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Chapter 1

Introduction

The present report aims at giving a survey of my work since my phD thesis, "Estimation
adaptative de l'intensité de certains processus ponctuels par sélection de modéles", which
was supervised by P. Massart. Since then, I basically broaden the spectrum of statistical
methods and the spectrum of point processes that are of interest for me. I especially
encountered a very special process, the Hawkes process, which is at the root of most of
the questions I tried to solve, and to even more questions that do not have an answer yet.
Those questions are partly statistical and partly probabilistic, and most of the time are
not completely solved for the Hawkes process, but partial answers appear for a simpler
process : the Poisson process. It is actually the purpose of this report to emphasize the
link between statistical and probabilist aspects, but also between the different statistical
frameworks and questions that have arisen in my papers.

1.1 Statistical frameworks

Let us start with some definitions. A point process, IV, is a countable set of points of some
measurable space X. Usually, N4 denotes the number of points of NV in the set A and dN
denotes the point measure ie the sum of the Dirac masses at each point of N (see [23] for
a complete overview).

1.1.1 Poisson process

The simplest point process one can encounter is the Poisson process [43].

Definition 1. A Poisson process, N, on a measurable space X is a random countable set
of points such that

o for all integer n, for all Ay,..., A, disjoint measurable subsets of X, Na,,...,Na
are independent random variables.

n

e for all measurable subset A of X, N4 obeys a Poisson law with parameter depending

on A and denoted v(A).

As a consequence, v defines a measure on X, which is called the mean measure of the
process N. Usually, X is a subset of R and v is absolutely continuous with respect to the
Lebesgue measure. In this case, s(x) = dv/dx is the intensity of the Poisson process N.

Poisson processes model a large variety of situations, but the outstanding examples of
the present work actually come from genomic data (position of genes on the DNA sequence



for instance) [56], size of individual oil reservoirs in some petroleum field [71], stockprice
changes of extraordinary magnitude [52]|. All these data have something in common: there
are good evidences that the underlying intensity is highly irregular, with very localized
spikes with unknown position and shape and, for some of them, a very large and typically
unknown support, when this support is finite.

The adaptive statistical inference aims at estimating s or at testing some hypothesis on
s with as few assumptions on s (or on the alternatives) as possible. Typically s belongs to
L,(X), for 1 < p < +o00, but we do not want to assume that s is smooth with the precise
known regularity a. Since the regularity is unknown and since the rate of convergence
(or rate of separation) depends on the regularity, we want the procedures to adapt to this
unknown regularity and to be as precise as the methods knowing the precise regularity of
the target function s.

Actually, exhibiting such kind of procedures is not just a "pure theoretical game". The
procedures that are theoretically adaptive, if they are calibrated (see the final section) may
provide practical methods that are performing really well and that are robust to changes
in the target function s. Actually an adaptive method that does not need any information
on the regularity or on the support of the target function is easier to use since we do not
need to ask the practitioner to provide such information on s before proceeding to the
inference.

1.1.2 Counting process

One can generalize the notion of Poisson process on the real (positive) line. If the point
process is, say, almost surely finite in finite intervals (ie Njgj < oo a.s.), then one can
"count" the points: if the positive real line represents time after 0, then there exist a first
point, a second .... The random function Ny = Njg 4 as a function of ¢ € R is a piecewise
constant increasing function such that Ny = 0 with jumps equal to 1. This is the definition
of a counting process. The interested reader may find in [13]| a complete review of those
processes and precise definitions. Under suitable assumptions, one can informally define
the (conditional) intensity A(t) of the counting process (N¢)¢>o by

E(dN|F,_) = A(t)dt, (1.1.1)

where dN; represents the infinitesimal increment of Ny at time ¢, F;_ represents the past
information of the process (what happened before ¢) and dt is the Lebesgue measure (see [2,
Section 11.4.1] for more details). Obviously this means that A(¢) is random and depends on
the past. So one cannot statistically infer A(¢) without further assumption on the model.
Note however that when we apply this definition to Poisson processes, the independence
property in Definition 1 implies that A(t) cannot depend on the past, it is a deterministic
function, which corresponds to the intensity s of the Poisson process defined before.
The two cases that are studied here are:

1. the Aalen multiplicative intensity, ie
A(t) =Y (t)s(t)dt, (1.1.2)

where Y'() is a predictable process (ie informally, it only depends on the past) that is
observed and s is an unknown deterministic function that we want to estimate in an
adaptive way. The classical examples covered by this model are right-censoring mod-
els, finite state inhomogeneous Markov processes... We refer to [2]| for an extensive



1.2

list of situations. Let us just mention a classical model. For biomedical applications,
a single process may correspond to the time of death or times of depression of one
patient. But one usually considers several patients. The aggregated process, i.e. the
sum of each individual process, is still a counting process with Aalen multiplicative
intensity. In this context, Y (¢) usually represents the number of people at risk at
time ¢: people still alive and observed at time t or people not in depression at time t.

. the Hawkes processes, which is defined in the most basic self-exciting model, by

Aty =v+ /t h(t — u)dNy, (1.1.3)

—00

where v is a positive parameter, h a non negative function with support on R* and
J 'h < 1 and where dN,, is the point measure associated to the process. Since A(t)
corresponds to (1.1.1), (1.1.3) basically means that there is a constant rate v to have
a spontaneous occurrence at t but that also all the previous occurrences influence
the apparition of an occurrence at ¢. For instance an occurrence at w increases the
intensity by h(t — u). If the distance d = ¢t — u is favoured, it means that h(d) is
really large: having an occurrence at u significantly increases the chance of having an
occurrence at t. The intensity given by (1.1.3) is the most basic case, but variations
of it enable us to model self interaction (ie also inhibition, which happens when one
allows h to take negative values, see Section 2.2.2) and, in the most general case, to
model interaction with another type of event.

Hawkes processes have been widely used to model the occurrences of earthquake
[72] but the main focus in this report is on genomic data, where this framework was
introduced in [31] to model occurrences of events such as positions of genes, promoter
sites or words on the DNA sequence. The drawback is that, by definition, the Hawkes
process is defined on an ordered real line (there is a past, a present and a future). But
a strand of DNA itself has a direction, fact that makes this approach quite sensible.

Here the unknown quantity is the couple s = (v, h). In practice very little is known on
the function h, except that it should consist in localized spikes at preferred distances
corresponding to biological interactions. The aim of an adaptive procedure is actually
to find in practice the localisation of those spikes and their size.

Train of thought

Actually, the Hawkes process is probably the trickiest process of the three (Poisson, Aalen,
Hawkes) from an adaptive statistical point of view. It is also a constant source of inspira-

tion.

Let us just point out some of the most basic problems that a practitioner/biologist

may stress:

1.

We do not know the shape, number and position of the localized spikes. Basically we
need to propose an adaptive estimation of h at least.

The interaction range cannot be larger than 10,000 bases, since after this length the
DNA 8D structure may interfere, but it can be as small as 20 bases or even less. The
procedure has consequently to be adaptive to the support. Is this possible 7 What
does this mean theoretically speaking?



3. The functions should have not many but very localized spikes. What does this mean
from the point of view of functional analysis? What is actually the set of target
functions? Can they really be considered as smooth, ie derivable, with the only
unknown quantity being its regularity?

4. And finally, the question all statisticians face when they want to implement their
method: there is one tuning parameter (or more) in the method, how should we
choose it?

Actually, each question asks for a complex development depending on how sharp the
answer needs to be. For instance, one cannot provide a good adaptive statistical procedure
without having specific probabilistic techniques such as exponential inequalities. So we
devote a part of this work to describe probabilistic tools that fit the statistical needs. Even
so, the answers are not complete for Hawkes processes, sometimes because the probabilistic
part is missing, sometimes because the structure itself prevents to use special adaptive
methods. Even if the method we developed for Hawkes process works well, it is not the
end of the story. So we tried to answer to those questions in easier set-up (basically Poisson)
so that the answers become more accurate.

The report is organised as follows. In Chapter 2, the model selection is developed
for the Poisson, Aalen and Hawkes framework, the link with the probabilistic inequalities
is emphasized. In Chapter 3, we stress how the question of the support was handled in
practice for Hawkes processes but also what this problem means for Poisson processes.
In the Poisson framework, the answer is more accurate theoretically speaking. It reveals
a surprising behaviour with respect to the adaptivity to the support: there is actually a
curse of support in the sense that it can modify the rate of convergence. Next, we develop
in Chapter 4 the understanding of "good" target functions from a minimax and maxiset
point of view. The answer is again surprising: for such spiky functions it may be as difficult
to test as to estimate. Chapter 5 is dedicated to ad hoc calibration methods for Hawkes
processes and theoretical calibration for Poisson process. The appendices present a list of
the published papers that are described here and a short presentation of what can be done
after that.

Finally, let us just introduce a notation which will avoid tedious explanations. We use
in the sequel the notation [J which represents a positive function of the parameters that
are written in indices. Each time [y is written in some equation, one should understand
that there exists a positive function of 8 such that the equation holds. Therefore the values
of Up may change from line to line and even change in the same equation. When no index
appears, [ represents a positive absolute constant.



