the z-axis allied with the periodicity conditions, and
the invariance under reflections through any plane orthogonal to this axis induce an O(2)
symmetry (the same as in the example in Section 4.4.2). Notice that gravity plays no role
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here, since it may be included in the gradient of the pressure. In addition, the system is
invariant under rotations around the z-axis that induce a SO(2)-symmetry.

In cylindrical coordinates (7,6, z), we have the following linear representations of these
symmetries:

(taV)(r,0,2) = V(r,0,z4+a), acR/hZ,

(SV)(r,0,z2) (Vi(r,0,—2),Vy(r,0,—z), —V.((r,6,—2)),
(RyV)(r,0,2) = V(r,0+¢,2), ¢ecR/27Z,

which satisfy
TS =ST7_4, Th=1 TuTp="Taps.

Consequently, (74,S) is an O(2) grouprepresentation, and R represents a SO(2) action,
which commutes with the O(2) action. We point out that the basic Couette flow (V(©), p(®)
is left invariant by all these symmetries, which are then inherited by the system (6.11).

Instabilities As usual in any physical problem, we need to choose the scales. Here the
length scale is (Re — R1) and the velocity scale is R1€;. Three dimensionless parameters
appear in the equations of the problem, which we can choose as

QQ R, :ngl(RQ — Rl)

= — = — R
Ql, 77 RQ, v )

Q,

where R is a Reynolds number. Consider the system (6.11) satisfied by perturbations of
the basic Couette flow, and more precisely its formulation (6.15) as a first order system.
Fixing the parameters €2, and 7, we take R as bifurcation parameter, and denote the linear
operator L in (6.15) by Lg. It turns out that the spectrum of Ly is strictly contained
in the left half-complex plane, i.e., the Couette flow is stable, for low values of R, i.e. for
small rotation rate of the inner cylinder, or high viscosity. Instabilities are obtained by
increasing R (for instance by increasing the rotation rate of the inner cylinder). This may
be interpreted by the fact that for €21 large enough, the excess of centrifugal forces acting on
particles close to the inner cylinder, with respect to those near the outer cylinder, becomes
dominant if we diminish the viscosity v. The nature of these instabilities now depends upon
the values of ,.

The Case Q. > 0 or 2, < 0 Close to 0 In this case it has been shown numerically that as
‘R increases, there is a critical value R, for which an eigenvalue of L crosses the imaginary
axis, passing through 0 from the left to the right, and all other eigenvalues remain in the
left half-complex plane. We are here in the presence of a steady O(2) bifurcation in which
0 is a double eigenvalue with complex conjugated eigenvectors

¢=e**T(r), (=8¢
where the wave number k. is such that there is an integer n with

kch = 2nm,
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and '
ToC = %<2 for all a € R.

Applying the center manifold Theorems 4.21 and 4.31, one finds a two-dimensional
center manifold, and the reduced vector field commutes with the restrictions of 7, and
S on the two-dimensional subspace & spanned by ¢ and . We point out that Ry acts
trivially on &, which means that all solutions on the center manifold are invariant under
Ry. Consequently, for the reduced system we are in the situation described in Section 3.4
(see also the first part of example in Section 4.4.2). The reduced dynamics are ruled by the
following ordinary differential equation:

% = Ag(|AP, 1),  g(|A]*, i) = ap +b|A* + h.ot.,, a,b€eR, (6.17)
in which A is complex-valued, u = R — R, and a, b are real numbers depending upon
Q,. Equation (6.17) is called the Landau equation in the physics literature, as it was first
formally derived by Landau [48].

According to the results in [9] the coefficients a and b are such that a > 0, b < 0 when
Q, > 0, and b changes sign for a certain small value of €2,, < 0. We can now apply Theorem
3.17 in section 2 and conclude that for b < 0 (resp., for b > 0) we have a supercritical (resp.,
subcritical) pitchfork bifurcation to a circle of steady stable (resp., unstable) solutions. In the
infinite-dimensional phase space of the full system (6.15), this circle of solutions corresponds
to solutions that are shifted along the z direction, i.e., obtained by the action of 7,. In
addition, the action of To/g, is trivial, which means that the period in z of the bifurcating
solutions is 27 /k. = h/n, and the solutions are invariant under the action of Rg. Two of
the shifted solutions are also invariant under S, which means that the corresponding flow
does not cross the planes z = kn /k., k € Z, thus forming axisymmetric toroidal cells. This
constitutes the Taylor vortex flow (see Figure 6.1(ii)—(iii)).

