
Direct numerical simulations of two-phase

immiscible wakes

Luca Biancofiore1‡, François Gallaire2, Patrice Laure3,4, Elie

Hachem4

1Department of Mechanical Engineering, Imperial College London, Exhibition Road,

South Kensington, London, SW7 2AZ, United Kingdom
2EPFL/LFMI, Route Cantonale, Lausanne, Switzerland
3University of Nice - Sophia Antipolis, LJAD, CNRS-UMR 6621, Parc Valrose, Nice,

France
4CEMEF - MINES ParisTech, 06904 Sophia-Antipolis, France

Abstract. Tammisola et al. [J. Fluid Mech., 713:632-658, 2012] have observed a

counter-intuitive destabilizing effect of the surface tension in planar wakes by means of

a global linear analysis. In the present study, we conduct direct numerical simulation

(DNS) of wakes of two immiscible fluids. The numerical scheme is based on a

level set approach to track the interface position. We simulate both sinuous and

varicose perturbations of wake flows. DNS confirm a destabilization on the sinuous

perturbations in presence of a moderate amount of the surface tension, while wakes

are stabilized when the surface tension is further increased. Varicose perturbations

present in contrast an intermittent low-amplitude oscillatory regime which does not

significantly affect the position of the interface.
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1. Introduction

Wake flows are ubiquitous in natural and industrial processes. Synthetic (or artificial)

wakes formed without obstacle are a relevant simplification that can help to explain

the behaviour of (i) prototype flows to address theoretical stability issues [1], (ii) wakes

behind obstacles [2, 3], (iii) several industrial and technological processes where two

streams with two different velocities mix, for instance injectors of rocket engines [4] or

papermaking [5].

In particular, Gill [6] has shown that the addiction of a duct on the injector of rocket

engines favors the mixing between the fluids (liquid oxygen and gaseous hydrogen).

Thus, the effect of confinement on synthetic wakes has been both theoretically and

numerically analyzed in order to improve the design of the injectors [7, 8, 9, 10]. All

these studies have shown that a moderate confinement favors instability in wakes thereby

contributing to a better physical understanding of the flow in ducted injectors.

However, another quantity which can play a substantial role in the flow dynamics

is the surface tension between the two fluids. Therefore, theoretical analyses [11, 12]

on the influence of the surface tension on synthetic wake flows have been conducted.

The surface tension acts as a restoring force which minimizes the contact area between

the fluids. Due to its restoring properties, the surface tension is viewed as stabilizing

in plane shear flows and therefore in plane wakes. While in a temporal analysis the

surface tension always stabilizes the flow [12], Rees and Juniper [11] have noticed that

the presence of surface tension increases the absolute nature of the instability in a top-

hat wake profile. In particular, they have found - with an impulse-response analysis - a

mode depending just on the surface tension which dominates the response at the front

and back of the wavepacket. Furthermore, Tammisola et al. [13, 14] have conducted

a linear global analysis of the wake of two immiscible fluids. Their entry profile was

the top-hat profile analyzed by Rees & Juniper [11]. A moderate value of the surface

tension was seen to destabilize both sinuous and varicose perturbations of wakes, while

they were stabilized for higher values of the surface tension.

The objective of this paper is to study this counterintuitive effect of the surface

tension on two-phase immiscible wakes by means of direct numerical simulations (DNS).

Our DNS code is based on a level set method [15] to track the position of the

interface. By means of DNS, we can determine the role played by nonlinearities in

this counterintuitive destabilization process. The structure of the paper is as follows: in

section 2, we describe the synthetic wake model, while section 3 focuses on the numerical

method. The results of the simulations are reported in section 4, before a final discussion

(section 5) mostly based on a comparison with previous studies [13, 14].

2. Physical problem

We consider the flow of a viscous fluid in a two-dimensional channel. We use the top-

hat velocity profile analyzed by Rees & Juniper [11] as inlet condition. The fluid then



3

penetrates in a channel where no-slip boundary conditions are imposed at the side walls.

