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Chapter 1Introdu
tionThe present report aims at giving a survey of my work sin
e my phD thesis, "Estimationadaptative de l'intensité de 
ertains pro
essus pon
tuels par séle
tion de modèles", whi
hwas supervised by P. Massart. Sin
e then, I basi
ally broaden the spe
trum of statisti
almethods and the spe
trum of point pro
esses that are of interest for me. I espe
iallyen
ountered a very spe
ial pro
ess, the Hawkes pro
ess, whi
h is at the root of most ofthe questions I tried to solve, and to even more questions that do not have an answer yet.Those questions are partly statisti
al and partly probabilisti
, and most of the time arenot 
ompletely solved for the Hawkes pro
ess, but partial answers appear for a simplerpro
ess : the Poisson pro
ess. It is a
tually the purpose of this report to emphasize thelink between statisti
al and probabilist aspe
ts, but also between the di�erent statisti
alframeworks and questions that have arisen in my papers.1.1 Statisti
al frameworksLet us start with some de�nitions. A point pro
ess, N , is a 
ountable set of points of somemeasurable spa
e X. Usually, NA denotes the number of points of N in the set A and dNdenotes the point measure ie the sum of the Dira
 masses at ea
h point of N (see [23℄ fora 
omplete overview).1.1.1 Poisson pro
essThe simplest point pro
ess one 
an en
ounter is the Poisson pro
ess [43℄.De�nition 1. A Poisson pro
ess, N , on a measurable spa
e X is a random 
ountable setof points su
h that
• for all integer n, for all A1, . . . , An disjoint measurable subsets of X, NA1 , . . . , NAnare independent random variables.
• for all measurable subset A of X, NA obeys a Poisson law with parameter dependingon A and denoted ν(A).As a 
onsequen
e, ν de�nes a measure on X, whi
h is 
alled the mean measure of thepro
ess N . Usually, X is a subset of R

d and ν is absolutely 
ontinuous with respe
t to theLebesgue measure. In this 
ase, s(x) = dν/dx is the intensity of the Poisson pro
ess N .Poisson pro
esses model a large variety of situations, but the outstanding examples ofthe present work a
tually 
ome from genomi
 data (position of genes on the DNA sequen
e2



for instan
e) [56℄, size of individual oil reservoirs in some petroleum �eld [71℄, sto
kpri
e
hanges of extraordinary magnitude [52℄. All these data have something in 
ommon: thereare good eviden
es that the underlying intensity is highly irregular, with very lo
alizedspikes with unknown position and shape and, for some of them, a very large and typi
allyunknown support, when this support is �nite.The adaptive statisti
al inferen
e aims at estimating s or at testing some hypothesis on
s with as few assumptions on s (or on the alternatives) as possible. Typi
ally s belongs to
Lp(X), for 1 ≤ p ≤ +∞, but we do not want to assume that s is smooth with the pre
iseknown regularity α. Sin
e the regularity is unknown and sin
e the rate of 
onvergen
e(or rate of separation) depends on the regularity, we want the pro
edures to adapt to thisunknown regularity and to be as pre
ise as the methods knowing the pre
ise regularity ofthe target fun
tion s.A
tually, exhibiting su
h kind of pro
edures is not just a "pure theoreti
al game". Thepro
edures that are theoreti
ally adaptive, if they are 
alibrated (see the �nal se
tion) mayprovide pra
ti
al methods that are performing really well and that are robust to 
hangesin the target fun
tion s. A
tually an adaptive method that does not need any informationon the regularity or on the support of the target fun
tion is easier to use sin
e we do notneed to ask the pra
titioner to provide su
h information on s before pro
eeding to theinferen
e.1.1.2 Counting pro
essOne 
an generalize the notion of Poisson pro
ess on the real (positive) line. If the pointpro
ess is, say, almost surely �nite in �nite intervals (ie N[a,b] < ∞ a.s.), then one 
an"
ount" the points: if the positive real line represents time after 0, then there exist a �rstpoint, a se
ond .... The random fun
tion Nt = N[0,t] as a fun
tion of t ∈ R is a pie
ewise
onstant in
reasing fun
tion su
h that N0 = 0 with jumps equal to 1. This is the de�nitionof a 
ounting pro
ess. The interested reader may �nd in [13℄ a 
omplete review of thosepro
esses and pre
ise de�nitions. Under suitable assumptions, one 
an informally de�nethe (
onditional) intensity Λ(t) of the 
ounting pro
ess (Nt)t≥0 by

E(dNt|Ft−) = Λ(t)dt, (1.1.1)where dNt represents the in�nitesimal in
rement of Nt at time t, Ft− represents the pastinformation of the pro
ess (what happened before t) and dt is the Lebesgue measure (see [2,Se
tion II.4.1℄ for more details). Obviously this means that Λ(t) is random and depends onthe past. So one 
annot statisti
ally infer Λ(t) without further assumption on the model.Note however that when we apply this de�nition to Poisson pro
esses, the independen
eproperty in De�nition 1 implies that Λ(t) 
annot depend on the past, it is a deterministi
fun
tion, whi
h 
orresponds to the intensity s of the Poisson pro
ess de�ned before.The two 
ases that are studied here are:1. the Aalen multipli
ative intensity, ie
Λ(t) = Y (t)s(t)dt, (1.1.2)where Y (t) is a predi
table pro
ess (ie informally, it only depends on the past) that isobserved and s is an unknown deterministi
 fun
tion that we want to estimate in anadaptive way. The 
lassi
al examples 
overed by this model are right-
ensoring mod-els, �nite state inhomogeneous Markov pro
esses... We refer to [2℄ for an extensive3



list of situations. Let us just mention a 
lassi
al model. For biomedi
al appli
ations,a single pro
ess may 
orrespond to the time of death or times of depression of onepatient. But one usually 
onsiders several patients. The aggregated pro
ess, i.e. thesum of ea
h individual pro
ess, is still a 
ounting pro
ess with Aalen multipli
ativeintensity. In this 
ontext, Y (t) usually represents the number of people at risk attime t: people still alive and observed at time t or people not in depression at time t.2. the Hawkes pro
esses, whi
h is de�ned in the most basi
 self-ex
iting model, by
Λ(t) = ν +

∫ t−

−∞
h(t− u)dNu, (1.1.3)where ν is a positive parameter, h a non negative fun
tion with support on R

+ and
∫

h < 1 and where dNu is the point measure asso
iated to the pro
ess. Sin
e Λ(t)
orresponds to (1.1.1), (1.1.3) basi
ally means that there is a 
onstant rate ν to havea spontaneous o

urren
e at t but that also all the previous o

urren
es in�uen
ethe apparition of an o

urren
e at t. For instan
e an o

urren
e at u in
reases theintensity by h(t − u). If the distan
e d = t − u is favoured, it means that h(d) isreally large: having an o

urren
e at u signi�
antly in
reases the 
han
e of having ano

urren
e at t. The intensity given by (1.1.3) is the most basi
 
ase, but variationsof it enable us to model self intera
tion (ie also inhibition, whi
h happens when oneallows h to take negative values, see Se
tion 2.2.2) and, in the most general 
ase, tomodel intera
tion with another type of event.Hawkes pro
esses have been widely used to model the o

urren
es of earthquake[72℄ but the main fo
us in this report is on genomi
 data, where this framework wasintrodu
ed in [31℄ to model o

urren
es of events su
h as positions of genes, promotersites or words on the DNA sequen
e. The drawba
k is that, by de�nition, the Hawkespro
ess is de�ned on an ordered real line (there is a past, a present and a future). Buta strand of DNA itself has a dire
tion, fa
t that makes this approa
h quite sensible.Here the unknown quantity is the 
ouple s = (ν, h). In pra
ti
e very little is known onthe fun
tion h, ex
ept that it should 
onsist in lo
alized spikes at preferred distan
es
orresponding to biologi
al intera
tions. The aim of an adaptive pro
edure is a
tuallyto �nd in pra
ti
e the lo
alisation of those spikes and their size.1.2 Train of thoughtA
tually, the Hawkes pro
ess is probably the tri
kiest pro
ess of the three (Poisson, Aalen,Hawkes) from an adaptive statisti
al point of view. It is also a 
onstant sour
e of inspira-tion. Let us just point out some of the most basi
 problems that a pra
titioner/biologistmay stress:1. We do not know the shape, number and position of the lo
alized spikes. Basi
ally weneed to propose an adaptive estimation of h at least.2. The intera
tion range 
annot be larger than 10,000 bases, sin
e after this length theDNA 3D stru
ture may interfere, but it 
an be as small as 20 bases or even less. Thepro
edure has 
onsequently to be adaptive to the support. Is this possible ? Whatdoes this mean theoreti
ally speaking?4



3. The fun
tions should have not many but very lo
alized spikes. What does this meanfrom the point of view of fun
tional analysis? What is a
tually the set of targetfun
tions? Can they really be 
onsidered as smooth, ie derivable, with the onlyunknown quantity being its regularity?4. And �nally, the question all statisti
ians fa
e when they want to implement theirmethod: there is one tuning parameter (or more) in the method, how should we
hoose it?A
tually, ea
h question asks for a 
omplex development depending on how sharp theanswer needs to be. For instan
e, one 
annot provide a good adaptive statisti
al pro
edurewithout having spe
i�
 probabilisti
 te
hniques su
h as exponential inequalities. So wedevote a part of this work to des
ribe probabilisti
 tools that �t the statisti
al needs. Evenso, the answers are not 
omplete for Hawkes pro
esses, sometimes be
ause the probabilisti
part is missing, sometimes be
ause the stru
ture itself prevents to use spe
ial adaptivemethods. Even if the method we developed for Hawkes pro
ess works well, it is not theend of the story. So we tried to answer to those questions in easier set-up (basi
ally Poisson)so that the answers be
ome more a

urate.The report is organised as follows. In Chapter 2, the model sele
tion is developedfor the Poisson, Aalen and Hawkes framework, the link with the probabilisti
 inequalitiesis emphasized. In Chapter 3, we stress how the question of the support was handled inpra
ti
e for Hawkes pro
esses but also what this problem means for Poisson pro
esses.In the Poisson framework, the answer is more a

urate theoreti
ally speaking. It revealsa surprising behaviour with respe
t to the adaptivity to the support: there is a
tually a
urse of support in the sense that it 
an modify the rate of 
onvergen
e. Next, we developin Chapter 4 the understanding of "good" target fun
tions from a minimax and maxisetpoint of view. The answer is again surprising: for su
h spiky fun
tions it may be as di�
ultto test as to estimate. Chapter 5 is dedi
ated to ad ho
 
alibration methods for Hawkespro
esses and theoreti
al 
alibration for Poisson pro
ess. The appendi
es present a list ofthe published papers that are des
ribed here and a short presentation of what 
an be doneafter that.Finally, let us just introdu
e a notation whi
h will avoid tedious explanations. We usein the sequel the notation � whi
h represents a positive fun
tion of the parameters thatare written in indi
es. Ea
h time �θ is written in some equation, one should understandthat there exists a positive fun
tion of θ su
h that the equation holds. Therefore the valuesof �θ may 
hange from line to line and even 
hange in the same equation. When no indexappears, � represents a positive absolute 
onstant.

5



Chapter 2Model Sele
tionThe model sele
tion method in its theoreti
al adaptive presentation has been introdu
edand developed by Barron, Birgé and Massart [9℄. Massart's 
ourse [51℄ in Saint-Flour is oneof the best referen
e on this topi
. In parti
ular, Massart emphasizes how 
on
entrationinequalities are the fundamental tool to perform model sele
tion. In the next se
tions,a brief summary of the model sele
tion method is given for Poisson pro
esses, and the
orresponding exponential inequality is given. Then the main di�
ulties arising for other
ounting pro
esses are emphasized.2.1 Poisson frameworkThis se
tion is mainly inspired by [57℄, but we give a simpler version here. We observe aPoisson pro
ess N , on X (say a �nite subset of R
d) and we want to estimate its intensity

s with respe
t to the Lebesgue measure. Let T be the Lebesgue measure of X, assumed tobe �nite.We work with the L2-norm de�ned by
||f ||2 :=

1

T

∫

X

f2(x)dx,and we de�ne the following least-square 
ontrast
γ(f) := − 2

T

∫

X

f(x)dNx +
1

T

∫

X

f2(x)dx. (2.1.1)Note for instan
e that
E(γ(f)) = − 2

T

∫

X

f(x)s(x)dx+
1

T

∫

X

f2(x)dx = ||f − s||2 − ||s||2,whi
h is minimal when f = s. Hen
e minimizing the least-square 
ontrast should enableus to obtain a "good" estimator.Other 
ontrasts may be used. Usually people in point pro
esses theory use MLE ([74℄,[53℄, [54℄) whi
h 
orresponds to the minimization of
− 2

T

∫

X

ln(f(x))dNx +
1

T

∫

X

f(x)dx,but those 
ontrasts are a
tually more di�
ult to handle than least-square 
ontrasts formodel sele
tion (see [51, Chapter 7℄ for an extensive 
omparison of both 
ontrasts in thedensity setting). 6



Next the 
ontrast 
an be minimized on a �nite ve
torial subspa
e S of L2 with orthonor-mal basis given by {ϕ1, . . . , ϕD}. The minimization leads to the proje
tion estimator of s
ŝ =

D
∑

i=1

(
∫

X

ϕi(x)
dNx

T

)

ϕi. (2.1.2)Let us study the risk of ŝ, E(||s − ŝ||2). To do so, let us introdu
e s̄ the orthonormalproje
tion of s on S. This gives
E(||s− ŝ||2) = ||s− s̄||2 +

1

T

D
∑

i=1

∫

ϕ2
i (x)s(x)dx. (2.1.3)The �rst term is a bias term, it de
reases when S in
reases whereas the se
ond term, thevarian
e term, in
reases with the dimension D of S. Obviously �nding the best 
ompromisedepends on s.Hen
e model sele
tion 
onsists in sear
hing for the "best" S in a family of models(ie, here, �nite ve
torial subspa
es) {Sm,m ∈ MT }. To ea
h model Sm let us asso
iatethe proje
tion estimator ŝm and the orthonormal proje
tion of s on Sm, sm. In a naiveapproa
h, the best model we should use, is of 
ourse

m̄ := argminm∈MT
E(||s− ŝm||2).This model, m̄, is 
alled the ora
le. Of 
ourse we 
annot obtain it without knowing s.Mallows [49℄ �rst noti
ed in the Gaussian framework that a
tually one 
an rewrite theprevious formula. One 
an adapt the 
omputations here to �nd very easily that

m̄ = argminm∈MT

{

E(γ(ŝm)) + 2E(||sm − ŝm||2)
}

.It is possible to estimate the previous quantity without bias. Let us denote by (ϕλ,m)λ anorthonormal basis of Sm. One obtains the following 
hoi
e
m̂ := argminm∈MT

