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Abstract

We introduce a new homogenized hyperbolic (multi-class) traffic flow model which allows to
take into account the behaviors of different type of vehicles (cars, trucks, buses, etc.) and drivers.
We discretize the starting Lagrangian system introduced below with a Godunov scheme, and we
let the mesh size h in (z,t) go to 0: the typical length (of a vehicle) and time vanish. Therefore,
the variables - here (w, a) - which describe the heterogeneity of the reactions of the different car-
driver pairs in the traffic, develop large oscillations when h — 0. These (known) oscillations in
(w,a) persist in time, and we describe the homogenized relations between velocity and density.
We show that the velocity is the unique solution “a la Kruzkov” of a scalar conservation law,
with variable coefficients, discontinuous in z. Finally, we prove that the same macroscopic
homogenized model is also the hydrodynamic limit of the corresponding multi-class Follow-the-
Leader model.

Keywords : Hyperbolic systems of conservation laws, Traffic Flow, Multi-Class mod-
els, Homogenization, Discontinuous Flux, Uniqueness, Hydrodynamic limit

1 Introduction

In [1], Aw et Rascle developed a new macroscopic model of traffic flow which allows
to avoid some inconsistencies of the models inspired by the gas dynamic system. In
[2], a connection is established between the microscopic "Follow-the-Leader model",
and (a semi-discretization of) the macroscopic model introduced in [1], which is its
hydrodynamic limit.

In this paper, we introduce, still for a single lane traffic, a new macroscopic homogenized
hyperbolic model for the multi-class traffic flow, described by a non linear hyperbolic
system of three conservation laws. For references in multi-class (or multi-population)
models see e. g. [6, 13, 18, 49|, see also [44] for inhomogeneous road conditions and
uniqueness results.

The starting system, written in Lagrangian mass coordinates, is the following:

8t7' — 8m’U = 0,
Ow =0, (1.1)
(%a = 0,

(1, w,a)(x,0) = (10, wo, ap)(x),

where 7 = 1/p is the specific volume, i.e the inverse of the density of vehicles (i.e. of the
fraction of space occupied by the cars), v the velocity, and a € [0,1] is a dimensionless
coefficient which allows to take into account the behaviors of different types of vehicles
and/or of drivers. Here, (up to a constant) w describes the difference between the
velocity and some equilibrium velocity

w=v-—V(r,a), (1.2)



where (up to a constant) V(7,a) is an "equilibrium" velocity for a given 7 and for a
given class a. For simplicity, all the results are stated with w = v—V (7,a) := v+aP(7),
but they remain valid in the more general case described below.

The last two equations express the fact that w and a are characteristic of each vehicle
and therefore do not depend on time in Lagrangian coordinates.

In some sense, the model introduced in [1| was already multi-class, each class being
described by its distance to the same equilibrium curve v = V(7). Here we add (at
least) a second parameter a, to let each equilibrium curve v = V(7,a) depend on each
class. Of course, we could add more parameters, with the same results. We could also
take into account the length of cars by considering a non-uniform mesh in z.

We discretize the model (1.1) with the Godunov scheme: let U (-, ) be the approximate
solution for a discretization (Ax, At) and initial piecewise-constant data UP. On one
hand, h is the step-size of the discretization, but on the other hand, h can be viewed
as a scaling parameter (x,t) — (a/,t') = (hx, ht). Assuming typically that in each cell
there is a unique vehicle, we thus consider a large number of vehicles on a long stretch
of the road, and the length of the vehicles vanishes as h — 0.

Practically, the distribution of the different type of car-driver pairs can be highly os-
cillatory. We are thus led to studying an homogenized system: we consider a sequence
of initial data (v, w),a?, 70), with w) = v) — V(70,a?), and h — 0. We assume that
the sequence (v)) converges boundedly almost everywhere to some v, whereas (w, af))
and therefore 70 only converge weakly to (wjj, a}) and 7§.

Let us also emphasize the fact that this model, like the Follow-the- Leader models, is in
principle a single lane model : no car can pass another car, and therefore the velocities
cannot be wildly oscillating, although some differences and even discontinuities (braking
etc...) are permitted. Therefore it is natural to assume that vy is a BV function.

In contrast, wg and ag can definitely oscillate : for instance, in rescaled coordinates
(2/,t), a good prototype would be w(z') := Wy (2, %), for some given function Wy (or
AP of (2',0), oscillating (but not necessarily periodic)) in 6. In the sequel we will drop
the primes and write (z,t) instead of (2/,¢).

We then study the weak-star limit (v*, w*, a*,7*) of the solution (v, wp, ap, ) of the
discretization of system (1.1)-(1.2) as h — 0. Using the notion of Young measure [43]
and the compensated compactness theory, we study the propagation of these initial
oscillations: we show that the Young measure v, associated to the variables (v, w,a)
is a.e. a tensor product

Vgt = (S(U — U*($,t)) ® ,U:p(wv (1),

where § is the Dirac mass at the origin and . (w,a) a probability measure defined a.e.
in R,.

We prove that the approximate solutions Uy, constructed by the Godunov scheme satisfy
a discrete Lax entropy inequality, for any entropy convex with respect to 7, and under the
CFL condition, converge as h = (At, Az) — 0 to an entropy solution of the homogenized
system described below, in fact to some measure-valued solution [19]. The existence of



such a mv-solution is thus trivial.

In the case where the above-mentioned functions Wy and Ay are periodic in the second
variable (and more regular in x) we recover the results on the homogenization of the
corresponding Hamilton-Jacobi equation, see e.g. [31], [34], [22] and the references
therein. Still in the periodic case, see also [20] for the construction of corrector terms
to the next order.

We then study the uniqueness of the solution. The main difficulty is that wy and ap
only converge weakly as h — 0, so that the Young measure v, ; is not a J-function in
(w, a). Due to its special form, the system can be rewritten as the two trivial equations
dw* = 0ya* = 0, coupled with a scalar equation where the flux explicitly depends on
x, with a low regularity in z, so that we cannot use directly the uniqueness result of
Kruzkov.

However, since the flux is strictly increasing in 7, we can ezchange the roles of x and
t (and 7 and v), so as to obtain an entropy inequality in conservative form, without
any additional term involving the x-derivative of the flux. Therefore, we do not need
stronger assumptions on the regularity of the flux with respect to x and we show the
uniqueness by a variant of the Kruzkov "doubling of variables" argument, in which we
first “let y tend to x”, and then “let s tend to ¢”, as in [4].

Finally, last but not least, we consider the corresponding microscopic multi-class "Follow-
the-Leader model":

Vj 41—
Tj Az
wj = b5 — §r(75,a5) =0, 4; =0, (1.3)
75(0) = 79, w;(0) = wf, a;(0) = a.

where v; is the speed of the vehicles at time ¢, Az the length of the vehicle, 7; = 1/p;
the local “specific volume around vehicle j” and p; the local density, whereas a; is a
coefficient which depends on each type of vehicles.

The function V' is the same as in (1.2) and w has the same meaning. The two last
equations are due to the assumption that the coefficients (wj,a;) characterize each
vehicle and therefore do not change in time.

We can easily see, at least formally, that the system (1.3) is a semi- discretization in
space of the continuum model (1.1) in Lagrangian coordinates. In fact, see also [2], we
establish rigorously in Section 6 that the solution of (1.3) converges as Az — 0 to the
unique entropy solution of the homogenized macroscopic model.

The outline of the paper is as follows. In Section 2, we describe the model and the
Riemann Problem. We also describe the scaling, and show in Remark 2.1 a prototype of
measure p, for a “practical” applications. In Section 3, we study the Godunov scheme
and the corresponding a priori estimates. In Section 4, we first show in Theorem 4.2 -
at least for a subsequence - the convergence to a (variant of) measure-valued solution
when (Az, At) — (0,0), with a fixed ratio and the CFL condition. In Theorem 4.3, we
then reformulate the limit system. The homogenized relation between 7 and v is now
given by (4.6). The limit v is a solution “a la Kruzkov” of the first equation of the limit
system, i.e. of the scalar equation (4.14) (with variable non smooth coefficients) coupled
with (4.6) and the two trivial equations (4.5) for w and a. Finally, in Section 5 we prove



the uniqueness of this solution and in Section 6, we show that we recover (1.3) when
At — 0 and Az is fixed, and then we show that the solution of (1.3) converges to the
unique solution of the same homogenized model (4.14), (4.5), (4.6), which is therefore
the hydrodynamic limit of (1.3).