The Case Q, < 0, not too close to 0 In this case, numerical results show that the Couette
flow first becomes unstable at a critical value R. of R, when a pair of complex conjugate
eigenvalues of L crosses the imaginary axis, from the left to the right, as R is increased,
and the rest of the spectrum stays in the left half-complex plane. These two eigenvalues are
both double, as this case is generic for O(2) equivariant systems, with two eigenvectors of
the form

Go = E =T (r), ¢y = TRTIST(r),

where m # 0, and the critical wave number k. is determined as in the previous case.

Applying the center manifold Theorems 4.21 and 4.31, we find a four-dimensional center
manifold, and the reduced vector field commutes with the actions of the induced symmetries
Ta, S, and Ry, found from

ToCo = eikcagoa Ta(p = e_ikcagp SCo = ¢y, S¢; = (o,
RyCy = ™9, Ry(y = e™o¢,.

We are here in the presence of a Hopf bifurcation with O(2) symmetry, as discussed in Sec-
tion 5.4.3, but with an additional SO(2) symmetry represented by Rg. With the notations
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from Section 5.4.3, it turns out that the dynamics are ruled by a system in C? of the form

dA

— = AP(|A)?,|B)?
7 (1A%, [BI7, 1)
dB

— = BP(|B]} AP
7 (IBI% 1A, ),

where 4 = R — R, and
P(|A]%,|B*, 1) = iw+ ap+blAP? + ¢|B|* + h.o.t.

is a smooth function of its arguments, and with no “remainder p.”

The coefficients a, b, and ¢ are complex, and their explicit values can be found in [9].
The bifurcating solutions corresponding to A = 0 or to B = 0 travel along and around
the z-axis with constant velocities. These are helicoidal waves, also called spirals, and they
are axially periodic just as the Taylor vortex flow (see Figure 6.1(iv)). The bifurcating
solutions obtained for |A| = |B| are standing waves located in fixed horizontal periodic
cells, as they are for the Taylor vortex flow, but with a non-axisymmetric internal structure
rotating around the axis with a constant velocity. These solutions are also called ribbons
(see Figure 6.1(v)). We point out that both types of waves may be observed, depending
upon the other parameters (see [9] for the predicted parameter values, and [70] for the
corresponding experimental observations).

Further Bifurcations The next step consists in considering the circle of solutions cor-
responding to the Taylor vortex flow and to study the resulting bifurcation, which is a
symmetry-breaking bifurcation. Here, one may proceed as indicated in Section 4.3.3, for
systems possessing a continuous symmetry and a one-parameter family of equilibria. Theo-
rem 4.34 applies, provided we know the “critical” eigenvalues, in addition to the eigenvalue
0, of the operator obtained by linearizing at one point of the “circle” of Taylor vortex so-
lutions where the solution is invariant under symmetry S. It is shown in [9] that when R
passes a new critical value Ro, depending on the parameters €2, and 7, a Hopf bifurcation
occurs. To one purely imaginary eigenvalue corresponds a non-axisymmetric eigenvector,
which is either symmetric or antisymmetric, with the same or the double axial periodicity
as the Taylor flow, and leading to twisted vortices, wavy vortices, wavy inflow boundaries,
or wavy outflow boundaries. All these flows are rotating waves around the z-axis, due to
the Hopf bifurcation with the SO(2) symmetry broken by the eigenvectors (see also Sec-
tion 5.3.1), but with various cell structures, the two first having the same axial periodicity
as the Taylor vortex flow, the last two having a double period. One can proceed in the same
way when starting with spirals or ribbons instead of the Taylor vortex flow [9].