{

γ(ŝm) + 2

∫

∑

λ

ϕ2
λ,m(x)

dNx

T 2

}

.More generally, we 
onsider minimization of the type
m̂ := argminm∈MT

{γ(ŝm) + pen(m)} (2.1.4)and s̃ = ŝm̂ is the penalized proje
tion estimator.We would like to prove that the 
hoi
e m̂ is "good" meaning that it 
an satisfy anora
le inequality in expe
tation, typi
ally
E(||s̃− s||2) ≤ CE(||ŝm̄ − s||2) = C inf

m∈MT

E(||s− ŝm||2), (2.1.5)with C an adequate (not too large) multipli
ative fa
tor. This would mean that we areable, without knowing m̄ to �nd a model m̂ that is performing in essentially the sameway. However, we do not obtain (2.1.5): there is usually a small additive error, whi
h isnegligible, and, most importantly, C may grow slowly with T depending on the family ofmodels. 7



2.1.1 HistogramsLet us illustrate this behaviour on the simplest estimators: histograms on an interval (ie
X = [0, T ]). This example is fundamental to understand what model sele
tion 
an or
annot do. This example is also the only one that has been treated for Hawkes pro
esses.Let Sm be a ve
torial subspa
e of L2 de�ned by

Sm =

{

g
/

g =
∑

I∈m

aI1I , aI ∈ R

}

,where m is a set of disjoint intervals of X. For histograms, it is a
tually natural to identifythe model Sm and the setm, whi
h is 
alled in the sequel "model" too for sake of simpli
ity.Let |m| denote the number of intervals in m.A strategy refers to the 
hoi
e of the family of models MT . To avoid any 
onfusion,let #{MT } denote the number of models m in MT . In the sequel, a partition Γ of [0, T ]should be understood as a set of disjoint intervals of [0, T ] su
h that their union is thewhole interval [0, T ]. A regular partition is su
h that all its intervals have the same length.We say that a model m is written on Γ if all the extremities of the intervals in m are alsoextremities of intervals in Γ. For instan
e if Γ =
{

[0, 0.25], (0.25, 0.5], (0.50.75], (0.75, 1]
}then {[0, 0.25], (0.25, 1]

} or {[0, 0.25], (0.75, 1]
} are models written on Γ. Now let us givesome examples of families MT . Let J and N be two positive integers.Nested strategy Take Γ a dyadi
 regular partition (i.e. su
h that |Γ| = 2J). Then take

MT as the set of all dyadi
 regular partitions of [0, T ] that 
an be written on Γ,in
luding the void set. In parti
ular, note that #{MT } = J + 2. We say that thisstrategy is nested sin
e for any pair of partitions in this family, one of them is alwayswritten on the other one.Irregular strategy Assume now that we know that s is pie
ewise 
onstant on [0, T ] butthat we do not know where the 
uts of the resulting partition are. We 
an 
onsider
Γ a regular partition su
h that |Γ| = N and then 
onsider MT the set of all possiblepartitions written on Γ, in
luding the void set. In this 
ase #{MT } ≃ 2N .Islands strategy This last strategy has been espe
ially designed to answer biologi
alquestions. We think that s has a very lo
alized support. The interval [0, T ] is reallylarge and in fa
t s is non zero on a really smaller interval or a union of really smallerintervals: the resulting model is sparse. We 
an 
onsider Γ a regular partition su
hthat |Γ| = N and then 
onsider MT the set of all the subsets of Γ. A typi
al m
orresponds to a ve
torial spa
e Sm where the fun
tions g are zero on [0, T ] ex
ept onsome disjoints intervals whi
h look like several "islands". In this 
ase #{MT } = 2N .For all the previous strategies one 
an prove the following result.Proposition 1 (RB 2003). Let {Lm,m ∈ MT } be a family of positive weights su
h that

∑

m∈MT
e−Lm|m| ≤ Σ and assume that |Γ| ≤ T (lnT )−2. For any c > 1, if

pen(m) =
cM̃ |m|
T

(1 +
√

2κLm)2 with M̃ = sup
I∈Γ

NI

µ(I)
,then

E(||s− s̃||2) ≤ �c inf
m∈MT

[

||s− sm||2 +
M |m|
T

(1 + Lm)

]

+ �c,Σ,M
1

T
, (2.1.6)8



where
M = sup

I∈Γ

∫

I s(x)dx

µ(I)
.NB : κ is an absolute 
onstant, κ = 6 works.This result is an adapted and simpler version of the one presented in [57℄. Note that inthe original paper, one 
an deal with any kind of ve
torial subspa
es, whi
h satisfy suitableassumptions. In parti
ular, the Fourier basis or wavelet bases may be 
onsidered.To shorten mathemati
al expressions, we used �c and �c,Σ,M even if pre
ise formulasare available. When asymptoti
 in T is performed, we 
onsequently need to make c,Σand M independent of T . However any dependen
y between MT and T is allowed. Inthis sense, the result of (2.1.6) (as the ones due to Barron, Birgé and Massart [9℄) is nonasymptoti
 with respe
t to various existing works (su
h as Mallows' [49℄) where the familyof models is held �xed whereas T tends to in�nity. To obtain (2.1.6), the fundamentaltool is to derive non asymptoti
 exponential inequalities, as we will in the sequel. Beforestating these probabilisti
 results, let us understand the di�erent behaviours of (2.1.6) withrespe
t to the di�erent strategies.Note that for the Nested strategy there exists at most one model m in the familywith dimension |m| = D and therefore 
hoosing Lm = ǫ > 0 �xed leads to a quantity Σindependent of T whatever Γ is. We 
an also remark thatM |m|/T is a natural upper boundfor the varian
e term (see (2.1.3)) and that it is su�
ient to assume that s is lower boundedon X to lower bound the varian
e term by r|m|/T where r = infx∈X s(x). Therefore theresult is exa
tly an ora
le inequality as expe
ted in (2.1.5) with a true 
onstant C, up tosome negligible residual term. The Nested strategy is 
onsequently adaptive in the minimaxsense when Hölder 1 fun
tions with unknown regularity 0 < α < 1 are 
onsidered. Indeed,

MT may be large enough to guarantee the existen
e ofm inMT su
h that |m| ≃ T 1/(2α+1).But for this pe
uliar m, ŝm a
hieves the minimax rate of 
onvergen
e, namely T−2α/(2α+1).The ora
le inequality dire
tly proves that the same rate holds for our penalized proje
tionestimator. More generally, in the same spirit, the use of wavelet bases proves the minimaxadaptivity with respe
t to Besov spa
es (see [57℄ for more details).On the other hand, for the Irregular or Islands strategies, there are approximately
(N/D)D models in the family with the same dimension |m| = D, therefore one has totake Lm = α ln(N) or α ln(N/D) to ensure that Σ will not depend on T whatever Γ is (inparti
ular when N = T ). In this 
ase we re
over an ora
le inequality (see (2.1.5)) where Cwhi
h is multiple of ln(T ) basi
ally, up to some negligible residual term. This phenomenonis a
tually unavoidable when 
onsidering su
h 
omplex families of models (ie families with
omplex 
ardinality: there are more models with the same dimension D than a power of
D). Indeed, there exists a minimax lower bound (see Proposition 4 of [57℄) that provesthe existen
e of this logarithmi
 fa
tor. See also [10℄ and [11℄ for a more thorough studyin the Gaussian set-up.1Here, a fun
tion f is Hölder with regularity α on [0, T ] if there exists a �xed positive real number
R > 0 su
h that for all x, y ∈ [0, T ], |f(x) − f(y)| ≤ R (|x − y|/T )α .

9



2.1.2 Con
entration inequalitiesThe fundamental probabilisti
 ingredient to show su
h ora
le inequalities is to 
ontrol thedeviations of ||sm − ŝm|| whi
h 
an be written, in the more general set-up, as
χ(m) =

√

√

√

√

∑

λ

(
∫

X

ϕλ,m(x)
dNx − s(x)dx

T

)2

,where (ϕλ,m)λ is an orthonormal basis of Sm.In [51℄, Massart emphasizes the link between Gaussian 
on
entration phenomenon (dueto Cirel'son, Ibragimov and Sudakov [19℄) and ora
le inequalities in the Gaussian set-up,but also the link between Talagrand's inequality [70℄ (and the su

essive improvementsdue to Ledoux [46℄, Massart [50℄, Klein and Rio [44℄ or Bousquet [12℄) and the densityestimation or the 
lassi�
ation problem. For Poisson pro
esses, the existing inequalities([75℄, [34℄) were not sharp enough to build ni
e ora
le inequalities. Using the in�nitelydivisible properties of the Poisson pro
ess and Ledoux/Massart's approa
h, one gets thefollowing resultTheorem 1 (RB 2003). Let N be a Poisson pro
ess on X with �nite mean measure ν. Let
{ψa, a ∈ A} be a 
ountable family of fun
tions with values in [−b; b]. If

Z = sup
a∈A

∫

X

ψa(x)(dNx − dνx),then for all u, ε > 0,
P(Z ≥ (1 + ε)E(Z) + 2

√
κvu+ κ(ε)bu) ≤ e−u,with

v = sup
a∈A

∫

X

ψ2
a(x)dνxand κ = 6, κ(ε) = 1.25 + 32ε−1.This result, whi
h 
an be found in [57℄, has essentially the same �avour as Talagrand'sinequality. The point measure repla
e the empiri
al measure of Talagrand's inequality andthe mean measure repla
es the expe
tation. The main di�
ulty with respe
t to Talagrand'sinequality is that it is not a straight appli
ation of it. Indeed, by using the in�nite divisibleproperty of the Poisson pro
ess, it is true that all the integrals 
an be viewed as a sum ofiid variables but those variables are not bounded. Here the bounded 
hara
ter is pla
ed onthe fun
tions ψa. One 
an also note that the term κ appearing in Theorem 1 is a
tuallythe same as the one appearing in the penalty of Proposition 1. The shape of the penaltythat is required to obtain an ora
le inequality is a
tually 
ompletely related to the shapeof this 
on
entration inequality. Indeed it is now easy to obtain an exponential inequalityfor χ(m), sin
e

χ(m) = sup
f∈Sm,||f ||=1

1

T

∫

f(x)(dNx − s(x)dx).Corollary 1 (RB 2003). Let
Mm = sup

f∈Sm,||f ||=1

1

T

∫

X

f2(x)s(x)dx and Bm = sup
f∈Sm,||f ||=1

||f ||∞.10



Then for all u, ε > 0,
P

(

χ(m) ≥ (1 + ε)

√

1

T

∑

λ

∫

ϕ2
λ,m(x)s(x)dx +

√

2κMmu

T
+ κ(ε)

Bmu

T

)

≤ e−u. (2.1.7)One 
an see that there are a
tually two behaviours. When u is small, the behaviouris Gaussian with a varian
e of the order Mm/T ≤ ||s||∞/T whi
h does not grow with thedimension |m| of the model. When u is large, the behaviour is sub exponential.There are several improvements of this inequality. First it is possible by restri
tingoneself to a large event, depending on the model Sm, to privilege the Gaussian behaviour(see Proposition 9 of [57℄). This is a 
lassi
al tri
k due to Massart, whi
h is easily doneon
e one has a Talagrand like inequality. Using this tri
k and simplifying a little, thepenalty is obtained by keeping the �rst two terms of (2.1.7) with u = Lm. The fa
t that
c > 1 in Proposition 1 is dire
tly 
onne
ted with the fa
tor (1 + ε) in (2.1.7).But it is also possible to improve, for instan
e in the 
ase of histograms, the sub-exponential behaviour. This is at the root of the paper [33℄ whi
h is a joint work with C.Houdré and P. Mar
hal. To do so, one uses a 
omplete di�erent te
hnique using 
ovarian
eformulas, whi
h applies for any in�nitely divisible variables. It is possible (see [33℄ for moredetails) to repla
e for large u, the rate e−u by e−u ln u. This does not 
hange the statisti
alinferen
e, be
ause we fo
us on the Gaussian behaviour for the model sele
tion approa
h.However this shows that there exists more-than-exponential moments for variables as χ(m),when they are norms of ve
tors with independent 
oordinates. This means that thereexists a positive λ su
h that E(exp[λχ(m) log χ(m)]) is �nite. This result was known sin
eRosi�nski's work [65℄, and we have extended it by proving that the range of su
h possiblepositive λ does not depend on the dimension of Sm. A
tually the result holds for anyeu
lidean norm of ve
tors with in�nitely divisible independent 
oordinates whose Lévymeasure has a �nite support. This and other dimension-free results for in�nitely divisiblevariables may be found in [33℄.2.2 Other 
ounting pro
esses (Aalen, Hawkes)In this se
tion, let us present a uni�ed approa
h for the Aalen multipli
ative intensity andthe Hawkes pro
ess. This approa
h is the one used in the joint work with S. S
hbath [62℄for the Hawkes 
ase. A slightly di�erent approa
h has been used in [59℄ for the Aalen 
ase.Let us re
all that the notation s represents the deterministi
 unknown fun
tion appearingin (1.1.2) for the Aalen set-up and that we basi
ally assume that s in this 
ase belongs to

L2 =

{

g with support in [0, A]
/

∫ A

0
g2 <∞

}

.Note that the natural 
orresponding norm is ||g||2 =
∫ A
0 g2.For the Hawkes pro
ess (see (1.1.3)), s = (ν, h) represents the 
ouple where ν is thespontaneous rate of apparition (this is a real number) and h is the intera
tion fun
tion. Inthis 
ase, we basi
ally assume that s belongs to

L2 =

{

f = (µ, g)
/

g with support in (0, A] and ∫ A

0
g2 <∞

}

.In this 
ase, the natural 
orresponding norm is ||f ||2 = µ2 +
∫ A
0 g2.11



In both 
ases, the intensity of the pro
ess Λ(t) is of the shape Ψs(t), where Ψ is alinear appli
ation that transforms any f in the 
orresponding L2 spa
e into a predi
tablepro
ess. Indeed for the Aalen 
ase, Ψf (t) = Ytf(t) and in the Hawkes 
ase, Ψf (t) =

µ +
∫ t−
t−A g(t − u)dNu. Note that the Poisson pro
ess is also of this type with Ψf = f .A
tually, the preliminary forth
oming 
omputations are true for any kind of 
ountingpro
ess whose intensity will have this linear shape. However the 
orresponding theoreti
alresult is not published anywhere, be
ause at the end there are always di�
ult quantitiesto 
ontrol and those 
ontrols are so spe
i�
 to ea
h kind of pro
ess that a general, but stillmeaningful, ora
le inequality is di�
ult to write.Let us observe the 
ounting pro
ess N on an interval [0, T ] (or (−A,T ] for the Hawkespro
ess) and let us de�ne a least-square 
ontrast by