Chapter 2

Model Selection

The model selection method in its theoretical adaptive presentation has been introduced
and developed by Barron, Birgé and Massart [9]. Massart’s course [51] in Saint-Flour is one
of the best reference on this topic. In particular, Massart emphasizes how concentration
inequalities are the fundamental tool to perform model selection. In the next sections,
a brief summary of the model selection method is given for Poisson processes, and the
corresponding exponential inequality is given. Then the main difficulties arising for other
counting processes are emphasized.

2.1 Poisson framework

This section is mainly inspired by [57], but we give a simpler version here. We observe a
Poisson process N, on X (say a finite subset of R?) and we want to estimate its intensity
s with respect to the Lebesgue measure. Let T be the Lebesgue measure of X, assumed to
be finite.

We work with the LLy-norm defined by

7= [ £¥(a)da,

and we define the following least-square contrast
2 1
V() =% / f(x)dN, + T/ f(z)dx. (2.1.1)
X X
Note for instance that
2 1
BO() =7 [ f@st@ide+ 1. [ e =17 = s = 5P,
X X

which is minimal when f = s. Hence minimizing the least-square contrast should enable
us to obtain a "good" estimator.

Other contrasts may be used. Usually people in point processes theory use MLE ([74],
[53], [54]) which corresponds to the minimization of

2 1
7 [ @naNe + 1. [ s

but those contrasts are actually more difficult to handle than least-square contrasts for
model selection (see [51, Chapter 7] for an extensive comparison of both contrasts in the
density setting).



Next the contrast can be minimized on a finite vectorial subspace S of Ly with orthonor-
mal basis given by {¢1,...,¢p}. The minimization leads to the projection estimator of s

5= A (/Xgoi(@dgx) ©i. (2.1.2)

=1

Let us study the risk of 8, E(|s — 8]?). To do so, let us introduce 5 the orthonormal
projection of s on S. This gives

A2 —12 1 D 2
E(ls —817) = Is — 51 + TZ/%’ (@)s(x)d. (2.1.3)
=1

The first term is a bias term, it decreases when S increases whereas the second term, the
variance term, increases with the dimension D of S. Obviously finding the best compromise
depends on s.

Hence model selection consists in searching for the "best" S in a family of models
(ie, here, finite vectorial subspaces) {Sy,,m € Mr}. To each model S,, let us associate
the projection estimator §,, and the orthonormal projection of s on Sy, sm,. In a naive
approach, the best model we should use, is of course

m = argmin,,c v, E(]s — Sml?)-

This model, m, is called the oracle. Of course we cannot obtain it without knowing s.
Mallows [49] first noticed in the Gaussian framework that actually one can rewrite the
previous formula. One can adapt the computations here to find very easily that

It is possible to estimate the previous quantity without bias. Let us denote by (¢xm)) an
orthonormal basis of S,,,. One obtains the following choice

. . . dN,
M = argmin,,c vq,. {’y(sm) +2 / Z goim(@T—;} .
A

More generally, we consider minimization of the type

M = argmin,,c pq,. {7(5m) + pen(m)} (2.1.4)

and § = §,;, is the penalized projection estimator.
We would like to prove that the choice 7 is "good" meaning that it can satisfy an
oracle inequality in expectation, typically

E(|5 - s|*) < CE(|3m — s|*) = C_inf E(|s — 3,]?), (2.1.5)
meMr

with C' an adequate (not too large) multiplicative factor. This would mean that we are
able, without knowing m to find a model 7 that is performing in essentially the same
way. However, we do not obtain (2.1.5): there is usually a small additive error, which is
negligible, and, most importantly, C' may grow slowly with 7" depending on the family of
models.



2.1.1 Histograms

Let us illustrate this behaviour on the simplest estimators: histograms on an interval (ie

X = [0,7]). This example is fundamental to understand what model selection can or

cannot do. This example is also the only one that has been treated for Hawkes processes.
Let S;, be a vectorial subspace of Ly defined by

Sm:{g / 92201117GIER},

Iem

where m is a set of disjoint intervals of X. For histograms, it is actually natural to identify
the model S,,, and the set m, which is called in the sequel "model" too for sake of simplicity.
Let |m| denote the number of intervals in m.

A strategy refers to the choice of the family of models Mp. To avoid any confusion,
let #{Mr} denote the number of models m in Mp. In the sequel, a partition I of [0, T
should be understood as a set of disjoint intervals of [0,7"] such that their union is the
whole interval [0,T]. A regular partition is such that all its intervals have the same length.
We say that a model m is written on I if all the extremities of the intervals in m are also
extremities of intervals in I'. For instance if I' = {[0,0.25], (0.25,0.5], (0.50.75], (0.75, 1] }
then {[0,0.25], (0.25,1]} or {[0,0.25],(0.75,1]} are models written on I'. Now let us give
some examples of families Mp. Let J and N be two positive integers.

Nested strategy Take I' a dyadic regular partition (i.e. such that |I'| = 2”). Then take
M as the set of all dyadic regular partitions of [0,7] that can be written on I,
including the void set. In particular, note that #{Mr} = J + 2. We say that this
strategy is nested since for any pair of partitions in this family, one of them is always
written on the other one.

Irregular strategy Assume now that we know that s is piecewise constant on [0, 7] but
that we do not know where the cuts of the resulting partition are. We can consider
I a regular partition such that |I'| = N and then consider My the set of all possible
partitions written on T, including the void set. In this case #{Mzz} ~ 2V,

Islands strategy This last strategy has been especially designed to answer biological
questions. We think that s has a very localized support. The interval [0, 7] is really
large and in fact s is non zero on a really smaller interval or a union of really smaller
intervals: the resulting model is sparse. We can consider I' a regular partition such
that |I'| = N and then consider My the set of all the subsets of I'. A typical m
corresponds to a vectorial space S, where the functions g are zero on [0, 7] except on
some disjoints intervals which look like several "islands". In this case #{Mr} = 2V.

For all the previous strategies one can prove the following result.

Proposition 1 (RB 2003). Let {L,,,m € Mt} be a family of positive weights such that
Y meMy e~ Lmlml <% and assume that |T| < T(InT)~2. For any ¢ > 1, if

M ~ N,
cMim| (1 +v/26Ly)* with M = sup L
T rer p(I)

pen(m) =

then

[m| 1

M
E(ls =31") < Oc inf s = sml® + == (14 Lin) | + Des i, (2.1.6)



where
M = sup 7& 8($)d$.
Ier H(I)

NB : k 1s an absolute constant, kK = 6 works.

This result is an adapted and simpler version of the one presented in [57]. Note that in
the original paper, one can deal with any kind of vectorial subspaces, which satisfy suitable
assumptions. In particular, the Fourier basis or wavelet bases may be considered.

To shorten mathematical expressions, we used L. and [, s ps even if precise formulas
are available. When asymptotic in T is performed, we consequently need to make ¢, 2
and M independent of T'. However any dependency between My and T is allowed. In
this sense, the result of (2.1.6) (as the ones due to Barron, Birgé and Massart [9]) is non
asymptotic with respect to various existing works (such as Mallows’ [49]) where the family
of models is held fixed whereas T' tends to infinity. To obtain (2.1.6), the fundamental
tool is to derive non asymptotic exponential inequalities, as we will in the sequel. Before
stating these probabilistic results, let us understand the different behaviours of (2.1.6) with
respect to the different strategies.

Note that for the Nested strategy there exists at most one model m in the family
with dimension |m| = D and therefore choosing L,, = € > 0 fixed leads to a quantity ¥
independent of 7" whatever I' is. We can also remark that M|m/|/T is a natural upper bound
for the variance term (see (2.1.3)) and that it is sufficient to assume that s is lower bounded
on X to lower bound the variance term by r|m/|/T where r = inf,ex s(x). Therefore the
result is exactly an oracle inequality as expected in (2.1.5) with a true constant C, up to
some negligible residual term. The Nested strategy is consequently adaptive in the minimax
sense when Holder ! functions with unknown regularity 0 < o < 1 are considered. Indeed,
M7 may be large enough to guarantee the existence of m in My such that |m| ~ T/ (2e+1),
But for this peculiar m, §,, achieves the minimax rate of convergence, namely 7"—2¢/(2e+1)
The oracle inequality directly proves that the same rate holds for our penalized projection
estimator. More generally, in the same spirit, the use of wavelet bases proves the minimax
adaptivity with respect to Besov spaces (see [57] for more details).

On the other hand, for the Irregular or Islands strategies, there are approximately
(N/D)P models in the family with the same dimension |m| = D, therefore one has to
take L,, = aln(N) or aln(N/D) to ensure that 3 will not depend on 7" whatever I is (in
particular when N = T'). In this case we recover an oracle inequality (see (2.1.5)) where C
which is multiple of In(7") basically, up to some negligible residual term. This phenomenon
is actually unavoidable when considering such complex families of models (ie families with
complex cardinality: there are more models with the same dimension D than a power of
D). Indeed, there exists a minimax lower bound (see Proposition 4 of [57]) that proves
the existence of this logarithmic factor. See also [10] and [11] for a more thorough study
in the Gaussian set-up.

'"Here, a function f is Holder with regularity « on [0, 7] if there exists a fixed positive real number
R > 0 such that for all z,y € [0,T], |f(z) — f(y)| < R(lz —y|/T)*.



