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Abstract

In this paper, we propose a simple fully discrete hybrid mode l for
vehicular tra�c 
ow, for which both the macroscopic and the m icroscopic
models are based on a Lagrangian discretization of the \Aw-R ascle"
(AR) model [3]. This hybridization makes use of the relation between
the AR macroscopic model and a Follow-the-Leader type model [15, 22],
established in [2]. Moreover, in the hybrid model, the total variation
in space of the velocity v is non-increasing, the total variation in space
of the speci�c volume � is bounded and the total variations in time of
v and � are bounded. Finally, we present some numerical simulations
which con�rm that the models' synchronization processes do not a�ect
the waves propagation.
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1 Introduction

Most of the vehicular tra�c models are either macroscopic [3, 12, 18, 25, 30, 33,
34, 36, 37] or microscopic [15, 22]. When following a macroscopic approach, one
focuses on global parameters such as tra�c density or tra�c 
 ow. In general,
from a macroscopic perspective vehicular tra�c is viewed asa compressible 
uid

ow, whereas a microscopic approach describes the behaviorof each individual
vehicle. Macroscopic models allow to simulate tra�c on large networks but with
a poor description of the details. On the other hand, microscopic models can
cover such details, but they are intractable on a large network.
However, a typical road transport system or a road network includes obstacles,
di�erent road geometries and con�gurations, (intersections, roundabouts, mul-
tiple lanes etc.) as well as control features, like tra�c lig hts and crossings, which
have a non negligible impact on tra�c in the whole network. Th erefore, none of
the two approches is separately able to capture real tra�c dynamics. A natural
strategy is therefore to combine macroscopic and microscopic models, depend-
ing on the amount of details that we need . Thishybrid approach has recently
received a considerable interest in tra�c modeling [1, 7, 6, 19, 21, 27, 31]. In-
deed, such models enable to take into account the most important details of the
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tra�c, but still allow for descriptions of the tra�c on a larg e network. However,
they require strong consistency and compatibility betweenmacroscopic and mi-
croscopic models to be coupled [20, 31].
Here, our macroscopic description is based on the \Aw-Rascle" (AR) model
[3] whereas the microscopic model is aFollow-the-Leader type model (FLM)
[15, 22]. In [2], Aw et al established a connection between the two classes of
models. More precisely, the macroscopic model can be viewedas the limit of
the time discretization of a microscopic FLM type model when the number of
vehicles increases. This can be done via a (hyperbolic) scaling in space and time
(zoom) for which the density and the velocity are invariant.
Our aim in the current work is to propose a simple and fully discrete hybrid
model for which both the macroscopic and the microscopic parts are based on
the Lagrangian dicretization of the AR second order model oftra�c 
ow.
The outline of this paper is as follows: Sections 2 and 3 provide respectively some
details on the discretizations of the macroscopic and the microscopic models.
Section 4 describes the relations between the two models. Section 5 is devoted
to the presentation of the hybrid model. In Section 6, we establish estimates
on the total variation both in space and time for the velocity v and the speci�c
volume � in Lagrangian coordinates. These estimates are of course the main
ingredient to study the convergence of our hybrid scheme to asuitable initial
boundary value problem, which we will investigate in a forthcoming work. Fi-
nally, in Section 7, some numerical simulations of the hybrid model con�rm that
this micro-macro description allows for a very nice description in both regimes.

2 The AR macroscopic model

We are concerned with the \Aw-Rascle" (AR) macroscopic model of tra�c 
ow.
It consists in the conservative form (in Eulerian coordinates) of the two following
equations

(
@t � + @x (�v ) = 0 ;

@t (�w ) + @x (�vw ) = 0 ;
(2.1)

where, � denotes the fraction of space occupied by cars (a dimensionless local
density), v is the macroscopic velocity of cars and for instancew = v + p(� ).
Many other choices could be considered as well. In the sequel, we will assume
for concreteness that

p(� ) =

8
<

:

vref




�
�

� m

� 

; 
 > 0;

� vref ln
�

�
� m

�
; 
 = 0 ;

(2.2)

with vref a given reference velocity and� m := � max = 1 is the maximal density.
Let � = 1 =� be the speci�c volume and denote by (X; T ) the Lagrangian \mass"
coordinates. We have

@x X = �; @t X = � �v; T = t:
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We recall that � is dimensionless, thusX =
Rx � (y; t)dy describes the total

length occupied by cars up to the point x, if they were packed \nose to tail".
The system (2.1) can be rewritten in Lagrangian \mass" coordinates (X; T ) as

(
@T � � @X v = 0 ;

@T w = 0 ;
(2.3)

with now, w = v + P(� ) := v + p
�

1
�

�
(we set � m := � min := 1

� m
:= 1

� max
= 1).

Away from the vacuum, the system (2.3) is strictly hyperbolic and is equivalent
to the system (2.1). Its eigenvalues are

� 1 = P0(� ) < 0 and � 2 = 0 :

Moreover � 1 is genuinely nonlinear and � 2 is linearly degenerate. The Rie-
mann invariants associated with the two eigenvalues� 1 and � 2 are v and w,
respectively.

2.1 The Riemann Solver

Let us consider the following Riemann Problem
(

@t � � @X v = 0 ;

@t w = 0 ;
(2.4)

with the initial data
(

U+ (X; 0) = ( � + ; w+ ) if X > 0;

U � (X; 0) = ( � � ; w� ) if X < 0;
(2.5)

The natural solution U(X; t ) to the Riemann problem (2.4)-(2.5) involves two
waves: a rarefaction or a shock wave associated with the �rstcharacteristic �eld
� 1 followed by a contact discontinuity associated with the second one� 2.

Proposition 2.1. The solution of the Riemann Problem (2.4)-(2.5) is con-
structed as follows. First, we connectU � with an intermediate state U � =
(� � ; w� ) (such that v� = w� � P(� � ) = v+ and w� = w� ) by a 1-shock wave (if
v+ < v � ) or a 1-rarefaction (if v+ > v � ). Then, U � is connected withU+ by a
2-contact discontinuity (see Figure 1).
Through each wave, the speci�c volume� and the velocity v are monotonous
functions of X=t . Therefore, away from the vacuum, the solutionU(X; t ) re-
mains in the bounded invariant regionR de�ned below in (2.6), i.e.