∀f ∈ L2, γ(f) = − 2

T

∫ T

0
Ψf (t)dNt +

1

T

∫ T

0
Ψf (t)2dt. (2.2.1)Indeed, be
ause of the martingale properties, one easily sees that the 
ompensator ofthe previous formula at time T is

− 2

T

∫ T

0
Ψf (t)Ψs(t)dt +

1

T

∫ T

0
Ψf (t)2dt =

1

T

∫ T

0
Ψf−s(t)

2dt− 1

T

∫ T

0
Ψs(t)

2dt.Hen
e the expe
tation of γ(f) is minimal when Ψf−s(t) = 0 for almost every t almostsurely. The fa
t that this implies that f = s depends of 
ourse of the pro
ess. For theAalen multipli
ative 
ase, this amounts to assume that E(Y 2
t ) > 0 for all t ≤ A whereas itis more di�
ult to prove but still true for Hawkes pro
esses when one assumes that h hasa bounded support.We divided by T so that the 
ontrast is exa
tly the one we used for Poisson pro
ess,but this division does not 
hange the point were the minimum is rea
hed, so it is not reallyne
essary. Note that for the Poisson pro
ess, the division by T was a ni
e way to introdu
easymptoti
 properties when T tends to in�nity. Indeed remark that to derive a true ora
leinequality we basi
ally assumed the intensity to be lower bounded. Hen
e if T grows,the total number of points grows. This vision is still the 
orre
t one for Hawkes pro
esses:when T grows, one observes more and more intera
tions so the estimation should be better.However for the Aalen 
ase, it is not true that the estimation is better when the time Tgrows. Think for instan
e of the right-
ensored 
ase where we want to estimate the hazardrate of the life time of only one patient. There is absolutely no way to think that be
auseone observes this patient longer (after his death), we will obtain more information. Onthe 
ontrary, our estimation will improve when the total number of patients is growing,and this will be true for any kind of aggregated pro
esses. In [59℄, a slightly di�erentleast-square 
ontrast was used but it heavily depends on the multipli
ative shape of theintensity. Here we only need the linear transformation Ψ.We 
an pursue the 
onstru
tion of the proje
tion estimators as before. If Sm is a �niteve
torial subspa
e of L2 then

ŝm := argminf∈Sm
γ(f). (2.2.2)Note however that it is not evident to �nd a 
losed-form expression for the solution of thisminimization. Indeed, with respe
t to the Poisson 
ase (2.1.1), on the right hand side of(2.2.1) appears a random quantity

DT (f) :=
1

T

∫

Ψf (t)2dt12



whi
h is a random quadrati
 form on L2. It happens that in the Poisson 
ase it is the
L2-norm and that it is su�
ient to write f on an L2-basis to �nd the solution, as we haveseen before.In the Aalen 
ase, a 
losed-form expression exists in the 
ase of histograms be
ausethe natural basis, namely (1I)I∈m, is orthogonal for this quadrati
 form. This 
ase wastreated in [59℄. The other 
ase, also treated in [59℄, 
onsists in 
onsidering random models
Sm so that a -random- orthonormal basis was known for this quadrati
 form. Again, inthis 
ase, a 
losed-form expression was available.For Hawkes pro
esses, none of the previous tri
ks worked and only a 
omputer 
an givethe solution of the minimization. Nevertheless, this is just a quadrati
 minimization, so itis not time 
onsuming.Next we 
onsider a family of models {Sm,m ∈ MT } and we 
onsider again

m̂ := argminm∈MT
{γ(ŝm) + pen(m)} , (2.2.3)and s̃ = ŝm̂.2.2.1 Exponential inequalities for 
ounting pro
essesAs one 
an see on the Poisson 
ase, the penalty is dire
tly linked to the 
on
entration in-equality. Hen
e, before stating the 
orresponding ora
le inequalities, let us stress the mainproblems and results o

urring when we deal with general 
ounting pro
esses. Withoutfurther details, it is quite obvious to see that the main quantity to 
ontrol is

χ(m) =

√

√

√

√

∑

λ

(
∫ T

0
Ψϕλ,m

(x)
dNx − Λ(x)dx

T

)2

= sup
f∈Sm,||f ||=1

∫ T

0
Ψf (x)

dNx − Λ(x)dx

T
,where (ϕλ,m)λ is an orthonormal basis of Sm. In [58℄, the 
ompensator of a supremum of
ounting pro
esses was 
omputed. It allows to derive the following resultTheorem 2 (RB 2006). Let (Nt)t≥0 be a 
ounting pro
ess with intensity Λ(t) assumedto be almost surely integrable on [0, T ]. Let {(Ha,t)t≥0, a ∈ A} be a 
ountable family ofpredi
table pro
esses and let

∀t ≥ 0, Zt = sup
a∈A

∫ t

0
Ha,s(dNs − Λ(s)ds).Then the 
ompensator (At)t≥0 exists, is non negative et non de
reasing and

∀0 ≤ t ≤ T, Zt −At =

∫ t

0
∆Z(s)(dNs − Λ(s)ds),for a parti
ular predi
table pro
ess ∆Z(s) satisfying ∆Z(s) ≤ supa∈AHa,s.Moreover, if the Ha,s's have values in [−b, b] and if ∫ T

0 supa∈AH
2
a,sΛ(s)ds ≤ v almostsurely for some deterministi
 
onstants v and b, then for all u > 0,

P

(

sup
[0,T ]

(Zt −At) ≥
√

2vu+
bu

3

)

≤ e−u.13



This result is a shortened version of Proposition 1 and Theorem 1 of [58℄. This resultseems more general than Theorem 1 be
ause it deals with general 
ounting pro
esses andas i
ing on the 
ake, we obtain an additional supremum on t. But this has a 
ost. Indeedwe 
an observe that there is an ex
hange between the supremum and the integral in thede�nition of v. This 
ost may seem 
ompletely unavoidable in dependent setting. Forinstan
e the results developed by Wu [75℄ and Houdré and Privault [34℄, using martingaleste
hniques, present this ex
hange. This ex
hange was also noti
ed in other dependentset-up (see for instan
e Samson's work on Markov 
hains [66℄).To understand more pre
isely what this ex
hange means, let us apply the previousresult to χ(m).Corollary 2 (RB 2006). Let
C =

∑

λ

∫ T

0

Ψϕλ,m
(x)2

T 2
Λ(x)dx,and assume that C is bounded by v and ∑λ Ψϕλ,m

(x)2 is bounded by b for all x ∈ [0, T ].Then, for all u > 0,
P

(

χ(m) ≥
√
C + 3

√
2vu+ bu

)

≤ 2e−u.Assume than in our 
ase, one 
an suppose ∫ Ψϕλ,m
(x)2Λ(x)dx bounded by some �xed
onstant. If we denote by Dm the dimension of Sm then the Gaussian part has a varian
eof the order Dm/T and grows with the dimension of Sm, whereas it was a 
onstant for thePoisson 
ase. The ora
le-type inequality that we derive using this exponential inequality
annot be as sharp as the one we obtained for Poisson pro
esses in general.Re
ently, Baraud [6℄ proves via 
haining argument a result that supersedes Corollary 2to some extent. His result a
tually states, in a more general set-up than the one of 
ountingpro
esses, that one 
an obtain a Gaussian part with dimension-free varian
e at the 
ost ofa larger 
onstant term (ie the 
on
entration phenomena in his 
ase is not around √

C butaround something larger). In good 
ases (spe
ial 
hoi
es of u ≃ Dm and "ni
e" 
ountingpro
esses), it may happen that one re
overs the order of magnitude of the Poisson 
aseinstead of the present deteriorate rate.2.2.2 Ora
le inequalitiesIt is quite inappropriate to write a general ora
le inequality, be
ause it heavily dependson the norm one 
onsiders. The natural "norm" we would like to 
onsider is DT (f). But
DT (f) is a random quadrati
 form and not stri
tly speaking a norm: it may eventuallybe null for some non zero f . Of 
ourse this fun
tion f would have to be random and verype
uliar. It is easier to understand it in the Aalen 
ase, even if the same phenomenonapplies for Hawkes pro
esses. If Yt = 0 on some subinterval of [0, T ], then a fun
tion fwhi
h is non zero on this random interval is a solution. Assuming that E(Y 2

t ) > 0 onthe whole interval [0, T ] does not prevent the random variable to be null eventually. Forthe Aalen 
ase, one has to restri
t oneself to the event {Yt bounded from below on [0, T ]}.More generally we will have to restri
t oneself at least to the event
E =

{

∀m ∈ MT , ∀f ∈ Sm, r2||f ||2 ≤ D2
T (f) ≤ R2||f ||2

}

, (2.2.4)for some �xed 
onstants r and R, with ||f || the natural norm on L2. But then of 
oursethe resulting ora
le inequality (2.1.5) 
annot hold in expe
tation on the whole probability14



spa
e. To do so, among other te
hni
alities, one obviously needs to 
ontrol P(Ec) and thisis basi
ally not related to a the martingale stru
ture of the 
ounting pro
ess but to someadditional properties.Aalen multipli
ative intensityFor the Aalen 
ase, the additional properties may 
ome from the aggregated 
ase. Let usjust give a brief summary of the type of ora
le inequalities that 
an be found in [59℄.
• If one uses histograms, and if, among other te
hni
al assumptions, one assumes that
N is a bounded aggregated pro
ess, then a result stri
tly equivalent to Theorem 1 isavailable, sin
e Talagrand's inequality 
an be used on the aggregated pro
ess.

• If one uses random models, with known orthonormal basis for DT (f), then one isfor
ed to use the exponential inequality of Corollary 2.� Hen
e the ora
le inequality is limited to not too 
omplex families of models.One model per dimension is the basi
 
ase, for whi
h the penalty should be
pen(m) = cDm/T for some large enough 
onstant c.� the ora
le inequality is stated as follows

E(DT (s− s̃)1E) ≤ �c,s inf
m∈MT

[

E(DT (s− ŝm)) +
Dm

T

]

+ �c,s
1

T
.� One 
an 
ontrol E if one assumes again the pro
ess to be aggregated.Note that the approa
h based on least-square 
ontrasts for aggregated 
ounting pro-
esses has been developed and widened by Brunel and Comte (and 
o-authors) in a su
-
ession of papers, in parti
ular under various type of 
ensoring (see for instan
e [16℄ and[17℄).Hawkes pro
essesFor the Hawkes pro
ess, one 
annot use that N is an aggregated pro
ess any more andthat the individual pro
esses are more or less bounded. It is true that the Hawkes pro
essis in�nitely divisible but it is typi
ally unbounded, the number of points per intervalbeing sensibly larger than a Poisson variable (exponential moments exist but not of anyorder). The 
on
entration for in�nite divisible variables developed in [33℄ 
annot be applieddire
tly to the resulting χ(m). Indeed χ(m) 
an be viewed as the norm of a random ve
torof in�nitely divisible variables, but the stru
ture of Ψ does not allow those variables to beindependent.However, one still needs to 
ontrol the event E . A
tually, the Hawkes pro
ess hasergodi
 properties that show that DT (f) tends to a true norm on L2 when T tends toin�nity. Asymptoti
 properties are of no use for model sele
tion, as we already said. Ina joint work with E. Roy [60℄, we derive exponential inequalities for Hawkes pro
esses.Two kinds of inequalities are required: �rst, we want to 
ontrol the number of points ofthe Hawkes pro
ess per interval and se
ond and most importantly, we want to re�ne ina non asymptoti
 way the ergodi
 theorem. This has been done using arguments su
h as
oupling in [60℄. The results of [60℄ imply the following result:15



Lemma 1 (RB Roy 2007). Let (Nt)t∈R be a stationary Hawkes pro
ess, with intensitygiven by Λ(t) = Ψs(t) with s = (ν, h) in L2 and positive h. Note that the de�nition of L2implies that the intera
tion fun
tion h has a bounded support in
luded in (0, A]. Let g be afun
tion of the points of (Nt)t∈R lying in [−A, 0), with values in [−B,B] and zero mean.Let (θt)t∈R be the �ow indu
ed by (Nt)t∈R i.e. g ◦θt is the same fun
tion as before, but nowthe points are lying in [−A+ t, t). Then there exists a positive 
onstant T0(p,A) dependingon p =
∫

h and A, su
h that for all T ≥ T0(p,A)

P

(∣

∣

∣

∣

∣

1

T

∫ T

0
g ◦ θtdt

∣

∣

∣

∣

∣

≥ 2

√

c1Var(g)A log(T )2

T (p− log p− 1)
+

c2BA log(T )2

T (p− log p− 1)

)

≤ �ν,p

T 3
,where c1 and c2 are absolute 
onstants.In [60℄, the key tool is the behaviour of the pro
ess not in terms of martingale but interms of bran
hing pro
ess, when h is non negative. Indeed, one 
an also view the Hawkespro
ess, as the superposition of several layers of points. The �rst layer 
onsists in pointsthat are 
alled "an
estors", whi
h 
onstitutes a homogeneous Poisson pro
ess with rate ν.Then ea
h an
estor, x, gives birth to 
hildren a

ording to a Poisson pro
ess with intensity

h(t−x), and ea
h new 
hild, gives birth to other points a

ording to the same pro
ess. Theme
hanism stops almost surely if ∫ h < 1 be
ause the underlying number of des
endantsof ea
h an
estor is just a Galton-Watson pro
ess with reprodu
ing law, a Poisson law withparameter ∫ h. The Hawkes pro
ess is just the union of all the des
endants and all thean
estors. This 
luster representation has been dis
overed a long time ago by Hawkes andOakes [32℄. In [60℄, the main ingredient 
onsists in understanding what happens when wekeep all the an
estors before 0 and then remove all the ones appearing after 0. Certainlythere is a time, 
alled the extin
tion time, Te, after whi
h no more points 
an be viewed.On the one hand, we derive tail estimates on Te depending on the fun
tion h and on theother hand, we use a 
oupling 
onstru
tion to 
ontrol the total variation distan
e betweenthe pro
ess N and another pro
ess, whi
h will be pie
ewise independent. A more pre
isestatement and variations of Lemma 1 
an be found in [60℄.With Lemma 1, it is long but not that di�
ult to 
ontrol E (see the long version of thepaper [62℄ on arXiv), however to do so and for te
hni
al reasons, we 
annot use any kindof model Sm. For the Hawkes pro
ess, Sm denotes the set of 
ouples (µ, g) where µ is anyreal number and where g is a pie
ewise 
onstant fun
tion on a set m of intervals of (0, A].All the strategies, ie families of possible m's, that were des
ribed as histograms strategiesfor Poisson pro
esses apply here.The only remaining problem is that we need to 
ontrol s̃ on Ec, whi
h 
an be donetheoreti
ally speaking via 
lipping. Let us de�ne for all real numbers H > 0, η > ρ > 0,
1 > P > 0, the following subset of L2:

Lη,ρ
H,P =

{

f = (µ, g) ∈ L2

/

µ ∈ [ρ, η], g(.) ∈ [0,H] and ∫ A

0
g(u)du ≤ P

}

,and let us assume that we know that s belongs to this set. Re
all that the penalizedproje
tion estimator s̃ = (ν̃, h̃) is given by (2.2.3). Then, under the previous assumption,it is natural to 
onsider the 
lipped penalized proje
tion estimator, s̄ = (ν̄, h̄), given, for
16



all positive t, by










































ν̄ =







ν̃ if ρ ≤ ν̃ ≤ η,
ρ if ν̃ < ρ,
η if ν̃ > η,

h̄(t) =







h̃(t) if 0 ≤ h̃(t) ≤ H,

0 if h̃(t) < 0,

H if h̃(t) > H.