2 Description of the model

In this Section, we describe the properties of system (1.1), that we first write in Eulerian
coordinates. We then study the Riemann Problem, before describing more precisely
in Section 3 the approximate solutions constructed by the Godunov scheme and the
corresponding a priori estimates for all h. We recall that h is a scaling parameter
which tends to 0, see Section 2.4 below, so that the sequence (wg, a%, 7']?) only converges
weak-star in the L space when h — 0.

2.1 The macroscopic model

Aw et Rascle [1] have introduced a macroscopic model of traffic flow which allows to
avoid the severe inconsistencies of the so-called “second order" models, whose proto-
type is the Payne-Whitham model [35, 48]. Then, in [2], see also [24], a rigorous
connection is established between the microscopic "Follow-the-Leader model", and a
semi-discretization of the macroscopic model introduced in [1], see also [50]: namely,
the macroscopic system can be viewed as the limit of the microscopic Follow-the-Leader
(ODE) system (resp. of its explicit first order Euler (time) discretization) when Az — 0
(resp. when (Azx, At) — 0 with a fixed ratio At/Ax satisfying the CFL condition).
In this Section, we extend this macroscopic model to describe a multi-class traffic flow,
in order to take into account the behaviors of different type of vehicles (cars, trucks,
buses, etc.) and drivers (slow, aggressive, etc.). In conservative form, the model writes
in Eulerian coordinates:

Op + 0x(vp) =0,

O (pw) + 0z (vpw) = 0, (2.1)

O¢(pa) + 0y (vpa) =0,

where p denotes the (normalized) dimensionless density of vehicles, a € [0,1] a dimen-
sionless coefficient which characterizes each type of vehicle-driver pair and w is defined
by (1.2) with 7 :=1/p : in other words, up to some constant, w describes the difference
between the actual velocity and the equilibrium one. In Lagrangian "mass" coordinates
(X, T) |15], the system (2.1)-(1.2) can be rewritten under the form (1.1)-(1.2). We recall
that

0. X = p, X = —pv, T =t, T:=1/p,

and that - even for weak (entropy) solution, see [47] - systems (2.1) and (1.1) are
equivalent.

In our case, see [2], since p is dimensionless, X = [* p(y, t)dy is not a mass, but describes
the total length occupied by cars up to point z.



Now, when h — 0, system (1.1) is again preserved in the rescaled variables (X', T") :=
(hX,hT), see Section 2.4 below. We then drop the primes and even rewrite (x, t) instead
of (X', T7).
Finally, in these rescaled Lagrangian variables, we consider the system (1.1), with 7 :=
1/p and w given by (1.2).
We assume that for all a, V (-, a) is strictly
increasing and strictly concave. A good prototype of function V' could be, up to a
constant

V(r,a) = —[(1—a)Pi(7) + aP(7)], 0<a <1,

or even, more simply
V(r,a) = —aP(7), 0 < amin < a < amaz < 1. (2.2)
Here, P (or P1, P,) satisfies the same assumptions as — V (-, a), i.e.
P'(1) <1 <0, P'(1) > ca > 0. (2.3)

Again, up to a constant, w describes a distance to equilibrium. Practically, a = amin
(resp. amaz) would correspond to the slowest (resp. fastest) car-driver pairs and P; and
P to a minimum and maximum equilibrium velocity for a given 7. Since V' is invertible
in 7, we write

7:=T(v,w,a) = (V(,a) ' (v—w) =P ((w—-uv)/a). (2.4)

As we already said, all results below will be stated in the particular case (2.2), but they
remain valid in the more general situation (1.2). For concreteness, see [2], a practical
example of function P(7) is, up to a constant:

Uref i
P(r)y={ 7 ™" 7>0, (2.5)
_U"'ef 111(7'), Y= 07

where v,..s is a given reference velocity for all classes of vehicles (for instance 90 km/h).
Here the parameter v has no physical meaning, but similar power laws appear e.g. in
the (strongly related) microscopic models [23, 25], see Section 6.

In the sequel, unless explicitly stated, we work in Lagrangian coordinates.

2.2 The Riemann Problem

In order to introduce the Godunov method, we first describe the solution of the Rie-
mann Problem for (1.1), i.e. of the Initial Value Problem (IVP), with particular data
(70, wo, ap)(x) := (T4, w+, ax) for £ > 0.

The eigenvalues of the system (1.1) are

ov
)\1:—E(T,G)ZCLP’(T)<0:)\2:)\3.



The system is non strictly hyperbolic: the associated matrix is diagonalizable and its
diagonal form is:
O + aP'(1)0,v =0,
Ow = 0, (2.6)
Ora = 0,

where v and (w, a) are the strict Riemann invariants, respectively associated to A\; and

A2 = A3 = 0. The eigenvalue \; is genuinely nonlinear (GNL) i.e. YU, Vy Ay - r1(U) =
PSfrag replacements’ (7) < 0, and A2 = A3 PSHagafépldmmﬁte (LD), i.e. YU, VyXg - r8(U) = 0,

k=72,3.

WeUshow that the solution of the Riemann P[yoblem associated to the system (1.1),

conia/}sts of two waves: a rarefaction or a shoc}tj wave associated to Aj, followed by a

cont%)ct discontinuity associated to A2 = A3 (see Figure 1).

The equivalent systems (1.1) and (2.1) are called Temple systems (in the extended

sense), see [26]: their shock curves and rarefactlon curves coincide. Therefore, in the

contact dlSCOHt%Ba‘&%/Of the Riemann mvarla(%ﬁtﬁc%”d%c%%lﬁ’ﬁﬁgr curves are straight lines.

rarefaction or shock rarefaction or shock
R R

V_,W_,0_ V_,W_,G_

Vi, Wy, Q4 V4, Wy, G4

l’/t = )\1 ,I/t == )\1
Qf/t:)\Q:)\g x/t:)\gz)\g

v vy

w_,a_ w_,a_

x x

t t

Figure 1: Riemann Problem (here in the case of a 1-rarefaction wave) and invariant
region

Proposition 2.1. We consider the Riemann Problem:

T v 0

0, —d: 0]l =10]1,

o (2.7)
a 0 0

(ry,w,a)(z,0) = (T4, ws,ax) :=Ux, for £z >0.

The solution U(x,t) := (1,w, a)(z,t) is as follows:
(i) we connect U_ to an intermediate constant state Uy = (19, wo, ag) such that vy =
Vi, Wy = W—, ag = a—, by a I-rarefaction if vy > v_ or by a 1-shock if vy < v_.
We connect then Uy through Uy by a 2-3-contact discontinuity of velocity 0, with
Vg = V4.



(i) Moreover, w and a only take the values (w—_,a_) and (w4, ay), and remain con-
stant in time for each x. Now, v is a monotone function of x/t, with min(v_,v;) <
v(z,t) < max(v_,vy).

(153) In a I-wave, the specific volume T waries in the same direction as v, i.e. is a
monotone function of x/t. Finally, for all x, T is monotone with respect to t, and
vt >0,

min(7_,79) < 7(x,t) < max(7o, 74 ).

(iv) Therefore, U(x,t) and v(x,t) remain in an invariant bounded region R, away from
the vacuum:

R := {(7—7 w, (L); (U7 w, CL) € [Umina Umax] X [wmin7 wmaz] X [amina amax]}a (28)

with Vmin (€-9. Umin = 0), Umazs Wmins Wimaz, Gmin, Gmaz > 0 some constants and
maz{T, (T,w,a) € R} < oo (in the case (2.2) we assume amin, Gmaz > 0).

