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Abstract. The introduction of spatial dynamics by K.Kirchgässner in the eighties allowed
big progresses in the mathematical theory of water waves. Several new forms of localized
waves were discovered, as well in 2D as in 3D. The talk gives elements of the reduction
methods used in spatial dynamics (Center manifold reduction and normal forms forinfinite
dimensional reversible systems) and examples of results for water wave theory as depression
solitary waves with damped oscillations, or generalized solitary waves with a very small
(nonzero) periodic amplitude at infinity. We shall also mention the limitations of the method
in physical limiting cases.

1. Introduction

The search of travelling gravity or capillary-gravity waves on the free surface of an
incompressible fluid for a 2D or 3D potential flow, goes back to Stokes [35](1847). However
the first mathematical proofs of existence of 2D periodic travelling waves are due to Nekrasov
[33] and Levi-Civita [28] in the 20’s, and for 3D bi-periodic travelling waves to Reeder and
Shinbrot [34] in 1981 for capillary-gravity waves, and to Iooss and Plotnikov [24] (2009)
for gravity waves. For 2D solitary waves as the celebrated ones observed by S.Russel in
1834 , the first mathematical proofs of their existence are due to Lavrentiev [27] (1943) and
Friedrichs and Hyers [8] (1954). New forms of localized travelling waves in 2D and 3D were
mathematically proved to exist since the 90’s with [1], [20], [4], [36], [21], [6], [40], [39],
[32], [5], [18], [22], [38], [29], [9], [13], [17], [12], [23], [11], [14], [2], [3], [15].

The renewal of interest for the subject of water waves in the 90’s was largly due to
the introduction by K.Kirchgässner of "spatial dynamics" techniques [25], [26] . For a
wave travelling with horizontal velocity−c, in the x direction, this consists in considering
x+ ct = κ as a time coordinate in a formulation of the problem as a first order differential
system

dU
dκ

= F(U,µ) (1)

whereU is a set of unknown functions,µ represents a set of parameters, and where we know
a particular solution, in generalU = 0, which corresponds to a flat free surface, the flow being
at rest in the absolute reference frame. It should be clear that, even with such a formulation,
this is not an evolution problem: the initial value problem for (1) is ill-posed here. Indeed,
it is of elliptic nature in a cylindrical domainR×Ω whereΩ is an interval for 2D flows,
and a 2D domain, bounded or periodic in the other horizontal direction, for 3D waves. We



explicitly indicate below the formulation for 2D travelling waves over a single fluid layer of
finite depth. The next step for the study of solutions close to the rest state, is to use reduction
methods, such as center manifold reduction and normal form technique, which lead here
in general toreversible ordinary differential equationsin spaces of small dimensions. The
(spatial) dynamics of such a ODE appears to be close to the dynamics of an integrable vector
field, so we can in many cases prove the existence of various types of waves, in particular the
localized ones (solitary waves, etc..).

2. The hydrodynamic problem

The classical gravity-capillary water-wave problem concerns the three-dimensional
irrotational flow of a perfect fluid of constant density subject to the forces of gravity and
surface tension. The fluid motion is governed by the Euler equations in a domain bounded
below by a rigid horizontal bottom and above by a free surface.

Denote by(x,y,z) the usual Cartesian coordinates and scale the length and velocity
respectively with the depthh of the fluid layer at rest, and with the velocityc of the wave,
assumed to travel towards the direction of−x axis. Sitting in a reference frame moving at the
velocity of the travelling wave (the flow is then stationary), we assume that the fluid occupies
the domain

Dη = {(x,y,z) ; x,z∈ R, y∈ (0,1+η(x,z))},
whereη >−1 is a function of the unbounded horizontal spatial coordinates(x,z). Consider
the absolute velocity potentialφ . The mathematical problem consists in solving Laplace’s
equation

∆φ = 0, in Dη , (2)

with kinematic boundary conditions

φy = 0, ony = 0, (3)