U(X; t ) = ( �; w ); where � = P � 1(w � v)

and
(v; w) 2 R = f [vmin ; vmax ] � [wmin ; wmax ]g \ f w � vg; (2.6)

where vmin ; wmin � 0 and vmax ; wmax < + 1 (see Figure 2).

In the (w; v) coordinates, see Figure 2 we have

U � = ( w� ; v� ) and U � = ( w� ; v+ ): (2.7)
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Figure 1: Riemann Problem in ( �; �v ) and (x; t ) planes.
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Figure 2: Riemann Problem. The above triangle (0 ; A; w max ) is an invariant region
in the ( w; v) plane.

2.2 Lagrangian discretization of the AR macroscopic
model

Many approximate methods for (2.3) are based on solutions tothe Riemann
Problem. Here, we are particularly interested in the Godunov scheme. In order
to de�ne the Godunov scheme associated with the above Riemann Solver, we
introduce grid points in spaceX j := j � X , j 2 Z and in time tn = n� t, n 2 N.
Let h := (� X; � t) tend to (0 ; 0), with r := � t

� X = constant and assume that
8 (� X; � t) the CFL condition is satis�ed:

r sup
U 2R

�
max
i =1 ;2

fj � i (U)jg
�

� 1; (2.8)

where R is the invariant region de�ned in (2.6), containing the init ial data
U(x); 8 x 2 R. Moreover, we assume thatR does not touch the vacuum, i.e.

inf f w � v; (v; w) 2 Rg > 0:

Then, the Lagrangian Godunov discretization of the AR macroscopic model
(2.3) (see [2] for more details) is given by
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(
� n +1

j = � n
j + � t

� X

�
vn

j +1 � vn
j

�
;

wn +1
j = wn

j

(2.9)

with initial data (
� j (0) = � 0

j � 1
� m

= � m = 1 ;

0 � vj (0) = v0
j � wj � P(� m )

(2.10)

Proposition 2.2. Starting with arbitrary initial data for the Godunov scheme

Uh (X; 0) = ( � 0
h ; w0

h );

with (v0
h = w0

h � P(� 0
h ); w0

h ) 2 R (de�ned in (2.6)), the solutions

Uh (X; t n ) = ( � n
h ; wn

h )

constructed by the Godunov scheme satisfy

(vn
h = wn

h � P(� n
h ); wn

h ) 2 R :

Therefore the region R is also invariant for the Godunov scheme.

Proof. In each cell I j = [ X j � 1=2; X j +1 =2],the variable w is constant whereas
the velocity and the speci�c volume � are monotonous, by Proposition 2.1.
Therefore, in each cell,U(X; t ) = ( �; w )(X; t ) remains in the same bounded
region R which is thus invariant for the Godunov scheme.

We are going to use the following results, see [4], Theorem 3.1 and [2], Theo-
rem 1.

Proposition 2.3. [4] Assume that the sequencev0
h is in BV (R), that is the

total variation in space is bounded: there exists a constantC0 < + 1 i.e. its

T VX (v0
h ; R) =

X

j 2 Z

�
�v0

j +1 � v0
j

�
� � C0:

Let
~vh (X; t ) := vn

j + ( t � tn )(vn +1
j � vn

j )=� t (2.11)

be the linear interpolation in time of vh on I j betweentn and tn +1 and similarly
for ~� h .

Then, 8 n 2 N, for all h = (� X; � t), we have

(i) The total variation in X of vh (:; t) is nonincreasing in time and the total
variation in t of ~vh (:; :) is bounded onR � [0; T ]:

sup
t � 0

T VX (vh (:; t) = sup
n 2 N

T VX (vn
h ; R)

= sup
n 2 N

X

j 2 Z

�
�vn

j +1 � vn
j

�
� � T VX (v0

h ; R) � C0;
(2.12)

T Vt (~vh (:; :); R � [t; t 0]) � C max(jt0 � t j ; � t)C0; (2.13)
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(ii) The total variation in X of � h (:; t) on [ j 2 Z I j and the total variation in
t of ~� h (:; :) on R � [0; 1 ] are bounded uniformly in h, i.e. there exists a
constant C0 independant ofh such that

sup
h

sup
t � 0

X

j 2 Z

T VX (� h (:; t); I j ) � C0C0; (2.14a)

8t 2 [0; t0]; sup
h

T Vt (~� h (:; :); R � [t; t 0]) � C0max(jt0 � t j ; � t)C0: (2.14b)

We recall that I j is the open interval
�
X j � 1=2; X j +1 =2

�
. Moreover, if we

assume thatwh and � h are initially in BV (R), then (2.14a) can be replaced
by the stronger result

sup
h

sup
t � 0

T VX (� h (:; t); R) � C0C0: (2.15)

3 The microscopic (FLM) model

The microscopic model that we consider is aFollow-the-Leader type model
[15, 22]. In such a model, the basic idea is that the acceleration at time t
depends on the relative speeds of the vehicle and its leadingvehicle at time t as
well as the distance between the vehicles. Therefore the dynamics of a vehicle
j is given by the two equations

( dx j

dt = vj ;
dv j

dt = P0
�

x j +1 � x j

� X

� �
v j +1 � v j

� X

�
;

(3.1)

where x j (t) and vj (t) are respectively the position and the velocity of the ve-
hicle j at time t and � X its length. Here, � j := � X

(x j +1 � x j ) is the normalized
local density (more precisely the fraction of space occupied by a vehicle) of this
vehicle. Therefore the speci�c volume is� j = 1

� j
= (x j +1 � x j )

� X and the maximal

density � m = � max = 1
� m

= 1 := 1
� min

. In this Section, contrarily to Sections 5
and 6 below, the car (j + 1) is the leader of car j . A prototype is the case where