Proof. The proof is classical. The monotonicity of v is due to the fact that v only take
the values v_, vy and the wave curves are straight lines in the (v, w,a) space. Finally,
since (w, a) is constant in a 1-wave and P monotone, 7 = P~!((w — v)/a) varies in the
same sense as . O

The qualitative properties of the solution are as expected: braking corresponds to a
shock, accelerating to a rarefaction, no information travels faster than the velocity of
cars, the velocity and the density remain nonnegative and bounded, etc.

2.3 Entropies of the system

In the sequel, since v = w + V(7,a), we will sometimes denote the entropies
n(v,w,a) =nw+V(r,a),w,a) L n(w—aP(r),w,a), (2.9)

by 7(U) = 7(1,w, a) or even - incorrectly - by n(7,w, a), when this notation is not am-
biguous. In such a case 9.7 means 9,17, so that e.g. d-n(7,w,a) = dyn(v,w,a)(—aP’'(7)).
There is no such problem for the entropy fluxes ¢, which only depend on v, see below.
Now we study the entropy-flux pairs (7, q) of the system (1.1). In variables (v, w,a),
multiplying formally the left-hand side of (2.6) by (9,1, Own, 0an), We obtain

aP/(T)8v77 = 811(]7
0= dua. (210)
0= 0,q.

Therefore, the flux g associated to n only depends on the variable v, i.e. ¢ = ¢(v) and
all entropy-flux pairs are given by

B v q’(s) B
n(v,w,a) = /0 st + no(w,a), ¢ = q(v), (2.11)



for any function ny = no(w, a) := n(w, a,0) and ¢ = ¢(v). By (2.9) and the first equation
(2.10), we obtain

1
aP'(T

6777(77107(1) = avn(vvwva) aT’l}(T,’UJ,(I) = )q,(’l})(—CLP/(T)) = —q,(’U). (212)
Proposition 2.2. For all entropy n = n(1,w,a), associated to the flux ¢ = q(v), we
have:

(1) n is conver with respect to 7 if and only if ¢ = q(v) is concave: ¢"(v) <O0.

(i) Let U be the solution to the Riemann Problem (2.7). Then, for all entropy n
satisfying (i), we have

Bn + pq < 0 in M(R x (0,00)). (2.13)

Proof. (i) Differentiating twice n with respect to 7 (with fixed (w, a)), and using (2.12),
we obtain

O2n(1,w,a) = 0r(—q'(v)) = 0o(~q'(v)) Orv = ¢"(v) a P'(7).

Therefore, 7 is convex if and only if g is concave, since a > 0 and P’ < 0.

(1) Through a 1-rarefaction wave and a 2-3 contact discontinuity, for x > 0, (2.13) is
an equality. Through a 1-shock wave, therefore for z < 0, we have (w,a) = (w_,a_).
Using the Rankine-Hugoniot relations between U_ and U = Uy, the entropy condition
is equivalent to proving that

v —v

S(U) = Sy_ (U) = (n(T’w7a) - 77(7——7 w, a)) - (Q(v) - Q(v—)) >0,

T—T_

i.e. that S(-) is decreasing, since v < v_ in a l-shock and S, (v_) = 0. Since 7 =
T (v,w,a) := P~}((w — v)/a), differentiating S with respect to v, we obtain

_(T_T—)_(U—_”)al v —v0ondT
S’ — v _ - YT ).
(@ S afrwa) = - w.a)) + ST (0
Using (2.12) and recombining the terms, we obtain
0w, a) = n(r,w,a) — (r- —7) G o1

S'(v) = — 9 (T (v_,w,a) — T (v,w,a) — (v_ —v)

50

(r—71-)2

which is nonpositive since 7 is convex with respect to T and 7 strictly convex with
respect to v.
We emphasize that we only need the convexity of n in 7, since (w, a) is constant through
a 1-shock, i.e. here for z < 0.

O



2.4 Scaling. An example of

The macroscopic models are only valid if we consider a large number of vehicles on a
long stretch of the road. Therefore, we introduce a scaling (zoom) such that the size of
the domain and the number of vehicles is going to infinity, whereas the length of the
vehicles tends to 0 (see also [2]). Given the Lagrangian coordinates x, ¢, we consider
the new rescaled coordinates

' = hx, t' :=ht,

where h is a small parameter, proportional to the inverse of the maximal possible number
of cars per new unit length. In the new coordinates x’, ¢/, the variables p, 7 and the
Riemann invariants v, w, a are unchanged, whereas the length of a vehicle becomes
Az’ = hAz, which tends to 0 as h — 0: in the new coordinates, the convergence of the
Godunov scheme to the entropy solution of (4.4) can be viewed as the convergence of
microscopic system to the macroscopic model, when the size of the road and the number
of vehicles are going to infinity.

For instance, assume that the initial units are meter and second and the new one, 1500
m and 60 seconds, with Az = 5m. In the rescaled coordinates, 2’ := /1500, t' := /60,
a reference velocity of 90 km /h, i.e. 25 m/s becomes 1 in the new units and the length
of the car Az’ = 1/300, which is a “reasonable” step-size.

In particular, a typical sequence of oscillating initial data (wf, al)(z) := (W, Ao)(z, hx)
(and its limit in L% weak*), could be in the new coordinates:

/
(wg,ag)(m’) = (Wo, Aop) <:Z,m'> h:\o (wg, ay) (@) = (< pgyw >, < pig,a >) L™ weak*,

where the Young measure p, will be introduced in Section 4.1.

Remark 2.1. Typically, given a finite number N of classes a;, associated to w; =
v; — V(7i,a;), a possible choice of py is given by

Z'“’ Ow;,a; (W, a), with Zuz =1,

=1

where the nonnegative coefficients p;(x) are the local proportion (possibly 0) of each class
of car-driver pair and § the Dirac measure. When we then compute an approrimation
of the average velocity v* by the Godunov scheme, not only we know the average specific
volume 7 (x,t) = N | pi(2)T (v* (2, 1), w;, a;) introduced in equation (4.6), but also the
specific volume 7; (and then the density) of every class a;.

3 The Godunov scheme
Now we discretize the system (1.1), written in general form as
U+ 0,G(U) =

with the Godunov scheme. We introduce a grid in time and space, with step-size Ax
and At (related to a parameter h as indicated below) and grid point z;_; o and ¢,,. Let



I; be the open interval (x;_1/2,7;41/2) and, V(Az, At), with At/Az = C, the sequence
Uy, := (Th, wp, ap) is the approximation by the Godunov scheme, given for all n > 0 by

{@m—mwza in R x (tn, tns1), 51)

8twh = 0, 8tah = 0,

with vy, := wp, — ap P(75,) and with piecewise-constant initial data

Uh('x?t;il_) = (Th,wh,ah)(-f,t;’;) = Z(T] ,’U) ) @ )XJ( )
JEL

where x;(y) =1 on (z;_1/2,%;11/2) and 0 elsewhere. Let Ul := (7]', w7, a}) denote the
average value of the function Uy(z,t) in the interval I;, i.e.

Ur = (1/Ax) /1 Un (2, )

j
In every cell I;x]t,, tn41[, we compute the solution of the local Riemann Problems cen-

tered in the grld points @119, with initial data (U}, U} ;). Let G ti1je = GUR UL ) =

(=vj+1,0,0) be the flux at point x;,/5. The solution Uf“ of the Godunov scheme is
given by
At At
1. _
UJThL =Uj' — Ax( e — G;‘_l/z) =U!'+ Ay (v — v}, 0,0). (3.2)

with v} := w} —a} P(1]'). Now, we assume that (forall h), Vz € R, Up(z,0) = U(x) =
(12, w),al) € R, where R is defined in (2.8), and for simplicity, see (4.1), we also
assume that the sequence v} is bounded in BV (R) , i.e. dien ]v?_H — v?] < Cp < +o0.
This assumption is sufficient in practical life (just think of a road where the velocity of
cars is not in BV (R)!), but it is not necessary since A1 is "GNL". We do not assume
that the sequences wg and a?L are bounded in BV

The following Theorem shows that the region R defined in (2.8) is also invariant for the
Godunov scheme and gives estimates on the total variation of some components of the

solution. Under the above assumptions,

Theorem 3.1. Let Ax and At satisfy the CFL condition. Then
(i) The region R remains invariant for the Godunov scheme.