φy = ηx +ηxφx +ηzφz, ony = 1+η , (4)

showing that the water cannot permeate the rigid bottom aty = 0 or the free surface at
y = 1+η(x,z), and the dynamic boundary condition

φx +
1
2
(∇φ)2 +λη−b∇ ·

(
∇η

1+(∇η)2

)
= B, ony = 1+η , (5)

at the free surface. The dimensionless numbers

λ = gh/c2, b = T/ρhc2

are respectively the inverse square of the Froude number and the Weber number, whereg is
the acceleration due to gravity,T is the coefficient of surface tension,ρ the density of the
fluid, andB the Bernoulli constant.

The time-dependent water-wave equations possess several symmetries. Of importance
in the present approach are the following continuous symmetries: the invariance under
translations inφ , the horizontal Galilean invariance, and the invariance under rotations in the
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(x,z)-plane. As a remnant of these invariances, the problem (2)-(5) possesses the following
two discrete symmetries

x 7→ −x, z 7→ z, η 7→ η , φ 7→ −φ , (6)

x 7→ x, z 7→ −z, η 7→ η , φ 7→ φ . (7)

The equations (2)-(5) also possess a Hamiltonian structure, which has been used in many
different studies of travelling water waves (see the review paper [10] and the references
therein).

3. Spatial dynamics formulation for 2D waves

The mathematical study of two-dimensional travelling water waves, i.e., solutions of (2)-(5)
which are independent ofz, has a long history. We present here an approach to this question
which relies upon the reduction methods extensively used since the 90’s. For further details
we refer to the review paper [7] and the references therein.

Let us restrict to two-dimensional waves, i.e. solutions of the system (2)-(5) which are
independent ofz. A very convenient way of formulating the system (2)-(5) as a first order
system of the form (1), is with the help of a variables and coordinates transformation due to
Levi-Civita [28]. This formulation works as well for systems with several superposed fluid
layers (see the review paper [7]).

Consider the complex velocity potential defined through

w(x+ iy) = κ+ iζ , κ = x+φ(x,y), ζ = ψ(x,y),

where herex+φ is the velocity potential in the moving frame, andψ is the stream function.
We define the new variables(α,β ) by

w′(x+ iy) = u− iv = e−i(α+iβ ),

whereα = arg(v/u) is the slope of the streamline andβ = (1/2) ln(u2 + v2), and introduce
the change of coordinates defined by

dx+ idy = ei(α+iβ )(dκ+ idζ ).

Then the bottom of the domainy = 0 corresponds toζ = 0 and the free surfacey = 1+η(x)
corresponds toζ = 1, because the Bernoulli constantB has been set to0. Furthermore,
(α,β ) = 0 corresponds to the rest state(φ ,η) = 0 in (2)-(5). With these new variables we
regardα + iβ as a analytic function ofκ+ iζ .

A key property of this choice of variables is that we still have the Cauchy-Riemann
equations for(α,β ):

ακ = βζ , αζ =−βκ,

but now for(κ,ζ ) in a fixed strip(κ,ζ ) ∈ R× (0,1). Then the Cauchy-Riemann equations
above replace equation (2), and the boundary conditions (3)-(5) become

α = 0, ζ = 0,

η̃κ = e−β sinα , ζ = 1,

1
2
(e2β −1)+λη̃−beβ ακ = 0, ζ = 1,
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whereη̃(κ) = η(x). Notice that we recover the shape of the free surface from the expression

η̃(κ) =
∫ 1

0
(e−β cosα−1)dζ .

We now set

U(κ,ζ ) = (α0(κ),α(κ,ζ ),β (κ,ζ )), α0(κ) = α(κ,1),

and then the system (2)-(5) is transformed into a system of the form

dU
dκ

= F(U,λ ,b), (8)

with

F(U,λ ,b) =




1
b sinhβ0 + λ

b e−β0
∫ 1

0 (e−β cosα−1)dζ
∂β
∂ζ

− ∂α
∂ζ


 , β0(κ) = β (κ,1).