2.1.2 Concentration inequalities

The fundamental probabilistic ingredient to show such oracle inequalities is to control the
deviations of |s,, — §,| which can be written, in the more general set-up, as

xm) = (| ( / m,mu)wy,

A

where (¢xm)x is an orthonormal basis of Sp,.

In [51], Massart emphasizes the link between Gaussian concentration phenomenon (due
to Cirel’son, Ibragimov and Sudakov [19]) and oracle inequalities in the Gaussian set-up,
but also the link between Talagrand’s inequality [70] (and the successive improvements
due to Ledoux [46], Massart [50]|, Klein and Rio [44] or Bousquet [12]) and the density
estimation or the classification problem. For Poisson processes, the existing inequalities
(|75], [34]) were not sharp enough to build nice oracle inequalities. Using the infinitely
divisible properties of the Poisson process and Ledoux/Massart’s approach, one gets the
following result

Theorem 1 (RB 2003). Let N be a Poisson process on X with finite mean measure v. Let
{tq,a € A} be a countable family of functions with values in [—b;b]. If

_sup/l/}a dN —dl/x)

acA

then for all u,e > 0,
P(Z > (1+e)E(Z) + 2Vkvu + k(e)bu) < e,

with
v = sup / YR (@)dv,

acA JX
and k = 6, k(e) = 1.25 + 32e7!

This result, which can be found in [57], has essentially the same flavour as Talagrand’s
inequality. The point measure replace the empirical measure of Talagrand’s inequality and
the mean measure replaces the expectation. The main difficulty with respect to Talagrand’s
inequality is that it is not a straight application of it. Indeed, by using the infinite divisible
property of the Poisson process, it is true that all the integrals can be viewed as a sum of
iid variables but those variables are not bounded. Here the bounded character is placed on
the functions ¢,. One can also note that the term s appearing in Theorem 1 is actually
the same as the one appearing in the penalty of Proposition 1. The shape of the penalty
that is required to obtain an oracle inequality is actually completely related to the shape
of this concentration inequality. Indeed it is now easy to obtain an exponential inequality
for x(m), since

= J(dN, — d
= s [N, s

Corollary 1 (RB 2003). Let

1
M,, = sup T J, f2(x)s(x)dz  and By = sup  |f]oo-
feSm I fI=1 fESm,1f1=1

10



Then for all u,e > 0,

P <X(m) > (1+ E)\/% Z/g@im(@s(az)daz + \/WTmu + ﬁ(E)%) <e " (2.1.7)
A

One can see that there are actually two behaviours. When w« is small, the behaviour
is Gaussian with a variance of the order M,,/T" < |s| /T which does not grow with the
dimension |m| of the model. When wu is large, the behaviour is sub exponential.

There are several improvements of this inequality. First it is possible by restricting
oneself to a large event, depending on the model .S,,, to privilege the Gaussian behaviour
(see Proposition 9 of [57]). This is a classical trick due to Massart, which is easily done
once one has a Talagrand like inequality. Using this trick and simplifying a little, the
penalty is obtained by keeping the first two terms of (2.1.7) with w = L,,. The fact that
¢ > 1 in Proposition 1 is directly connected with the factor (1 +¢) in (2.1.7).

But it is also possible to improve, for instance in the case of histograms, the sub-
exponential behaviour. This is at the root of the paper [33] which is a joint work with C.
Houdré and P. Marchal. To do so, one uses a complete different technique using covariance
formulas, which applies for any infinitely divisible variables. It is possible (see [33] for more
details) to replace for large u, the rate e " by e~“!“_ This does not change the statistical
inference, because we focus on the Gaussian behaviour for the model selection approach.
However this shows that there exists more-than-exponential moments for variables as x(m),
when they are norms of vectors with independent coordinates. This means that there
exists a positive A such that E(exp[Ax(m)log x(m)]) is finite. This result was known since
Rosinski’s work [65], and we have extended it by proving that the range of such possible
positive A does not depend on the dimension of S,,. Actually the result holds for any
euclidean norm of vectors with infinitely divisible independent coordinates whose Lévy
measure has a finite support. This and other dimension-free results for infinitely divisible
variables may be found in [33].

2.2 Other counting processes (Aalen, Hawkes)

In this section, let us present a unified approach for the Aalen multiplicative intensity and
the Hawkes process. This approach is the one used in the joint work with S. Schbath [62]
for the Hawkes case. A slightly different approach has been used in [59] for the Aalen case.
Let us recall that the notation s represents the deterministic unknown function appearing
in (1.1.2) for the Aalen set-up and that we basically assume that s in this case belongs to

A
Ly = {g with support in [0, A] / / ¢ < oo} .
0

Note that the natural corresponding norm is |g|? = OA g°.

For the Hawkes process (see (1.1.3)), s = (v, h) represents the couple where v is the
spontaneous rate of apparition (this is a real number) and h is the interaction function. In
this case, we basically assume that s belongs to

A
Ly = {f = (i, 9) / g with support in (0, A] and / g < oo}.
0
In this case, the natural corresponding norm is | f|? = u? + fOA g%

11



In both cases, the intensity of the process A(t) is of the shape W (t), where ¥ is a
linear application that transforms any f in the corresponding Lo space into a predictable
process. Indeed for the Aalen case, W;(t) = Y;f(t) and in the Hawkes case, W;(t) =
w+ ft 4 9(t — u)dN,. Note that the Poisson process is also of this type with ¥y = f.
Actually, the prehmlnary forthcoming computations are true for any kind of counting
process whose intensity will have this linear shape. However the corresponding theoretical
result is not published anywhere, because at the end there are always difficult quantities
to control and those controls are so specific to each kind of process that a general, but still
meaningful, oracle inequality is difficult to write.

Let us observe the counting process /N on an interval [0, 7] (or (—A, T for the Hawkes
process) and let us define a least-square contrast by

T T
Vf € Lo, y(f):—%/o \I/f(t)dNt—i-%/o W4 (t)2dt. (2.2.1)

Indeed, because of the martingale properties, one easily sees that the compensator of
the previous formula at time T is

1
——/ \I/f dt—l— / \I/f dt —/ \I/f dt——/
T 0

Hence the expectation of v(f) is minimal when W;_4(¢) = 0 for almost every ¢ almost
surely. The fact that this implies that f = s depends of course of the process. For the
Aalen multiplicative case, this amounts to assume that E(Y;?) > 0 for all t+ < A whereas it
is more difficult to prove but still true for Hawkes processes when one assumes that h has
a bounded support.

We divided by 7" so that the contrast is exactly the one we used for Poisson process,
but this division does not change the point were the minimum is reached, so it is not really
necessary. Note that for the Poisson process, the division by T" was a nice way to introduce
asymptotic properties when 7" tends to infinity. Indeed remark that to derive a true oracle
inequality we basically assumed the intensity to be lower bounded. Hence if T grows,
the total number of points grows. This vision is still the correct one for Hawkes processes:
when 7" grows, one observes more and more interactions so the estimation should be better.
However for the Aalen case, it is not true that the estimation is better when the time T
grows. Think for instance of the right-censored case where we want to estimate the hazard
rate of the life time of only one patient. There is absolutely no way to think that because
one observes this patient longer (after his death), we will obtain more information. On
the contrary, our estimation will improve when the total number of patients is growing,
and this will be true for any kind of aggregated processes. In [59]|, a slightly different
least-square contrast was used but it heavily depends on the multiplicative shape of the
intensity. Here we only need the linear transformation W.

We can pursue the construction of the projection estimators as before. If S, is a finite
vectorial subspace of Lo then

8 = argmingeg Y(f)- (2.2.2)

Note however that it is not evident to find a closed-form expression for the solution of this
minimization. Indeed, with respect to the Poisson case (2.1.1), on the right hand side of
(2.2.1) appears a random quantity

Dr(f) = %/\llf(t)th
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which is a random quadratic form on LLy. It happens that in the Poisson case it is the
Lo-norm and that it is sufficient to write f on an LLs-basis to find the solution, as we have
seen before.

In the Aalen case, a closed-form expression exists in the case of histograms because
the natural basis, namely (17)rem, is orthogonal for this quadratic form. This case was
treated in [59]. The other case, also treated in [59], consists in considering random models
Sm so that a -random- orthonormal basis was known for this quadratic form. Again, in
this case, a closed-form expression was available.

For Hawkes processes, none of the previous tricks worked and only a computer can give
the solution of the minimization. Nevertheless, this is just a quadratic minimization, so it
is not time consuming.

Next we consider a family of models {S,,, m € Mr} and we consider again

M = argmin,,c vq,. {7(8m) + pen(m)}, (2.2.3)

and S = §;,.