P(� ) = p
�

1
�

�
= vref




�
�

� m

� 

(with vref a given reference velocity and
 > 0 a

given parameter) and wj = vj + P(� j ). Then system (3.1) writes:
(

d� j

dt = (v j +1 � v j )
� X ;

dw j

dt = 0 :
(3.2)

The explicit �rst order Euler time discretization (with ste p � t of system (3.2)
is then

(
� n +1

j = � n
j + � t

� X

�
vn

j +1 � vn
j

�
;

wn +1
j = wn

j ;
(3.3)

with
vn +1

j = wn +1
j � P(� n +1

j ; )
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and initial conditions
(

� j (0) = � 0
j � 1

� m
= � m = 1 ;

0 � vj (0) = v0
j � wj � P(� m ):

(3.4)

As in the macroscopic scheme, we can de�ne (~� h ; ~vh ) by (2.11). Since system
(3.3) is exactly the same as (2.9), ~� h and ~vh satisfy the sameBV estimates as
in Proposition 2.3.

4 Link between the macroscopic and micro-
scopic model: The scaling

We now consider a large number of vehicles on a long stretch ofroad. Let us
introduce now in the AR macroscopic model (2.3) a scaling (zoom) such that
the size of the considered domain and the number of vehicles tends to in�nity,
whereas the vehicle length tends to 0. Let� be the scaling parameter. For
some given Eulerian or Lagrangian coordinates (x; t ) or (X; t ), we consider the
rescaled coordinates

(x0; t0) = ( �x; �t ); (X 0; t0) = ( �X; �t ):

Consequently, the length of a vehicle is now �X 0 = � � X . The parameter � is
proportional to the inverse of maximal possible number of vehicles per new unit
length. However, in the new coordinates (X 0; t0), the variable � (resp � ) and the
Riemann invariant ( v; w) remain unchanged, that is

� 0 = � (resp. � 0 = � ); v0 = v; w0 = w:

Thus the system (2.3) becomes
(

@�
@t = @v

@X0 ;
@w
@t0 = 0 :

(4.1)

Using the same scaling for the microscopic model, (3.2) now writes
(

d� j

dt 0 = 1
� X 0 (vj +1 � vj ) ;

dw j

dt 0 = 0 :
(4.2)

Both in the original and in the rescaled coordinates, the standard �rst order
explicit Euler discretization of the microscopic model (3.3) is equivalent to the
Godunov discretization (2.9) of the macroscopic model, see(7.1), (7.2), (7.3)
and (7.4).

5 Hybrid Lagrangian model

In order to construct our hybrid Lagrangian model, we want to combine a macro-
scopic description away from the junctions, tra�c lights et c: : : and a microscopic
view near these obstacles as shown in Figure 3.
Thanks to the equivalence established above between the twomodels, we expect
to get rid of the usual compatibility problems encountered when developing a
hybrid model.
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Macroscopic model Macroscopic model

Actual Microscopic Region (AMR)

Minimal Microscopic Region

(MMR)

: : :: : : : : : : : :

Figure 3: Hybrid Lagrangian model.

5.1 Description of the two Lagrangians models

Since the macroscopic model is shown to be the limit of a largenumber of ve-
hicles on a long stretch of road (away from the vacuum), we mayconsider that
a Lagrangian macroscopic (moving) cell (or the corresponding moving Eulerian
cell) contains a \long vehicle" made by juxtaposition of several (sayN ) ordinary
vehicles, whereas in the microscopic model, a Lagrangian cell contains a single
ordinary vehicle, as depicted in Figure 3. Obviously macroscopic Lagrangian
cells are much larger than microscopic ones. In Eulerian hybrid models, see e.g.
[7, 6, 19, 21, 27, 31], the \microscopic region" is �xed in Eulerian coordinates. In
contrast, here, this \actual microscopic region (AMR)" (see Figure 3) is piece-
wise constant in Lagrangian coordinates. It is moving in Eulerian coordinates
and is periodically refreshed in order toalways contain a �xed Eulerian region:
the \minimal microscopic region (MMR)" (see Figure 3) around the junction,
tra�c light, : : :, in which our description will always be microscopic.

5.2 Model synchronization

In this section we show in detail how to pass from the macroscopic to the
microscopic description and vice-versa. Here and in the next sections, we order
the cells and the cars by calling (i � 1) the leader andi the follower.

5.2.1 From the macroscopic to the microscopic model

When a macroscopic Lagrangian cell enters the \minimal microscopic region
(MMR)", we split the \ long vehicle" (which is is nothing but a juxtaposition
of N cars) into N di�erent microscopic cells and we uniformly distribute these
cars over the lengthL of the macroscopic cell, as shown in Figure 4. Here, all
our vehicles are supposed to have the same length. In principle, we could also
cover the case of vehicles with di�erent lengths, see Remark5.1 below.
This splitting does not modify the speci�c volume � . Indeed, in the macroscopic
cell i , we have

� i =
L i

N � X
= � mac : (5.1)

When this cell i becomes microscopic, the distance between two successive cars
(i; j ) (the follower) and ( i; j � 1) (the leader) is

(x i;j � 1 � x i;j ) =
L i

N
: (5.2)

Therefore the microscopic speci�c volume in each of these microscopic cells is
now

� i;j = � mic =
L i =N
� X

= � mac : (5.3)
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i + 1 i ( i � 1) ; N ( i � 1) ; N � 1

i; 1i; N

N � X

� X

L i

L i =N

Macroscopic cell

Microscopic cells

Minimal
Microscopic
Region (MMR)

: : :

: : :: : :

: : :

i; j i; j � 1

x i;j x i;j � 1

L i

Figure 4: From the macroscopic to the microscopic model: before (above) and after
(below) the synchronization.