Finally, we point out that these tools can also be used to study imperfect situations
such as when cylinders are slightly eccentric, which breaks the SO(2) symmetry, or in the
presence of a little flux of fluid downwards, e.g., due to a leak in the apparatus, which breaks
the reflection symmetry S, or in the presence of a small bump on one cylinder, which breaks
the translation invariance (see also the example in Section 4.4.2).
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6.3 Bénard—Rayleigh Convection Problem
Hydrodynamic Problem

Consider a viscous fluid filling the region between two horizontal planes. Each planar
boundary may be a rigid plane, or a “free” boundary in the sense explained in Remark 6.1.
In addition, we assume that the lower and upper planes are at temperatures Ty and 717,
respectively, with Tp > T (see Figure 6.2(i)). The difference of temperature between the
two planes modifies the fluid density, tending to place the lighter fluid below the heavier one.
The gravity then induces, through the Archimedian force, an instability of the “conduction
regime” where the fluid is at rest, while the temperature depends linearly on the vertical
coordinate z. This instability is prevented up to a certain level by viscosity, so that there
is a critical value of the temperature difference, below which nothing happens and above
which a “convective regime” appears.

The Navier—Stokes system (6.1) is not sufficient to describe this situation. An additional
equation for energy conservation is needed, where the internal energy is proportional to
temperature. In the Boussinesq approximation, the dependency of the density p in function
of the temperature T,

p=po(1—a(l—Tp)),
where « is the volume expansion coefficient, is taken into account in the momentum equa-
tion, only in the external volumic gravity force —pge,, introducing the coupling between
(V,p) and T. We refer to [41, Vol. II] for a very complete discussion and bibliography on
various geometries and boundary conditions in this problem.

Several different scalings are used in literature. We adopt here the one in [46], which
consists in choosing the length, time, velocity, and temperature scales respectively as d,
d?/k, k/d, vk/agd®, where d is the distance between the planes, x is the thermal diffusivity,
and v, a, and g are as above. This leads to the system

%¥+VNW+Vp:=Pw@+AW
V-V =0
a0
S TV V0 = A+R(V-e), (6.18)

replacing the Navier—Stokes system (6.11). Here 6 is the deviation of the temperature from
the conduction profile, which satisfies the boundary conditions, and V' = (V1, V3, V), p, and
6 are functions of (z,t), z = (X, 2), with X = (21, 22) € R? the horizontal coordinates and
z € (0,1) the vertical coordinate, e, being the unitary ascendent vector. There are two
dimensionless numbers in this problem: the Prandtl number P and the Rayleigh number

R defined respectively as
d3(Ty — T
_V g (h=Th)
K VK
System (6.18) is completed by the boundary conditions
V.=6=0, z=0,1,
together with either a “rigid surface” condition

Vi=V,=0, (6.19)
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or a “free surface” condition
M _We_ (6.20)
0z 0z
on the planes z = 0 or z = 1. Notice that here the kinematic viscosity is independent of
the temperature T'. If this is not the case, some qualitative results change. Also, adding a
solute with a certain concentration, satisfying an equation and boundary conditions of the

same form as 0, gives richer results [41, Vol. II].
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(i) (i)
Figure 6.2: (i) Bénard—Rayleigh problem. (ii) Domain of periodicity for bidimensional

convection (above) and convection rolls (below).

Bidimensional Convection

We restrict ourselves first to the case of bidimensional flows, i.e., we assume that Vo = 0,
and V = (V1,V,), p, and 0 are only functions of z1, z, and t.

Formulation as a First Order System We set U = (V,0), and then the system is of the
form (6.15) in the space X’ of h-periodic functions in x1, defined by

1
X = {U € (L*((R/hZ) x (0, 1)))3 ; V-V =0, V,|,01=0, /O Vidz = 0}.

In the case of rigid boundary conditions (6.19) on both planes z = 0 and z = 1, the domain
of LL is defined by

Z(ry) = {U e (HA(R/hZ) x (0,1)))° ; V-V =0,
1
V].=01 = 0]:=0,1 =0, / Vidz = 0},
0

and similarly we define Z(, ¢y, Z(y,y, and Z; s by replacing the rigid boundary condition
V1 = 0 by the free boundary condition 0V, /0z = 0on z = 1, z = 0, and z = 0, 1, respectively
(see Figure 6.2(ii)). Here we have