We also consider the spaces

X = R× (
L2(0,1)

)2
, Y = {U ∈ R× (

H1(0,1)
)2

; α(0) = 0, α0 = α(1)},

so thatF(·,λ ,b) : Y →X is a smooth map.
Notice that the system (8) isreversible, with the reversibility symmetryS defined by

S(α0,α,β ) = (−α0,−α,β ),

which means that
F(SU,λ ,b) =−SF(U,λ ,b). (9)

This implies in particular that ifU(κ) is solution of (8), thenSU(−κ) is also solution. We
also point out that we can write

F(U,λ ,b) = Lλ ,bU +R(U,λ ,b), Lλ ,b = DUF(0,λ ,b),

with Lλ ,b a linear operator inX with domainY , and the nonlinearityR(·,λ ,b) having
the last two components identically0, so thatR(·,λ ,b) is a smooth map fromY into
R×{0} ⊂X . Notice that the reversibility symmetry implies that the spectrum of the linear
operatorLλ ,b is symmetric with respect to both the real and imaginary axis.

4. Reduction method

We are interested in solutionsU(κ) of (8) which are continuous inκ, staying small in norm
in the spaceY . It is clear that if the system (8) would be linear, i.e. without the nonlinearity
R, then the only solutions bounded forκ ∈ R belong to the (finite dimensional) invariant
subspaceE0 (named below "central subspace") belonging to the imaginary (including 0)
eigenvalues ofLλ ,b. The center manifold theorem claims that for the nonlinear system (8),
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the solutions which stay small forκ ∈ R, belong to a center manifold of same dimension as,
and tangent toE0. To verify the applicability of this fundamental theorem (see for example
[16]), it is sufficient here to check an estimate (verified here) of the form

||(Lλ ,b− ik)−1||L (X ) ≤
c
|k| , for k∈ R large enough.

Now taking(λ0,b0) in a bifurcation set, means that in the parameter plane,(λ0,b0) belongs
to a curve such that when crossing it, the number of imaginary eigenvalues ofLλ ,b changes.
The center manifoldMλ ,b is of the form

Mλ ,b =
{
U = U0 +ΨΨΨ(U0,λ ,b);(U0,λ ,b) ∈ neighb of(0,λ0,b0) in E0×R2} , (10)

whereΨΨΨ is smooth in its arguments and of order higher thatU0 in the neighborhood of
(0,λ0,b0) in E0×R2. This reduction of the spatial dynamics to a finite dimensional space
roughly says that for the small bounded solutions, the non central linear modes (which
explode either forκ → +∞ or −∞), are function of the central ones (the ones inE0). The
Taylor expansion ofΨΨΨ may be computed explicitly. Now, the solutions lying on the center
manifoldMλ ,b satisfy areversible ordinary differential system

dU0

dκ
= f (U0,λ ,b) in E0, (11)

obtained by replacing (10) into (8) and projecting onE0. The linear part off for (λ ,b) =
(λ0,b0) is then the restricted linear operatorLλ0,b0

|E0.
For the system (8) the bifurcation set is determined by the study of purely imaginary

spectrum of the linear operator

Lλ ,bU =




1
bβ0− λ

b

∫ 1
0 βdζ

∂β
∂ζ

− ∂α
∂ζ


 ,

whereU ∈ Y . The operatorLλ ,b has a spectrum which consists of isolated eigenvalues with
finite algebraic multiplicities, only accumulating at infinity. It is straightforward to check
that a nonzero purely imaginary numberiκ 6= 0 is an eigenvalue if and only if it satisfies the
dispersion relation

(λ +bκ2) tanh(κ)−κ = 0,

and that0 is an eigenvalue only whenλ = 1. The resulting bifurcation diagram, and the
location of the four eigenvalues closest to the imaginary axis is shown in Figure 1.