So the speci�c volume does not change when passing from the macroscopic to
the microscopic model. Notice that in the Godunov scheme theLagrangian
variable w does not change in time inside a celli : wn +1

i;j = wn
i;j . Therefore,

in the microscopic cells wi;j will be the same as in the macroscopic cell i.e.
wi;j = wi . Consequently, the velocity also does not change:

vi;j = wi;j � P(� i;j ) = wi � P(� i ) = vi ; for all microscopic car j in this cell i:

Remark 5.1. In the case of vehicles with di�erent lengths, we need to keepthe
order of vehicles and their respective lengths, in each macroscopic cell. Since
there is no possibility of overtaking (our model is in principle a one lane model),
this order remains constant in time. Let us consider a macroscopic cell i of total
length L i and let � X i;j be the length of the microscopic vehiclej in this cell.
When this cell becomes microscopic, we need to distribute uniformly the cars over
the lengthL i . In the synchronization macro-micro, we distribute uniformly the
speci�c volume among all the vehicles of this cell:

� i;j = � mic =
x i;j � 1 � x i;j

� X i;j
= � i =

L i
P N

j =1 � X i;j

= � mac ; 8 j = 1 ; : : : ; N: (5.4)

Therefore, we compute the distancel i;j = ( x i;j � 1 � x i;j ) 8 j = 2 ; : : : ; N by
solving the following system

8
><

>:

l i;j

� X i;j
= l i;j � 1

� X i;j � 1
; 8 j = 1 ; : : : ; N;

nP

j =1
l ij = L i

(5.5)

5.2.2 From the microscopic to the macroscopic model

When the last (say the (i; N )th ) vehicle has completely left the \minimal mi-
croscopic region", we do exactly the converse, i.e. we aggregate the N vehicles
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to form a new macroscopic \vehicle". We set l i;j = x ij � 1 � x i;j with x i;j the
position of vehicle (i; j ) as indicated in Figure 5.

i � 1

i

( i + 1) ; 1( i + 1) ; 2 i; 1i; N

N � X

� X
x i;N x i; 1

l i;j

Macroscopic cell

Minimal
Microscopic

Region (MMR)

: : :
: : :: : :

: : :i; j i; j � 1

x i;j x i;j � 1

P
j l i;j

Figure 5: From the microscopic to the macroscopic model: before (above) and after
(below) the synchronization.

The macroscopic speci�c volume will be

�� i =

P N
j =1 l i;j

N � X
=

1
N

NX

j =1

l i;j
� X

=
1
N

NX

j =1

� i;j : (5.6)

The Lagrangian variable wi;j is conserved, since according to Subsection 5.2.1
the N vehicles have the same Lagrangian variablewi;j = wi . Thus, averaging
in Lagrangian coordinates, we have

1
N

NX

j =1

wi;j =
1
N

NX

j =1

wi = wi : (5.7)

Therefore, the corresponding macroscopic velocity is �vi = wi � P(�� i ):
In this case, the macroscopic model does not inherit exactlythe microscopic pa-
rameters but only the average values for� and w, and the above corresponding
velocity. In spite of this change of parameters, we will prove in the following sec-
tion that in the hybrid model the total variation in space of v is non-increasing,
the total variation in space of � is bounded and total variations in time of v and
� are bounded.

6 Estimates on the total variation in the hybrid
model

In this section, with the above synchronizations between the macroscopic and
the microscopic models, we show that in the hybrid model: thetotal variation
in space of the velocityv is non-increasing, the total variation in space of the
speci�c volume � is bounded and the total variations in time of v and � are
bounded.
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First, the following type of results is classical. Its proof is recalled below for
convenience of the reader.

Lemma 6.1. Let U = ( u1; u2; : : : un ) 2 Rn and �u 2 R such that

m = min
i

(ui ) � �u � max
i

(ui ) = M:

Then,

8 �; � 2 R; j� � �uj + j �u � � j � j � � u1j +
n � 1X

i =1

jui � ui +1 j + jun � � j (6.1)

Proof.

j� � �uj + j �u � � j = j� � u1 + u1 � �uj + j �u � un + un � � j

� j � � u1j + ju1 � �uj + j �u � un j + jun � � j :

Now let us prove that ju1 � �uj + j �u � un j �
n � 1X

i =1

jui � ui +1 j = T V(ui ) i =1 ;:::;n .

Since the functionf �u 7�! j u1 � �uj+ j �u � un jg is convex, its maximum is attained
at an extremum point uk equal to m or M , therefore,

ju1 � �uj + j �u � un j � max (ju1 � M j + jM � un j ; ju1 � mj + jm � un j)

� j u1 � uk j + juk � un j

� j u1 � u2j + : : : + juk � 1 � uk j +

+ juk � uk+1 j + : : : + jun � 1 � un j

=
P n � 1

i =1 jui � ui +1 j = T V(ui ) i =1 ;:::;n

Let us denote byvn
i (resp. � n

i ) and vn
i;j (resp. � n

i;j ) respectively the macroscopic
and the microscopic velocities (resp. speci�c volumes) at time tn . At time t = 0,
the velocities are inBV (R) in both models, therefore in the hybrid one.
According to Sections 2 and 3, the results of Proposition 2.3hold, both in
the macroscopic and the microscopic models, away from the synchronized cells.
Therefore, we focus on the synchronization process, i.e. when passing from one
representation to another.
Passing from a macroscopic cell to several microscopic cells does not change the
velocity and the speci�c volume, therefore does not change their total variation.
On the other hand, when we convertN microscopic cells into a macroscopic
one, the total variation of the hybrid model can change. We are going to show
that nevertheless: the total variation in space of the velocity v is nonincreasing,
the total variation in space of the speci�c volume � is bounded and the total
variations in time of v and � are bounded.
Let us denote byT VX and T V0

X the total variation in space respectively before
and after this micro-macro synchronization. Since inside the synchronized cell
(say �I sync = �I i ), �� = 1

N

P N
j � j , �v = w � P(�� ) and P is non-increasing, we have,

by Lemma 6.1:
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T V0
X (� h (:; tn ); �I sync ) =

�
� � n

i � 1 � �� n
i

�
� +

�
� �� n

i � � n
i +1 ;1

�
�

�
�
� � n

i � 1 � � n
i; 1

�
� +

P N � 1
j =1

�
� � n

i;j � � n
i;j +1

�
� +

�
�� n

i;N � � n
i +1 ;1

�
�

= T VX (� h (:; tn ); �I sync );

and similarly

T V0
X (vh (:; tn ); �I sync ) =

�
�vn

i � 1 � �vn
i

�
� +

�
� �vn

i � vn
i +1 ;1

�
�

�
�
�vn

i � 1 � vn
i; 1

�
� +

P N � 1
j =1

�
�vn

i;j � vn
i;j +1

�
� +

�
�vn

i;N � vn
i +1 ;1

�
�

= T VX (vh (:; tn ); �I sync ):

Therefore, after any (micro-macro or conversely) synchronization process,
the total variation in space of v is non-increasing and the total variation in
spaceof � is bounded.