Due to the resulting inlet singularity, the flow quickly adapts to the presence of the walls

before slowly relaxing towards its fully developed flow profile.

At the inlet of the channel a flow with thickness 2h1 and uniform velocity U1 is

sandwiched between two identical flows with thickness h1 and uniform velocity U2. As

reference velocity and length scales, we choose the velocity of the outer stream (namely

U2) and the half-thickness of inner layer h1, respectively. The dimensionless parameters

are then (i) the Reynolds number

Re =
ρU2h1

µ
,

where µ and ρ are respectively the dynamic viscosity and the density, that will be

assumed to be equal for both fluids in the present work, (ii) the confinement parameter

h =
h2

h1

and (iii) the velocity ratio

Λ =
U1 − U2

U1 + U2

.

For a wake, the velocity ratio is negative (Λ < 0) and a co-flow corresponds to

−1 < Λ < 0. Note that in several previous papers on synthetic wake flows [2, 16, 9],

the velocity scaling was the average velocity (U1 + U2)/2 and the associated Reynolds

number was multiplied by a factor 1/(1−Λ). The dimensionless entry profile, at x = 0,

is eventually given by

ux(y) =
1 + Λ

1− Λ
for 0 ≤ |y| ≤ 1

(1)

ux(y) = 1 for 1 < |y| ≤ 1 + h

Following Tammisola et al. [13, 14], we choose the following scaling for the stress

tensor

σ∗ = ρ U2
ref

associated to the non dimensionless relation

σ = −pI + 2
1

Re
ε(u), ε(u) =

1

2

(
∇u +∇uT

)
, (2)

With the above parameters the Navier-Stokes equations can be written:

1

Re
∆u = ∇p+

∂u

∂t
+ (u · ∇) u

(3)

∇ · u = 0 .

This system has to be completed by boundary conditions (no slip in our problem) at

the upper and lower walls

u(x,±(1 + h)) = 0 (4)
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and boundary conditions at the interface Σ between the two fluids:

• continuity of velocity at the interface

[[u]]Σ = 0; (5)

• jump of the normal stress due to surface tension

[[σ · nΣ]]Σ =
1

We
κ nΣ, (6)

where nΣ is the normal to the interface and We is the Weber number defined by

We =
ρ U2

2 h1

γ
(γ is the surface tension),

and the curvature κ by

κ = ∇ · nΣ;

• if h(x, t) is the position of the interface between the fluids, the kinematic condition

reads

∂th+ ux ∂xh = uy (7)

and the normal at the interface is given by

nΣ =
1√(

∂h
∂x

)2
+ 1

(
−∂h
∂x
, 1

)
. (8)

3. Numerical method

In this section, we explain how to track the evolution of the interface and how

implementing the surface tension when a finite element method is used. First, we

introduce the level set method which allows to take into account the two phases on the

same flow domain. Then, we give the weak formulation of the Navier-Stokes equations.

In this setting, the interface Σ is embedded in the computational domain Ω and is

described by the zero iso-line of a level set function α. This function is positive inside

the sub-domain Ω1 occupied by fluid one and negative in Ω2 = Ω\Ω1. We define the

function α as the signed distance from Σ as follows:

α(x) = ||x− Σ|| on Ω1 ; α(x) = −||x− Σ|| on Ω2 (9)

One of the interesting features of the level set formulation is that it allows to easily

calculate the normal vector nΣ and the curvature κ of the interface Σ [17, 15]:

nΣ =
∇α
|∇α|

∣∣∣∣
α=0

; κ = ∇ · nΣ = ∇ ·
(
∇α
|∇α|

)∣∣∣∣
α=0

(10)

where a division by |∇α| is made in order to ensure that nΣ is unitary. The position of

the interface can be found by solving the following advection equation

∂α

∂t
+ u · ∇α = 0, (11)
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equipped with suitable initial and boundary conditions. Due to the advective nature of

equation (11), the level set function α has to be imposed only at the inflow portion of

the domain. This equation replaces the kinematic equation (7). To solve this equation

by a finite element method, we follow the formulation presented in [18]. In fact, the

convective term can generate spurious oscillations and to prevent this difficulty, the

finite element formulation for the level set equation is based on a Streamline Upwind

Petrov Galerkin (SUPG) method [19, 20]. More details about the use of stabilized finite

element methods for the advection equation can be found in [18, 21, 22].