(i) ¥n > 0, the total variation (in x) of vy(+,t) is non increasing in time, and the total
variation in t of Op(-,-) is bounded on R x [0,T]:

TVa (v R) ==Y o} — v}y | < TV (vp; R) (3.3)
JEZ
supsup T'Vy (v (-, 1); R) < sup TV (09 (-); R) := C, (3.4)
h >0 h
sup TV (0p(+,-); R x [0,T]) < C max(T, At) Cop , (3.5)
h

10



where 02 := vp(-,07) is the piecewise-constant approzimation of the initial datum
v5(+), and

Op(z,t) = 0] + (t = tn) (W0 = 0}) /AL on Ij X (tn, tni1), (3.6)
and similarly for 7.

(i) The total variation (in x) of T,(-,t) on Ujezl; and the total variation int of 7,(-,-)
on R x [0, 00[ are bounded, uniformly in h:

supsupZTV (Th(-,t); Ujezl;) < ' Oy, (3.7)
h t>0
JEZ
VO <t <t, supTVi(7n(:,); R x [t,']) < C"max(|t’ — t|, At) Co. (3.8)
h

(i) Vx € R, (wp,ap)(z,t) = (w),ad) ().

Proof. (i) follows easily from the solution of the Riemann Problem in Proposition 2.1.
(i) Adding and subtracting v7, ; and recombining the terms in the sum, we obtain

1. 1 1 1 1
TV n+ 7 Z |vn+ ?:—1 ’ < Z P - ]+1| + ‘vj+1 U;l—tl |) -
JEL JEZ
1 1
=D (0 =l + o] — o).
JEZ

Now, using the monotonicity property of v in the Riemann Problem (see Proposition
2.1), we see that the average value v} of v(-,t,41) on I; in the projection step belongs
to the interval I(v}, v}, ;) (see Figure 1) and thus

1 1
o3 — oy [0 o] = oy — o]
Therefore, we obtain
1. 0 0 0
TVo(op 5 R) < Y oy — o < - <Y oy = of| = TV (0] R),
JEZ JEZ

and for the same reason we obtain (3.4).
Concerning (3.5), since ¥y is piecewise-linear in time, U;H_l e I(v? vy, ]+1) for t €
[tn,tn+1), with I(a,b) = [min(a, b), max(a,b)]. Therefore,

TVi(on(z,);[(0,7]) =D Y ol oAz <> Y ol — oAz <

i T i T
JEL n< a7 JEL n< a7 (39)

< AztA:cTV(vg;R) < C max(T,At) Cy

where C'= Ax/At. See an alternate proof below with a uniform constant C.
(4i) Since in each cell I;, (x,t) = 7T (vp(z,t), w;,a;) = P~} (%ﬁb(“)), with P~1
Lipschitz continuous, we have

TVe(7a( 1), Ujezly) = > TVa(ma(, 1), ;) < (P71 || £oe (amin) ™" Co
JEZ
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and similarly for (3.8).
(iv) is obvious. O

Remark 3.1. We first note that in general, the Godunov approrimate solutions do not
satisfy such a BV estimate. The result is true here since in each cell (w,a) is constant.
We also note that the total variation in space of 1, on Ujczl; is bounded, whereas its
total variation on R can be infinite, due to the jumps in © = w19, Vj € Z. Finally,
as to the total variation in time, we could proceed differently and use (3.4) and the
first equation in (3.2) to show first (3.8) and then (3.9) with in each case a constant C
independent of Ax/At, see Section 6.

Proposition 3.1. On any time interval [t,, tn41), the solution Uy = (Th, wp, ap) satis-
fies the discrete entropy inequality in the sense of Laz: for any entropy n(Uyp) convex
with respect to 13, associated to the entropy flurz q(Uy), for any n and j,

(U < nU}) = (At/Ax)(q(Uf4) — a(U}). (3.10)

Proof. Classically, on any time interval [t,,tn4+1), Uy is the solution of the Riemann
Problem (2.7) and satisfies the entropy inequality (2.13) in every cell I;. The Jensen
inequality allows to conclude. We remark that, since (w,a) is constant in each cell, we
only need the convexity of n with respect to 7. O

Finally, the sequence (Uy) is a sequence of approzimate solutions to (1.1), associated
for each h to the initial data U,?. More precisely,

Proposition 3.2. (i) Vh >0, Vo € D(R, x Ry) = C§°((R; x Ry),

/ / (rhBup — ondop) (@, t)ddt + / (@, 0)p(x, 0)da =
0 R R

(3.11)
=— ZZ/ (1" = mn(z, ;) p(z, tn)dr =< Lp, 0 > .
n>1jez L

(ii) If the support of ¢ is compact in {0 <t < T}, then
| < Ly > | < (Ax)?)|0ellze Y D TVa(ma(, 1) 1)), (3.12)

n>0 jezZ
| <Lne>[< CTgllr= sup > TVt t,); 1), (3.13)

NS j

(111) Therefore, L, — 0 as h — 0 in D'(R x R) and for all T > 0, the sequence (Ly) is
bounded in M(R x [0,T7).

(iv) Concerning the entropy production, Vi convex with respect to 7, associated to the
fluz ¢, Vo € D(R x Ry), ¢ > 0, we have:

/ N / (0(U)Orsp + q(Un)uig) (. ) cdt + / n(Un(,0))pl, 0)de >
0 R R

> =33 [ U — 0 et t)da =0,

n>1j€Z "I

(3.14)
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Consequently, for all C? nonnegative entropy n associated to q, such that v —
n(UP(z)) is integrable on R, 8yn+0,q is a bounded measure on R x Ry, nonpositive
if m is convexr with respect to T.

Proof. The proof of (i), (1), (ii1) uses the classical arguments provided by the BV esti-
mates in the Theorem 3.1. In particular, the BV property of 7, on Ujez/; (and not on
R) is sufficient for (3.12). On the other hand (3.13) shows that the functional Ly, is a
bounded measure.

The proof of (iv) classically combines the entropy inequality for the Riemann Problem
(Proposition 2.2), a discrete integration by parts (see for instance [30]), as well as the
obvious remark that any C? function is the difference of two C? convex functions. [

We are now ready to pass to the limit as h — 0.

4 The homogenized model: existence of a solution

4.1 The Young measure

In order to introduce in the model oscillations describing the heterogeneity of the reac-
tion of each car-driver pairs in the traffic, we consider a sequence of oscillating initial
data (w9, a?,79) bounded in L>®(R). We study the evolution in time of these initial os-
cillations for the approximate solution (wp, ap, 7,) constructed by the Godunov method.
For a few references in the study of large amplitude oscillations in nonlinear hyperbolic
systems of conservation laws, we refer e.g. to [19, 42, 37, 16, 10, 14, 36] and numerous
other reference.

Here, we simply consider the measure-valued solution [19] associated to this sequence
of approximate solutions Up. We consider typically that there is a unique vehicle in
every cell I; and we pass to the limit in the system (3.1) as h — 0, in order to obtain a
homogenized model. To describe the limit as h — 0 of 73,, which is a non linear function
of the three variables vy, wp, ap, we need the concept of Young measures.