We conclude that there are three bifurcation curves:
(i) the half-line{λ = 1, b > 1/3} where0 is a double eigenvalue, and is the only one

on the imaginary axis,
(ii) the segment{λ = 1, 0 < b < 1/3} where0 is a double eigenvalue, with a pair of

simple eigenvalues±iω on the imaginary axis,
(iii) the curveC0 where on the imaginary axis, there is a pair of double imaginary

eigenvalues.
Following the Arnold’s classification we find an02+, 02+(iω), and(iω)2 bifurcation,

respectively for cases (i), (ii), and (iii). The point(λ ,b) = (1,1/3) is a codimension two
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Figure 1. Two-dimensional water waves: bifurcation diagram in(b,λ )-parameter plane, and
behavior of the critical eigenvalues ofLλ ,b. The solid lines represent the bifurcation curves,
whereas the solid and hollow dots represent simple and double eigenvalues, respectively.

bifurcation point, where an04+ bifurcation occurs. The sign+ means a specific symmetry
property of eigenvectors.

Let us be more precise in case (i). We have one eigenvectorξξξ 0 and one generalised
eigenvectorξξξ 1 such that (forb > 1/3)

L1,bξξξ 0 = 0, L1,bξξξ 1 = ξξξ 0,

ξξξ 0 = (0,0,1)t , ξξξ 1 = (−1,−ζ ,0)t ∈ Y ,

Sξξξ 0 = ξξξ 0, Sξξξ 1 =−ξξξ 1.

Then writingU0 ∈ E0 which is 2-dimensional, under the form

U0 = Aξξξ 0 +Bξξξ 1 +ΦΦΦ(A,B,µ), µ = λ −1,

whereΦΦΦ is a polynomial in(A,B,µ), the normal form theory, applied to reversible vector
fields (see for example [19] or [16] for elementary proofs) claims that for any given degree
p≥ 2, there is a polynomialΦΦΦ of degreep, such that the nonlinear terms up to degreep of
the new vector field, commute with the linear operatorseL∗0κ for all κ ∈ R, whereL∗0 is the
adjoint linear operator toL0 = Lλ0,b0

|E0. Moreover the new vector field anticommutes with
the reversibility symmetryS, as in (9). The system (11) becomes here

dA
dκ

= B, (12)

dB
dκ

= aµA− 3
2

aA2 +ρ(A,B2,µ),

with a = (b−1/3)−1, and

ρ(A,B2,µ) = O
{
(|A|(|A|+ |µ|)2 +B2(|A|+B2 + |µ |)} .
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Figure 2. phase portrait of system(12)

The phase portrait of (12) is indicated on Figure 2, where we notice the existence of infinitely
many periodic solutions (closed curves) and of a homoclinic solution, which goes towards 0
asκ→±∞. The principal part of this solution is given by

A(κ) =
µ

cosh2((aµ)1/2κ/2)
.

The closed curves correspond to periodic waves of increasing wave lengths as we approach
the homoclinic curve which corresponds to a solitary wave. The shape of this solitary wave
is shown on the left side of Figure 3. For the cases (ii) and (iii) the spaceE0 is 4-dimensional,
and the reduction method indicated above is particularly efficient, leading to large families
of periodic waves, quasi-periodic waves and new types of solitary waves. In case (iii) we
obtain in particular two solitary waves (one of depression, one of elevation) with damping
oscillations at infinity, each one being invariant under the symmetry with respect to the
vertical axis. The depression one is indicated on the right side of Figure 3. For the case
(ii) there is no true solitary wave for0 < b < 1/3 ([30], [37]) but instead a large family of
elevation waves connected to periodic waves at infinity. The size of periodic oscillations
at infinity is a free parameter, but it cannot be made equal to 0, its minimal size is indeed
exponentially small with respect to the bifurcation parameterµ = 1−λ ([39],[29][31]). A
picture describing such waves is shown in the middle of Figure 3.