(2.2.5)
Theorem 3 (RB S
hbath 2010). Let (Nt)t∈R be a Hawkes' pro
ess with intensity Ψs(.).Assume that we know that s belongs to Lη,ρ

H,P . Moreover assume that all the models in MT ,ie possible sets m of intervals, are written on Γ, a regular partition of (0, A] su
h that
|Γ| ≤

√
T

(log T )3
. (2.2.6)Let Q > 1. Then there exists a positive 
onstant κ depending on η, ρ, P,A,H su
h that if

∀m ∈ MT , pen(m) = κQ
(

|m| + 1
) log(T )2

T
, (2.2.7)then

E
(

||s̄− s||
)2 ≤ �η,ρ,P,A,H inf

m∈MT

[

||s− sm||2 +
(

|m| + 1
) log(T )2

T

]

+ �η,ρ,P,A,H
#{MT }
TQ

,where sm is the orthogonal proje
tion of s on Sm.One 
an 
ompare Proposition 1 and Theorem 3. First |Γ| should be smaller for theHawkes pro
ess: this 
omes basi
ally from the 
ontrol of E , whi
h was unne
essary for thePoisson pro
ess sin
e DT (f) was deterministi
 in this 
ase. Next, weights - the Lm's - wereappearing in the Poisson 
ase: they are repla
ed here by the fa
tor Q log(T ). A
tually the
on
entration we used (Corollary 2) is not sharp enough to use weights as pre
isely as inProposition 1. Indeed sin
e the dimension appears in the varian
e term in Corollary 2,one needs basi
ally to take u = Q ln(T ) to obtain a deviation of the order √Dm/T up tosome logarithmi
 term. On the 
ontrary, the varian
e does not depend on the dimensionin Corollary 1 for the Poisson 
ase and one 
an take u = LmDm.In addition, the penalty has an extra log(T ) fa
tor whi
h 
omes from the fa
t that theintensity Λ(t) is unbounded: Λ(t) behaves basi
ally as the number of points in an intervalof length A, quantity for whi
h we derived tail estimates in [60℄. As we want to 
ontrol iton the whole interval [0, T ] we lose an extra logarithmi
 fa
tor.As before it is possible to prove by using the Nested strategy, that the method isadaptive in the minimax sense for Hölder fun
tions with unknown regularity. Howeverwith respe
t to the Poisson 
ase, two restri
tions appear : (i) the regularity α shouldbelong to (1/2, 1) sin
e |Γ| << √
T , (ii) extra logarithmi
 fa
tors are appearing and we donot know if they are ne
essary.For more 
omplex strategies (Irregular or Islands), if lower bounds have been 
omputed,there are still logarithmi
 fa
tors that 
annot be explained (see [62℄ for more details).A
tually one 
annot be 
ompletely satis�ed with this result. Assuming that one knowsthat s belongs to Lη,ρ

H,P , is a really strong assumption that 
annot be done in pra
ti
e.17



Moreover, for the genomi
 data we wanted to treat, the positivity assumption of h is prob-ably not satis�ed. Indeed a positive fun
tion h 
annot model avoided distan
es betweeno

urren
es, biologi
al phenomena that is known to exist: for instan
e, genes in E. Coliusually do not overlap. The reader may wonder what a possibly negative h means, mathe-mati
ally speaking. The self-intera
tion 
an be modeled in a more general way by a pro
esswhose intensity is given by
Λ(t) =

(

ν +

∫ t−

−∞
h(t− u)dNu

)

+

(2.2.8)where h may now be negative. We have taken the positive part to ensure that the intensityremains positive. Then the 
ondition ∫ |h| < 1 is su�
ient to ensure the existen
e of astationary version of the pro
ess (see [14℄). When h(d) is stri
tly positive there is a self-ex
itation at distan
e d. When h(d) is stri
tly negative, then there is a self-inhibition. It ismore or less the same interpretation as above (see (1.1.3)) ex
ept that now all the previouso

urren
es are voting whether they "like" or "dislike" to have a new o

urren
e at position
t. The major problem is that the 
luster representation does not exist for su
h a pro
ess.Hen
e, there is no ora
le inequality in expe
tation in this 
ase - even if Theorem 2 of [62℄and the remark below tends to prove that an ora
le-type inequality in probability exists.However note that our proje
tion estimators, ŝm, and penalized proje
tion estimators, s̃,do not take the sign of g or h into a

ount for being 
omputed. That is the reason whyone 
an still use the method in pra
ti
e.In the remaining part of [62℄, we try to propose at least a pra
ti
al method, whi
hattempts to ful�l most of the pra
titioner wishes as stated in the introdu
tion but withoutany strong mathemati
al eviden
e beyond Theorem 3. In the next se
tions, I detail morepre
isely what has been done in pra
ti
e for the Hawkes 
ase and what 
an be theoreti
allydone for the Poisson pro
ess.

18



Chapter 3Support AssumptionsIn this 
hapter, the purpose is not to estimate the support of a fun
tion as in [45℄ forinstan
e but to question if it is sensible to assume the support of the underlying signal tobe known and 
ompa
t. So we are merely 
onsidering here the size of the support as anuisan
e parameter.3.1 Hawkes frameworkThe strongest assumption in my opinion that has been done in [62℄ is the support as-sumption. We assumed that the unknown fun
tion h has a �nite support [0, A] and moreimportantly that we know A. On the one hand, this does not seem to be a strong assump-tion be
ause biologists know that after 10000 bases the 3D stru
ture of DNA interferesand that A = 10000 works. But let us take a 
loser look at what happens in pra
ti
e.Let us look more 
losely at the data set 
orresponding to the o

urren
es of the 4290genes along both strands of the 
omplete genome of the ba
terium Es
heri
hia 
oli (T =
9288 442). In [31℄, Gusto and S
hbath already proposed a pra
ti
al method for sele
tingknots for a spline estimation of the fun
tion h. They used an AIC 
riterion that wasshown in pra
ti
e to be relevant for equally spa
ed knots on the whole interval [0, A]. The
orresponding implemented method is named FADO.Figure 3.1 presents the results of the FADO pro
edure [31℄. Here we have for
ed theestimators to be pie
ewise 
onstant to make the 
omparison easier. If the main trend is
aptured, we see that FADO has some �u
tuations until the end of the required interval,namely [0, A], with A = 10000. When do we de
ide that the �u
tuations are negligible?The model sele
tion approa
h, des
ribed in the previous 
hapter, will produ
e essentiallythe same answer if one uses the Nested strategy.But model sele
tion as designed by Birgé and Massart in [10℄ may sele
t a sparsesignal if the model 
olle
tion is 
omplex. This is pre
isely the reason why we introdu
e theIslands strategy for histograms, in addition to the 
lassi
al strategies that are Irregular andNested. This method sele
ts a sparse support. Of 
ourse the method has to be 
alibratedand tested before (see the last 
hapter on 
alibration), but the Islands strategy leads tothe estimator of Figure 3.2.Here the interpretation is easier. Figure 3.2 tells us that

• gene o

urren
es seem to be un
orrelated down to 2600 basepairs - this �rst pointmay not have been guessed with FADO -
• they are avoided at a short distan
e (∼ 0�500 bps) and19
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Figure 3.1: FADO estimator of the intera
tion fun
tion between genes.
• favored at distan
es ∼ 700�2000 bps apart.This is 
ompletely 
oherent with biologi
al observations: genes on the same strand do notusually overlap, they are about 1000 bps long in average, and there are few intergeni
regions along ba
terial genomes (
ompa
t genomes).Moreover, even if no mathemati
al eviden
e en
ourage us to do so, we are tempted byzooming in on the �rst part of the plot. Indeed one 
an apply the method with A = 5000or A = 2600 be
ause we have a visual sign that nothing signi�
ant appears after that. Werefer to [62℄ for the zoomed results and other biologi
al explanations.Hen
e on the one hand, not all the model sele
tion strategies but at least the Islandsstrategy seems to do the job. It uses the biologi
al knowledge (A = 10000) and produ
esan answer that may have a mu
h smaller support. On the other hand, the several stepspro
edures that 
onsists in zooming in may produ
e something disastrous sin
e we do nothave mathemati
al eviden
e that this pro
edure is robust. Hen
e we would like a pro
edurethat do not need A as an input. For the Hawkes model, this is 
ompletely out of rea
hbe
ause the fa
t that the support is bounded is used everywhere! For instan
e the fa
tthat E(DT (f)) is a norm equivalent to ||.|| strongly relies on the size of A (see (2.2.4) andthe proofs of [62℄). But this problem has a solution for Poisson pro
esses.3.2 Poisson frameworkCan we adaptively infer the intensity without any prerequisite su
h as a known 
ompa
tsupport? Can we adaptively estimate a Poisson intensity on the whole real line? Firstlet us remark that the method des
ribed in Se
tion 2.1 relies strongly on the boundedassumption of X. A
tually, as it is written here, sin
e the asymptoti
 is when T tends toin�nity, taking T = ∞ is a nonsense. However, formally speaking, we 
an rewrite modelsele
tion in the following way. The intensity f is de�ned on the whole real line, we assumethat∫ f < ∞ and f is held �xed. But the mean measure of the Poisson pro
ess is now

dν = f(x)ndx (with respe
t to De�nition 1, s(x) = nf(x)) where now n is tending to20



0 2000 4000 6000 8000 10000

−
2e

−
04

−
1e

−
04

0e
+

00
1e

−
04

2e
−

04

 m =  4

t

es
tim

at
or

Figure 3.2: Islands estimator of the intera
tion fun
tion between genes.in�nity when asymptoti
 is 
onsidered. Indeed, the mean total number of points is n ∫ f ,it grows when n tends to in�nity. Model sele
tion as performed by Baraud and Birgé in [7℄for random measures or by Figueroa-Lopèz and Houdré in [27℄ for Lévy pro
esses 
oversthis 
ase. They both obtain ora
le inequalities under various assumptions on the familyof models. In pra
ti
e they need an a priori on the lo
alisation of the support to have areasonable family of models. In parti
ular they 
annot estimate a regular intensity thathas an in�nite support. Most of the existing pra
ti
al methods (ex
ept kernel estimators)assume that f has a support in
luded in, say, [0, 1]. How do we build an adaptive estimatorof f without su
h a strong assumption?One 
ould think that this problem is a toy problem that has no 
on
rete appli
ation.But this is not the 
ase. There exist data for whi
h one 
annot assume the existen
e of anupper bound and that are typi
ally heavy tailed. This situation happens for instan
e inthe �nan
ial and geologi
al examples mentioned previously (see [52, 71, 36, 27℄) but alsoin a wide variety of situations (see [21℄). All these Poisson pro
esses have in 
ommon tobe highly inhomogeneous with a lot of points having a small size and some points havingextraordinary huge size. There are a
tually statisti
al eviden
e that the tail of the size ofpetroleum �elds is Pareto distributed (see Lepez' Ph.D. thesis [47℄), for instan
e. In gen-eral, the 
lassi
al argument for applying 
lassi
al methods that need support assumptions,
onsists in assuming that we know a 
onstant M su
h that the support of f is 
ontained in
[0,M ]. Then, observations are res
aled by dividing ea
h of them by M : the new observa-tions (that all depend on M) belong to [0, 1]. An estimator adapted to signals supportedby [0, 1] 
an be performed, whi
h leads to a �nal estimator of f supported by [0,M ] byapplying the inverse res
aling. Note that su
h an estimator highly depends on M . Forheavy tailed data as mentioned before, there is no possible M : a usual and 
lassi
al tri
k(but not mathemati
ally proved) is to res
ale by the largest data in the sample, withoutany guarantee that this does not strongly interfere with the estimation pro
edure.In a joint work with V. Rivoirard [61℄, we opt for a thresholding approa
h, whi
h isthe extension of the work of Juditsky and Lambert-La
roix in the density setting [41℄.21



Thresholding may be viewed as a parti
ular 
ase of model sele
tion but a
tually it hastwo advantages. First it is simpler to implement thresholding rules than general modelsele
tion, and therefore the pre
ision of the method for the same 
omputation time ishigher. Se
ondly, there is a natural way to sum the errors over the whole real line, tri
kthat 
annot be done in general by model sele
tion. Let us des
ribe pre
isely the method andthe resulting ora
le inequality and then emphasize what the support assumption implies.3.2.1 The method and the ora
le inequalityWe only assume that f belongs to L2 ∩ L1 and that we observe N a Poisson pro
ess withintensity f with respe
t to ndx. For te
hni
al reason, we need to use a biorthogonal waveletde
omposition. Let us des
ribe the method.As 
lassi
al orthonormal wavelet bases, biorthogonal wavelet bases are generated bydilations and translations of father and mother wavelets. But 
onsidering biorthogonalwavelets allows to distinguish wavelets for analysis and wavelets for re
onstru
tion. Thede
omposition of f on a biorthogonal wavelet basis takes the following form:
f =

∑

k∈Z

αkφ̃k +
∑

j≥0

∑

k∈Z

βj,kψ̃j,k, (3.2.1)where for any j ≥ 0 and any k ∈ Z,
αk =

∫

R

f(x)φk(x)dx, βj,k =

∫

R

f(x)ψj,k(x)dx,for any x ∈ R,
φk(x) = φ(x− k), ψj,k(x) = 2

j
2ψ(2jx− k),

φ̃k(x) = φ̃(x− k), ψ̃j,k(x) = 2
j
2 ψ̃(2jx− k)and Φ = {φ,ψ, φ̃, ψ̃} is a set of four parti
ular fun
tions: we 
onsider the parti
ularbiorthogonal spline wavelet basis built by Cohen et al. [20℄ (see [61℄ for more details).The most important ingredient is that ψ is a 
ompa
tly supported pie
ewise 
onstantfun
tion. The Haar basis 
an be viewed as a spe
ial 
ase of the previous system, by setting