Let us briefly recall the concept of Young measures associated to a sequence u", see e.g.
[5, 43, 17, 32]. For any sequence u" : RN — RP of measurable functions, with values
in a fixed compact set K C RP, and such that «” = u* in L®(RN)?, there exists a
subsequence of u", still denoted by ", and a family of probability measures {v;},cgrn,
called Young measures, uniformly supported in K such that for any f € C(RP;RY), and
for almost all z in RY,

Fu) 2 f* # f(u) in L2(RY)?, with f*(2) = o f()dve(s) =< ve(), f() >

From now on, we assume that the sequence of initial data, with values in R, satisfies :

The whole sequence (w), aj), 77) converges in L™ weak* to a unique limit

(w, af, 75) whereas v) — v boundedly a.e. as h — 0, with supTV (v)) < Cy. (4.1)
h

So, we assume that for all h, the total variation of the sequence 1)2 is bounded from

above. As we already said, this assumption is not necessary, since A1 is GNL, but it is
more than sufficient for practical applications.

13



Here by Theorem 3.1, the sequence (vp,wp,ap) remains in the invariant region R.
Consequently, for any continuous function f, at least for a subsequence, the associated
Young measure v, ; satisfies:

f(vn, wp, ap)(x,t) A=< Ve t(v,w,a), f(v,w,a) >,

where (v,w,a) are (dummy) integration variables and X denotes the convergence in
L>®(R x Ry) weak*. In particular, since 7, = T (v, wn, an) = P~ ((wn — vp)/an),

T T, 1) =< vpi(w,a), T (v, w,a) >=< vy (w,a), P~ (w—v)/a) >. (4.2)

In the following Theorem, we show that v, is a tensor product of a Dirac measure
associated to v and a probability measure u, (depending only on x) associated to
(w,a).

Theorem 4.1. Let U, = (vp, wp, ap) be constructed by the Godunov scheme. We assume
that UY is bounded in L>=(R) and (v))) bounded in BV (R). Then, under the assumptions
(2.3), (4.1),

(i) Under the CFL condition, with At/Ax = constant, as h — 0, there exists a
subsequence, still denoted by Uy, such that

(whvah)(xvt) = (w%,a%)(x) - (wgvag)v Th('?') = T*(" ')a
vp(-,-) — v*(+,-) in LL.(R x Ry) strong and in L>°(R x R,) weak*.

(i1) In the variables (v, w,a) vy+ is a tensor product. More precisely, since A1 is gen-
uinely non linear (GNL), even if v were not initially in BV (R), we have:

Vpt = Yot (V) @ Bypi(w,a) :=0(v —v*(2,t)) ® pz(w, a), (4.3)

where & is the Dirac measure at 0 and p, does not depend on time.

(113) In particular,
Th = T (2,1) =< pp(w, @), P~ ((w — v*(x, 1)) /a) >

Proof. (i) follows directly from the L*> and BV estimates on U and vy,

Here is a first proof of (ii). The sequence (05,) has a uniformly bounded total variation
and is equicontinuous in time in the L' space. Therefore it is strongly convergent (at
least for a subsequence) to some v*(x,t), and then v, satisfies (4.3).

A second proof, with no BV assumptions, is the following: using Murat’s Lemma [33]
and Proposition 3.2, we apply the div-curl Lemma [43] to entropy-flux pairs (n =
m(w,a),q1 =0)and (n2 = [ ¢'(s)/(aP'(7(s,w,a)))ds, q2), with arbitrary 11, ga. There-
fore, V1, g2,

< Vx,tvnl(waa)QQ(v) >=< Vx,tvnl(w7a) >< V:c,hQZ(v) >

Therefore v, ; = 7,,:(v) ® iz (w, a). The associated measure y,, only depends on z, since
w and a do not depend on t. Now, let [v1, v2] be the convex hull of the support of 7, ¢,
with v1 < v2. We want to prove that v, ; is a Dirac measure, i.e. that v = va.
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We apply again the div-curl Theorem to entropy-flux pairs of “east-west type” (n{, ¢f)
and (n5,q5) (see [40]): e.g. we choose a smooth ¢f such that its support is contained in
(—o0, 01], where 01 = vy + €(v2 —v1), and such that ¢{(v) — —H(v1 —v) as € — 0, with
H the Heaviside function. Similarly, ¢5(v) — H (v — v2).

Let n{,n5 be the associated entropies. Applying the div-curl Theorem and passing to
the limit as ¢ — 0, we obtain

1 1
P T wa) O BT oy, w,a)

< po(w, a), >,

which implies v; = vq, since P'(7 (v, w,a)) is strictly monotone with respect to v.
(#) is then obvious. O

4.2 Existence of a weak entropy solution

In this Section, we prove the convergence of the Godunov scheme to a weak entropy
solution to the initial value Problem for the homogenized system introduced below, as
(At, Ax) — (0,0) with a fixed ratio satisfying the CFL condition.

Theorem 4.2. Under the same assumptions as in Theorem 4.1,

(i) At least for a subsequence, in fact for the whole sequence, the sequence (Uy) con-
structed by the Godunov scheme converges to a weak solution of the system

8t7'*—8$v*:0, (44)
8t’LU* = O, 8ta* = 0, '
with wnitial data
15 =< pz(w,a), T (vj(z),w,a) >, (45)
wi =< pg(w,a),w >, af =< pz(w,a),a >,
and
T2, t) =< pg(w,a), T (v*(z,t),w,a) >:=T"(x,v"(z,1)), (4.6)

where T is defined by (2.4).

(i1) The family of probability measures vy = 6(v — v*(x, 1)) ® pz(w,a) is a measure-
valued (mw) solution in the following sense: for any entropy-fluz pair (n,q), defined
by (2.11), with

n(v,w,a) = ii(r,0.0)] 700 (47)

and 7 convex with respect to 7, i.e. ¢ concave with respect to v (by Proposition
2.2 (1)), and for any test-function ¢ > 0, we have

o0
/ /(< Vg t(v,w,a),n(v,w,a) > Op+ < Vg, q(v) > Opp) dadt
0 R

(4.8)
+/ < vpo(v,w,a),n(v,w,a) > ¢(z,0)dx > 0.
R
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(iii) Applying (4.8) to arbitrary entropy fluz pairs (n(w, a),0), we recover that ji, +(w,a) =
tg(w, a) satisfies (4.5). In addition, Vo > 0, Vk € R, we have

/ / < pz(w,a),|T (v*(z,t),w,a) — T (k,w,a)| > Oyp — [v*(x,t) — k|Opp)dxdt

/R< pe(w, a), | T (vy(x),w,a) — T (k,w,a)| > ¢(x,0)dx > 0.
(4.9)

Proof. We first prove this Theorem for a subsequence. The uniqueness Theorem 5.1
will then imply the same results for the whole sequence.
(1) We write the first equation of (4.4) in the weak form:

< L,p>= / /(T*@tgo — v*0pp)dxdt + / 70 (2)p(z,0)dz = 0. (4.10)
0o Jr R

We add and subtract in (4.10) the term < Ly, > of (3.11), to obtain

<L,g0>—/ /T - 8t<pdmdt—/ /v — vp,)Opp dadt

—l—/(T*(x,O) — 1h(x,0))p(xz,0)dz+ < Lp, o > .
R

Of course the first three integrals converge to 0 in L>®(R x R, ) weak*, due to Theorem
4.1 and by (3.12), the term < Lp, » > tends to 0 as h — 0.

(7) The inequality (4.8) is obtained by passing to the weak* limit in (3.14), using the
L' equicontinuity in time of @, or 7, see Proposition 5.1.

(iii) Now, we choose in (4.8) the entropy (v, w,a) = |[T—P~((w—k)/a)| = |T (v, w,a)—
7 (k,w,a)|, associated to the concave flux (—|v — k|). Using the information (4.3) on
the structure of v, ¢, we obtain (4.9). O

The above Theorem describes the point of view of measure-valued solutions, see again
[19, 42, 37], etc. We note that the uniqueness results of Di Perna and Szepessy are not
directly applicable here, see Remark 5.2.