It is known that for problems involving surface tension, there is a discontinuity of the

pressure at the interface. This can induce poor convergence properties and significant

pressure oscillations near the interface [23]. To overcome these difficulties, one can adopt

an enrichment of pressure space incorporating the discontinuity [24, 23]. In this paper,

we keep the stabilized P1 formulation for the flow problem and the discontinuous pressure

is captured by mesh refinement around the interface [21]. This refinement process

operates only in the direction perpendicular to the interface, which leads to anisotropic

meshes and to high accuracy near the interface without increasing dramatically the

computational cost [25].

The surface tension force is taken into account by introducing a volume force acting

in a thin strip of size 2e around the interface and vanishing outside this small region

[26, 17]. For nΣ being the unit outward normal vector to Σ and κ the mean curvature

of Σ we can express this force as:

f =
1

We
κ δeΣ nΣ '

1

We
κ ∇Ie(α), (12)

where δeΣ is the Dirac function associated to the smoothed Heaviside function Ie:

Ie(α) =



= 0 if α < −e

= 1 if α > e

=
1

2

(
1 +

α

e
+

1

π
sin(π

α

e
)

)
if − e < α < e

(13)

with

∇Ie = δeΣ nΣ and

∫ e

−e
|∇Ie| = 1. (14)

The weak formulation of Stokes equations (without the inertial term and the

gravitational force) is written on the suitable trial function spaces Q and V and reads:

find (u, p) ∈ V ×Q such that ∀v, q ∈ V ×Q∫
Ω

2

Re
ε(u) : ε(v)dΩ−

∫
Ω

p∇ · vdΩ−
∫

Γ

(σ · n) · vdΓ =

=

∫
Ω

κ

We
∇Ie · v dΩ +

∫
Γ

(σ · n) · vdΓ (15)∫
Ω

∇ · u q dΩ = 0,
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where the effect of the surface tension force is introduced in the rhs of equation (15).

However, if linear shape functions are used to describe the evolution of α, then

the gradient of the level set function will be piecewise constant within each element

causing the second order derivatives, required for calculating the curvature, to vanish.

In order to avoid the difficulties associated with simple projections of lower dimensional

polynomial spaces to higher ones, we use the approach presented in [17, 27]. Thus, the

surface tension force is expressed with the divergence of a tensor T defined by [27] :

T = (E− nΣ ⊗ nΣ) δeΣ, (16)

where E is the identity tensor. Using that δeΣ = |∇Ie|, and nΣ = ∇Ie/|∇Ie| one finds

[17] that :

T =
|∇Ie|2E − ∇Ie ⊗∇Ie

|∇Ie|
(17)

and thus the capillary term in equation (15) reads:∫
Σ

1

We
κ nΣ.v dΓ =

∫
Ω

1

We
κ ∇Ie.v dΩ =

∫
Ω

1

We
(∇ ·T) · v dΩ (18)

and after integration by parts:∫
Ω

1

We
(∇ ·T) · v dΩ = −

∫
Ω

1

We
T : ε(v) dΩ +

∫
Γ

1

We
w ·T · v dΓ(19)

where w defined in (18) is a vector tangent to the surface Σ and orthogonal to the curve

∂Σ. Note that the last integral on the surface ∂Σ = Γ∩Σ vanishes if the surface Σ does

not intersect the solid boundary or if there is a Dirichlet boundary condition on Γ, in

which case the test function v is null.