Figure 3. Two-dimensional solitary waves found in the02+ (λ & 1,b > 1/3), 02+(iω)
(λ . 1,b < 1/3), and(iω)2 (λ ,b) aboveC0) bifurcations (from left to the right). The arrows
indicate the direction of propagation.

Remark 1 In the case when the fluid layer (or one of the fluid layers if several layers
are superposed) is infinitely deep, the above reduction does not apply. In such a case the
spectrum of the linearized operator (here the limit ofLλ ,b) contains the whole real axis, in
addition to isolated eigenvalues. The absence of gap between the imaginary axis containing
the central eigenvalues, and the other part of the spectrum, prevents the use of a center
manifold reduction. However, there are few works in this direction: see [22] for the one layer
case, and, for two superposed fluid layers, the works [38], [23], [2], and the review paper
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[3], where the occurence of Benjamin - Ono equation

H (
dA
dκ

) = µA+cA2,

is completely justified and plays the role of the system (12) above, whereH is the Hilbert
transform (the Fourier transform̂A(k)is multiplied byi sgn(k)). It should be noticed that the
results here are analogue to the results for the finite depth case, except the asymptotics at
infinity which is an algebraic decay instead of an exponential one.

5. Three-dimensional waves

In contrast to the case of two-dimensional travelling waves, there are relatively few
mathematical results on the existence of three-dimensional travelling waves. Most of these
results rely upon a formulation of the equations (2)-(5) as a first order system of the form (1),
and a center manifold reduction. A major difficulty, which seems to be specific to the three-
dimensional problem, is that the formulation of the equations (2)-(5) as a first order system is
not explicit, due to the nonlinear boundary conditions at the free surface. This difficulty has
been first overcome in [13]. In addition, in the three-dimensional problem the domain has
infinitely many unbounded directions, any horizontal direction being unbounded, whereas
there is only one unbounded direction in the two-dimensional problem. Then any of these
unbounded directions can be taken as time-like variable in the formulation of the equations
as a first order system.

Figure 4. Three-dimensional water waves which have the profile of a periodic wave (left),
and of a generalized solitary wave (right) in the direction of propagation, and are periodic in
the perpendicular direction. The arrows indicate the direction of propagation.

Another particularity of the three-dimensional problem is that, in order to be able to
apply the center manifold reduction, one has to restrict to particular wave-profiles in a
direction transverse to the direction which is taken as time-like variable. A natural choice
is to restrict to waves which are periodic in such a direction, but one could also impose some
boundary conditions, as Dirichlet or Neumann. Without this restriction in the formulation
(1), as a first order system, the linearized operatorL has a purely continuous spectrum,
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with no gap around the imaginary axis, so that the center manifold theorem does not apply.
Furthermore, even with this restriction, in the particular case of gravity waves, i.e. in the
absence of surface tension whenb = 0, it turns out thatL has infinitely many imaginary
eigenvalues, so that the center manifold theorem does not apply either. It is therefore essential
when using this approach to the three-dimensional problem toassume thatb 6= 0.

The formulation in [13] relies upon the Hamiltonian structure of the equations and is
restricted to the case when time-like variable in the formulation of the equations as a first
order system of the form (1) is the directionx of propagation, and when the waves are
periodic in the perpendicular directionz. A formulation not using the Hamiltonian structure
is presented in [17] (see also [7], and [16]). The critical central subspaceE0 has a larger
dimension than in the 2D case, so that the dynamics is more complicated. It is fortunate that
the normal form reduction allows to provide at any order for most of the cases (forgetting the
higher orders) the complete dynamics, since the truncated vector field is integrable. However,
there remains open problems in solving the complete reduced ordinary differential system in
E0. Figure 4 show a sketch of travelling waves periodic inz, periodic in the propagation
direction (left part of the figure), and having the profile of a generalized solitary wave (right
part of the figure) as the wave shown in the middle of Figure 3.
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