2.2.1 Exponential inequalities for counting processes

As one can see on the Poisson case, the penalty is directly linked to the concentration in-
equality. Hence, before stating the corresponding oracle inequalities, let us stress the main
problems and results occurring when we deal with general counting processes. Without
further details, it is quite obvious to see that the main quantity to control is

B T AN, = Ax)de 2 " T oy Ne = Al)de
=[S ([ o @) < o[yt SO,

where () m)x is an orthonormal basis of Sy,. In [58], the compensator of a supremum of
counting processes was computed. It allows to derive the following result

Theorem 2 (RB 2006). Let (N¢)i>0 be a counting process with intensity A(t) assumed
to be almost surely integrable on [0,T]. Let {(Hqt)i>0,a € A} be a countable family of
predictable processes and let

t
Vt>0, Z;= sup/ Hy s(dNs — A(s)ds).
acA JO

Then the compensator (Ai)i>o exists, is non negative et non decreasing and
t
W<t<T, Z—A = / AZ(s)(dN, — A(s)ds),
0
for a particular predictable process AZ(s) satisfying AZ(s) < supyea Ha,s-

Moreover, if the H, s’s have values in [—b,b] and if f(;[ SUDge A Hg’SA(s)ds < v almost
surely for some deterministic constants v and b, then for all uw > 0,

b
P <sup(Zt — Ay) > V2vu + gu) <e ™™

[0,7]
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This result is a shortened version of Proposition 1 and Theorem 1 of [58]. This result
seems more general than Theorem 1 because it deals with general counting processes and
as icing on the cake, we obtain an additional supremum on ¢. But this has a cost. Indeed
we can observe that there is an exchange between the supremum and the integral in the
definition of v. This cost may seem completely unavoidable in dependent setting. For
instance the results developed by Wu [75] and Houdré and Privault [34], using martingales
techniques, present this exchange. This exchange was also noticed in other dependent
set-up (see for instance Samson’s work on Markov chains [66]).

To understand more precisely what this exchange means, let us apply the previous
result to x(m).

Corollary 2 (RB 2006). Let

T Wy, (@)
C= Z/o GZ)A’Ti21\(;r)d3:,
A

and assume that C is bounded by v and ), \I/%,m(as)2 is bounded by b for all x € [0,T].
Then, for all u > 0,

P (x(m) > VC + 3v2vu + bu) < 2e7v,

Assume than in our case, one can suppose [ W, (2)*A(x)dz bounded by some fixed
constant. If we denote by D,, the dimension of 5, then the Gaussian part has a variance
of the order D,, /T and grows with the dimension of \S,,, whereas it was a constant for the
Poisson case. The oracle-type inequality that we derive using this exponential inequality
cannot be as sharp as the one we obtained for Poisson processes in general.

Recently, Baraud [6] proves via chaining argument a result that supersedes Corollary 2
to some extent. His result actually states, in a more general set-up than the one of counting
processes, that one can obtain a Gaussian part with dimension-free variance at the cost of
a larger constant term (ie the concentration phenomena in his case is not around +/C but
around something larger). In good cases (special choices of u ~ D,, and "nice" counting
processes), it may happen that one recovers the order of magnitude of the Poisson case
instead of the present deteriorate rate.

2.2.2 Oracle inequalities

It is quite inappropriate to write a general oracle inequality, because it heavily depends
on the norm one considers. The natural "norm" we would like to consider is Dp(f). But
Dp(f) is a random quadratic form and not strictly speaking a norm: it may eventually
be null for some non zero f. Of course this function f would have to be random and very
peculiar. It is easier to understand it in the Aalen case, even if the same phenomenon
applies for Hawkes processes. If ¥; = 0 on some subinterval of [0,7], then a function f
which is non zero on this random interval is a solution. Assuming that E(Y;?) > 0 on
the whole interval [0,7] does not prevent the random variable to be null eventually. For
the Aalen case, one has to restrict oneself to the event {¥; bounded from below on [0,7]}.
More generally we will have to restrict oneself at least to the event

E={Vvme Mz, VfeSn r’IfI*<Di(f)<R[fIP}, (2.2.4)

for some fixed constants r and R, with |f| the natural norm on Lg. But then of course
the resulting oracle inequality (2.1.5) cannot hold in expectation on the whole probability
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space. To do so, among other technicalities, one obviously needs to control P(£¢) and this
is basically not related to a the martingale structure of the counting process but to some
additional properties.

Aalen multiplicative intensity

For the Aalen case, the additional properties may come from the aggregated case. Let us
just give a brief summary of the type of oracle inequalities that can be found in [59].

e If one uses histograms, and if, among other technical assumptions, one assumes that
N is a bounded aggregated process, then a result strictly equivalent to Theorem 1 is
available, since Talagrand’s inequality can be used on the aggregated process.

e If one uses random models, with known orthonormal basis for Dp(f), then one is
forced to use the exponential inequality of Corollary 2.

— Hence the oracle inequality is limited to not too complex families of models.
One model per dimension is the basic case, for which the penalty should be
pen(m) = ¢D,, /T for some large enough constant c.

— the oracle inequality is stated as follows

- . . D 1
E(Dr(s —3)1¢g) < Ue.s mlérjlélT E(Dr(s = 5m)) + Tm + DC,ST-

— One can control £ if one assumes again the process to be aggregated.

Note that the approach based on least-square contrasts for aggregated counting pro-
cesses has been developed and widened by Brunel and Comte (and co-authors) in a suc-
cession of papers, in particular under various type of censoring (see for instance [16] and

[17])-

Hawkes processes

For the Hawkes process, one cannot use that N is an aggregated process any more and
that the individual processes are more or less bounded. It is true that the Hawkes process
is infinitely divisible but it is typically unbounded, the number of points per interval
being sensibly larger than a Poisson variable (exponential moments exist but not of any
order). The concentration for infinite divisible variables developed in [33] cannot be applied
directly to the resulting x(m). Indeed x(m) can be viewed as the norm of a random vector
of infinitely divisible variables, but the structure of ¥ does not allow those variables to be
independent.

However, one still needs to control the event £. Actually, the Hawkes process has
ergodic properties that show that Dp(f) tends to a true norm on Ly when T tends to
infinity. Asymptotic properties are of no use for model selection, as we already said. In
a joint work with E. Roy [60], we derive exponential inequalities for Hawkes processes.
Two kinds of inequalities are required: first, we want to control the number of points of
the Hawkes process per interval and second and most importantly, we want to refine in
a non asymptotic way the ergodic theorem. This has been done using arguments such as
coupling in [60]. The results of [60] imply the following result:
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Lemma 1 (RB Roy 2007). Let (N¢)ier be a stationary Hawkes process, with intensity
given by A(t) = Wy(t) with s = (v, h) in Lo and positive h. Note that the definition of Lo
implies that the interaction function h has a bounded support included in (0, A]. Let g be a
function of the points of (Ny¢)ier lying in [—A,0), with values in [—B, B] and zero mean.
Let (0¢)tcr be the flow induced by (Ni)ier i-e. goby is the same function as before, but now
the points are lying in [—A+1t,t). Then there exists a positive constant Ty(p, A) depending
onp= [h and A, such that for all T > Ty(p, A)

1 T
P T/o g o Odt

where c1 and co are absolute constants.

- c1Var(g)Alog(T)? caBAlog(T)? < 0.,
- T(p—logp—1)  T(p—logp—1)) = T3’

In [60], the key tool is the behaviour of the process not in terms of martingale but in
terms of branching process, when A is non negative. Indeed, one can also view the Hawkes
process, as the superposition of several layers of points. The first layer consists in points
that are called "ancestors", which constitutes a homogeneous Poisson process with rate v.
Then each ancestor, x, gives birth to children according to a Poisson process with intensity
h(t—x), and each new child, gives birth to other points according to the same process. The
mechanism stops almost surely if [h < 1 because the underlying number of descendants
of each ancestor is just a Galton-Watson process with reproducing law, a Poisson law with
parameter [ h. The Hawkes process is just the union of all the descendants and all the
ancestors. This cluster representation has been discovered a long time ago by Hawkes and
Oakes [32]. In [60], the main ingredient consists in understanding what happens when we
keep all the ancestors before 0 and then remove all the ones appearing after 0. Certainly
there is a time, called the extinction time, T, after which no more points can be viewed.
On the one hand, we derive tail estimates on 7, depending on the function h and on the
other hand, we use a coupling construction to control the total variation distance between
the process N and another process, which will be piecewise independent. A more precise
statement and variations of Lemma 1 can be found in [60].

With Lemma 1, it is long but not that difficult to control £ (see the long version of the
paper [62] on arXiv), however to do so and for technical reasons, we cannot use any kind
of model S,,,. For the Hawkes process, S;,, denotes the set of couples (u,g) where p is any
real number and where ¢ is a piecewise constant function on a set m of intervals of (0, A].
All the strategies, ie families of possible m’s, that were described as histograms strategies
for Poisson processes apply here.

The only remaining problem is that we need to control § on £¢ which can be done
theoretically speaking via clipping. Let us define for all real numbers H > 0, n > p > 0,
1> P > 0, the following subset of LLo:

A
ETIQ?P = {f = (1, 9) € L2/ we [p,n], g(.) €]0,H] and /0 g(u)du < P},

and let us assume that we know that s belongs to this set. Recall that the penalized
projection estimator § = (¥, h) is given by (2.2.3). Then, under the previous assumption,
it is natural to consider the clipped penalized projection estimator, § = (7, h), given, for
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all positive ¢, by

voift p<v<y,
v = p if v<p,
n if v>n,
) i (2.2.5)
h(t) if 0<h(t)<H,
h(t) = 0 if h(t)<oO,
H if h(t)>H

Theorem 3 (RB Schbath 2010). Let (N;)icr be a Hawkes’ process with intensity Ws(.).
Assume that we know that s belongs to EE?P. Moreover assume that all the models in M,
ie possible sets m of intervals, are written on I', a regular partition of (0, A] such that

VT

< ———.
< fog Ty

(2.2.6)

Let QQ > 1. Then there exists a positive constant k depending on n, p, P, A, H such that if

log(T)?
VYm € Mr, pen(m) = rQ(jm|+ 1)%; (2.2.7)
then
_ 2 . log(T)? #{Mr}
E(HS - 8”) S Dn7p7P7A7H mIEI}\f/‘lT HS - Sm”2 + (‘m| + 1) T + |:|777p’P7A7HT7

where sy, 1s the orthogonal projection of s on Sp,.