Now, the structure of g, = p, is obvious, whereas the evolution of §(v — v*(x,t))
turns out to be governed by a scalar conservation law, whose flux depends on x in a
non smooth way through p,. The striking fact is that, due to the strict monotonicity
of function 7 (-, w,a), we can do two things:

(i) the map {v* — T*(z,v*) := 7* =< pz, 7 (v*,w,a) > is strictly increasing, and
(therefore) invertible. We define V(z, 7*) = v*.

(ii) On the other hand, in (4.8), we can “take the absolute value out of the integral
with respect to u,”. Therefore (4.8) looks like the Kruzkov entropy inequality for
the scalar equation (4.14) below. We consider all the entropy-flux pairs of the

form H(z,v*) = H(z,7*), Q(v*), “conservative” in the sense that for any smooth
solution of (4.14),

O H (z,v") + 0,Q(v") =0,
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without any additional term. Moreover, we can show as in Section 2.3, that

OH, ., O0H, 1 s
877_(%7 ) = %(%U )W =-Q'(v"), (4.11)

and that H(x,7*) is convex in 7* if and only if Q(v*) is concave. Therefore, all
these entropy-flux pairs are given by

A = How) ~ [ Q0% (e = e 7). @= Q0. (112

with arbitrary functions Q(v) and Ho(z) = H(x,0).

Theorem 4.3. (i) The first equation of system (4.4) can be rewritten as a scalar
equation with a flur depending explicitly on x,

ot + 0 V(x,7) =0, (4.13)
or in the more convenient form:
T (x,v*) — 0zv* = 0. (4.14)

Therefore, the weak solution of system (4.4) satisfies (4.14), (4.6).

(ii) Using the monotonicity in v* of T*(x,v*), v* is also a weak solution "a la Kruzkov
of (4.14): for any k in R, (4.9) is equivalent to

2

//(]T*(a:,v*)—’]'*(a:, k:)\8,54,0—|v*—k\8$g0)da:dt+/R]T*(a:,vé)—’]’*(az, k)|e(x,0)dx > 0.
(4.15)

(iii) For any such entropy H(x,v*) = H(x, ) convez in 7*, associated to a concave
Q(v*) by (4.12), let n be given by (2.11), with the same ¢ = Q. Then, for any
test-function ¢ > 0, we have

H(z,v") =< vg4(v,w,a),n(v,w,a) >=< py(w,a),n(v*(z,t),w,a) >,  (4.16)

/ / (x,v") Opp — Q(v") xgp)dazdt+/RH(x,US)gp(x,0)dx>(). (4.17)

Proof. (i) is obvious.
(11) Using the fact that 7 is increasing in v*, we see that V(w, a),

sign(7 (v, w,a) — 7 (k,w,a)) = sign(v* — k)
does not depend on (w,a), so that

< pg(w,a),|T (v, w,a) — T (k,w,a)| >=
=sign(v* — k) < pg(w,a), T (v, w,a) — T (k,w,a) >=|T*(x,v*) — T*(z,k)|.
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(1i) Let n be defined by (2.11). Using (4.11) and differentiating in v in the integral,
one can show that necessarily:

Hie.v) ~ o) = [ Tz = [ @7

x,8)ds =

v 0 v 0T

= [—Q) g < alwa), Ts,w,0) > ds =< pa(w.a). [ Q)5 (s, w,)ds >
0 ov 0 ov

=< pg(w,a),n(v*,w,a) > .

Substituting the expression of (4.16) in (4.8), we obtain (4.17). O

Remark 4.1. Therefore we have proved (4.8) and (4.17), respectively for any entropy
n(v,w,a) and for the homogenized entropy H(x,v*) convex in 7. Thus these two quan-
tities satisfy the corresponding entropy inequalities, but there is a priori no obvious re-
lation between them, since n(v,w,a) = 7(1,w,a) is only convex in T, with no convexity
assumption in (w,a): (4.16) holds true, but in general

H(z,v") =< pg(w,a),n(v*,w,a) ># n(< vy, (v,w,a) >) =n(v*,w*,a").

5 Uniqueness of the solution

We are interested in the homogenized model (4.4)-(4.6). The existence of an entropy
solution of (4.4) follows directly from the convergence of the Godunov method in the
Theorem 4.2.

Concerning the uniqueness, knowing the measure p,, we have written the first equation
of system (4.4)-(4.6) as the scalar equation (4.13) with a flux depending explicitly on x.
The low regularity in = of the flux does not allow to use directly the uniqueness result
of Kruzkov [29].

For references on the uniqueness of the solution for scalar conservation laws with a flux
discontinuous in x, see e.g. [4, 28, 27, 45, 39|, and concerning Temple systems, e. g.
[12, 3, 11, 8, 9], but they are not applicable in this homogenized case.

Since in (4.14) the function 7*(z,v*) (explicitly depending on ) appears in the deriva-
tive with respect to ¢, we have exchanged the roles of x and ¢ so that inequality (4.15)
is in conservative form, even though the flux depends on x. Therefore, assumptions on
the x-regularity of the flux of (4.13) are not required.

The following proposition gives the L' - continuity in time of 7%, which will be useful
for the uniqueness of the solution.

Proposition 5.1. Let (74, 7p) be the approzimate solution defined in (3.1), (3.6), of
system (1.1), with 7§ € L*°(R) and v§ € L*°(R) N BV(R). Then, at least for a subse-
quence,
oy, — v* in C°([0, T); L, (R)), (5.1)
7 t) = 75 (Vs gy < Cmax(t, AL) VL () R), (52)
and then
17 (t) = 5 Ol gy — 0 as ¢ — 0.
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Proof. Let X = BV(R) and B = L}, (R). The sequence (7, is bounded in L>(0, T; X)
by (3.4). On the other hand, for all compact subset K of R, v, € C([0,T); L'(K)) and

by (3.8),

t/
(-, ) — (-, <//85~ ,S)|dsdx = ||Ow . =
[0 (5 17) = O (s D)l oy < ] |050n (2, 8)|dsdx = [0c0n | 1 4,8 (m)) (5.3)
=TV, (0p(x,-); [t,¢]) < C"max(|t' —t|, At).

where C’ depends on TV (v§(-); R). By a Theorem of Simon ([41], Thm. 3), the sequence
(-, t) is relatively compact in C([0,T7]; L}, .(R)), which implies (5.1). Passing to the
limit as h — 0 in (5.3), with ¢ = 0., since 7 (or P~1) is L-Lipschitz continuous and

7*(-,04) = 73 (), we obtain
l7*(-,t) — Tg(-)HLlloc(R) < L|jv*(z,t) — vS(')HL}OC(R) <LC't—0ast—DO.
O

Theorem 5.1. We consider the scalar equation (4.14), (4.6) (or the equivalent equation
(4.13), (4.6), due to the monotonicity in v* of T*), with initial data (4.5) and under
the assumption that V, defined by (1.2), is strictly increasing and strictly concave We
also assume that (1§, w§, af) € L*°(R), v € L2*(R) N BV (R) and (4.1). Then, there is
a unique weak entropy solution "a la Kruzkov” v* of problem (4.14), (4.6), (4.5).
Therefore the whole sequence (7, wp, ap,vy) converges to the unique limit of the system
described in Theorem 4.2.

In the proof, we will need the following Lemma in which we write v instead of v*:

Lemma 5.1. Let T*(X,v(Y,t)) :=< px(w,a), 7 (v(Y,t),w,a) > with T Lipschitz with
respect to v € L} (R x Ry). Then we have, for almost all X in R and t in (0, +00),

loc

1
lim — IT*(X £Y,0(X £Y,t)) — T*(X,v(X, )| dY =0,
h=0 I Jiy|<n

where the two signs £ can be chosen independently.

Proof. The result would be wrong for a general function of two variables. It holds true
here since, roughly speaking, 7*(X, v(Y,t)) “looks like” a product f(X)g(Y,t).