In fact, with an uniform mesh, it has been proved that one may expect at least a

O(h1/2) precision in the L2-norm [28, 23] for the solution of Stokes problem. A better

accuracy can be achieved by refining only in the vicinity of interface. The refinement

has also to describe accurately the Dirac function defined by (13) and (14). Therefore

the size of e depends on the local refinement. This approach is usually checked on a

static bubble subjected to surface tension force for which the pressure jump follows the

Laplace law. It is found [23, 21, 29] that ten elements in the total thickness is sufficient

to recover the analytical solution. In the computations made in the next section, we

used an uniform mesh of size h = 0.05 and the local refinement near the walls and

the interface has a size of 0.01 in the normal direction to the interface (or walls). The

thickness e is equal to .1 and the mesh has around 200 000 nodes according to the

interface length. The used finite element solver can deals with anisotropic meshes is

described in [30].

4. Computations

The computations are carried out for Re = 316, Λ−1 = −1.4 and We−1 = 0; 0.08; 0.1; 0.2

following Tammisola et al. [14]. The height of the rectangular channel H = 4, so

the confinement parameter h = 1, and its length L = 50. First, the stationary flow
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corresponding to a wake flow without surface tension is computed. The top hat velocity

profile (eq. 1) is imposed at the entry of the die. One gets a symmetric (varicose)

stationary flow which satisfies

ux(x, y, t) = ux(x,−y, t)

(20)

uy(x, y, t) = −uy(x,−y, t) ; h+(x, t) = −h−(x, t)

where h± are respectively the position of interface in the upper mid-plane (resp. lower

mid-plane). On the horizontal axis (y = 0), one gets the relations

∂ux
∂y

(x, 0, t) = uy(x, 0, t) = 0 (21)

Therefore two types of interfacial perturbation can grow: (i) a varicose (symmetric)

disturbance which keeps the base flow property; (ii) a sinuous (anti-symmetric)

disturbance which breaks this symmetry. This latter condition corresponds to the

relations for the perturbation û :

ûx(x, y, t) = −ûx(x,−y, t)

(22)

ûy(x, y, t) = ûy(x,−y, t) ; ĥ+(x, t) = ĥ−(x, t)

Therefore on the center-line, the sinuous (or anti-symmetric) modes are defined by

ûx(x, y, t) =
∂ûy
∂y

(x, 0, t) = 0 (23)

Only the unstable modes can be obtained with the direct numerical simulations.

Therefore the solution obtained after the transient state will depend on the initial

conditions and on the stability of both varicose and sinuous modes. In order to more

precisely analyse the appearance of varicose (or symmetric) modes, we perform also

computations on a half cavity for which boundary conditions (21) are imposed on the

lower wall (see section 4.2.2). The perturbation will satisfy these conditions, since they

are already satisfied by the base flow.

In the sequel, the perturbations are analysed by looking at the fluctuations of the

vertical velocity uy(x)− < uy(x) >t along vertical lines (namely for y = 0 or ±1) where

< f >t (x, y fixed) (=
∫
t
f(x, y fixed, t)dt) is the mean temporal value estimated over at

least 200 time units. The fluctuations of both the interface (deduced from zero isoline of

level set α) and horizontal velocity are also given, if relevant. An (x, t)-diagram is the

more convenient tool in order to see the spatio-temporal structure of the perturbation.

However to define the amplitude and phase of the wave packet more easily, the analytical

signal f̃(x, t) is introduced through the convolution

f̃(x, t) =

[
δ(x) +

i

πx

]
⊗ f(x, t) (24)
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where the symbol ⊗ designates the convolution operator with respect to x; conversely

f(x, t) = Re(f̃(x, t)). In Fourier space this amounts to setting all negative frequencies

to zero. In this way, the ”complex” fluctuation f̃ is written as

f̃(x, t) = A(x, t) eiΦ(x,t) (25)

where A is the envelop and Φ the phase.