φ̃ = φ = 1[0,1], ψ̃ = ψ = 1[0, 1
2
]−1( 1

2
,1]. The Haar basis is an orthonormal basis, whi
h is nottrue for general biorthogonal wavelet bases. However, we have the frame property: the L2-norm of f is equivalent to the ℓ2 norm of its wavelet 
oe�
ients. To shorten mathemati
alexpressions, we set

Λ = {λ = (j, k) : j ≥ −1, k ∈ Z}and for any λ ∈ Λ, ϕλ = φk (respe
tively ϕ̃λ = φ̃k) if λ = (−1, k) and ϕλ = ψj,k(respe
tively ϕ̃λ = ψ̃j,k) if λ = (j, k) with j ≥ 0. Similarly, βλ = αk if λ = (−1, k) and
βλ = βj,k if λ = (j, k) with j ≥ 0. Now, (3.2.1) 
an be rewritten as

f =
∑

λ∈Λ

βλϕ̃λ with βλ =

∫

ϕλ(x)f(x)dx. (3.2.2)The estimate of f is based on the natural unbiased estimators of the βλ's de�ned forany λ by
β̂λ =

1

n

∫

ϕλ(x)dN(x) =
1

n

∑

T∈N

ϕλ(T ). (3.2.3)22



This shows the pra
ti
al interest of using the previous wavelet system. Indeed, sin
e thefun
tions ϕλ's are pie
ewise 
onstant fun
tions with an expli
it mathemati
al expression,numeri
al values of these 
oe�
ients 
an be exa
tly and qui
kly 
omputed. This is notthe 
ase with "usual" regular orthonormal wavelet bases for whi
h 
omputations of theasso
iated 
oe�
ients are based on numeri
al approximations, whi
h is not suitable. Keytheoreti
al arguments are also based on su
h bases providing a 
onvenient 
ontrol of thevarian
e of the β̂λ's.Now, let us spe
ify our thresholding rule. Given some parameter γ > 0, we de�ne thethreshold
ηλ,γ =

√

2γṼλ lnn+
γ lnn

3n
||ϕλ||∞, (3.2.4)with

Ṽλ = V̂λ +

√

2γ(ln n)V̂λ
||ϕλ||2∞
n2

+ 3γ lnn
||ϕλ||2∞
n2where

V̂λ =
1

n2

∫

ϕ2
λ(x)dN(x).Note that V̂λ satis�es E(V̂λ) = Vλ, where

Vλ = Var(β̂λ) =
1

n

∫

ϕ2
λ(x)f(x)dx.Finally given some subset Γn of Λ of the form

Γn = {λ = (j, k) ∈ Λ : j ≤ j0} , (3.2.5)where j0 = j0(n) is an integer, we set for any λ ∈ Λ,
β̃λ = β̂λ1{|β̂λ|≥ηλ,γ}

1{λ∈Γn}and we set β̃n = (β̃λ)λ∈Λ. The estimator of f is
f̃n,γ =

∑

λ∈Λ

β̃λϕ̃λ (3.2.6)and only depends on the 
hoi
e of γ and j0 �xed later. Note that when a 
lassi
al modelsele
tion method requires to 
ompute all the proje
tion estimators, the thresholding esti-mator only needs to look at one 
oe�
ient at a time and states if one keeps or kills this
oe�
ient.When the Haar basis is used, the estimate is denoted f̃H
n,γ.The threshold ηλ,γ seems to be de�ned in a rather 
ompli
ated manner but it is infa
t inspired by the universal threshold proposed by Donoho and Johnstone in [25℄ in theGaussian regression framework (see [61℄ for more details).One 
an a
tually rewrite the method as a parti
ular model sele
tion method for aparti
ular 
ontrast whi
h is not the one used in Se
tion 2.1. Indeed for any g =

∑

λ∈Λ αλϕ̃λ,one 
an de�ne the following least-square 
ontrast:
γ′(g) = −2

∑

λ∈Λ

αλβ̂λ +
∑

λ∈Λ

α2
λ,23



for whi
h it is easy to see that E(γ′(g)) is minimal as soon as g = f . Let us de�ne a modelby
Sm =

{

g =
∑

λ∈m

αλϕ̃λ, αλ ∈ R

}

,where m is any subset of indi
es of Λ. Then, obviously,
f̂m := argming∈Sm

γ′(g) =
∑

λ∈m

β̂λϕ̃λ.Now let us look at the following penalized 
riteria
m̂ = argminm⊂Γn

{

γ′(f̂m) + pen(m)
}

,with
pen(m) =

∑

λ∈m

η2
λ,γ .Sin
e γ′(f̂m) = −∑λ∈m β̂2

λ, very easy 
omputations lead to f̂m̂ = f̃n,γ . This means thatour thresholding estimator is just a spe
ial 
ase of model sele
tion where it is not worth
omputing all the f̂m's to obtain the penalized estimator.Combining the advantages of a thresholding pro
edure whi
h looks at one 
oe�
ientat a time and the model sele
tion approa
h, we are able to prove the following statement,whi
h 
annot be re
overed by 
lassi
al model sele
tion methods.Theorem 4 (RB Rivoirard 2010). Let us �x two 
onstants c ≥ 1 and c′ ∈ R, and let usde�ne for any n, j0 = j0(n) the integer su
h that 2j0 ≤ nc(lnn)c
′

< 2j0+1. If γ > c, then
f̃n,γ satis�es the following ora
le inequality: for n large enough

E||f̃n,γ − f ||22 ≤ �γ,c





∑

λ∈Γn

min(β2
λ, Vλ lnn) +

∑

λ6∈Γn

β2
λ



+ �γ,c,c′,||f ||1,Φ
1

n
. (3.2.7)Note that this result holds under the very mild assumption that f ∈ L2 ∩ L1. Inparti
ular no assumption on the support of f is done. Note also that the density may beunbounded in in�nite norm, whi
h is quite unusual (see [61℄ and [63℄ for more details and
omments).This result is a
tually an ora
le inequality. Indeed, we easily see that E

[

||f̂m − f ||22
]

≍
Rℓ2(m) be
ause of the frame property of biorthogonal wavelet basis, with

Rℓ2(m) =
∑

λ6∈m

β2
λ +

∑

λ∈m

Vλ.Hen
e the best possible set of indi
es 
orresponds to m̄ with
m̄ =

{

λ ∈ Γn su
h that β2
λ > Vλ

} (3.2.8)where m̄ minimizes m 7→ Rℓ2(m) and we have
Rℓ2(m̄) =

∑

λ∈Γn

min
(

β2
λ, Vλ

)

+
∑

λ6∈Γn

β2
λ.24



This represents the ben
hmark in the family of estimators that keep or kill ea
h 
oe�
ient
β̂λ. We 
an also asso
iate to m̄ the quantity f̂m̄, whi
h, here, plays the role of the ora
le.Note also that the 
orresponding family of models m (any possible subset of Γn) has a
omplex 
ardinality, as 
omplex as Islands. With this approa
h, we see that Theorem4 provides the best possible inequality up to a logarithmi
 term and a residual term. Asbefore in the model sele
tion approa
h, one 
an see that the logarithmi
 term is unavoidablefrom a minimax point of view for su
h a 
omplex family of models.3.2.2 The 
urse of supportA
tually two arti
les refer to the title of this paragraph. In [61℄, we theoreti
ally studiedthe previous estimator in the Poisson 
ase, and derived strange minimax behaviours withrespe
t to the support assumption. Rapidly people asked us why we were doing su
h ajob for Poisson pro
esses, sin
e for most of our 
olleagues if su
h a phenomenon as a 
urseof support exists, that should be popularized via a more well known set-up, whi
h is theone of density estimation via the observation of a n-sample. Indeed, the fa
t that thedata are usually res
aled in pra
ti
e by the largest observation is mu
h more popular fordensity estimation. The method we developed for Poisson pro
ess, applies to the densitysetting with a lot of additional 
omputations. In my opinion, Poisson pro
esses are forthe density setting what the white noise model is for regression: the 
omputations areeasier, the intuition is better be
ause there are not strange 
onstraints, su
h as ∫ f = 1 forinstan
e. So the density setting was studied in a more applied way in the joint work withV. Rivoirard and C. Tuleau-Malot [63℄.In any 
ase there are de�nitely two aspe
ts for this 
urse of support: a minimax aspe
tand a pra
ti
al aspe
t.Minimax aspe
tLet us study the minimax rate of 
onvergen
e over Besov balls. The Besov balls we 
onsiderare 
lassi
al (see [61℄ or [63℄ for a de�nition with respe
t to the biorthogonal wavelet basis)and denoted Bα

p,q(R). Let us just point out that no restri
tion is made on the support of
f when f belongs to Bα

p,q(R): this support is potentially the whole real line.Without going into details, let us say that in both settings (Poisson or density), whenthe fun
tions are also bounded in in�nite norms, the di
hotomy of Table 3.1 applies.
1 ≤ p ≤ 2 2 ≤ p ≤ ∞
ompa
t support n−

2α
2α+1 n−

2α
2α+1non 
ompa
t support n−

2α
2α+1 n

− α

α+1− 1
pTable 3.1: Minimax rates on Bα

p,q ∩L2 ∩L∞ with 1 ≤ p, q ≤ ∞, α > max
(

0, 1
p − 1

2

) underthe ‖ · ‖2
2-loss.Those minimax results show the role played by the support of the fun
tions to beestimated on minimax rates. When p ≤ 2, the support has no in�uen
e sin
e the rateexponent remains un
hanged whatever the size of the support (�nite or not). Roughly25



speaking, it means that it is not harder to estimate bounded non-
ompa
tly supportedfun
tions than bounded 
ompa
tly supported fun
tions from the minimax point of view.It is not the 
ase when p > 2. A
tually, we note an elbow phenomenon at p = 2 and therate deteriorates when p in
reases: this illustrates the 
urse of support from a minimaxpoint of view. Let us give an interpretation of this observation. Johnstone in [40℄ showedthat when p < 2, Besov spa
es Bα
p,q model sparse signals where at ea
h level, very fewwavelet 
oe�
ients are non-negligible. But these 
oe�
ients 
an be very large. When

p > 2, Bα
p,q-spa
es typi
ally model dense signals where the wavelet 
oe�
ients are notlarge but most of them 
an be non-negligible. This explains why the size of the supportplays a role on minimax rates when p > 2: when the support is larger, the number ofwavelet 
oe�
ients to be estimated in
reases dramati
ally.The rates of Table 3.1 are adaptively a
hieved by our thresholding estimator withrespe
t to p, α and the 
ompa
tness of the support, up to a logarithmi
 term. Let usjust emphasize the following point. Whatever the support of f is - bounded support withunknown lo
alization, large bounded support with unknown size, unbounded support - ourpro
edure does not 
are: we are able to estimate f for the L2 loss at the 
orre
t rate of
onvergen
e, up to a logarithmi
 term.In pra
ti
eFrom a numeri
al point of view, let us just mention what is in my opinion the most strikingexample of this 
urse of support, in the density setting. Gaussian variables are so ni
e thatone usually thinks they have an almost bounded support. Hen
e estimating a mixture ofonly two Gaussian variables should be an easy task.We 
ompared our method to representative methods of ea
h main trend in densityestimation, namely kernel, binning plus thresholding and model sele
tion. The 
onsideredmethods are the following. The �rst one is the kernel method, denoted K, 
onsistingin a basi
 
ross-validation 
hoi
e of a global bandwidth with a Gaussian kernel. These
ond method requires a 
omplex prepro
essing of the data based on binning. The goodtheoreti
al properties of su
h a transformation when the support is known have beenre
ently proved in [15℄. Observations X1, . . . ,Xn are �rst res
aled and 
entred by an a�netransformation denoted T su
h that T (X1), . . . , T (Xn) lie in [0, 1]. We denote fT thedensity of the data indu
ed by the transformation T . We divide the interval [0, 1] into 2bnsmall intervals of size 2−bn , where bn is an integer, and 
ount the number of observationsin ea
h interval. We apply the root transform due to [15℄ and the universal hard individualthresholding rule on the 
oe�
ients 
omputed with the DWT Coi�et-basis �lter. We �nallyapply the unroot transform to obtain an estimate of fT and the �nal estimate of the densityis obtained by applying T−1 
ombined with a spline interpolation. This method is denotedRU. The last method is also support dependent. After res
aling as previously the data,we estimate fT by Willett and Nowak's algorithm [74℄, whi
h is a 
lassi
al model sele
tionbased approa
h. The �nal estimate of the density is obtained by applying T−1. Thismethod is denoted WN.Our pra
ti
al method is implemented in the Haar basis (method H) and in a smootherbiorthogonal basis (method S) with the 
hoi
e γ = 1 (see the last 
hapter on 
alibration).Moreover we have also implemented the 
hoi
e γ = 0.5 in the smoother basis S*.
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The density, gd, 
onsists in a mixture of two standard Gaussian densities:
gd =

1

2
N (0, 1) +

1

2
N (d, 1),where N (µ, σ) represents the density of a Gaussian variable with mean µ and standarddeviation σ. The parameter d varies in {10, 30, 50, 70} so that we 
an see the 
urse ofsupport on the quality of estimation.We generate n-samples of these densities, with n = 1024 and we numeri
ally 
omputefor ea
h estimator f̂ the ISE, i.e. ∫