T V0
X (vh (:; tn ); �I sync ) � T VX (vh (:; tn ); �I sync ): (6.2)

We recall that in each macroscopic celli , vh and � h are monotonous in time in
[tn ; tn +1 ), that is

min(vn
i ; vn

i +1 ) � vn +1
i � max(vn

i ; vn
i +1 ) (6.3)

and similarly for � . Therefore vh , � h and their linear interpolations in time ~vh ,
~� h de�ned in (2.11) satisfy (2.14a) (or (2.15)) and (2.14b), see Proposition 2.3.
Moreover, as we said in Sections 3 and 4, the macroscopic and microscopic
models are essentially the same. In particular, the sameBV estimates hold in
microscopic cells for (~vh ; ~� h ).
According to the monotonicity property of v (see (6.3)), we have

�
�vn +1

i � vn
i +1

�
� +

�
�vn

i � vn +1
i

�
� =

�
�vn

i +1 � vn
i

�
� : (6.4)

Let us denote respectively byM n and � n the sets of indices of macroscopic
cells and discretized macroscopic cells (i.e. split into microscopic cells) at time
tn . Therefore M n [ � n = Z.

From (6.2) and (6.4) we have

T VX (vh (:; tn ); R) � T VX (vh (:; tn � 1); R) � : : : � T VX (v0
h ; R) = C0: (6.5)

In each cell I k , � h (X; t ) = P � 1(wk � vh (X; t )) with P � 1 Lipschitz-continuous.
Therefore

T VX (� h (:; tn ); f[ I k ; k 2 M n [ � n g) =
X

k2M n [ � n

T VX (� h (:; tn ); I k ) � C1C0:

(6.6)
where C1 :=




 (P � 1)0






L 1 .
Now, let us study how the total variation in time evolves in our hybrid model.
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T Vt (~� h (:; :); R � [t; t 0]) �
X

t � � t � n � t � t 0+� t

(An + Bn + Cn + Dn ) (6.7)

with

An =
X

i 2M n \M n � 1

�
� � n

i � � n � 1
i

�
� N � X;

Bn =
X

i 2 � n \ � n � 1

NX

j =1

�
� � n

ij � � n � 1
ij

�
� � X;

Cn =
X

i 2 � n \M n � 1

NX

j =1

�
� � n

ij � � n � 1
i

�
� � X;

Dn =
X

i 2M n \ � n � 1

NX

j =1

�
� �� n

i � � n � 1
ij

�
� � X:

Note that in (6.7) the summation involves all the times t = n� t between
times t and t0.
We recall that we have respectively in the macroscopic model(see (2.9)) and
the microscopic model (see (3.3)) the following:

� n
i = � n � 1

i �
� t

N � X

�
vn � 1

i +1 � vn
i

�
and (6.8a)

� n
ij = � n � 1

ij �
� t
� X

�
vn � 1

ij +1 � vn
ij

�
: (6.8b)

An = � t
P

i 2M n \M n � 1

�
�vn � 1

i +1 � vn
i

�
� ; by (6.8a)

� � t
P

i 2M n \M n � 1

�
�vn � 1

i +1 � vn � 1
i

�
�, due to (6.3)

� � t
P

i 2 Z

�
�vn � 1

i +1 � vn � 1
i

�
�

= � t T VX (vh (:; tn � 1); R) � � t T VX (v0
h ; R) = � tC0.

Bn = � t
P

i 2 � n \ � n � 1

P N
j =1

�
�vn � 1

ij +1 � vn
ij

�
� ; by (6.8b)

� � t
P

i 2 � n \ � n � 1

P N
j =1

�
�vn � 1

ij +1 � vn � 1
ij

�
� , due to (6.3)

� � t
P

i 2 Z

P N
j =1

�
�vn � 1

ij +1 � vn � 1
ij

�
�

= � t T VX (vh (:; tn � 1); R) � � t T VX (v0
h ; R) = � tC0.

Cn = � X
P

i 2 � n \M n � 1

P N
j =1

�
� � n

ij � � n � 1
i

�
�

13



� � X
P

i 2 � n \M n � 1

P N
j =1

� �
� � n

ij � � n � 1
ij

�
� +

�
� � n � 1

ij � � n � 1
i

�
� �

= � X
P

i 2 � n \M n � 1

P N
j =1

�
� � n

ij � � n � 1
ij

�
�

(since � n � 1
ij = � n � 1

i , according to the macro-micro synchronization process)

= � t
P

i 2 � n \M n � 1

P N
j =1

�
�vn � 1

ij +1 � vn
ij

�
�

� � t
P

i 2 � n \M n � 1

P N
j =1

�
�vn � 1

ij +1 � vn � 1
ij

�
� , due to (6.3)

� � t
P

i 2 Z

P N
j =1

�
�vn � 1

ij +1 � vn � 1
ij

�
�

= � t T VX (vh (:; tn � 1); R) � � t T VX (v0
h ; R) = � tC0.

Dn = � X
P

i 2M n \ � n � 1

P N
j =1

�
� �� n

i � � n � 1
ij

�
�

� � X
P

i 2M n \ � n � 1

P N
j =1

�
� �� n

i � � n
ij

�
� + � X

P
i 2M n \ � n � 1

P N
j =1

�
� � n

ij � � n � 1
ij

�
�

=: D 1
n + D 2

n .