Here, we write X instead of (w,a). For almost all (fixed) ¢, we first choose the precise
representing function of v(-,t) (|21] p. 46), precisely defined at every Lebesgue point for
{y — v(y,t)}, and identically equal to 0 on the null set Ny := Ny(¢) of points y which
are not Lebesgue points for this function. Similarly, see e.g. [5], we “remove” a null set
Ny := N(t) of points z such that either u, is not a probability measure or x is not a
Lebesgue point for the Llloc function:

{z — Fy(z,t) := T (z,v(x,t)) =< ug(N), T (v(z,t),\) >}, (5.4)

with the same (fixed) t. We see that the set {(z,x),x € N1 UN3} is a (one dimensional)
null set. Therefore, each x ¢ Ni(t) U Na(t) is simultaneously a Lebesgue point for the
two functions of one variable (5.4) and {y — G,(z,y,t) :=< p:(N\), T (v(y,t),\) >}. In
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particular, Vz ¢ Ny (t) U Nao(t), Gy(z,x,t) = F,(x,t). The same result would be true if
T were only continuous, see e.g. [7] for the related notion of Caratheodory functions.
Therefore, we have for instance:

1
lim = fiyc [T7(X + Y,0(X = Y1) = T(X, (X, 1)) dY =

h—0
= %11%% J1<pxsyN), T(0(X =Y, t),A) > — < px(N\), T (v(X,t),\) > dY <
<lim 2 {1 < ey ), T(X =Y, 0,0) > = < oy (0, T(X,1),3) > |
H < px4y (AN, T(0(X,8),A) > = < px4v(A), T(v(X +Y,1),A) > |
+H < px+y(A), T(W(X +Y,t),\) > — < ux(N), 7T (v(X,t),\) > [} dY <
<lim T (< me (), Lp(X — ¥,0) —o(X, 0] + Ln(X.0) — o(X +.1)] >
F <pxy V), T((X +Y,1),8) > = < pux(A), T(v(X,1),A) > [} dY =
< }13%% J{LIo(X — Y t) — o(X, )] + LIo(X, 1) — v(X + Y1)
+ <pxpy (W), T((X +Y,1),A) > = < pux(V), T (v(X,1),A) > [} dY.
Therefore, almost everywhere in ¢, for any X ¢ Ni(t) U Na(t), the integrals in Egg;
converge to 0 as h — 0. O

Remark 5.1. Integrating in X the result of the Lemma 5.1 and applying Lebesque
Theorem, the corresponding double integrals in (X,Y) converge to 0 as h tends to 0.
This new result does not explicitly involve the above Lebesgue points and could be also
proved [46] as follows: approzimate the function {v : y — v(y,t)} by a sequence of
smooth functions (vy,), for which there is no ambiguity: a.e. in x, Yn,F, (x,t) =
Gu, (x,y,t)|y=z. Then, justify the result for each vy, and pass to the limit as n — oo.

Proof of Theorem 5.1. We consider two weak entropy solutions ¢ and 7 of (4.13)
(or two solutions u and v of (4.14)) which satisfy the entropy inequality (4.15). In this
proof, we write o, 7, u,v,7,... instead of o*, 7", u*,v*,7*,.... We have:

/R/OOO T (2, w(w, £)) — T, K)o, ) — [u(w, ) — klou(z, £) dw dt >0,  (5.6)
L]/ T 1T (0,0, 9) — T(w.DI6s(0.5) — lo(w,5) — (v, 8) dyds >0, (5.7)

where ¢ > 0 is a test-function € C§°(R x (0, 4+00)). Following Kruzkov [29], we obtain
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classically:

//oo//OO{|T(x,u(aj,t))—T($,U(y,5))|¢t+|T(y,’u(y75))—T(y’u(x’t))w)s
RJO RJO

_‘u(x7t) - U(y7 S)|<¢a¢ + ¢y)} dx dt dy ds > 0.
(5.8)

We choose

¢($7t7y78):¢<x;yvt—gs> 6h <$;y> 5k <t;8>7

for any function ¢ and where {05, }5>0 et {0k }r>0 are the usual regularizing sequences,
with bounded support in (—h, h), with 0 < 61(-) < 1. Denoting by

Tty T:t—i-s _T—y S:t—s

X = ) ) ) )
2 2 2 2

(5.9)

we rewrite (5.8):

% /{|T(a:, u(z,t)) =T (z,v(y, s))| + T (y, v(y,s)) — T (y, u(x, 1)} 0n(Y) 0x(S)

HIT (2, u(z,t)) = T(z,v(y, )| = [T (y,v(y,5)) — T (y, u(z,))[} ¥ 6 (Y) 6,(S5)
—|u(z,t) — vy, s)| Vx (X, T) 0p(Y) 0x(S) dx dt dy ds := (I + I2) + (I3 — I4) — I5 > 0.

We now proceed in the same spirit as [4]: we let h and k tend to O separately. We

only show the convergence of (Is — 1) := (I;f’h - L’f’h), for which 4t is crucial to first

let h tend to 0, since this term involves 6} (S). The proof for the other terms is similar.
Writing (I3 — I4) in variables (X,Y,t, s), adding and subtracting the term

Is = / 1T (X, u(X, 1)) — T(X,0(X, $))|[Y(X, (t + 5)/2)0n(Y)L((t — 5)/2)dXdY dtds,

we first obtain
|I3 — 14| < |Is — Is| + |16 — 14].

Then, using the relation ||a —b| — |c —d|| < |a —b— (¢ —d)| < |a— |+ |b—d|, we have
1

Bt <3 [ {ITOCH Yol +Y0) - T ()
I Jyyi<n

FIT(X +Y,0(X - Y, 8)) — T(X,0(X, $))[}(X, (t + 5)/2)|0L((t — 5)/2) dY dX dt ds,
(5.10)

and similarly,
1

|%<ms/ (IT(X = Y,0(X = Y.8)) = T(X, 0(X, )
h Jyyi<n

FIT(X =YX + Y, 1) — T(X, u(X, )} (X, (t + 5)/2)|0L((t — 5)/2) dY dX dt ds.
(5.11)
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By Lemma 5.1, for any fixed £ > 0, a.e. in (s,¢, X), the integrals in Y corresponding
to the above integrals tend to 0 as A — 0. Applying then the Lebesgue dominated
convergence Theorem, the corresponding integrals in (X,Y), and finally in (X,Y,t,s),
also tend to 0 as h — 0, for any fixed k. A fortiori,

lim (lim (15" — I7")) = 1im (0) = 0.

lim (lim (I3 — I,™)) = lim (0)
Therefore, this singular term (/3 — ;) vanishes at the limit, contrarily to the other terms
for which we apply again the Lebesgue Theorem when & tends to 0.
Then, we have shown that for any ¢ > 0 (we now write (x,t) instead of (X,T") and 7*
instead of 7)),

/R/OOO T (s (s 1)) — T (@, 0, )|ty (2, )l £) — (. ) [t (2, £)dardt > 0. (5.12)

Now, we choose classically the test-function 1 (z,t) in (5.12) as a regularization of the
characteristic function of the set Q = {(T,X);t1 < T < t3,|X| < R — NT}, for any
R > 0. Using the L'-continuity in time of the solution at ¢ = 0, see Proposition 5.1, we
obtain the L' contraction property:

/|’T*(w,u(w,t))—T*(x,v(:c,t)|dx S/|T*(x,u(a:,0))—T*(x,v(x,0)|dx, "
R R

/ lo(z,t) — 7(z,t)| dz < / lo(x,0) — 7(x,0)| dz,
R R
and therefore the uniqueness of the solution, for a given 7(-,0). O

Remark 5.2. (i) First, we have established here the L' contraction for equations
(4.14), (4.6), with only L> assumptions in py and v*(x,t). We have essentially
used the strict monotonicity of T (-,w,a), which allows to exchange the role of
x and therefore of T and v. After this exchange, the stationary solutions uS(x)
introduced in [4] to solve the equation

Ou + 0p F(z,u) := 0w+ Op f (v(x),u) =0,

arise much more naturally: compare (4.15) with formula (60) in [4].