One can compare Proposition 1 and Theorem 3. First |I'| should be smaller for the
Hawkes process: this comes basically from the control of £, which was unnecessary for the
Poisson process since Dp(f) was deterministic in this case. Next, weights - the L,,’s - were
appearing in the Poisson case: they are replaced here by the factor Qlog(T"). Actually the
concentration we used (Corollary 2) is not sharp enough to use weights as precisely as in
Proposition 1. Indeed since the dimension appears in the variance term in Corollary 2,
one needs basically to take u = Q In(T') to obtain a deviation of the order y/D,,/T up to
some logarithmic term. On the contrary, the variance does not depend on the dimension
in Corollary 1 for the Poisson case and one can take u = L, D,,.

In addition, the penalty has an extra log(T") factor which comes from the fact that the
intensity A(t¢) is unbounded: A(t) behaves basically as the number of points in an interval
of length A, quantity for which we derived tail estimates in [60]. As we want to control it
on the whole interval [0, 7] we lose an extra logarithmic factor.

As before it is possible to prove by using the Nested strategy, that the method is
adaptive in the minimax sense for Holder functions with unknown regularity. However
with respect to the Poisson case, two restrictions appear : (i) the regularity a should
belong to (1/2,1) since |T'| << /T, (ii) extra logarithmic factors are appearing and we do
not know if they are necessary.

For more complex strategies (Irregular or Islands), if lower bounds have been computed,
there are still logarithmic factors that cannot be explained (see [62] for more details).

Actually one cannot be completely satisfied with this result. Assuming that one knows
that s belongs to E?f p, 1s a really strong assumption that cannot be done in practice.
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Moreover, for the genomic data we wanted to treat, the positivity assumption of h is prob-
ably not satisfied. Indeed a positive function h cannot model avoided distances between
occurrences, biological phenomena that is known to exist: for instance, genes in E. Coli
usually do not overlap. The reader may wonder what a possibly negative h means, mathe-
matically speaking. The self-interaction can be modeled in a more general way by a process
whose intensity is given by

Alt) = <u + / - u)dNu) (2.2.8)

—650 n

where h may now be negative. We have taken the positive part to ensure that the intensity
remains positive. Then the condition [ |h| < 1 is sufficient to ensure the existence of a
stationary version of the process (see [14]). When h(d) is strictly positive there is a self-
excitation at distance d. When h(d) is strictly negative, then there is a self-inhibition. It is
more or less the same interpretation as above (see (1.1.3)) except that now all the previous
occurrences are voting whether they "like" or "dislike" to have a new occurrence at position
t. The major problem is that the cluster representation does not exist for such a process.
Hence, there is no oracle inequality in expectation in this case - even if Theorem 2 of [62]
and the remark below tends to prove that an oracle-type inequality in probability exists.
However note that our projection estimators, §,,, and penalized projection estimators, s,
do not take the sign of g or h into account for being computed. That is the reason why
one can still use the method in practice.

In the remaining part of [62|, we try to propose at least a practical method, which
attempts to fulfil most of the practitioner wishes as stated in the introduction but without
any strong mathematical evidence beyond Theorem 3. In the next sections, I detail more
precisely what has been done in practice for the Hawkes case and what can be theoretically
done for the Poisson process.
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Chapter 3

Support Assumptions

In this chapter, the purpose is not to estimate the support of a function as in [45] for
instance but to question if it is sensible to assume the support of the underlying signal to
be known and compact. So we are merely considering here the size of the support as a
nuisance parameter.

3.1 Hawkes framework

The strongest assumption in my opinion that has been done in [62] is the support as-
sumption. We assumed that the unknown function A has a finite support [0, A] and more
importantly that we know A. On the one hand, this does not seem to be a strong assump-
tion because biologists know that after 10000 bases the 3D structure of DNA interferes
and that A = 10000 works. But let us take a closer look at what happens in practice.

Let us look more closely at the data set corresponding to the occurrences of the 4290
genes along both strands of the complete genome of the bacterium FEscherichia coli (T =
9288442). In [31], Gusto and Schbath already proposed a practical method for selecting
knots for a spline estimation of the function h. They used an AIC criterion that was
shown in practice to be relevant for equally spaced knots on the whole interval [0, A]. The
corresponding implemented method is named FADO.

Figure 3.1 presents the results of the FADO procedure [31]. Here we have forced the
estimators to be piecewise constant to make the comparison easier. If the main trend is
captured, we see that FADO has some fluctuations until the end of the required interval,
namely [0, A], with A = 10000. When do we decide that the fluctuations are negligible?
The model selection approach, described in the previous chapter, will produce essentially
the same answer if one uses the Nested strategy.

But model selection as designed by Birgé and Massart in [10] may select a sparse
signal if the model collection is complex. This is precisely the reason why we introduce the
Islands strategy for histograms, in addition to the classical strategies that are Irregular and
Nested. This method selects a sparse support. Of course the method has to be calibrated
and tested before (see the last chapter on calibration), but the Islands strategy leads to
the estimator of Figure 3.2.

Here the interpretation is easier. Figure 3.2 tells us that

e gene occurrences seem to be uncorrelated down to 2600 basepairs - this first point
may not have been guessed with FADO -

e they are avoided at a short distance (~ 0-500 bps) and
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Figure 3.1: FADO estimator of the interaction function between genes.

e favored at distances ~ 700-2000 bps apart.

This is completely coherent with biological observations: genes on the same strand do not
usually overlap, they are about 1000 bps long in average, and there are few intergenic
regions along bacterial genomes (compact genomes).

Moreover, even if no mathematical evidence encourage us to do so, we are tempted by
zooming in on the first part of the plot. Indeed one can apply the method with A = 5000
or A = 2600 because we have a visual sign that nothing significant appears after that. We
refer to [62] for the zoomed results and other biological explanations.

Hence on the one hand, not all the model selection strategies but at least the Islands
strategy seems to do the job. It uses the biological knowledge (A = 10000) and produces
an answer that may have a much smaller support. On the other hand, the several steps
procedures that consists in zooming in may produce something disastrous since we do not
have mathematical evidence that this procedure is robust. Hence we would like a procedure
that do not need A as an input. For the Hawkes model, this is completely out of reach
because the fact that the support is bounded is used everywhere! For instance the fact
that E(Dr(f)) is a norm equivalent to |.| strongly relies on the size of A (see (2.2.4) and
the proofs of [62]). But this problem has a solution for Poisson processes.

3.2 Poisson framework

Can we adaptively infer the intensity without any prerequisite such as a known compact
support? Can we adaptively estimate a Poisson intensity on the whole real line? First
let us remark that the method described in Section 2.1 relies strongly on the bounded
assumption of X. Actually, as it is written here, since the asymptotic is when T tends to
infinity, taking 7" = oo is a nonsense. However, formally speaking, we can rewrite model
selection in the following way. The intensity f is defined on the whole real line, we assume
that [ f < co and f is held fixed. But the mean measure of the Poisson process is now
dv = f(x)ndz (with respect to Definition 1, s(z) = nf(x)) where now n is tending to
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Figure 3.2: Islands estimator of the interaction function between genes.

infinity when asymptotic is considered. Indeed, the mean total number of points is n [ f,
it grows when n tends to infinity. Model selection as performed by Baraud and Birgé in 7]
for random measures or by Figueroa-Lopéz and Houdré in [27] for Lévy processes covers
this case. They both obtain oracle inequalities under various assumptions on the family
of models. In practice they need an a priori on the localisation of the support to have a
reasonable family of models. In particular they cannot estimate a regular intensity that
has an infinite support. Most of the existing practical methods (except kernel estimators)
assume that f has a support included in, say, [0, 1]. How do we build an adaptive estimator
of f without such a strong assumption?

One could think that this problem is a toy problem that has no concrete application.
But this is not the case. There exist data for which one cannot assume the existence of an
upper bound and that are typically heavy tailed. This situation happens for instance in
the financial and geological examples mentioned previously (see [52, 71, 36, 27]) but also
in a wide variety of situations (see [21]). All these Poisson processes have in common to
be highly inhomogeneous with a lot of points having a small size and some points having
extraordinary huge size. There are actually statistical evidence that the tail of the size of
petroleum fields is Pareto distributed (see Lepez’ Ph.D. thesis [47]), for instance. In gen-
eral, the classical argument for applying classical methods that need support assumptions,
consists in assuming that we know a constant M such that the support of f is contained in
[0, M]. Then, observations are rescaled by dividing each of them by M: the new observa-
tions (that all depend on M) belong to [0,1]. An estimator adapted to signals supported
by [0,1] can be performed, which leads to a final estimator of f supported by [0, M] by
applying the inverse rescaling. Note that such an estimator highly depends on M. For
heavy tailed data as mentioned before, there is no possible M: a usual and classical trick
(but not mathematically proved) is to rescale by the largest data in the sample, without
any guarantee that this does not strongly interfere with the estimation procedure.