D 1
n = � X

P
i 2M n \ � n � 1

P N
j =1

�
� �� n

i � � n
ij

�
�

� � X
P

i 2M n \ � n � 1 N maxj
�
� �� n

i � � n
ij

�
�

� N � X
P

i 2M n \ � n � 1 j� n
ir � � n

is j,

(since minj (� n
ij ) = � n

is � �� n
i � maxj (� n

ij ) = � n
ir )

� N � X T VX (� h (:; tn ); [ i 2 Z I i ) by the same argument as in

the proof of Lemma 6.1,

� N � X T VX (v0
h ; R)




 (P � 1)0






L 1 = N � XC 1C0, due to (6.6)

D 2
n = � X

P
i 2M n \ � n � 1

P N
j =1

�
� � n

ij � � n � 1
ij

�
�

= � t
P

i 2M n \ � n � 1

P N
j =1

�
�vn � 1

ij +1 � vn
ij

�
�

� � t
P

i 2M n \ � n � 1

P N
j =1

�
�vn � 1

ij +1 � vn � 1
ij

�
� , due to (6.3)

� � t
P

i 2 Z

P N
j =1

�
�vn � 1

ij +1 � vn � 1
ij

�
�

= � t T VX (vh (:; tn � 1); R) � � t T VX (v0
h ; R) = � tC0.
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So, Dn � N � XC 1C0 + � tC0.

Finally, we get

T Vt (~� h (:; :); R � [t; t 0]) � (jt0 � t j + 2� t)(N � XC 1 + 4� t)C0: (6.9)

We recall that we study the limit when � t
� X is constant and satis�es the CFL

condition (2.8).
In each cell, the speci�c volume� h is monotonous andwh is constant and the
velocity is

vh = wh � P(� h )

where P is a monotonous lipschitz continuous function. Therefore,9 C2 < + 1
such that

T Vt (~vh (:; :); R � [t; t 0]) � (jt0 � t j + 2� t)C2C0: (6.10)

We summarize the above results in

Theorem 6.1. Assume that the sequences (v0
h ; � 0

h ), respectively the initial data
for v and � (and therefore for w), are in BV (R), i.e. there exist some constants
cv < + 1 and c� < + 1 such that

T VX (v0
h ; R) =

X

i 2M 0

�
�v0

i � v0
i +1

�
� +

X

i 2 � 0

NX

j =1

�
�v0

ij � v0
ij +1

�
� + bv � cv ; (6.11)

T VX (� 0
h ; R) =

X

i 2M 0

�
� � 0

i � � 0
i +1

�
� +

X

i 2 � 0

NX

j =1

�
� � 0

ij � � 0
ij +1

�
� + b� � c� ; (6.12)

where bv and b� are the boundary terms (for instancebv =
P �

�
�v0

k � v0
lj

�
�
� with

k 2 M 0 and l = k � 1 2 � 0).
Moreover, assume that the CFL condition (2.8) is satis�ed, and let � t, � X and
N � X be constante with � t

� X = constant. Then,

(i) In the macroscopic region (2.9) (resp. the microscopic region (3.3)), we
have (see [2],[4]):

a) the total variation in X of vh (:; t) (resp. in t of ~vh (:; :) and therefore
of vh (:; :) ) is non increasing in time (resp. is bounded onR � [t; t 0]);

b) the total variation in X of � h (:; t) on [ j 2 Z I j (resp. in t of ~� h (:; :)
and therefore of � h (:; :), on R � [t; t 0)) is bounded (resp. is bounded).

(ii) During the synchronization process, at each time tn , the total variations
in X of vh and � h do not increase and their total variations in time are
controlled from above.

(iii) Therefore, in the whole hybrid model we have

a) the total variation in X of vh (:; t) (resp. in t of ~vh (:; :) and therefore
of vh (:; :)) is non increasing in time thanks to (6.5) (resp. is bounded
on R � [t; t 0] thanks to (6.10));
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b) the total variation in X of � h (:; t) on [ j 2 Z I j (resp. in t of ~� h (:; :)
and therefore of � h (:; :) on R � [t; t 0)) is bounded thanks (6.6) (resp.
is bounded thanks (6.9)).

We are now in position to establish the convergence of the discrete solution
constructed by our hybrid scheme. Let us �rst recall the following:

De�nition 6.1. [2], [4]

(i) A L 1 function
U := ( �; w ) : R � R+ �! R2

is called a weak entropy solution to the Lagrangian system (2.3) if
it is a weak solution, see (ii ) below and if for any entropy-
ux pair
(� (�; w ); q(�; w )) with � (�; w ) convex in � , and for any � (X; t ) 2 C1

0 (R �
R+ ); � � 0, we have

Z 1

0

Z

R
(� (U)@t � + q(U)@X � )dXdt +

Z

R
� (U0(X )) � (X; 0)dX � 0: (6.13)

(ii) U is called a weak solution to (2.3) if the above inequality holds (and
therefore is an equality) for the trivial entropy 
ux pairs (�; q ) := ( � �; � v).

Adapting the results of [4], it is easy to show that any entropy � (�; w ) is
convex in � if and only if the associated entropy 
ux q � q(v) is concave (inv),
and that there is an associatedL 1 contraction principle \�a la Kru�zkov", which
implies the uniqueness. Consequently, we obtain:

Theorem 6.2.

(i) The sequence(Uh = ( � h ; wh )) in the hybrid model (given by the Godunov
scheme (2.9) of the AR model and the Euler discretization (3.3) of the
FLM model) is therefore a sequence of approximate weak entropy solutions
to (2.3), associated with the initial data U0

h = ( � 0
h ; w0

h ).

(ii) Consequently, a subsequence(Uh ) { in fact, by uniqueness, the whole se-
quence { converges to the unique weak entropy solution to (2.3), with the
same initial data.