R
(f − f̂)2.
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Figure 3.3: Re
onstru
tion of gd (true: dotted line, estimate: solid line) for the 6 di�erentmethods for d = 10Figure 3.3 shows the re
onstru
tions for d = 10 and Figure 3.4 for d = 70. In thesequel, the method RU is implemented with bn = 5, whi
h is the best 
hoi
e for there
onstru
tion with d = 10. All the methods give satisfying results for d = 10. When dis large, the res
aling and binning prepro
essing leads to a poor regression signal whi
hmakes the regression thresholding rules non 
onvenient, as illustrated by the method RUwith d = 70. Re
onstru
tions for K, WN, S and S* seem satisfying but a study of theISE of ea
h method (see Figure 3.5) reveals that both support dependent methods (RUand WN) have a risk that in
reases with d. On the 
ontrary, methods K and S are thebest ones and more interestingly their performan
e is remarkably stable (the boxsize isquite small) and the result does not vary with d. This robustness is also true for H andS*. S* is a bit under smoothing. Finally note that, for large d, H is even better than RUdespite the inappropriate 
hoi
e of the Haar basis.Of 
ourse kernel methods be
ome poor when the signal is more spiky, as it always does(see [63℄ for more details). Nevertheless, one sees that the most sophisti
ated methodswith support assumption fail when the support be
omes larger. Similar simulations havebeen done with heavy tailed signals when the tail grows.27
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Figure 3.4: Re
onstru
tion of gd (true: dotted line, estimate: solid line) for the 6 di�erentmethods for d = 70To 
on
lude this 
hapter let us just 
laim again that it is not at all armless to use supportdependent methods. This may 
hange the minimax rate of 
onvergen
e drasti
ally, andin pra
ti
e the 
urse of support is visible too. If interesting parts of the signal are toofar away from ea
h other, any 
lassi
al support dependent method will fail, sin
e basi
allyafter res
aling, the signal be
omes highly irregular.
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Figure 3.5: Boxplots of the ISE for gd over 100 simulations for the 6 methods and the4 di�erent values of d. A 
olumn, delimited by dashed lines, 
orresponds to one method(respe
tively K, WN, RU, S, H, S*). Inside this 
olumn, from left to right, one 
an �ndfor the same method the boxplots of the ISE for respe
tively d = 10, 30, 50 and 70.
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Chapter 4Target fun
tions4.1 Estimation, Maxisets and Minimax point of viewFrom a pure pra
ti
al point of view, what is ni
e with the thresholding estimator builtin [61℄ is the shape of the estimator itself. For easier 
omparison, let us fo
us on theestimation by the Haar basis (method H) in Figures 3.3 and 3.4. This is still an histogramestimator that pre
isely say "zero" when the density seems negligible ie exa
tly what theIslands method does as well in the Hawkes framework. However, in the Islands method,as said previously, one needs to know the maximal size of the support to implement themethod, and the size of support is linked to the size of ea
h interval in Γ. That means thatthe s
ale of estimation, ie the size of ea
h interval in the partition, is �xed : one 
annotgo beyond and rea
h a smallest s
ale. If theoreti
ally speaking, it isn't a big deal (Γ growswith T anyway), in pra
ti
e the limitation 
omes from the 
omputer. After |Γ| = 26it is not 
omputationally possible to obtain the resulting estimator. The main reason isbe
ause one needs to sto
k all the estimators for all possible 
hoi
e of m, ie 226 possibilitiesfor Islands! On the 
ontrary it is not a big deal to produ
e thresholding estimators withsupport [0, 70] and smallest possible s
ale 2−10... The histogram may have until 216 smallintervals and the 
omputation is still fast. The outstanding advantage of thresholding overmodel sele
tion method is its fast 
omputation algorithm.Unfortunately, in the Hawkes model, one 
annot adapt the thresholding method be-
ause we do not have a

ess to an unbias estimate of the 
oe�
ients βλ.Nevertheless, assume that su
h a method may work for Hawkes pro
ess (see also theappendix on future work), then the shape of the estimator H in Figures 3.3 and 3.4is exa
tly what we would like to obtain in order to furnish a good interpretation of theresults: disjoints lo
alized spikes with eventually re�ned s
ales that 
an be rea
hed withoutzooming as for Islands. And the question now is, what are these fun
tions ? One 
annot
ontinue to say "this estimator looks ugly, this one is ni
er". There must be a goodinterpretation of su
h fun
tions via the approximation theory.In my opinion, the most ex
iting 
on
ept when one arrives here is the maxiset notionintrodu
ed in statisti
s by Kerkya
herian and Pi
ard in [42℄. They turn the question upsidedown. Basi
ally the reasoning is as follows "If you like this estimator and what it produ
es,then I 
an tell you what kind of fun
tions it is able to rea
h". Indeed, there has been alot of works 
omputing minimax rates of 
onvergen
e over various Besov or Hölder spa
es,arguing whether the L2-norm, the L∞-norm or the Kullba
k-Leibler distan
e, is the mostpertinent loss. But the regularity spa
e was more or less �xed, only some variation in theparameters were allowed. But do we know what a "typi
al" Besov fun
tion looks like in30



pra
ti
e? More importantly have those fun
tions usually something to do with the set ofreal target fun
tions, our estimators would have to rea
h in pra
ti
e? What Kerkya
herianand Pi
ard introdu
ed, 
hanges our point of view : they des
ribe approximation spa
es viaa statisti
al approa
h.So now the question is: what is the maxiset of the thresholding pro
edure des
ribedpreviously?Let us �rst des
ribe the maxiset approa
h whi
h is 
lassi
al in approximation theory.For this purpose, let us assume that we are given f∗ an estimation pro
edure. The maxisetstudy of f∗ 
onsists in de
iding the a

ura
y of f∗ by �xing a pres
ribed rate ρ∗ and inpointing out all the fun
tions f su
h that f 
an be estimated by the pro
edure f∗ at thetarget rate ρ∗. The maxiset of the pro
edure f∗ for this rate ρ∗ is the set of all thesefun
tions. More pre
isely, we restri
t our study to the signals belonging to L1 ∩L2 and weset:De�nition 2. Let ρ∗ = (ρ∗n)n be a de
reasing sequen
e of positive real numbers and let
f∗ = (f∗n)n be an estimation pro
edure. The maxiset of f∗ asso
iated with the rate ρ∗ andthe L2-loss is

MS(f∗, ρ∗) =

{

f ∈ L1 ∩ L2 : sup
n

{

(ρ∗n)−2
E||f∗n − f ||2

}

< +∞
}

.Maxiset results have been established and extensively dis
ussed in di�erent settings formany 
lasses of estimators and for various rates of 
onvergen
e. Let us just mention inour framework, Autin in [4℄ who derives maxisets for thresholding rules with data-driventhresholds for density estimation.One of the goals of [61℄ is to investigate maxisets for the thresholding estimator f̃γ =
(f̃n,γ)n and we only fo
us on rates of the form ρs = (ρn,s)n, where 0 < s < 1

2 and for any
n,

ρn,s =

(

lnn

n

)s

.So, in the sequel, we investigate:
MS(f̃γ , ρs) =

{

f ∈ L1 ∩ L2 : sup
n

{

(

lnn

n

)−2s

E||f̃n,γ − f ||2
}

<∞
}

,where f̃γ = (f̃n,γ)n is the thresholding pro
edure des
ribed previously. To 
hara
terizemaxisets of f̃γ, we set for any λ ∈ Λ, σ2
λ =

∫

ϕ2
λ(x)f(x)dx and we introdu
e the followingspa
es.De�nition 3. We de�ne for all R > 0 and for all 0 < s < 1

2 ,

Ws =

{

f =
∑

λ∈Λ

βλϕ̃λ : sup
t>0

{

t−4s
∑

λ∈Λ

β2
λ1|βλ|≤σλt

}

<∞
}

,and for any sequen
e of spa
es G = (Γn)n in
luded in Λ, we also de�ne
Bs

2,G =







f =
∑

λ∈Λ

βλϕ̃λ : sup
n







(

lnn

n

)−2s
∑

λ6∈Γn

β2
λ







<∞







.31



These spa
es just depend on the 
oe�
ients of the biorthogonal wavelet expansion. Thespa
esWs 
an be viewed as weak versions of 
lassi
al Besov spa
es, hen
e they are denotedin the sequel Weak Besov spa
es. An interested reader may look at [64℄ for "pi
tures" oftypi
al fun
tions in Weak Besov spa
es. Note that if for all n,
Γn = {λ = (j, k) ∈ Λ : j ≤ j0}with
2j0 ≤

( n

lnn

)c
< 2j0+1, c > 0then, Bs

2,G is the 
lassi
al Besov spa
e Bc−1s
2,∞ if the re
onstru
tion wavelets are regularenough. We have the following result.Theorem 5 (RB Rivoirard 2010). Let us �x two 
onstants c ≥ 1 and c′ ∈ R, and let usde�ne for any n, j0 = j0(n) the integer su
h that 2j0 ≤ nc(ln n)c

′

< 2j0+1. Let γ > c.Then, the pro
edure de�ned in (3.2.6) with the sequen
e G = (Γn)n su
h that
Γn = {λ = (j, k) ∈ Λ : j ≤ j0}a
hieves the following maxiset performan
e: for all 0 < s < 1

2 ,
MS(f̃γ , ρs) = Bs

2,G ∩Ws.The maxiset of f̃γ is 
hara
terized by two spa
es: a Weak Besov spa
e that is dire
tly
onne
ted to the thresholding nature of f̃γ and the spa
e Bs
2,G that handles the 
oe�
ientsthat are not estimated, whi
h 
orresponds to the indi
es j > j0.Hen
e the targets fun
tion are the interse
tion of Weak Besov bodies and 
lassi
alBesov bodies. Remark that the previous result enables us to a�rm for instan
e that one
an estimate unbounded fun
tions at 
onvenient rate, be
ause they belong to the maxiset(see [61℄ for more details). One 
an add that a
tually the minimax rate of 
onvergen
e onthe maxiset MS(f̃γ , ρs) is exa
tly ρs (at least when the Haar basis is 
onsidered) and thatthe logarithmi
 term is indeed unavoidable when one uses thresholding rules. Informallyspeaking, if one likes thresholding estimators be
ause of their "shape", one naturally wantsto estimate target fun
tions in their maxisets. As they are adaptive minimax over theirmaxiset (see [61℄ for more details), one 
annot really improve them, hen
e let us use whenpossible thresholding estimators!4.2 TestsLet us just qui
kly go ba
k again to Se
tion 3.1. We have seen that when the Islandsstrategy is performed in pra
ti
e on the genomi
 data with the Hawkes model, we aretempted by using the method to zoom in. Of 
ourse this leads to questions su
h as, 
an wee�e
tively test that h is null and/or test that h is null after 5000 bases? There is no answeryet, be
ause a
tually the question, even for the simpler Poisson pro
ess, was not that easyto solve. There exists a parametri
 lo
al approa
h due to Da
hian and Kutoyants in [22℄whi
h is quite far from an adaptive pro
edure where the alternatives in terms of h may bequite intri
ate. Let us just fo
us on the �rst question. If h is null, this amounts to test ifthe pro
ess N is an homogeneous Poisson pro
ess, the alternative being that its intensityis given by

Λ(t) = ν +
∑

x∈N,x<t

h(t− x),32



for a non zero fun
tion h.Now let us simplify the problem a bit by 
onsidering this intensity for the alternative:
Λ(t) = ν + h(t),where h is non zero and belongs to the set of possible target fun
tions we des
ribed above.Can we provide an adaptive test that is able to dete
t su
h spiky alternatives? This is thesubje
t of the joint work with M. Fromont and B. Laurent in [29℄.We still observe a Poisson pro
ess N with unknown intensity f(x) wrt ndx on [0, 1].For testing, the bounded support assumption is not a problem sin
e it is part of our nullhypothesis. The fa
t that the interval is [0, 1] just simpli�es some notations. Note thata homogeneous Poisson pro
ess on the whole real line would have an in�nite number ofpoints, hen
e it 
annot be observed in its totality.We assume that ‖f‖∞ <∞ and that one 
an de
ompose f on the Haar basis :

f = α0ϕ0 +
∑

j∈N

2j−1
∑

k=0

α(j,k)ϕ(j,k),with ϕ0(x) = 1[0,1](x) and ϕ(j,k)(x) = 2j/2ψ(2jx− k) where ψ(x) = 1[0,1/2[(x)−1[1/2,1[(x).Let us state our test more pre
isely: we want to test H0: "f is 
onstant" (ie N is homoge-neous) against H1: "f is not 
onstant". Adaptive testing pro
edures 
onsist in designing atest that will be powerful for a wide 
lass of possible spa
es as alternatives. Sin
e testing isnot that usual in adaptive problems, let us point out the main di�eren
es with (adaptive)estimation.First let us understand what happens on one �nite ve
torial subspa
e. Let m ⊂ {(j, k), j ≥
0, k = 0, ..., 2j − 1} and Sm = Span(ϕ0, ϕλ, λ ∈ m). The dimension of Sm is denoted Dm.The least-square or proje
tion estimator (see (2.1.2)) 
an be rewritten with this formalismas

f̂m = β̂0ϕ0 +
∑

λ∈m

β̂λϕλ,with as usual β̂λ = 1
n

∫

[0,1] ϕλ(x)dNx. Let fm be the orthogonal proje
tion of f on Sm,then the risk of this estimator satis�es
E(‖f − f̂m‖2) ≤ ‖f − fm‖2 +

Dm‖f‖∞
n

, (4.2.1)where ||f || represents the 
lassi
al L2 norm on [0, 1]. When we want to test the homogeneity,we a
tually want to reje
t when the distan
e between f and S0 = Span(ϕ0) is too large.This distan
e 
an be estimated and the estimate may be used as test statisti
. This ideais very old. It has been introdu
ed in the Poisson setting by Watson [73℄. The pro
edureis 
onsequently de
omposed as follows:1. We approximate d(f, S0)
2 by ∑λ∈m α2

λ.2. We estimate it in an unbiased way by Tm =
∑

λ∈m Tλ with
Tλ = β̂2

λ − 1

n2

∫

ϕ2
λdN.33



3. Under H0 the law of Tm given that N[0,1] = K is free of f , so there exists t(K)
m,α su
hthat

P(Tm > t(K)
m,α|N[0,1] = K) ≤ α.4. We 
onsequently reje
t when Tm > t
(N)
m,α := t

(N[0,1])
m,α .5. One possible 
hoi
e is t(K)

m,α = q
(K)
m,α the 1 − α quantile of the 
onditional distributionof Tm.The performan
e of the test is measured in term of separation distan
e, i.e. the questionis: under H1, how far from S0 should f be to obtain P(a

ept H0) ≤ β?If P(t

(N)
m,α ≥ Am,α,β) ≤ β/3, and if

d2(f, S0) ≥ ‖f − fm‖2 + �β,‖f‖∞

√
Dm

n
+Am,α,β,then, under suitable assumptions, the error of se
ond kind is less than β (see the pre
iseversion with slightly di�erent notations in Theorem 4 of [29℄). Remark that with respe
tto the estimation part (see (4.2.1)), √Dm is repla
ing Dm. Tests are 
onsequently usuallythought to be easier than the 
orresponding estimation: the separation distan
e seemssmaller than the risk. However the presen
e of Am,α,β is 
ru
ial.If t(N)

m,α = q
(N)
m,α, one 
an prove, using exponential inequalities for degenerate U-statisti
s oforder 2 - whi
h is the 
ase for Tm - that
Am,α,β = �β,‖f‖∞

[

√

Dm log(α−1)

n
+

log(α−1)

n
+
Em log2(α−1)

n2

]