In a joint work with V. Rivoirard [61], we opt for a thresholding approach, which is
the extension of the work of Juditsky and Lambert-Lacroix in the density setting [41].
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Thresholding may be viewed as a particular case of model selection but actually it has
two advantages. First it is simpler to implement thresholding rules than general model
selection, and therefore the precision of the method for the same computation time is
higher. Secondly, there is a natural way to sum the errors over the whole real line, trick
that cannot be done in general by model selection. Let us describe precisely the method and
the resulting oracle inequality and then emphasize what the support assumption implies.

3.2.1 The method and the oracle inequality

We only assume that f belongs to Ly NIL; and that we observe N a Poisson process with
intensity f with respect to ndx. For technical reason, we need to use a biorthogonal wavelet
decomposition. Let us describe the method.

As classical orthonormal wavelet bases, biorthogonal wavelet bases are generated by
dilations and translations of father and mother wavelets. But considering biorthogonal
wavelets allows to distinguish wavelets for analysis and wavelets for reconstruction. The
decomposition of f on a biorthogonal wavelet basis takes the following form:

F= b+ Bixthn, (3.2.1)

keZ J20 keZ

where for any j > 0 and any k € 7Z,

ap = /R f@)on(@)de, By = /R F @) de,

for any = € R, _
or(x) = Bz — k), Yjulz) = 2292z — k),

Fr(@) = dle — k), Pju(x) = 2542z — k)

and ¢ = {¢,¢,¢3,¢} is a set of four particular functions: we consider the particular
biorthogonal spline wavelet basis built by Cohen et al. [20] (see [61] for more details).
The most important ingredient is that i is a compactly supported piecewise constant
function. The Haar basis can be viewed as a special case of the previous system, by setting
¢~5 =¢ =1y, 1; = = 1[07%} - 1(%71]. The Haar basis is an orthonormal basis, which is not
true for general biorthogonal wavelet bases. However, we have the frame property: the Lo-
norm of f is equivalent to the ¢ norm of its wavelet coefficients. To shorten mathematical
expressions, we set

A={A=(k): j>-1LkeZ}

and for any A € A, o\ = ¢ (vespectively P\ = qgk) if A = (=1,k) and oy = ¥
(respectively @y = ;) if A = (j, k) with j > 0. Similarly, 8y = oy if A = (—1,k) and
Bx = Bjr if A= (j,k) with j > 0. Now, (3.2.1) can be rewritten as

f= oo with g [ea@ @) (3:22)

AEA

The estimate of f is based on the natural unbiased estimators of the 3)’s defined for

any A by
b= [ er@dN @) == 3" () (3.23)

TeN
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This shows the practical interest of using the previous wavelet system. Indeed, since the
functions )’s are piecewise constant functions with an explicit mathematical expression,
numerical values of these coefficients can be exactly and quickly computed. This is not
the case with "usual" regular orthonormal wavelet bases for which computations of the
associated coefficients are based on numerical approximations, which is not suitable. Key
theoretical arguments are also based on such bases providing a convenient control of the
variance of the ﬂA,\’s.

Now, let us specify our thresholding rule. Given some parameter v > 0, we define the

threshold |
~ nn
My =y 29Valnn+ Tl o, (3:2.4)

with

- . R 2 2

W=V + \/27(111 n)V,\inga)‘gOo + 3vIn nLOAJOO

n n

where

~ 1
Vy = F/gpi(x)dN(x)
Note that V) satisfies E(VA) = Vi, where

Vi =Var() = . [ @)@

Finally given some subset I';; of A of the form
where jo = jo(n) is an integer, we set for any A € A,

On = BaLggyzm 3 Lorera)
and we set 3, = (B)\))\GA- The estimator of f is

j;ﬂ/ZZEE:BA¢A ClQﬁ)

AEA

and only depends on the choice of v and jy fixed later. Note that when a classical model
selection method requires to compute all the projection estimators, the thresholding esti-
mator only needs to look at one coefficient at a time and states if one keeps or kills this
coefficient.

When the Haar basis is used, the estimate is denoted ffw

The threshold 7)), seems to be defined in a rather complicated manner but it is in
fact inspired by the universal threshold proposed by Donoho and Johnstone in [25] in the
Gaussian regression framework (see [61] for more details).

One can actually rewrite the method as a particular model selection method for a
particular contrast which is not the one used in Section 2.1. Indeed for any g = >y cp ax@a,
one can define the following least-square contrast:

V(g)=-2) arbr+ Y o3,

AEA A€A

23



for which it is easy to see that E(7/(g)) is minimal as soon as g = f. Let us define a model

by
Sm:{g: D s, OO\ER}:

AEM

where m is any subset of indices of A. Then, obviously,

fm = argmingcg v'(9) = Y Baia.
AEM

Now let us look at the following penalized criteria

T = argmin,, {’Y/(fm) + pen(m)} ’

with
pen(m Z -
Aem
Since v/ (fm) = — Y rem BE, very easy computations lead to fs = fr~- This means that

our thresholding estimator is just a special case of model selection where it is not worth
computing all the fm’s to obtain the penalized estimator.

Combining the advantages of a thresholding procedure which looks at one coefficient
at a time and the model selection approach, we are able to prove the following statement,
which cannot be recovered by classical model selection methods.

Theorem 4 (RB Rivoirard 2010). Let us fiz two constants ¢ > 1 and ¢ € R, and let us
define for any n, jo = jo(n) the integer such that 200 < pf(Inn)¢ < 20t If~ > ¢, then
fn satisfies the following oracle inequality: for n large enough

) . 1
Elfoy = fI3 < Oye | > min(83, Valnn)+ > B3| + Oyl fluo (3.2.7)
Aely, ATy,

Note that this result holds under the very mild assumption that f € Lo N1L;. In
particular no assumption on the support of f is done. Note also that the density may be
unbounded in infinite norm, which is quite unusual (see |61] and [63] for more details and
comments).

This result is actually an oracle inequality. Indeed, we easily see that E [H fn— f H%} =

Ry, (m) because of the frame property of biorthogonal wavelet basis, with

Reyy(m)=>_ B+ > V.

Agm AeEm

Hence the best possible set of indices corresponds to m with
n={X €T, suchthat 8 >V} (3.2.8)

where m minimizes m — Ry,(m) and we have

Ry,(m) = Z min (53, Vy) + Z 3.

ey, AT
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This represents the benchmark in the family of estimators that keep or kill each coefficient
ﬁ)\ We can also associate to m the quantity fm7 which, here, plays the role of the oracle.
Note also that the corresponding family of models m (any possible subset of I',,) has a
complex cardinality, as complex as Islands. With this approach, we see that Theorem
4 provides the best possible inequality up to a logarithmic term and a residual term. As
before in the model selection approach, one can see that the logarithmic term is unavoidable
from a minimax point of view for such a complex family of models.

3.2.2 The curse of support

Actually two articles refer to the title of this paragraph. In [61], we theoretically studied
the previous estimator in the Poisson case, and derived strange minimax behaviours with
respect to the support assumption. Rapidly people asked us why we were doing such a
job for Poisson processes, since for most of our colleagues if such a phenomenon as a curse
of support exists, that should be popularized via a more well known set-up, which is the
one of density estimation via the observation of a n-sample. Indeed, the fact that the
data are usually rescaled in practice by the largest observation is much more popular for
density estimation. The method we developed for Poisson process, applies to the density
setting with a lot of additional computations. In my opinion, Poisson processes are for
the density setting what the white noise model is for regression: the computations are
easier, the intuition is better because there are not strange constraints, such as [ f =1 for
instance. So the density setting was studied in a more applied way in the joint work with
V. Rivoirard and C. Tuleau-Malot [63].

In any case there are definitely two aspects for this curse of support: a minimax aspect
and a practical aspect.

Minimax aspect

Let us study the minimax rate of convergence over Besov balls. The Besov balls we consider
are classical (see [61] or [63] for a definition with respect to the biorthogonal wavelet basis)
and denoted By q(R). Let us just point out that no restriction is made on the support of
f when f belongs to By (R): this support is potentially the whole real line.

Without going into details, let us say that in both settings (Poisson or density), when
the functions are also bounded in infinite norms, the dichotomy of Table 3.1 applies.

\ [1<p<2]2<p<oo]

2a 2a
compact support n 2o+l n 2o+l
_ 20 T
non compact support n 2a+l n P
Table 3.1: Minimax rates on By NLsNLe with 1 < p,¢ < 00, @ > max (0, % — %) under

the || - ||3-1oss.

Those minimax results show the role played by the support of the functions to be
estimated on minimax rates. When p < 2, the support has no influence since the rate
exponent remains unchanged whatever the size of the support (finite or not). Roughly
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speaking, it means that it is not harder to estimate bounded non-compactly supported
functions than bounded compactly supported functions from the minimax point of view.
It is not the case when p > 2. Actually, we note an elbow phenomenon at p = 2 and the
rate deteriorates when p increases: this illustrates the curse of support from a minimax
point of view. Let us give an interpretation of this observation. Johnstone in [40] showed
that when p < 2, Besov spaces By, model sparse signals where at each level, very few
wavelet coefficients are non-negligible. But these coefficients can be very large. When
p > 2, By ~spaces typically model dense signals where the wavelet coefficients are not
large but most of them can be non-negligible. This explains why the size of the support
plays a role on minimax rates when p > 2: when the support is larger, the number of
wavelet coefficients to be estimated increases dramatically.