Proof. First, since @t � h � @X vh = 0, for tn < t < t n +1 , for any smooth function
� (X; t ) with compact support, we have:

Z 1

0

Z

R
(� h @t � � vh @X � )(X; t )dXdt +

Z

R
� 0

h (X )� (X; 0)dX

=
X

n � 1

X

i 2 Z

� Z

I i

� h (X; t )� (X; t )dX
� t +

n

t �
n

+
X

i

Z

I i

� 0
h (X )� (X; 0)dX

=
X

n � 1

X

i 2M n

Z

I i

(� h (X; t �
n ) � � n

i )� (X; t n )dX +
X

n � 1

X

i 2 � n

NX

j =1

Z

I ij

(� h (X; t �
n ) � � n

ij )� (X; t n )dX

+
X

i 2M n [ � n

Z

I i

� 0
h (X )� (X; 0)dX =: Ah :
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Now, since the test function � is C1 and compactly supported, using a Taylor
expansion of� on each interval, we get

jAh j� (� X )2 k@X � kL 1

X

n � 0

X

i 2M n [ � n

T VX (� h (:; t); I i )

� (� X )2 T
� t

k@X � kL 1 sup
n � T

� t

X

i 2M n [ � n

T VX (� h (:; t); I i )

�
�

� X
� t

�
� XT k@X � kL 1 sup

n � T
� t

X

i 2M n [ � n

T VX (� h (:; t); I i )

=
�

� X
� t

� 2

� tT k@X � kL 1 sup
n � T

� t

X

i 2M n [ � n

T VX (� h (:; t); I i ):

Therefore, thanks to the BV estimates in Theorem 6.1,jAh j �! 0 as � t �! 0

(or � X �! 0), since
� X
� t

is constant.

We proceed similarly with the entropy production term. On th e one hand, the
approximate solutions Uh are weak entropy solutions on any [tn ; tn +1 ), and on
the other hand, by Jensen's inequality, any convex entropy does not increase
at time tn in the Godunov averaging step as well as in themacro-micro or
micro-macro synchronization. Consequently, for any entropy � (�; w ) convex
with respect to � , associated with the 
ux q, 8� 2 C1

0 (R � R+ ), � � 0, we have

Z 1

0

Z

R
(� (Uh )@t � + q(Uh )@X � )(X; t )dXdt +

Z

R
� (Uh (X; 0))� (X; 0)dX

�
X

n � 1

X

i 2M n

Z

I i

(� (Uh (X; t �
n )) � � (Un

i )) � (X; t n )dX +

X

n � 1

X

i 2 � n

NX

j =1

Z

I ij

(� (uh (X; t �
n )) � � (un

ij )) � (X; t n )dX � 0:

Naturally, the above BV estimates are the crucial ingredient to show the con-
vergence of such a hybrid scheme to the unique globally de�ned weak entropy
solution of a class of initial boundary value problems for a road with tra�c
light(s) or a road network in the spirit of [24] or [23], see also [10]. We will
investigate this in a forthcoming work.

7 Numerical simulations

In this Section, we are concerned with the numerical investigation of the hybrid
model. We consider the equations given by the explicit Eulertime discretiza-
tion of the microscopic model or equivalently the Godunov discretization of the
macroscopic model in Lagrangian mass coordinates, which isitself equivalent
to the Godunov discretization in Eulerian coordinates, in Lagrangian (moving)
cells. We set the number of vehicles in the macroscopic cell to N := 10 and
the length of a vehicle � X := 5 m. In order to show how information travels

17



through the di�erent parts of the hybrid model, we have �xed t he minimal mi-
croscopic region (MMR) to a distance of 200m (i.e. 100 m on both sides of
the obstacle), which corresponds to the grey rectangle in Figures 6, 7 and 8. In
order to get a better insight in the use of the hybrid model, weconsider two sce-
narii and in each case we compare the densities given by the fully macroscopic
model, the hybrid model and the fully microscopic model.
The vertical line at x = 0 in Figures 6, 7, 8 and 10 is thickened to emphesize
the state of the tra�c light.

7.1 Case 1: The same time step in the whole hybrid
scheme

This case corresponds exactly to the assumptions of the theoretical analysis
of sections 5 and 6. We consider the same time step for the macroscopic and
microscopic parts of the hybrid model. Therefore at timetn +1 , we have

(
� n +1

ij = � n
ij + � t

� X

�
vn

ij � 1 � vn
ij

�
;

wn +1
ij = wn

ij ;
(7.1)

in the microscopic part and
(

� n +1
i = � n

i + � t
N � X

�
vn

i � 1 � vn
ij

�
;

wn +1
i = wn

i ;
(7.2)

in the macroscopic part. The time step � t is chosen such that the CFL condition
(2.8) is satis�ed in both models. Obviously, the more drastic condition is the
microscopic one, and thus we also expect too much numerical di�usion in the
macroscopic part. For the simulations below the time step � t is such that the
Courant number is equal to 1 in the microscopic part.
The position of the vehicles is computed as follows

xn +1
ij = xn

ij + � tvn
ij ; with vn

ij = wn
ij � P(� n

ij ): (7.3)

xn +1
i = xn

i + � tvn
i ; with vn

i = wn
i � P(� n

i ): (7.4)

First, we simulate the hybrid model in a free 
ow situation. T rajectories of the
\vehicles" in space and time for this case are plotted in Figure 6. In Figure 7,
we plotted the \vehicles" trajectories when a \shock wave" appears at t = 5 s,
followed by a \rarefaction fan" at t = 40 s in the minimal microscopic region
(e.g. at a tra�c light). Finally, Figure 8 shows the vehicles trajectories when
a shock wave appears att = 40s followed by a rarefaction fan at t = 70s both
downstream in the macroscopic regime (typically an incident on a highway).
These \shocks" or \rarefaction waves" are produced numerically by forcing the
leading vehicle to brake or accelerate. The simulations of these three situations
shows that the model synchronization does not perturb the wave propagation,
and allows for a nice description in each regime. In Fugure 9,for the same
situation (�rst a shock wave and then a rarefaction fan both downstream of
the minimal microscopic region), we plot the density for the fully macroscopic
model, the hybrid model and the fully microscopic model, respectively. The fully
microscopic model gives a more precise description (but would be intractable
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for a large road network). In contrast, the description given by the macro-
scopic model is rather coarse to describe precisely the details in the minimal
microscopic region. We also note that the shock is completely smoothed out
by the numerical di�usion since the macroscopic CFL condition is 1

10 . Finally,
the hybrid scheme gives an intermediate description, whichis only precise in
the region in which the details are important, in particular here in the minimal
microscopic region [� 100m; +100m] (MMR).