We present first the wakes with excluding the surface tension (section 4.1),

afterwards we study how the addition of the surface tension modifies the wake behaviour

(section 4.2).

4.1. Single-phase wakes

Single-phase synthetic wakes (i.e. without surface tension) are globally stable [16] for

Λ−1 = −1.4, but they are convectively unstable, which means that a perturbation can

grow but it is convected with the flow. The stationary solution is obtained after t = 200

when starting from null velocity field. In figure 1, we show such a stationary solution.

Figure 1. The vertical velocity of the stationary solution of a single-phase wake with

Re = 316, h = 1 and Λ−1 = −1.4. Note that we have cut the domain at x = 20.

However, a wave packet appears during the transient state. This fact confirms

the convectively unstable character of this wake. We have performed additional

computations by imposing periodic fluctuations on the inner velocity at the entrance:

ux(y) =
1 + Λ

1− Λ

(
1 + a sin(

2π

T
t)

)
for 0 ≤ |y| ≤ 1 (26)

with a = 0.01 and T = 7 in order to analyse the convective instability properties. In

this way, one can have additional informations on the perturbations which could be

excited by adding surface tension. As the forcing period is fixed, the x-t diagrams along

a horizontal line exhibit obviously travelling waves having this temporal period (see

figures 2a and 3a). Nevertheless, interesting informations on spatial periodicity and

both localization and localisation and symmetry of excited perturbations are obtained.
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The spatio-temporal diagram plotted in figure 2a shows the excited travelling wave

after the transient state, the temporal period is around T = 7 whereas the spatial period

is λx = 3.5 for the horizontal velocity and λy = 4.90 for vertical velocity. Figures 2a,b,c

show that the amplification of the horizontal velocity is maximal for 5 < x < 10. For the

vertical velocity, the amplification is maximal for 20 < x < 40 as shown in figures 3a,b,c.

Therefore the symmetric forcing induces both varicose and sinuous perturbations: the

varicose (ûy = 0) mode is located at the entrance, whereas the sinuous (ûx = 0) mode

grows for x > 10. These localisations are confirmed by the phase diagrams in Figures 2d

and 3d where the domain of each solution are analysed by looking at the isoline slope.

The region with constant slope corresponds to a homogeneous solutions. Note that each

mode has a different spatial period. This points to the influence of nonlinearity in the

generation of an antisymmetric perturbation starting from a purely symmetric forcing.

Figure 2. Results for a temporal forcing T = 7 : (a) x-t diagram depicting

the evolution of (ux− < ux >t)/< ux >t for y = 0; (b) spatial evolution of

(ux− < ux >t)/< ux >t at y = 0 and t = 175; spatio-temporal evolution of the A;

spatio-temporal evolution of the phase Φ.

For Λ−1 = −1.2, the single-phase wake is globally unstable (figure 24 in [31]) and the

computation confirms this behaviour. The figure 4 shows that the interface is no more

continuous as small quantities of inner phase are alternatively created from the upper

and lower interfaces. The solution has main spatial and temporal velocity periodicities

equal to 4.54 and 7.5 respectively. The spatio-temporal analysis (see Figures 5) shows
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Figure 3. Results for a temporal forcing T = 7 : (a) xt diagram depicting the

evolution of uy− < uy >t for y = 0; (b) spatial evolution of uy− < uy >t at y = 0

and t = 175; spatio-temporal evolution of the A; spatio-temporal evolution of the

phase Φ.

that the solution is highly non linear (a mixing of varicose and sinuous modes) at the

entrance, whereas it is rather sinuous at the exit (for x > 15). The amplitude of the

perturbation is more important at the entrance (x ∼ 2) and four time higher than the

previous case (see figure 5b).

4.2. Two-phase wakes

In this section, we discuss the results of the DNS of two-phase immiscible wakes in

presence of surface tension. First, we have used as domain the entire channel where

both sinuous and varicose perturbations are allowed (section 4.2.1) and afterwards the

half-channel, where varicose perturbations only can grow (section 4.2.2).