The rates of Table 3.1 are adaptively achieved by our thresholding estimator with
respect to p, a and the compactness of the support, up to a logarithmic term. Let us
just emphasize the following point. Whatever the support of f is - bounded support with
unknown localization, large bounded support with unknown size, unbounded support - our
procedure does not care: we are able to estimate f for the Lo loss at the correct rate of
convergence, up to a logarithmic term.

In practice

From a numerical point of view, let us just mention what is in my opinion the most striking
example of this curse of support, in the density setting. Gaussian variables are so nice that
one usually thinks they have an almost bounded support. Hence estimating a mixture of
only two Gaussian variables should be an easy task.

We compared our method to representative methods of each main trend in density
estimation, namely kernel, binning plus thresholding and model selection. The considered
methods are the following. The first one is the kernel method, denoted K, consisting
in a basic cross-validation choice of a global bandwidth with a Gaussian kernel. The
second method requires a complex preprocessing of the data based on binning. The good
theoretical properties of such a transformation when the support is known have been
recently proved in [15]. Observations X7, ..., X,, are first rescaled and centred by an affine
transformation denoted T' such that T'(Xy),...,T(X,) lie in [0,1]. We denote fr the
density of the data induced by the transformation 7. We divide the interval [0, 1] into 2%~
small intervals of size 27%, where b, is an integer, and count the number of observations
in each interval. We apply the root transform due to [15] and the universal hard individual
thresholding rule on the coefficients computed with the DWT Coiflet-basis filter. We finally
apply the unroot transform to obtain an estimate of fr and the final estimate of the density
is obtained by applying 7! combined with a spline interpolation. This method is denoted
RU. The last method is also support dependent. After rescaling as previously the data,
we estimate fr by Willett and Nowak’s algorithm [74], which is a classical model selection
based approach. The final estimate of the density is obtained by applying T—!. This
method is denoted WN.

Our practical method is implemented in the Haar basis (method H) and in a smoother
biorthogonal basis (method S) with the choice v =1 (see the last chapter on calibration).
Moreover we have also implemented the choice v = 0.5 in the smoother basis S*.
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The density, g4, consists in a mixture of two standard Gaussian densities:

4= 3 N(0.1) + 3 N(d, D),
where N (u, o) represents the density of a Gaussian variable with mean p and standard
deviation o. The parameter d varies in {10,30,50,70} so that we can see the curse of
support on the quality of estimation.
We generate n-samples of these densities, with n = 1024 and we numerically compute
for each estimator f the ISE, i.e. Jx(f - 2.

0.25 0.25 0.25

Figure 3.3: Reconstruction of g4 (true: dotted line, estimate: solid line) for the 6 different
methods for d = 10

Figure 3.3 shows the reconstructions for d = 10 and Figure 3.4 for d = 70. In the
sequel, the method RU is implemented with b, = 5, which is the best choice for the
reconstruction with d = 10. All the methods give satisfying results for d = 10. When d
is large, the rescaling and binning preprocessing leads to a poor regression signal which
makes the regression thresholding rules non convenient, as illustrated by the method RU
with d = 70. Reconstructions for K, WIN, S and S* seem satisfying but a study of the
ISE of each method (see Figure 3.5) reveals that both support dependent methods (RU
and WN) have a risk that increases with d. On the contrary, methods K and S are the
best ones and more interestingly their performance is remarkably stable (the boxsize is
quite small) and the result does not vary with d. This robustness is also true for H and
S*. S* is a bit under smoothing. Finally note that, for large d, H is even better than RU
despite the inappropriate choice of the Haar basis.

Of course kernel methods become poor when the signal is more spiky, as it always does
(see [63] for more details). Nevertheless, one sees that the most sophisticated methods
with support assumption fail when the support becomes larger. Similar simulations have
been done with heavy tailed signals when the tail grows.
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Figure 3.4: Reconstruction of g4 (true: dotted line, estimate: solid line) for the 6 different
methods for d = 70

To conclude this chapter let us just claim again that it is not at all armless to use support
dependent methods. This may change the minimax rate of convergence drastically, and
in practice the curse of support is visible too. If interesting parts of the signal are too
far away from each other, any classical support dependent method will fail, since basically
after rescaling, the signal becomes highly irregular.
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Figure 3.5: Boxplots of the ISE for g4 over 100 simulations for the 6 methods and the
4 different values of d. A column, delimited by dashed lines, corresponds to one method
(respectively K, WIN, RU, S, H, S*). Inside this column, from left to right, one can find
for the same method the boxplots of the ISE for respectively d = 10, 30,50 and 70.
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Chapter 4

Target functions

4.1 Estimation, Maxisets and Minimax point of view

From a pure practical point of view, what is nice with the thresholding estimator built
in [61] is the shape of the estimator itself. For easier comparison, let us focus on the
estimation by the Haar basis (method H) in Figures 3.3 and 3.4. This is still an histogram
estimator that precisely say "zero" when the density seems negligible ie exactly what the
Islands method does as well in the Hawkes framework. However, in the Islands method,
as said previously, one needs to know the maximal size of the support to implement the
method, and the size of support is linked to the size of each interval in I'. That means that
the scale of estimation, e the size of each interval in the partition, is fixed : one cannot
go beyond and reach a smallest scale. If theoretically speaking, it isn’t a big deal (I" grows
with T' anyway), in practice the limitation comes from the computer. After |I'| = 26
it is not computationally possible to obtain the resulting estimator. The main reason is
because one needs to stock all the estimators for all possible choice of m, ie 226 possibilities
for Islands! On the contrary it is not a big deal to produce thresholding estimators with
support [0,70] and smallest possible scale 270... The histogram may have until 2!¢ small
intervals and the computation is still fast. The outstanding advantage of thresholding over
model selection method is its fast computation algorithm.

Unfortunately, in the Hawkes model, one cannot adapt the thresholding method be-
cause we do not have access to an unbias estimate of the coefficients ).

Nevertheless, assume that such a method may work for Hawkes process (see also the
appendix on future work), then the shape of the estimator H in Figures 3.3 and 3.4
is exactly what we would like to obtain in order to furnish a good interpretation of the
results: disjoints localized spikes with eventually refined scales that can be reached without
zooming as for Islands. And the question now is, what are these functions ? One cannot
continue to say "this estimator looks ugly, this one is nicer". There must be a good
interpretation of such functions via the approximation theory.

In my opinion, the most exciting concept when one arrives here is the maxiset notion
introduced in statistics by Kerkyacherian and Picard in [42]. They turn the question upside
down. Basically the reasoning is as follows "If you like this estimator and what it produces,
then I can tell you what kind of functions it is able to reach". Indeed, there has been a
lot of works computing minimax rates of convergence over various Besov or Holder spaces,
arguing whether the Lo-norm, the Lo,-norm or the Kullback-Leibler distance, is the most
pertinent loss. But the regularity space was more or less fixed, only some variation in the
parameters were allowed. But do we know what a "typical" Besov function looks like in
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practice? More importantly have those functions usually something to do with the set of
real target functions, our estimators would have to reach in practice? What Kerkyacherian
and Picard introduced, changes our point of view : they describe approximation spaces via
a statistical approach.

So now the question is: what is the maxiset of the thresholding procedure described
previously?

Let us first describe the maxiset approach which is classical in approximation theory.
For this purpose, let us assume that we are given f* an estimation procedure. The maxiset
study of f* consists in deciding the accuracy of f* by fixing a prescribed rate p* and in
pointing out all the functions f such that f can be estimated by the procedure f* at the
target rate p*. The maxiset of the procedure f* for this rate p* is the set of all these
functions. More precisely, we restrict our study to the signals belonging to Ly NILy and we
set:

Definition 2. Let p* = (p}), be a decreasing sequence of positive real numbers and let
5= (f})n be an estimation procedure. The maxiset of f* associated with the rate p* and
the LLo-loss 1s

MS( ) = {F e LanLas sup {() 2EIS - I} < 4o

Maxiset results have been established and extensively discussed in different settings for
many classes of estimators and for various rates of convergence. Let us just mention in
our framework, Autin in [4] who derives maxisets for thresholding rules with data-driven
thresholds for density estimation.

One of the goals of [61] is to investigate maxisets for the thresholding estimator f,y =
(fn,'y)n and we only focus on rates of the form ps = (pp s)n, where 0 < s < % and for any

n)
<11r1n>S
Pns=\—"] -
n
So, in the sequel, we investigate:
~ Inn\ % _ . 9
Ms(f'y7ps): felinLy: sup T Eufn,'y_fu <00,
n

where fv = ~( fnw)n is the thresholding procedure described previously. To characterize
maxisets of f,, we set for any A € A, 03 = [ ¢3(z)f(z)dz and we introduce the following
spaces.

