Course on Finite Volume discretization of PDEs,
University Nice Sophia Antipolis

Exercize : finite volume discretization of the 1D Laplacian with Dirichlet and Neumann boundary
conditions.

We consider the following problem

which has a unique solution in H'(0,1) for all up € R, g € R, f € L?(0,1).
We consider the following subdivision of the interval (0,1) with NV 4 1 points :
Typ=0<ax3/0 <+ <Ty1y2 < Tiy1o < - <Ty-172 < Tnt1/2 = L.

Keeping the notations of the course, the finite volume discretization of the interval (0,1) consists of

the set of N cells k; = (z;_1/2,;11/2) for i = 1,---, N, and of the cell centers z; = W
fori = 1,---,N. We also set 790 = 0 and xn41 = 1, hyp1/ = |[2i41 — 2] for i = 0,--- | N, and
hi = |w;41/9 — Ti_1/9| for i =1,--- N. Finally, we set h = max;—1,... n h;.
(1) Let us consider the N discrete unknowns u; approximating u(x;) for ¢ = 1,--- , N. Write the
discrete fluxes f;y1/o approximating —Ul($i+1/2), 1 = 0,---,N, and taking into account the

boundary conditions for ¢ = 0 and i = N.

Write the finite volume discretization of (P) consisting of N discrete conservation equations on
the cells k;, ¢ = 1,--- , N using the previous fluxes.

Let u? = u; —up, ¢ = 1,--- , N. Write the previous finite volume scheme for the unknowns
udyi=1,---,N

Corrigé : The numerical fluxes are defined by

uUp — U
Fyjo(un) = T;
U; — Ug
Fz‘+1/2(“h) = ﬁ =1 ,N—-1,
1+

Fyii2(un) =g

and the finite volume conservation equations in each cell are
Fip1y2(un) — Fi_qo(un) = hifi, i=1,--- N,

with f; = 7 [ f(z)dz.



We remark that

0—u?
FI/Z(U?L) == h1/21’
0 _ 40
Fipyo(up) = W7 =1 N -1,
(3

Fyi1p2(u)) = g.

and that
Fi+1/2(ug) - Fi—1/2(u2) =hifi,i=1,---,N,

(2) Let Vj, be the vector space of cellwise constant functions. We denote by v; the value of v;, on

the cell x; for i = 1,--- , N. For all vy, wy, € V}, x V},, we define the discrete scalar product and
discrete norms
1/2
lvnllon = ||Uh||L2(01 (Zhv ) ,
N— 1
0 — v O w — w~ — w;
< Vp,Wp >1,p= ( 1) 1) v Z i1) (Wi 1+1).
h1/2 =1 l+1/2

and
1/2
lonllin = (< onyvn>10) "
Prove the following discrete Poincaré inequality : for all v, € V3,
lonllon < llonlln-

Prove the following trace inequality : for all vy € V},

lon] <

Corrigé : Let us set for vy € Vj, vg = 0. Then

i—1 N—-1 N—-1 1/2
oil = 13 g1 =0l £ D fogr = vl < Nowllaa (3 Byvae) ™ < omdoe
=0 =0 =0

It results that

N
lonllgn < llonlld n > Ra) < llvnld n,
i=1

hence
vnllon < llvnll1n-

(3) Prove that the finite volume discretization of (P) is equivalent to the following discrete varia-
tional formulation : find ug € V}, such that

1
(FVP) < ug,vh > = / f(z)op(x)dx — g vy,
0
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for all vy, € Vj. Using the previous Poincaré and trace inequalities, deduce that the discrete
solution u% € Vj, of (FVP) satisfies the following a priori estimate

lunlln < gl + 11122 (0,0)-

What can be deduced for the finite volume scheme solution ?

Corrigé : Let us set for conveniency vg = 0. Multiplying the conservation equation in cell ¢

by v; and summing over ¢ = 1,--- , N we obtain that
N N N
Z vk /2(up) — Z viF; 1 /9(up) = Z vihi fi.
i=1 i=1 i=1

Let us note that

i=1 0
and that
N N-1
D wiFii1p(up) = > vip1 Fpaye(uf)
i=1 i=0

Using that vg is set to 0 we have that

N N-1
D viFip(u) = Y viFip(u)) + gon.
=1 =0

It results that

1
< u%,vh > = / f(x)vp(z)dx — g vy
0

(4) For all v € C?[0,1], let us define the fluxes residuals

v(w;) — v(Tit1)

hiy1/2

Tip1/2(v) = + 0" (Ti41/2),

for all i = 0,--- , N — 1. Show that there exists a constant C(v) independent on h and such
that
gnax [7i41/2(v)| < C(v)h.

Assuming that the solution u of (P) is in C?[0, 1], prove that
lenllr,n < Cu)h,

with eh(x) = u(xz) —u;on Kk, t=1,---,N.

Corrigé : Note that

1 Tit1
—T’i+1/2(v) = h-+1/2 / (U/(»’U) - UI($i+1/2))d33-

Using by Taylor expansion that for all x € (z;, x;+1) one has

|U/(33) - U,($i+1/2)| < sup |U”(y)||$ - $i+1/2| < sup \U”(y)|hz‘+1/2,
YE(Ti,Tit1) y€(0,1)
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we deduce that
[riy1/2(0)] < C(v)h,

with C(v) = supye(o,1) [v" (y)]-
Let us derive an equation for the error ep. Integrating the equation —u”(x) = f(z) over the
cell k; we obtain that

*Ul($i+1/2) - (*u,($z’—1/2)) = hi fi.

From the definition of the flux consistency errors 7, /5(u) we obtain for i = 1,--- | N — 1
that
w(wi) —u(@ip1)  w(zio1) — ()

hiy1/2 hi—1/2

= hifi +rig172(u) — ri_1/2(u).
For i = N we obtain by setting ry.1/o(u) = 0 that

ulxn_ —ulx
g- ( Nhl) o) = hn fN + 7N ja(u) = Ty -1 /2(w)-
N-1/2

Substrating the finite volume equations for uy from these equations we get, setting eg = 0
that

Fip2(en) — Fi_iya(en) = rip1yo(u) — rimq2(u),
foralli=1,---,N —1 and

0— Fy_1/2(en) = rvs1/2(u) — ry_12(u).

Multiplying each equation by e; and summing over ¢ = 1,--- , N and using that eg = 0 and
that ryi1/2 =0, we obtain that

N N-1
HehH%h = Zei(ri+1/2(u) - Ti—l/z(u)) = Z (e; — €i+1)7"i+1/2(u)-
i=1 i=0

By Cauchy Scharwz inequality and from the flux consistency error estimate we get that

N-1 12
lenl s < lleallin (3 (i 2(0)Phigae) - < Cluhlien
=0

1,h-

It results that
lenllin < C(u)h.