4.2.1. Entire channel The stationary solution illustrated in figure 1 is used to transport

the level-set owing to equation (11). A stationary solution for the level set is also

obtained after t = 200. This allows to impose the surface tension as explained in

the section 3. Therefore, this stationary solution is used as an initial solution and

the velocity field and the interface (zero isoline of the level set) are analysed after the

transient for t > 200.
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Figure 4. The instantaneous vertical velocity for a single-phase wake with Re = 316,

h = 1 and Λ−1 = −1.2. Note that we have cut the domain at x = 20.

Figure 5. Results for an unstable case with Λ−1 = −1.2 : (a) xt diagram depicting

the evolution of uy− < uy >t for y = 0; (b) spatial evolution of uy− < uy >t at y = 0

and t = 240; (c) spatio-temporal evolution of the A; (d) spatio-temporal evolution of

the phase Φ.

For We−1 = 0.08, the fluctuations of vertical velocity are very small (less than 10−4)

and induce undetectable fluctuations of the interface (less than 10−8). Nevertheless it

is possible to detect a wave packet having mean spatial and time periods of λx ∼ 4.5

and T ∼ 8.2 respectively. This wave packet is depicted in figure 6 and corresponds to a
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sinuous (anti-symmetric) mode roughly localised between 10 < x < 40 at 220 < t < 320.

Figure 6. Results for We−1 = 0.08 : (a) x-t diagram depicting the evolution of

uy− < uy >t for y = 1; (b) spatial evolution of uy− < uy >t at y = ±1 (black and

red lines) and t = 250 ;(c) time evolution of uy− < uy >t at y = ±1 (black and red

lines) for x = 31.

If we increase the surface tension until to We−1 = 0.1, the maximal fluctuation of

the vertical velocity appears to be much higher, as shown in figure 7. In particular

Figure 7. The instantaneous vertical velocity for a two-phase wake with We−1 = 0.1,

Re = 316, h = 1 and Λ−1 = −1.4. Note that we have cut the domain at x = 20.
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the maximal fluctuation is around 10−2 and it is concentrated between 5 < x < 15, as

seen in figure 8. It corresponds to a stationary wave packet having mean spatial and

time periods around λy = 3 and T = 9 respectively. The phase diagram (figure 8d)

points out that the spatial periodicity changes between the entrance and the exit as the

slopes of isolines change. This instability is clearly due to a sinuous mode. Furthermore,

fluctuations of the interface of the order of 10−2 are present, as shown in figure 9.

Figure 8. Results for We−1 = 0.1 : (a) x-t diagram depicting the evolution of

uy− < uy >t for y = 1; (b) spatial evolution of uy− < uy >t at y = ±1 (black and

red lines) and t = 250.

For We−1 = 0.2, the maximal fluctuation of vertical velocity is very small (less

than 10−5) and it is difficult to exhibit and analyse a disturbance.

4.2.2. DNS imposing varicose symmetry The simulations are conducted in the half

cavity (0 ≤ y ≤ 2) with boundary conditions (eq. 21) imposed on the lower wall (y = 0)

and varicose perturbations only can be obtained.

For We−1 = 0.08, 0.1 the perturbations have a rather small amplitude (less than

5 · 10−6). Moreover, the fluctuations of interface are too small to be analysed. For

We−1 = 0.2 one can notice small fluctuations localized close to the entry, as seen in

figure 10).
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Figure 9. Results for We−1 = 0.1 : (a) x-t diagram depicting the evolution of

h+− < h+ >t; (b) spatial evolution of h±− < h± >t at t = 250 (black and red lines).

Figure 10. Results for We−1 = 0.2 and symmetric boundary conditions: x-t diagram

depicting the evolution of uy− < uy >t at y = 1.