LU = (TIyP(AV + 0e.), A0+ RV.), R(U) = (-Iy(V -VV), -V -V0),  (6.21)
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withR: Z — Y = XN(H((R/hZ) x (0, 1)))3 quadratic and continuous. Here Z represents
one of the spaces Z(.,), Z(.p), Z(sr), and Z( ) above, depending upon the choice of
boundary conditions. Notice that the pressure p is not necessarily periodic in x;, and that
the orthogonal projection Iy in (L?((R/hZ) x (0, 1)))3 on the subspace X eliminates the
periodic gradient Vp, as in Section 6.1.

A specific property of L in this case is that there is a special scalar product in the Hilbert
space X, with corresponding norm equivalent to the usual one, such that L is self-adjoint.
This scalar product is defined by

P
W, u) = VOV L wmzyxony? + ﬁ(é’(l), 0P| 2@ /hz)x (0,1))-

As a consequence, the spectrum of L is now located on the real axis. Notice that L is a
relatively compact perturbation of the uncoupled self-adjoint negative operator

L'U = (IIyPAV, Af),

and that it has a compact resolvent, since its domain is compactly embedded in X (see
[42]). The spectrum of L consists then of isolated semisimple real eigenvalues of finite
multiplicities, accumulating at —oo, only. Furthermore, the resolvent estimate (4.9) is
straightforward, and the estimate (4.10) also holds with o = 3/4 (see [27]). As for the case
considered in Section 6.1, the hypotheses required by the center manifold theorem are all
satisfied.

Symmetries This problem is invariant under translations parallel to the zi-axis and under
the reflection x; — —z;. Then the system (6.15) possesses an O(2) symmetry group
represented by 7, and S defined through

(toU)(21,2) = U(z1+a,2), a€R/LZ
(SU)(z1,2) = (=Vi(—z1,2),Vi(—x1,2),0(—x1,2)), (6.22)

where 7, = I, because of the periodicity assumption. In addition, in the cases of “rigid-
rigid” and “free-free” boundary conditions, i.e., with Z(, .y and Z; 1), respectively, there is
the additional symmetry with respect to the half-plane z = 1/2,

(S.U)(x1,2) = (Vi(z1,1 — 2), =V (21,1 — 2), —0(x1,1 — 2)). (6.23)

Bifurcations We fix the Prandtl number P and take the Reynolds number R as bifurcation
parameter. As before, we denote by Lz the linear operator L in (6.15). Then upon
increasing R from 0, there is a critical value R, for which the largest real eigenvalue of
Lz crosses the imaginary axis from the left to the right [68, 72] (see also [41, Vol. II]).
The eigenvalue 0 of L, is double, as it is generic for O(2) equivariant operators, and the
corresponding eigenvectors are of the form

¢ =ehen(z), (=8¢,

where k. is a positive critical wavenumber. In the case of “free-free” boundary conditions,
the eigenvectors are explicit and k. is easily obtained. In other cases, the existence of such
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a positive k. may be proved analytically [75] (or following the method in [77]); see also [41,
Vol. II], but its uniqueness is, so far, only a numerical evidence. Notice that the action of
T, on the eigenvector ( is

TaC = eikcaC7

so that we are in the presence of a steady bifurcation with O(2) symmetry.

Applying the center manifold Theorems 4.21 and 4.31 , we find a two-dimensional center
manifold and a reduced system, which commutes with the restrictions of 7, and S on the
two-dimensional subspace & spanned by ¢ and (. The reduced equation is a Landau
equation (6.17), and we find precisely the situation described in Section 3.4 (see also the
first part of the example in Section 4.4.2). Here y = R — R, and a > 0, b < 0 ([72, 78];
see also [41, Vol. II]). Notice that in the cases of “rigid-rigid” or “free-free” boundary
conditions, the reduced system also commutes with the restriction on & of the symmetry
S.. However, the action of this symmetry is I on &, which does not influence the Landau
equation, already odd in (A, A). Applying Theorem 3.17, we find a pitchfork bifurcation of
a “circle” of stable steady solutions, obtained by translating with 7, a symmetric, periodic
solution. All these solutions have the period 27/k. and, as in the previous section, appear
in cells of size 7/k., the velocity being tangent to the boundaries of the rectangular cells.
These solutions are the convection rolls (see Figure 6.2(iii)).