(ii) On the other hand, the uniqueness results on measure-valued solutions of Di Perna
[19] and Szepessy [42] are (at least) not directly applicable here, since we deal with a
system: the Young measure vy = 6(-—v*(2,t)) @ pa(+, -) involves several variables,
which do not play the same role. Here, we wanted to prove the uniqueness of v* for
a giwen [i,. Note that for instance, convolving in (x,t) such a measure v, does
not preserve its tensor product structure.

6 The microscopic model

6.1 Introduction of the model

Microscopic models of vehicular traffic are usually based on so-called “Follow-the Leader
models” |23, 25|, which usually consist, in Eulerian coordinates, of a system of second
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order ordinary differential equations. The basic idea is that the acceleration at time ¢
depends on the relative speeds of the vehicle and its leading vehicle at time ¢ and the
distance between the cars.

The system in (1.3) is a Follow-the Leader type of model in which the function V' also
depends on the coefficients a;, characteristic of the different types of vehicles and their
heterogeneous response to their leading vehicle.

At least formally, the system (1.3) is clearly a semi-discretization in space of the macro-
scopic model in Lagrangian coordinates (1.1). In the following Sections, we will give
a rigorous justification that (1.3) converges to the entropy solution of (4.4)-(4.6) as
Az — 0.

6.2 First order Euler time approximation
We consider the infinite system of ordinary differential equations (1.3), written in general
form as o

== =FU(t

U(0) = Uy,
where U := (Ul, UQ, ceey Uj, .. ) and F(U) = (F1(U), FQ(U), ce ,F}'(U), .. .), with Uj =

(75, w;j,a;) and

‘ (Vi1 — _ (wir1 —wj a P(Ti4) — a;P(75)
F;(U) := <Aaz ,0,0)-( AL A ,0,0 ).

We introduce the first order explicit Euler discretization in time:

nt+l _ n At (om _.n

T =T+ R, (ij vj),

with = wy, (6.2)
n+l _ n

aj = CLj.

In the following Theorem, we prove that, for any fixed Az, the previous discretiza-
tion is stable and consistent and therefore convergent as At — 0 to Uax(z,t) =
> jez Ui(t)x;(z), where x; is the characteristic function of the interval I;. We also
show that the microscopic multi-class model (1.3) is the semi-discretization of the La-
grangian system (1.1).

Theorem 6.1. We consider the system (6.2), with initial data U]O = (TJO,U);-),CL]O-) in the
invariant region R defined by (2.8), away from vacuum. We assume that the initial data
are constant for x large enough, so that there is a “first” vehicle. Then,

(i) The operator F is Lispchitz-continuous in the [°° space. Therefore the Initial Value
Problem (1.3) has a unique solution U(t), globally defined in time.

(i) The first order approzimation (6.2) is stable and consistent in [°°. Therefore the
sequences Uj' 1= (T]“,w;-"”, a?) and v converge as At — 0, for any fized Ax.
Moreover, their limits Uny(z,t) and vay(z,t) stay in the region R and satisfy the
uniform L and BV estimates inherited from the Godunov scheme. The micro-
scopic model (1.3) is then the semi-discretization of the macroscopic system (1.1),

(1.2).
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(iii) U;(t) satisfies a semi-discrete entropy inequality, i.e. for any entropy n convex
with respect to 7;, associated to the entropy flur q and for any j,

dn(U;(t))

o T (1/Ax)(aU (1)) - a(Us(1))) < 0. (6.3)

Proof. (i) The proof is obvious, by Cauchy-Lipschitz Theorem.

(11) Since F is Lipschitz continuous, adapting classical results, see e.g. [38], we can show
that the Euler approximation (6.2) is stable and consistent and therefore convergent
when At — 0.

On the other hand, since the first order approximation (6.2) coincides with the Godunov
scheme (3.2), U7 and v} stay in the same bounded invariant region R and satisfy the
L and BV estimates in x for v (resp. in t for 7 and v) as in Theorem 3.1. In the latter
case, we slightly modify the proof of (3.4) and (3.8) to obtain constants C' independent
of the ratio Axz/At, as indicated in Remark 3.1.

(#1i) Since for each j the sequence v} converges as At — 0 to v;(t) for t = nAt, q(v})
is also convergent. On the other hand, since wj, a; are constant in the cell I;, we have
for each j

n(U]ﬂ) = 77(7- , W) 7a]) 77(7(1) y Wj ,aj) w?, a?) - U(Tj(t)7 wj(t)’ aj(t))

Finally (7ii) is obtained passing to the limit in the fully discrete entropy inequality
(3.10). O

6.3 Hydrodynamic limit of the microscopic multi-class model

We rewrite (6.1) in the form

Wyt) | G ()G, 1) _
+ =0
{ ’ (6.4)

Ax
U;(0) = U3,

with G(U;) = (—v;,0,0) = (—(w; — ajP(75)),0,0). We now show that the entropy
solution of the system (4.4) is the limit as Az — 0 (i.e. when the number of vehicles
goes to infinity), of the solution of the infinite-dimensional system of ordinary differential
equations (6.4).

Theorem 6.2. Under the same assumptions as in of Theorem 6.1, when Ax — 0, the
whole sequence Ua, converges in L™ weak* (and almost everywhere for the velocity) to
the unique entropy weak solution of the macroscopic system (4.4)-(4.6).

Proof. Multiplying (6.4) by an arbitrary test-function ¢(x,t), making a discrete inte-
gration by parts (see e.g. [30]), we have:

In, .—/ Z/ @«pda:dt—/ ZG (/I 90(9”’”‘2?‘“’”@) it
+Z/1 UYp(x,0) dx =0
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Due to the uniform L estimates, see Theorem 6.1, at least for a subsequence, Ua,(z, t)
converges in L*°(R x R, ) weak* to some function U**(z,t) when Az — 0. Moreover,
by compactness, G(Uag(.,.)) = (—vaz(.,.),0,0) — (=v**,0,0) in L}, strongly when
Ax — 0. Therefore we obtain at the limit :

/ / U™ (z,t)0pp do dt + / / G(U™ (x,t))0zp dz dt + / Uj(z)p(z,0) dz =0,
o Jr 0o Jr R

which shows that U** is a weak solution of (4.4).

Due to the uniform BV estimates on va,, the Young measure associated to the sequence
(VAz, WAz, @A) 1s still a tensor product v, +(v) ® By (w, a) = 0(v —v** (2, 1)) @ Byt (w, a)
asin (4.3), with the same initial data (v{, w§, af) as in Section 4.2, since we have assumed
in (4.1) that all the sequence (v),w},a)) converges to (v, < pig,w >,< fiz,a >) as
h — 0. Therefore 5, (w,a) = By(w,a) = pg(w,a). Now integrate by parts in the
semi-discrete entropy inequality (6.3), for all ¢ > 0:

/ Z/ atsodxdwr/ Z (/ “’(x’t)_z(f_m’t) dx>dt
+Z/ o(x,0) dz >0,

and pass to the limit as Az — 0. Note that ¢(Uaz(-,-)) — q(U*(-,-)) strongly, whereas,
as in Section 4, N(Uax(+,-)) converges weakly to < pz, n(7 (v * *(x,t),w,a) >. Finally,
as in Proposition 5.1, the L' equicontinuity in time is preserved for the sequence 7(Ua,)
when Az tends to 0. Therefore, the limit v** satisfies (4.8) and the (Kruzkov) entropy
condition (4.15). Consequently, by the uniqueness result of Theorem 5.1, v** = v*
almost everywhere in (z,t), which also implies that the whole sequence converges to the
same limit. O

In conclusion, starting from the fully discrete system (3.1), we obtain the same limit (i.e.
the macroscopic system (4.4)), either by letting (Az, At) — 0 with a fixed ratio and the
CFL condition, or by first letting At — 0 with a fixed Az, and then letting Az — 0.
This last limit process says that the homogenized model (4.4) is the hydrodynamic limit
of the microscopic “Follow-the-Leader” system.
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