5. Discussion: comparison with linear global analysis of Tammisola et al.

[14]

Tammisola et al. [14] have conducted a global stability analysis to determine if the

presence of surface tension induces an additional instability mechanism. They have

found that, as We is increased, the flows become globally unstable. However, the flow

becomes stable again when We exceeds a certain value. In their paper, the global

stability of wakes are made for both u-symmetric (varicose) modes and u-antisymmetric

(sinuous) modes. Spectra and modes for a wake for Λ−1 = −1.4 are plotted in figure 10

of Tammisola et al. [14]. For low We−1, the flow is stable. If We−1 is increased,

single unstable modes appear, and as We−1 is increased further, the growth rate

reaches a maximum before it becomes negative and, so, the flow is stable again. The

antisymmetric modes are unstable for We−1 = 0.08, 0.1 and 0.15, whereas the symmetric

modes are unstable for We−1 = 0.1, 0.2 and 0.3. Note also that the temporal growth

rates are rather small and lower than 0.03.
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In their figure 11 the frequency decreases and the corresponding wavelength of the

mode grows as the surface tension increases. Moreover these wake models illustrate a

mode switching: the antisymmetric modes are the most unstable for We−1 = 0.08 and

We−1 = 0.1, whereas the symmetric mode is the only unstable mode for We−1 = 0.2.

The corresponding modes plotted in these figures show that their structure changes. The

antisymmetric mode in their figure 11a is located further from the inlet around x ∼ 10,

whereas all the other unstable modes (symmetric and anti-symmetric) in figure 11(c,d,f)

have their maximum amplitude at x < 5. Their eigenvalues ω are (i) for the unstable

antisymmetric modes: ω = 0.743 + 0.005i for We−1 = 0.08 and ω = 0.843 + 0.021i for

We−1 = 0.1, (ii) for the unstable symmetric modes: ω = 0.831 + 0.009i for We−1 = 0.1

and ω = 0.453 + 0.017i for We−1 = 0.2. A mode switching from an antisymmetric to a

symmetric mode was reported also by Tammisola et al. [13].

Since DNS can only detect the unstable modes, there are some agreements between

this previous theoretical study and our computations:

• for We−1 = 0.08, we hardly detect symmetric or antisymmetric (figure 6)

perturbations. They have insignificant amplitudes and are intermittent.

• for We−1 = 0.1 which corresponds to their most important growth rate, the

computations give clearly an antisymmetric (sinuous) mode (see figures 8 and 9).

Both the position (at the entry) and the time period (T = 9 in our computation

and T = 7.45 in the linear study) are comparable.

• for We−1 = 0.2, the computations have detected a extremely small perturbations

close to the entry. This is predicted by the theoretical study. Nevertheless this

perturbation remains very localised and does not modify the interface position

between the two layers.

This shows that the global stability predictions of Tammisola et al. [14] have been

confirmed as far as sinuous instabilities are concerned, though the perturbations saturate

at a low amplitude. In contrast the surprisingly strong global instability of the varicose

mode can not be confirmed.

We believe that this discrepancy takes its origin in the fact that the base flow

analyzed by Tammisola et al. [14] was determined in absence of surface tension, whereas

this assumption is relaxed in our DNS since perturbations and base flow are treated

simultaneously. As a matter of fact, the flow evolves quickly in the entrance region, as

a consequence of the singularity at the entry due to the incompatibility of the no-slip

boundary conditions on the walls and the imposed inlet plug velocity. This induces

a large curvature of the interface and therefore questions the opportunity of having

neglected the influence of surface tension onto the base flow.

In conclusion, the destabilizing effect due to surface tension predicted by Tammisola

et al. [14]’s paper onto the sinuous disturbances is recovered. Nevertheless, this effect

induces small deformations of the interface between the two layers that saturates at

low amplitudes. In particular the unstable global mode for We−1 = 0.1 does not

give larger interface deformations than the excitation of convective unstable state at
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We−1 = 0. With respect to globally unstable situation (∆−1 = −1.2 and We−1 = 0),

this deformation is also rather small.
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