,where Em =
∑

j/(j,k)∈m 2j may be mu
h larger than Dm. On
e again, as for adaptiveestimation, 
on
entration inequalities are the fundamental tool to build adaptive test.Indeed, the dependen
y of Am,α,β in α will be 
ru
ial, on
e we want to 
ombine thosetests (ie we apply several tests at on
e and we a

ept or reje
t depending on the out
omeof all the tests). The smaller the dependen
y in α is, the larger the number of tests one
an 
ombine is. In parti
ular, it is fundamental to use exponential deviations sin
e thedependen
y in α will 
onsequently be logarithmi
. Exponential inequalities for U-statisti
sof independent variables are des
ribed in the book of de la Peña and Giné [24℄. These upperbounds have been improved but still with unknown 
onstants by Giné, Latala and Zinn[30℄. In a joint work with C. Houdré in [35℄, we derive pre
ise 
onstants in those formulaby 
ombining Talagrand's inequality and martingale properties for degenerate U-statisti
sof order 2. For our pre
ise set-up here, the ingredients also apply to Poisson pro
esses sin
eone 
an repla
e Talagrand's inequality by Theorem 1 (see [35℄ for more details). Let usjust mention one of the existing extension of this work due to Adam
zak [1℄, whi
h involvesdegenerate U-statisti
s of any order for independent variables but also for pro
esses withindependent in
rements.A
tually a powerful test 
onsists in having the best separation distan
e within a 
ertainsub
lass of alternatives. If one is given a whole 
olle
tion of possible sub
lasses, adaptivetesting pro
edures should a
hieve the same separation distan
e (up to some minor losses)without knowing to whi
h sub
lass the alternative a
tually belongs.When one 
onsiders, as sub
lasses, the models Sm, an adaptive test pro
edure, asdes
ribed above, should satisfy an inequality whi
h has essentially the same �avour as the34



one obtained in Proposition 1 by adaptive estimators. This is a
hieved by 
ombining tests,whi
h is quite easy. The most natural approa
h 
onsists in a model sele
tion approa
h,but one 
an a
tually also 
onsider a thresholding approa
h. Both model sele
tion andthresholding approa
hes have already been used to 
onstru
t adaptive tests by Spokoiny([68℄ and [69℄) in Gaussian white noise models. Note also the work of Baraud, Huet andLaurent [8℄ in a Gaussian regression framework. As for the density framework, adaptivetests were proposed by Ingster [38℄ or Fromont and Laurent [28℄, using model sele
tiontype methods and by Butu
ea and Tribouley [18℄ using thresholding type methods.In our present framework, let us start with the model sele
tion approa
h. Let M bea 
olle
tion of possible m's. Then one reje
ts H0 when there exists one m ∈ M su
h that
Tm > t

(N)
m,αm = q

(N)
m,αm , where under H0, P(∃m ∈ M, Tm > t

(N)
m,αm) ≤ α.The basi
 
hoi
e for αm is the Bonferroni 
hoi
e ie αm = α/|M|. This allow us to de�nea nested test ie M = {Λ1, ...,ΛJ̄}, with ΛJ = {(j, k), j ≤ J, k = 0, ..., 2j − 1} and 2J̄ ≃

n2/(log(n)2) whose separation distan
e is at least
inf
J≤J̄

{

‖f − fΛJ
‖2 + �α,β,‖f‖∞

[√
2J J̄

n
+
J̄

n
+

2J J̄2

n2

]}

.In the same way, the thresholding estimation pro
edure has a test version whi
h isde�ned by the following thresholding test: one reje
ts H0 when there exists λ ∈ ΛJ̃ , with
2J̃ ≃ n su
h that

Tλ > q
(N)

λ,α/(2j J̃)
.This is equivalent to ask if there exists m ⊂ ΛJ̃ su
h that

∑

λ∈m

Tλ = Tm >
∑

λ∈m

q
(N)

λ,α/(2j J̃)
= t(N)

m,α.Then the separation distan
e of this test is at leastinfΛ⊂Λ
J̃

{

‖f − fm‖2 + �α,β,‖f‖∞

[

DmJ̃

n
+
DmJ̃

22J̃

n2

]}

.One 
an see the di�eren
e between both tests by looking at the minimax separationrate over various fun
tional sub
lasses of alternatives. Without going into details andtedious de�nitions, let us just 
ite for the interested reader two fundamental papers onminimax separation distan
es for the Gaussian set-up: [37℄ and [5℄. In the Poisson setting,the minimax separation rate for 
lassi
al Besov spa
es has been 
omputed by Ingster in[39℄. However minimax separation rate for Weak Besov spa
es was not known, whateverthe set-up (Gaussian, Poisson, density ...), until the present joint work [29℄. More pre
isely,we 
ompute this rate for alternatives in Bδ
2,∞(R)∩Wγ(R′) where the 
lassi
al Besov bodyis de�ned by

Bδ
2,∞(R) =

{

s ≥ 0
/

∀j ∈ N,
2j−1
∑

k=0

α2
(j,k) ≤ R22−2jδ

}and the weak Besov body is de�ned by
Wγ(R′) =

{

s ≥ 0
/

∀t > 0,
∑

j∈N

2j−1
∑

k=0

α2
(j,k)1α2

(j,k)
≤t ≤ R′2t

2γ
1+2γ

}

.35



Note that Wγ is a simpli�ed version of Ws (see De�nition 3) with s = γ/(1 + 2γ):one assumes the varian
e term σλ to be 
onstant whi
h does not 
hange the rates if oneassumes that the intensity has a �nite support and that the intensity is lower bounded onits support. Hen
e the minimax separation rate over Bδ
2,∞∩Wγ for various δ and γ shouldexhibit a parti
ularly interesting behaviour when δ = γ/(1 + 2γ) whi
h 
orresponds to themaxiset of the thresholding estimation pro
edure when c = 1 (see Theorem 5).Theorem 6 (Fromont Laurent RB 2010).

• If δ ≥ max (γ/2, γ/(1 + 2γ)), then the minimax separation rate for alternatives in
Bδ

2,∞(R) ∩Wγ(R′) ∩ L∞(R′′) is
�δ,γ,R,R′,R′′,α,β n−

4δ
1+4δ ,whi
h is a
hieved by the nested test up to a ln lnn term.

• If δ < γ/2 and γ > 1/2, then the minimax separation rate for alternatives in
Bδ

2,∞(R) ∩Wγ(R′) ∩ L∞(R′′) is larger than
�δ,γ,R,R′,R′′,α,β

(

lnn

n

)
2γ

1+2γ

,rate whi
h is a
hieved by the thresholding test when δ ≥ γ
1+2γ .Note that the se
ond rate is also the minimax rate of estimation over those spa
es.That means that when Weak Besov bodies are involved and when their regularity is large,it is not easier to test than to estimate. More details and more pre
ise statements may befound in [29℄.To 
on
lude this 
hapter, let us just state that a 
onvenient spa
e of target fun
tionsmay be the interse
tion of a 
lassi
al large Besov spa
e with small regularity and a WeakBesov spa
e whose regularity may be mu
h larger. In the Poisson framework, those kindsof sets are the maxiset of the thresholding estimation pro
edure, pro
edure whi
h is adap-tive minimax over those sets. The minimax rate of 
onvergen
e for estimation is a
tuallyalso the minimax separation distan
e for testing in 
ertain 
ases. This means that, if weare interested by those fun
tions, it will be as di�
ult to test as to estimate. This phenom-ena was not known, up to our knowledge and is 
ertainly true for other settings su
h asGaussian set-up. Finally a thresholding approa
h allows us to a
hieve this separation rateof testing, whereas those tests may be 
ompletely useless when only 
lassi
al Besov spa
esare 
onsidered as alternatives. Indeed, those tests do not only lose a logarithmi
 fa
tor,the rate is de�nitely worse, whereas this phenomenon does not appear for thresholdingestimators whose loss is only due to a logarithmi
 fa
tor.Of 
ourse, it is always possible to 
ombine thresholding tests and nested tests. This
ombined test is adaptive minimax for δ ≥ γ/(1+2γ). These tests also perform really wellin pra
ti
e (see [29℄ for more details).
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Chapter 5CalibrationThe �nal question deals with 
alibration. Let us start with the Hawkes model. In Theorem3, a penalty proportional to the dimension of the model divided by T appears. Howeverthe multipli
ative 
onstant depends on parameter that 
annot be guessed in pra
ti
e. Sowhat should we do? One 
an think that Theorem 3 is a theoreti
al result that guides ourintuition but that the right multipli
ative 
onstant should depend in pra
ti
e on the data.In [11℄, Birgé and Massart investigate the resulting theoreti
al problem in a homos
edasti
Gaussian set-up. In this regression set-up, the theoreti
al optimal penalty, for, say, theNested strategy, is 2σ2Dm/n where σ2 is the varian
e of the Gaussian noise and n thetotal number of observations. One 
ould wonder if an unbiased estimation of σ2 maywork. Birgé and Massart a
tually prove that there exists a minimal penalty σ2Dm/n.If one of the models with high dimension in the Nested strategy is less penalized thanthis ben
hmark, then the whole model sele
tion method will sele
t a model with too highdimension. This phenomenon 
an be dete
ted in pra
ti
e: hen
e one 
an guess what theminimal penalty is and then, multiplying by 2, one 
an obtain the optimal penalty. Thisstudy has been reinfor
ed by the re
ent theoreti
al and pra
ti
al results of Arlot in theheteros
edasti
 set-up [3℄. If other frameworks (see [48℄ in density or [67℄ for more generalset-up) have been very re
ently studied, su
h studies heavily rely on very tight exponentialinequalities. In parti
ular, it is 
ompletely out of rea
h at this point to obtain su
h kind oftheoreti
al results for the Hawkes pro
ess: a
tually even the pre
ise shape of the optimalpenalty is not known. This Chapter is divided in a numeri
al study to obtain at least anad-ho
 
alibration in the Hawkes model that will work well in pra
ti
e [62℄ and in a moretheoreti
al study of the 
alibration of the thresholding rule in the Poisson 
ase [61℄, andin the density 
ase [63℄. Note that the theoreti
al 
alibration results of thresholding rulesstarted with Donoho and Johnstone [25℄ in their seminal work in the Gaussian set-up.Further attempts usually involve pure model sele
tion and thresholding as an appendedresult. Here we wanted to 
alibrate a full data-driven threshold, whi
h 
orresponds to apenalty that, as is, is usually not used in 
lassi
al model sele
tion and that 
annot bere
overed by 
lassi
al model sele
tion te
hniques.5.1 Ad ho
 methodsLet us start with the numeri
al study of [62℄.
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5.1.1 Compared methodsWe implement 3 strategies : Regular, Irregular and Islands. Regular is a slightly di�erentversion of Nested: the family MT 
onsists in all the regular partitions of [0, A) up to a
ertain level N , but they are not for
ed to be dyadi
. Indeed, for numeri
al reason, we arefor
ed to 
onsider |Γ| ≤ 15 and the Nested family will be in this 
ase mu
h too small.Sin
e we are looking for a penalty that is inspired by (2.2.7), we 
ompare our penalizedmethods to the most naive approa
h, namely the hold-out pro
edure des
ribed below.Moreover, the trun
ated estimators are designed for minimax theoreti
al purposes, but of
ourse they depend on parameters (H, ... - see (2.2.5)) that 
annot be guessed in pra
ti
e.They also for
e the estimate of h to be nonnegative. Therefore in this se
tion we only usenon trun
ated estimators (see (2.2.3)).Hold-out The naive approa
h is based on the following fa
t (whi
h 
an be made 
om-pletely and theoreti
ally expli
it in the self-ex
iting 
ase). We know that γT is a
ontrast. We would like to sele
t a model m̂ su
h that ŝm̂ is as good as the bestpossible ŝm. So one way to sele
t a good model m should be to observe a se
-ond independent Hawkes pro
ess with the same s and to 
ompute the minimizerof γT,2(ŝm) over MT (where ŝm is 
omputed with the �rst pro
ess and γT,2 is our
ontrast but 
omputed with the se
ond pro
ess). However we do not have in pra
ti
etwo independent Hawkes pro
esses at our disposal. But one 
an 
ut [−A,T ] in twoalmost independent pie
es. Indeed the points of the pro
ess in [−A,T/2 − A] andin [T/2, T ] 
an be equal to those of independent stationary Hawkes pro
esses andthis with high probability (see [60℄). Hen
e in the sequel whenever the Hold-out es-timator is mentioned, and whatever the family MT is, it is referring to the followingpro
edure.1. Cut [−A,T ] into two pie
es: H1 refers to the points of the pro
ess on [−A,T/2−
A], H2 refers to the points of the pro
ess on [T/2, T ].2. Compute ŝm for all the m in MT by minimizing the least-square 
ontrast γT,1on Sm 
omputed with only the points of H1, ie

∀f ∈ L2, γT,1(f) = − 2

T

∫ T/2−A

0
Ψf (t)dNt +

1

T

∫ T/2−A

0
Ψf (t)2dt,3. Compute γT,2(ŝm) where γT,2 is 
omputed with H2, i.e.,

∀f ∈ L2, γT,2(f) = − 2

T

∫ T

T/2+A
Ψf (t)dNt +

1

T

∫ T

T/2+A
Ψf (t)2dt,and �nd m̂ = arg minm∈MT

γT,2(ŝm).4. The Hold-out estimator is de�ned by s̃HO := ŝm̂.Note that we used all the observed points sin
e the 
omputation of Ψf (t) requires tohave the points in (t−A, t]. Theoreti
ally speaking, the gap should have been a bitlarger to ensure almost independen
e.Penalized Theorem 3 shows that theoreti
ally speaking a penalty of the type K(|m| +
1
) should work. However the theoreti
al multipli
ative 
onstant is not only not
omputable, it is also too large for pra
ti
al purpose. So one needs to 
onsiderTheorem 3 as a result that guides our intuition towards the right shape of penalty.Therefore we investigate two ways of 
alibrating the multipli
ative 
onstants.38



1. The �rst one follows the 
on
lusions of [11℄. In the Regular strategy, there existsat most one model per dimension. If there exists a true model m0, then for
|m| large (larger than |m0|) γT (ŝm) should behave like −k

(

|m| + 1
). So thereis a minimal penalty as de�ned by Birgé and Massart of the form penmin =

k
(

|m| + 1
). In this situation their rule is to take pen(m) = 2 ∗ penmin(m).We �nd a k̂ by doing a least-square regression for large values of |m| so that

γT (ŝm) ≃ −k̂
(

|m| + 1
)

.Then we take
m̂ = argminm∈MT

{

γT (ŝm) + 2k̂
(

|m| + 1
)

}

,and we de�ne s̃min := ŝm̂.For the Irregular and Islands strategy, as a preliminary step, we need to �ndthe best data-driven model per dimension i.e.
m̂D = argminm∈MT ,|m|=D {γT (ŝm)} .Then one 
an plot as a fun
tion of D, γT (ŝm̂D

). In [11℄, they also obtain anotherkind of minimal penalty of the form penmin = k(D + 1)(log(|Γ|/D) + 5) whenthe Irregular strategy is used. But for very small values of |Γ| (as here) wewould not see the di�eren
e between this form of penalty and the linear form.Moreover theoreti
ally speaking we are not able to justify, even heuristi
ally,su
h a form of penalty for large values of |Γ|. So we have de
ided that we willuse the same penalty as before even in the Irregular and Islands strategies. Thatis to say that we �nd a k̂ by doing a least-square regression for large value of Dso that
γT (ŝm̂D