0 400 800-400-800
0

30

60

90

Position[m]

T
im

e
[s

]

Vehicles trajectories

Minimal Microscopic Region (MMR)

Figure 6: Case 1. The same time step in the microscopic and macroscopicregime:
Free 
ow tra�c.
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Figure 7: Case 1. The same time step in the microscopic and macroscopicregime:
First a shock wave and then a rarefaction fan, both produced i n the microscopic region,
propagating backward in the macroscopic region.

7.2 Case 2: Di�erent time steps in the hybrid scheme

This case is not exactly covered by the the assumptions of sections 5 and 6,
even though the same ideas could in principle be extended to this situation. We
consider di�erent time steps in the two parts (microscopic part and macroscopic
part) of the hybrid scheme, in order to have a Courant number (CFL condition)
smaller than 1, but as large as possible in each region. Let �tmic and � tmac ,
be respectively the time step in the microscopic part and themacroscopic part.
In the microscopic region the updating takes place at each microscopic time
tn +1 = tn + � tmic , i.e.,

8
>>><

>>>:

� n +1
ij = � n

ij + � t mic
� X

�
vn

ij � 1 � vn
ij

�
;

wn +1
ij = wn

ij ;
xn +1

ij = xn
ij + � tmic vn

ij ;

vn +1
ij = wn +1

ij � P(� n +1
ij )

(7.5)

with � tmic chosen in such a way that the CFL condition (2.8) is satis�ed in the
microscopic model;
In contrast, in the macroscopic region, the updating takes place at each macro-
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Figure 8: Case 1. The same time step in the microscopic and macroscopicregime:
First a shock wave and then a rarefaction fan, both produced i n the macroscopic
region, propagating backward in the microscopic region.

scopic time �tn +1 = �tn + � tmac , i.e.,
8
>>><

>>>:

� n +1
i = � n

i + � t mac
N � X

�
vn

i � 1 � vn
i

�
;

wn +1
i = wn

i ;
xn +1

i = xn
i + � tmac vn

i ;

vn +1
i = wn +1

i � P(� n +1
i )

(7.6)

with � tmac chosen such that the CFL condition (2.8) is satis�ed in the macro-
scopic model. Moreover, � tmac = k� tmic with 1 < k � N and in general
k = N .
One of the severe test cases is to handle the propagation of a strong shock,
produced e.g. at a (red) tra�c light. In order to better track the propagation
of this strong shock, we could use a front tracking method, which is a com-
pletely di�erent numerical strategy. Here, we have used thefollowing numerical
procedure: At the macroscopic-microscopic interface, we include the following
procedure to treat the case of a strong shock,as it happens ata tra�c light. As
soon as the last microscopic vehicle of a microscopic cell (i � 1) stops, the macro-
scopic cell i just behind this vehicle is tracked at each microscopic timestep,
until the time at which the \macroscopic vehicle" in cell i gets nose to tail with
the microscopic vehicle ahead. Letts be this time. If ts does not correspond to
a macroscopic time, then we shift the macroscopic time step,not only for the
macroscopic celli but, exceptionally, for all the macroscopic cells behind cell i ,
which are updated at this time ts using (once) the time step ~� tmac = ( ts � �tn ),
where �tn is the last macroscopic time beforets . Thereafter, the time ts becomes
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the begining of the macroscopic time step for the cells behind cell i . We also
recall that �tn � ts � �tn + � tmac = �tn +1 .

For the numerical simulations plotted in Figures 10 and 11, we consider the
CFL condition (2.8) with equality in both microscopic and ma croscopic parts,
and we set � tmac = N � tmic . As in the previous case, the fully microscopic
model gives a more precise description (still too heavy for alarge road network).
In contrast, the description given by the macroscopic scheme is still a bit coarse
to describe precisely the details in the minimal microscopic region, but on the
other hand, the shock is now much sharper even on this relatively coarse grid,
thanks to the much better macroscopic CFL condition. Finally, the hybrid
model gives an intermediate description which is very precise in the minimal
microscopic region, and still tractable elsewhere. Note inparticular that the
numerical propagation speed of the shock is quite well preserved in each regions.
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8 Conclusion

Tra�c investigation has simultaneously progressed both on the macroscopic
and microscopic front. However, each description has its own limits. The recent
success of hybrid models is due to their ability to capture tra�c dynamic in a
large domain with enough details near the obstacles.
In this paper, we propose a simple hybrid model based solely on a Lagrangian
discretization of both macroscopic and microscopic models, coupled through
Lagrangian interfaces periodically refreshed in order toalways contain a �xed
Eulerian region near an obstacle. As shown in the above numerical examples,
the waves produced in either region nicely propagate through the other region.
In particular, by this construction, the mass is automatically conserved through
the interfaces.
This approch, which establishes a link between microscopicand macroscopic
models and allows to carry out simultaneous macro-micro simulations could be
hopefully a promising way to treat road intersections, in particular on urban
road networks.
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Figure 9: Case 1. The same time step in the microscopic and macroscopicregime:
First a shock wave and then a rarefaction fan, both downstrea m from the minimal
microscopic region ([� 100m; 100m]): (a) The density in the macroscopic model, (b)
the density in the hybrid model, (c) the density in the micros copic model.
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Figure 10: Case 2. Di�erent time steps in the microscopic and macroscopic regime:
A shock wave produced in the macroscopic region, propagating backward in the mi-
croscopic region.
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Figure 11: Case 2. Di�erent time steps in the microscopic and macroscopic regime: A
shock travelling from downstream to upstream coming from do wnstream of the min-
imal microscopic region ([� 100m; 100m]): (a) The density in the macroscopic model,
(b) the density in the hybrid model, (c) the density in the mic roscopic model.
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