Tridimensional Convection

Consider now the three-dimensional case, in which V5 is not identically 0, and V', p, and 6
are functions of X, z, and ¢, X = (z1, z2). Here, we assume the biperiodicity condition (6.6),
where the lattice of periods T is generated by two independent horizontal vectors {ej,es},
and the dual lattice of wave vectors is generated by the two vectors {ky, k2} defined by (6.8).
It turns out that in this case the critical wavenumber found in the bidimensional case, is
now the radius of a critical circle in the Fourier plane. It was shown in [44] that the only
possible forms of periodic patterns are rolls, hexagons, regular triangles, and rectangles (see
also [20]). Since experimental evidence mostly show convection in rolls and convection in
hexagonal cells, we choose a lattice compatible with both patterns, as initiated in [66].

Formulation as a First Order System We choose
31 1 V3
€1 = (%7 5) ) €y = h(071)7 kl == kc(170)7 kQ - kc <__ \/_—> )
where h is determined by the critical wavelength k.,
_Ar
7

It is not difficult to check that this lattice is invariant under rotations of angle 7/3 (see
Figure 6.3(1)).

hk.
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Figure 6.3: (i) Lattice I' in the X-plane, for 3-D convection. (ii) Flow in a hexagonal cell.

According to the flux conditions (6.7), we choose the Hilbert spaces

¥ ={U e (@) x 0.0)" V-V =0, Vilecoa =0

/ V - kodS = V-k1d5:0},
21 22
and in the case of “rigid-rigid” boundary conditions

Z(rr) = {U e (H2((R*/T) x (0,1)))" ; V-V =0, V].eo1 = 0].—01 =0,

/ V - kodS = V-kldS:O},
21 22

and similarly Z(, 1y, Z(;,), and Z; y), by replacing the rigid boundary conditions V; = V5 =
0 by the free boundary conditions 0V} /90z = 9V,/dz = 0on z =1, z = 0, and z = 0,1,
respectively. We set U = (V,0), just as in the two-dimensional case, and then the system
is of the form (6.15), with L and R defined as in (6.21). The linear operator L and the
quadratic map R have the same properties as in the two-dimensional case.

Symmetries This problem is invariant under horizontal translations, represented by the
operators T, when replacing 1 + a by X + a for any a € R?/T", and invariant under the
mirror symmetry S defined as in (6.22). In addition, it is invariant under the rotation

(R27r/3U)(X7 z) = (sz/s(V(Rdw/sX? Z))79(R727r/3X7 Z)) ) (6.24)

where Ry 3 is the horizontal rotation, in the X-plane, of angle 27/3. The group gener-
ated by S and Ry, /3 is denoted by Dg, consisting of rotations on a circle of angle /3
together with the symmetries through a diameter. In the cases of “rigid-rigid” and “free-
free” boundary conditions, we still have the symmetry S,, defined by (6.23) with x1 replaced
by X.
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Bifurcations We fix the Prandtl number P and take the Reynolds number R as bifurcation
parameter. As before, we denote by Lz the linear operator L in (6.15). Upon increasing R,
there is a critical value R, for which the largest real eigenvalue of Lz crosses the imaginary
axis from the left to the right, which is now of multiplicity six. The associated eigenvectors
are now of the form

¢ = eikj'Xﬁj(z), j=1,...,6,

and satisfy

<2 = R27T/3C1’ <3 = R727r/3C15 <j+3 = SC] = C_j, J=123,
where
ks = — (k1 + k2), kjt3=—kj, j=1,2,3.
Furthermore

To(j = €Fag,,  ehsa = itk

and the action of the symmetry S, is either the identity I or —I, when it is relevant.
Applying the center manifold Theorems 4.21 and 4.31, we find a six-dimensional center
manifold. For Uy € &, the eigenspace associated to the eigenvalue 0 of Ly, , we set

Uo = ACy + BGy + O3 + AQy + BGy + C(, (6.25)
and then we have the induced symmetries

To(A, B,C) = (Aet*r Betk2a Cethsa) for all a € R?/T,
S(A,B,C) = (A,B,0), Ran3(A B,C)=(C, A B),

and when S, is relevant,

S.(A,B,C) = +(A, B,C).