) ≃ −k̂(D + 1).Then we take
m̂ = argminm∈MT

{

γT (ŝm) + 2k̂
(

|m| + 1
)

}

,and we de�ne s̃min := ŝm̂ even for the Irregular and Islands strategies.2. On the other hand, the 
hoi
e of m̂ by s̃min was not 
ompletely satisfyingwhen using the Islands or Irregular strategies (see the 
omments on the sim-ulations hereafter). But on the 
ontrast 
urve: D → γT (ŝm̂D
), we 
ould seea perfe
tly 
lear angle at the true dimension. So we have de
ided to 
ompute

−k̄ =
γT (ŝΓ)−γT (ŝm̂1

)

|Γ|−1 and to 
hoose
m̂ = arg min

m∈MT

{

γT (ŝm) + k̄
(

|m| + 1
)}

.We de�ne s̃angle := ŝm̂. This seems to be a proper automati
 way to obtain thisangle without having to look at the 
ontrast 
urve. It is still based on the fa
tthat a multiple of the dimension should work. This has only been implementedfor the Irregular and Islands strategies.Table 5.1 summarizes our 8 di�erent estimators.We have simulated Hawkes pro
esses with parameters (ν, h), with ν in {0.001, 0.002, 0.003,0.004, 0.005}, h = 0.0021[200,400] having a bounded support in (0, 1000] (i.e. A = 1000)and on a sequen
e of length [−A,T ] with T = 100000 or T = 500000.39



Methods Strategy Sele
tion1 Regular N = 15 minimal penalty s̃min2 Irregular |Γ| = 15 angle method s̃angle3 Irregular |Γ| = 15 minimal penalty s̃min4 Islands |Γ| = 15 angle method s̃angle5 Islands |Γ| = 15 minimal penalty s̃min6 Regular N = 15 Hold-Out s̃HO7 Irregular |Γ| = 15 Hold-Out s̃HO8 Islands |Γ| = 15 Hold-Out s̃HOTable 5.1: Table of the di�erent methods.5.1.2 ResultsWe 
all Risk of an estimator the Mean Square Error of this estimator over 100 simulations,i.e. we 
ompute for ea
h simulation ||s − ŝ||2 and next we 
ompute the average over 100simulations. Note that with the range of our parameters, the error of estimation of ν will bereally negligible with respe
t to the error of estimation for h, so that ||s− ŝ||2 ≃
∫ A
0 (h− ĥ)2.Figure 5.1 gives the Risk of our estimators for h = 0.5∗f1 for various ν and T . We �rst
learly see that the risk de
reases when T in
reases whatever the method. There seemsalso to be a slight improvement when ν be
omes larger, tending to prove that, if the meantotal number of points E(N [0, T ]) = νT/(1 − p) grows, the estimation is improved � atleast in our range of parameters. A study in terms of p =

∫

h 
an be found in [62℄.We see that the "best methods" are Methods 1, 2 and 4, i.e. the Regular strategy withminimal penalty and the Irregular and Islands Strategies with the angle method. For theIrregular and Islands Strategies, the minimal penalty seems to behave like the Hold-outStrategies. This fa
t is 
on�rmed in terms of ora
le ratio too (see [62℄ for more details).Finally Figure 5.2 shows the resulting estimators of Methods 1, 2 and 4 on one simu-lation. In parti
ular, before penalizing, note that one 
learly sees an angle on the 
ontrast
urve at the true dimension for the Irregular and Islands Strategies and that penalizing bythe angle method (Methods 2 and 4) gives an automati
 way to �nd the position of thisangle.Hen
e it seems that the model sele
tion method for Hawkes pro
esses 
learly behavesdi�erently when a 
omplex family is involved, with respe
t to the Gaussian 
ase. The
ontrast 
urve (see Figure 5.2) is so �at after the true dimension that any "slope" heuristi
will fail to dete
t the angle whereas the angle method does. Note also that even forGaussian model sele
tion the problem of optimal 
onstant for 
omplex families has notbeen solved, up to our knowledge. For further illustrations, see [62℄. The basi
 
on
lusionis that Method 4 (Islands + Angle method) provides a ni
e way to sele
t a sparse supportand to estimate spikes of various lo
alisation and size. This is the method used to deriveFigure 3.2. In the next se
tion, we will further investigate one spe
ial 
omplex modelsele
tion, whi
h is the one asso
iated to the threshold method implemented in [61℄ and[63℄.
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Figure 5.1: Risk of the 8 di�erent methods for h = 0.5 ∗ f1 for di�erent values of ν and T .5.2 Data-driven thresholdsNow let us go ba
k to se
tion 3.2 and let us rewrite the threshold here :
ηλ,γ =

√

2γṼλ lnn+
γ lnn

3n
||ϕλ||∞.First one 
an noti
e that there is no dependen
y in unknown parameters depending onthe signal with respe
t to for instan
e the penalty of Theorem 3. This is be
ause we havebeen able to estimate very a

urately the varian
e of β̂λ by Ṽλ (see [61℄ for more details).This 
annot usually be done by standard model sele
tion methods whi
h will make appearat the very least an estimator of the supremum of f as in Proposition 1, when one usesleast-square 
ontrast. If one uses log-likelihood 
riteria, one 
an also obtain a penalty thatdoes not depend on this supremum, but the pri
e is to assume the existen
e of a lowerbound on the intensity (see [74℄).Next, one 
an ask how should we 
hoose γ? Theorem 4 tells us that if 2j0 = n thenone should take γ > 1. Is there a minimal threshold as well? Here "minimal" should beunderstand in the sense of Birgé and Massart in [11℄.We are able to prove the following result.Theorem 7 (RB Rivoirard, 2010). Let f = 1[0,1]. If γ < 1 then there exists δ < 1 notdependent of n su
h that

E||f̃H
n,γ − f ||22 ≥ c

nδ
,where c is a 
onstant.A similar lower bound exists in the density setting [63℄. Sin
e the result is proved forthe Haar basis, for whi
h 1[0,1] is the simplest signal one 
an imagine, one is for
ed to41
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Figure5.2:Contrast(C)andpenalized
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on
lude that one 
annot use γ < 1. We were not able to prove theoreti
ally that 1 isoptimal, however in the Poisson 
ase, we know that on should take γ ∈ [1, 12] (see [61℄ formore details).There exists one remaining gap : how do we 
hoose γ in [1, 12] ? On
e again, we 
anonly 
on
lude via a simulation study. I reprodu
e here the simulation study of [63℄ in thedensity setting for a slightly di�erent version of the threshold (3.2.4), that is essentiallyequivalent. A more thorough study has been done for the Poisson pro
ess in [61℄.
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GUFigure 5.3: n × MISEn(γ) for (U) f = 1[0,1] (the Haar basis is used) ; (G) f is theGaussian density with mean 0.5 and standard deviation 0.25 (the Spline basis is used) ;(B) f is the renormalized Bumps signal (the Spline basis is used)First we simulate 1000 n-samples of density f = 1[0,1]. We estimate f by our methodusing the Haar basis. For any γ, we have 
omputed MISEn(γ) i.e. the average over the1000 simulations of ||f̃n,γ − f ||22. On the left part of Figure 5.3 (U), MISEn(γ) × n isplotted as a fun
tion of γ for di�erent values of n. Note that when γ > 1, MISEn(γ)is null meaning that our pro
edure sele
ts just one wavelet 
oe�
ient, the one asso
iatedto ψ−1,0 = 1[0,1]; all others are equal to zero. This fa
t remains true for a very largerange of values of γ. This plateau phenomenon is also noti
ed in the Poisson framework(see [61℄). However as soon as γ < 1, MISEn(γ) × n is positive and in
reases when γde
reases. It also in
reases with n tending to prove that MISEn(γ) >> 1/n for γ < 1.This is 
ompletely 
oherent with Theorem 7. We 
onsider two other density fun
tions f .The �rst one is the density of a Gaussian variable whose results appear in the middle partof Figure 5.3 (G) and the se
ond one is the renormalized Bumps signal 1 whose resultsappear in the right part of Figure 5.3 ( B). In both 
ases we 
omputed f̃n,γ with a smoother1 The renormalized Bumps signal is a very irregular signal that is 
lassi
ally used in wavelet analysis. Itis here renormalized so that the integral equals 1 and it 
an be de�ned by X
j

gj

„

1 +
|x − pj |

wj

«

−4
!

1[0,1]

0.284with 43



basis than the Haar basis, whose pre
ise des
ription is available in [61℄. We 
omputed theasso
iate MISEn(γ) over 100 simulations. Note that for the Bumps signal, there is noplateau phenomenon and that the best 
hoi
e for γ is γ = 0.5 as soon as the highest levelof resolution, j0(n) is high enough to 
apture the irregularity of the signal. If n is toosmall, the best 
hoi
e is to keep all the 
oe�
ients. Re
all that m̄ is de�ned by (3.2.8).One 
an a
tually identify two behaviours: either the ora
le f̂m̄ is 
lose to f and the bestpossible 
hoi
e is γ ≃ 1 with a plateau phenomenon, or the ora
le f̂m̄ is far from f and it isbetter to take a smaller γ (for instan
e γ = 0.5). The Gaussian density (G) exhibits bothbehaviors. For large n (n ≥ 1024), there is a plateau phenomenon around γ = 1. But forsmaller n, the ora
le f̂m̄ is not a

urate enough and taking γ = 0.5 is better. Note �nallythat the 
hoi
e γ = 1, is the more robust with respe
t to both situations.Let us just 
on
lude by saying that after a 
alibration step that is partly theoreti
aland partly a simulation study, we are able to propose 
onvenient methods to estimate, onthe one hand, Hawkes intera
tion fun
tion with a given bound on the support and, on theother hand, Poisson intensity (or density) on the whole real line.Note that testing pro
edures are by nature data-driven: before even asking what thepower of the test is, one has to propose a test that only depends on the data and thathas a level α ! Hen
e the 
alibration of test mainly relies on how we 
an provide a test ofpre
ise size α. Extensive Monte-Carlo methods a
tually do the job even if the a

ura
y ofthe Monte-Carlo method is not taken into a

ount yet (see [29℄ for more details).

p = [ 0.1 0.13 0.15 0.23 0.25 0.4 0.44 0.65 0.76 0.78 0.81 ℄g = [ 4 5 3 4 5 4.2 2.1 4.3 3.1 5.1 4.2 ℄w = [ 0.005 0.005 0.006 0.01 0.01 0.03 0.01 0.01 0.005 0.008 0.005 ℄44



Appendix APresented papers
• Reynaud-Bouret, Patri
ia Adaptive estimation of the intensity of inhomogeneousPoisson pro
esses via 
on
entration inequalities. Probab. Theory Related Fields126 (1), 103�153 (2003).
• Houdré, Christian ; Reynaud-Bouret, Patri
ia Exponential inequalities, with 
on-stants, for U-statisti
s of order two. Sto
hasti
 inequalities and appli
ations, Progr.Probab., 56 Birkhäuser, Basel, 55�69 (2003).
• Reynaud-Bouret, Patri
ia Compensator and exponential inequalities for some supremaof 
ounting pro
esses. Statisti
s and Probability Letters, 76(14), 1514�1521 (2006).
• Reynaud-Bouret, Patri
ia Penalized proje
tion estimators of the Aalen multipli
ativeintensity. Bernoulli, 12(4), 633�661 (2006).
• Reynaud-Bouret, Patri
ia ; Roy, Emmanuel Some non asymptoti
 tail estimates forHawkes pro
esses. Bulletin of the Belgian Mathemati
al So
iety-Simon Stevin, 13(5),883�896 (2007).
• Houdré, Christian ; Mar
hal, Philippe ; Reynaud-Bouret, Patri
ia Con
entration fornorms of in�nitely divisible ve
tors with independent 
omponents. Bernoulli, 14(4),926�948 (2008).
• Reynaud-Bouret, Patri
ia ; Rivoirard, Vin
ent Near optimal thresholding estimationof a Poisson intensity on the real line. Ele
troni
 Journal of Statisti
s, 4, 172�238(2010).
• Reynaud-Bouret, Patri
ia ; S
hbath, Sophie Adaptive estimation for Hawkes pro-
esses; appli
ation to genome analysis. Ann. Statist., 38(5), 2781�2822 (2010).
• Fromont, Magalie ; Laurent, Béatri
e ; Reynaud-Bouret, Patri
ia Adaptive test ofhomogeneity for a Poisson pro
ess. to appear in Annals of IHP.
• Reynaud-Bouret, Patri
ia ; Rivoirard, Vin
ent ; Tuleau-Malot, Christine Adaptivedensity estimation: a 
urse of support? J. Statist. Plann. Inferen
e, 141, 115�139(2011).

45



Appendix BFuture workThere are a lot of questions that have not been solved yet. I give just here a non exhaustivelist of my 
urrent work and open questions.
• A
tually, the Hawkes model as initiated in genomi
 data by [31℄ is multivariate. Iftheoreti
ally speaking, the model sele
tion may work to some extent, in pra
ti
e the
omputer limitations make this method useless. One way to go further is to try to usethreshold estimators in a 
lose, simpli�ed framework. This is the Ph.D. subje
t, thatV. Rivoirard (Dauphine) and I proposed to our student, Laure Sansonnet. Anotherapproa
h will be to use the Lasso method. This is a joint work with N. R. Hansen(Copenhague) and V. Rivoirard. We hope to be able to 
alibrate the method at leastin pra
ti
e.
• Another assumption, whi
h is quite deli
ate to remove is the stationary assumptionof the Hawkes pro
ess. Indeed a non stationary version may model neuronal a
tivity.We would like to ta
kle this problem with C. Tuleau-Malot, Fran
k Grammont andYann Bouret (Ni
e).
• The Poisson pro
ess stru
ture makes things easier for testing than even the 
lassi
aldensity iid framework. M. Fromont (Rennes), B. Laurent (Toulouse) and I are build-ing an adaptive test of H0: "the Poisson pro
esses, N1 and N2, have same intensity"versus "they have not", test whose power only depends on the di�eren
e betweenboth intensities.
• Adaptive tests for Hawkes pro
esses are still an open question.
• The 
onstru
tion of maxisets for testing pro
edures is also a natural question thatwe would like to solve with V. Rivoirard (Dauphine).
• Calibration in a theoreti
al way is a very vast subje
t with many open questions andnot only in point pro
esses theory. One aspe
t that I'm trying to better understand,is the link between pra
ti
al adaptive statisti
al pro
edures and pra
ti
al analyti
alpro
edures, both of them having to fa
e this 
alibration problem. A 
urrent workwith M. Doumi
 (INRIA Ro
quen
ourt), M . Ho�mann (ENSAE), V. Rivoirard(Dauphine) fo
uses on the adaptive statisti
al answer to an inverse problem that hasalready been solved in an analyti
al way on size stru
tured populations (see [55, 26℄).46
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