The general form of vector fields commuting with these symmetries is given in [20, Chap.
XIII]. When the symmetry S, is irrelevant, or when it is the identity on &y, it is sufficient
to consider the six-dimensional system truncated at order 3, of the form

dA —

= = apA+cBC+bAJAP + dA(|B + |CP)

B N

‘Z_t — apB + cCA + bB|BI? + dB(|C? + |A]?)

% = auC + cAB + bC|C2 + dC(|A]? + |B]). (6.26)

Here t = R — R¢, a > 0, and the other coefficients are all real. The coefficient b is the
same as in the two-dimensional case, hence we have b < 0. In general the presence of
quadratic terms changes drastically the stability of the steady solutions of (6.26) (see [20,
Chap. XIII]). However in the present case, a specific property of the Navier—Stokes equation
implies that ¢ = 0. This comes from the fact that for any U in the domain of L, we have

(R(U),U) =0,
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where (-,-) is the usual scalar product in (L?)*, and this scalar product arises in the com-
putation of ¢, with U = Uy given by (6.25).
When B = C = 0 we recover the Landau equation (6.17) for A, which gives the circle
of steady solutions
ap+blA* =0, B=C=0,

corresponding to the steady convection rolls found in the two-dimensional case. In addition,
we have here the solutions obtained through the actions of Ry, /3 and S, which correspond to
convection rolls obtained by 7/3-rotations of the two-dimensional rolls above, so altogether
we have three “circles” of rolls. In contrast to the two-dimensional case, in which these rolls
are stable, here they may also be unstable. Indeed, since we have a “circle” of bifurcating
solutions, one eigenvalue of the linearized operator is 0, and the other eigenvalues are now
2b|A|?, the same as in the two-dimensional case, and a quadruple eigenvalue (d — b)|A|?.
Consequently, the condition for stability of these rolls is

d<b<0.
Another class of steady solutions of the system (6.26), with ¢ = 0, is
A=ret, B=re% C=re%,

where r > 0 satisfies
ap+ (b + 2d)r* =0,

and the phases 0; are arbitrary. For 6; = 0, this solution is invariant under the actions
of Ryr/3 and S, and corresponds to hexagonal convection cells [20, Chap. XIII] (see Fig-
ure 6.3(ii)). It should be noticed by the same argument as in the two-dimensional convection,
by using the periodicity and the symmetry S, that the velocity field is tangent to the planes
x1 = 2mn/k. for any n € Z. Hence, by the Dg rotational invariance, the velocity field is
tangent to all the vertical planes deduced from this family, by rotations of angles /3 and
27 /3. This means that the fluid particles are confined in vertical triangular prisms, and a
basic hexagonal prism for the pattern is formed with six of these triangular prisms. The
linearized operator at these hexagonal convection cells has a triple eigenvalue 0, a simple
eigenvalue 2(b + 2d)r2, and a double eigenvalue 2(b — d)r?. This latter eigenvalue implies
that the hexagonal convection cells and the convection rolls cannot be both stable. In the
case of “rigid-rigid” boundary conditions it is shown in [79] that b + 2d < 0. Actually,
the result in [79] shows that hexagonal cells are stable under perturbations with hexagonal
symmetry, in which case only the simple eigenvalue 2(b 4 2d)r? is present. We also point
out that if ¢ # 0 in system (6.26), then the phases of the steady solutions above lose one
degree of freedom, and the bifurcation is two-sided. In particular, the hexagonal cells are
then unstable [66, 20], but this might only apply to a different physical situation, since here
c=0.

In the absence of the symmetry S, we need to include the fourth order terms in (6.26),
in order to avoid the occurrence of a three-parameter family of hexagonal cells: Only two
arbitrary phases are relevant because of the action of 74, and this leads to a degenerescence
shown by the triple 0 eigenvalue. Adding fourth order terms (see [20] for their structure)
allows us to fix 01 + 02 + 63 € {0, 7}, and to obtain another, in general nonzero, simple
eigenvalue decreasing by one the multiplicity of the 0 eigenvalue, for the linearized operator.
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It appears that the symmetry S, acts as —I on & in the case of the “free-free” bound-
ary conditions, because of a factor sin(mz) in the components V, and 6, and of a factor
cos(mz) in the components V; and Vs of ﬁj(z), in the formula of the eigenvector (;. It is
a priori not automatic, but it is shown numerically that it is also the case for “rigid-rigid”
boundary conditions, since for R = R. the components V, and 6 in ﬁj(z) are invariant
under the symmetry z — 1 — z (see [8]). With such a symmetry, the vector field in (6.26)
is odd in (A, B,C, A, B,C), so that there are no terms of even orders. Consequently, one
has to consider the fifth order terms in order to solve the degenerescence and find all steady
solutions. For further details we refer to [20, Chap. XIII], where the problem is treated
using the Lyapunov—Schmidt method, but the results can be adapted to the present ap-
proach. It is shown that there are four types of steady solutions: rolls, hexagons, regular
triangles, and patchwork quilts, which all may be stable, depending on the coefficients, but
not simultaneously. This confirms the prediction in [44], though only the first two types of
solutions are usually observed.

Tridimensional Convection in an Elongated Cylindrical Domain

Finally, we briefly discuss the case of a long horizontal cylindrical container, with rectangular
section in the (z2, z)-plane, and small sides compared to the length of the cylinder along
the zi-axis. Physically, to satisfy the a priori periodicity in x7 which we impose to the
solutions, it might be convenient to take a thin ring-shaped container (a torus) having a
radius large with respect to the sides of the rectangular meridian section. This problem also
possesses an O(2) symmetry, and it turns out to be similar to the case of two-dimensional
convection [41, Vol. II]. The same approach as above can be used, showing the existence of
a “circle” of stable convection rolls, bifurcating for R > R., which are periodic in z1, the
cells being parallel to the xo-axis.

Second Bifurcation We are interested here in the next bifurcation, when R crosses a second
critical value Ro, at which the stable convection rolls for R > R. become unstable.

The “circle” of convection rolls is given by 7,Us, a € R, where U, is a symmetric
solution, SU, = U,. Notice that there are two such symmetric solutions on the “circle,”
and that all these solutions are of class C*°. The generator of the group (74)qer is the
derivative 05, € L(Z,)Y), and then 0, Uy, the Goldstone mode, satisfies

05U, € Z, (L + DyR(U.))(05,Us) =0, S(95,Us) = —0,,Us.

In particular, this shows that the operator L+ DyR(U, ) has an eigenvalue 0 with eigenvector
0z, U.. It turns out, that experimental evidence suggests that this eigenvalue is actually
algebraically double and geometrically simple when R = Ro. Indeed, for R close to Ro
there are bifurcating solutions which are slow traveling waves, and, as we shall see below,
correspond to the situation in which there is a generalized antisymmetric eigenvector &,
such that

(L + DuR(U))ég = 0, Us,  SEg = —&,

(see also [9, p. 102], for an analogue for the Couette-Taylor problem).
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Following the method of construction of center manifolds near a line of equilibria in
Section 4.3.3, we consider the new coordinates (a,v) defined through

U=71,Us+v), (v,0,,U) =0,

where (-,-) is the scalar product in (L?)*. Then the linear operator L’ defined in (4.33),
acting on v, which commutes with S due to the choice of U,, has a simple eigenvalue crossing
the imaginary axis through 0, when R crosses Rs. Applying the center manifold Theorems
4.34 and 4.31, we conclude that a pitchfork bifurcation occurs in the equation for v when
R = Rs (see also the general study of the ten possible solutions generically bifurcating from
a one-dimensional periodic pattern in [12]). Since a(t) has a small constant derivative,
the bifurcating solutions are traveling waves with speeds close to 0, which arise in pairs
exchanged by the symmetry S, i.e., traveling in opposite directions. This type of flow is
indeed observed in experiments [4].
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