Definition 3. We define for all R > 0 and for all 0 < s < %,

W, = {f = Bada: sup {t4s Zﬁflm<w} < OO} :

A€A A€A

and for any sequence of spaces G = (I'y,)y, included in A, we also define

5 Inn\ 2%
Bsg=1f= g Oa@x: sup <—n > E ﬁi < 0
n

AEA AZl
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These spaces just depend on the coefficients of the biorthogonal wavelet expansion. The
spaces W, can be viewed as weak versions of classical Besov spaces, hence they are denoted
in the sequel Weak Besov spaces. An interested reader may look at [64] for "pictures" of
typical functions in Weak Besov spaces. Note that if for all n,

Fn={A=(0,k) e j<jo}

with no\e
9i0 < <M> <9t L5
then, Bj; is the classical Besov space Bg;l

enough. We have the following result.

s

o if the reconstruction wavelets are regular

Theorem 5 (RB Rivoirard 2010). Let us fiz two constants ¢ > 1 and ¢ € R, and let us
define for any n, jo = jo(n) the integer such that 270 < n°(Inn)¢ < 290t Let v > c.
Then, the procedure defined in (3.2.6) with the sequence G = (I'y,)y, such that

Fo={A=0Uk)eA: j<jo}
achieves the following maxiset performance: for oll 0 < s < %,
MS(fy,ps) = BsgNW,.

The maxiset of f7 is characterized by two spaces: a Weak Besov space that is directly
connected to the thresholding nature of fv and the space BS,Q that handles the coefficients
that are not estimated, which corresponds to the indices j > jo.

Hence the targets function are the intersection of Weak Besov bodies and classical
Besov bodies. Remark that the previous result enables us to affirm for instance that one
can estimate unbounded functions at convenient rate, because they belong to the maxiset
(see [61] for more details). One can add that actually the minimax rate of convergence on
the maxiset MS(f,, ps) is exactly ps (at least when the Haar basis is considered) and that
the logarithmic term is indeed unavoidable when one uses thresholding rules. Informally
speaking, if one likes thresholding estimators because of their "shape", one naturally wants
to estimate target functions in their maxisets. As they are adaptive minimax over their
maxiset (see [61] for more details), one cannot really improve them, hence let us use when
possible thresholding estimators!

4.2 Tests

Let us just quickly go back again to Section 3.1. We have seen that when the Islands
strategy is performed in practice on the genomic data with the Hawkes model, we are
tempted by using the method to zoom in. Of course this leads to questions such as, can we
effectively test that A is null and/or test that A is null after 5000 bases? There is no answer
yet, because actually the question, even for the simpler Poisson process, was not that easy
to solve. There exists a parametric local approach due to Dachian and Kutoyants in [22]
which is quite far from an adaptive procedure where the alternatives in terms of A may be
quite intricate. Let us just focus on the first question. If A is null, this amounts to test if
the process IV is an homogeneous Poisson process, the alternative being that its intensity
is given by
At)=v+ > h{t—w),

zeN,x<t
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for a non zero function h.
Now let us simplify the problem a bit by considering this intensity for the alternative:

A(t) = v+ h(t),

where h is non zero and belongs to the set of possible target functions we described above.
Can we provide an adaptive test that is able to detect such spiky alternatives? This is the
subject of the joint work with M. Fromont and B. Laurent in [29].

We still observe a Poisson process N with unknown intensity f(z) wrt ndz on [0, 1].
For testing, the bounded support assumption is not a problem since it is part of our null
hypothesis. The fact that the interval is [0, 1] just simplifies some notations. Note that
a homogeneous Poisson process on the whole real line would have an infinite number of
points, hence it cannot be observed in its totality.

We assume that || f|lcc < oo and that one can decompose f on the Haar basis :

27 -1

f=a0p0+ > Y aGmeim

FEN k=0

with @o(2) = 1j91(2) and ¢ ) (z) = 2j/2¢(2j37 — k) where ¥(x) = 1p,1/2((x) = L1 2,1 ().
Let us state our test more precisely: we want to test Ho: " f is constant" (ie N is homoge-
neous) against Hi: " f is not constant". Adaptive testing procedures consist in designing a
test that will be powerful for a wide class of possible spaces as alternatives. Since testing is
not that usual in adaptive problems, let us point out the main differences with (adaptive)
estimation.

First let us understand what happens on one finite vectorial subspace. Let m C {(j, k),j >
0,k=0,..,2 —1} and S,, = Span(pg, ¥x, A € m). The dimension of S, is denoted D,y,.
The least-square or projection estimator (see (2.1.2)) can be rewritten with this formalism
as A A R

fn = Bovo + D Brga,

AEm

with as usual 8, = %f[o 1 ox(z)dN,. Let f,, be the orthogonal projection of f on S,,,
then the risk of this estimator satisfies

D[ flloo
n 9y

E(If = ful®) < If = ful® + (4.2.1)

where | f| represents the classical Ly norm on [0,1]. When we want to test the homogeneity,
we actually want to reject when the distance between f and Sy = Span(yg) is too large.
This distance can be estimated and the estimate may be used as test statistic. This idea
is very old. It has been introduced in the Poisson setting by Watson [73|. The procedure
is consequently decomposed as follows:

1. We approximate d(f, So)? by Y rem a3.

2. We estimate it in an unbiased way by T;, = >, T\ with

A 1
T,\:ﬁ?\—m/wid]\f-
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3. Under Hy the law of T}, given that Njg 1) = K is free of f, so there exists t,,(qu( such

that
P(Tm > tgrngN[o,l} =K)<a.
4. We consequently reject when T;,, > t,’(ﬁg — 5711\77[68,1])'
5. One possible choice is t"(qfa = qq(qu( the 1 — o quantile of the conditional distribution
of Ty,

The performance of the test is measured in term of separation distance, i.e. the question
is: under Hj, how far from Sy should f be to obtain P(accept Hy) < 57

I ]P( gxgz > Am,a,,@) < 5/3, and if

VD,
d*(f,50) > ||f = fmll* + Do liflee =, + Amas;

then, under suitable assumptions, the error of second kind is less than 3 (see the precise
version with slightly different notations in Theorem 4 of [29]). Remark that with respect
to the estimation part (see (4.2.1)), /Dy, is replacing D,,. Tests are consequently usually
thought to be easier than the corresponding estimation: the separation distance seems
smaller than the risk. However the presence of A,, o 3 is crucial.

If tgx 2¥ = qfn]\fc)y, one can prove, using exponential inequalities for degenerate U-statistics of
order 2 - which is the case for T}, - that

D, log(a~! log(a™! Elog?(a!
Amas =0l |~ ng( Ly g(n ) Em iz( 2
where E,, = Zj/(%k)Em 2/ may be much larger than D,,. Once again, as for adaptive
estimation, concentration inequalities are the fundamental tool to build adaptive test.
Indeed, the dependency of A,, .3 in o will be crucial, once we want to combine those
tests (ie we apply several tests at once and we accept or reject depending on the outcome
of all the tests). The smaller the dependency in « is, the larger the number of tests one
can combine is. In particular, it is fundamental to use exponential deviations since the
dependency in « will consequently be logarithmic. Exponential inequalities for U-statistics
of independent variables are described in the book of de la Pena and Giné [24]. These upper
bounds have been improved but still with unknown constants by Giné, Latala and Zinn
[30]. In a joint work with C. Houdré in [35], we derive precise constants in those formula
by combining Talagrand’s inequality and martingale properties for degenerate U-statistics
of order 2. For our precise set-up here, the ingredients also apply to Poisson processes since
one can replace Talagrand’s inequality by Theorem 1 (see [35] for more details). Let us
just mention one of the existing extension of this work due to Adamczak [1], which involves
degenerate U-statistics of any order for independent variables but also for processes with
independent increments.
Actually a powerful test consists in having the best separation distance within a certain
subclass of alternatives. If one is given a whole collection of possible subclasses, adaptive
testing procedures should achieve the same separation distance (up to some minor losses)
without knowing to which subclass the alternative actually belongs.

When one considers, as subclasses, the models S,,, an adaptive test procedure, as
described above, should satisfy an inequality which has essentially the same flavour as the
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one obtained in Proposition 1 by adaptive estimators. This is achieved by combining tests,
which is quite easy. The most natural approach consists in a model selection approach,
but one can actually also consider a thresholding approach. Both model selection and
thresholding approaches have already been used to construct adaptive tests by Spokoiny
(|68] and [69]) in Gaussian white noise models. Note also the work of Baraud, Huet and
Laurent [8] in a Gaussian regression framework. As for the density framework, adaptive
tests were proposed by Ingster [38] or Fromont and Laurent [28|, using model selection
type methods and by Butucea and Tribouley [18] using thresholding type methods.

In our present framework, let us start with the model selection approach. Let M be
a collection of possible m’s. Then one rejects Hy when there exists one m € M such that
T > t%\fg‘m q&Ngm, where under Hy, P(3m € M, T, > t,%m) < a.
The basic choice for ay, is the Bonferroni choice ie oy, = a/|M|. This allow us to define
a nested test ie M = {Ay,...,A5}, with Ay = {(j,k),7 < J,k =0,. —1} and 27 ~

n?/(log(n)?) whose separation distance is at least

Vol | J 2JJ2”
+5+ :

2

}nf {Ilf I+ 0o flee [

n n

In the same way, the thresholding estimation procedure has a test version which is
defined by the following thresholding test: one rejects Hy when there exists A € A 7, with

2j ~ n such that

This is equivalent to ask if there exists m C A such that

> Ty =Tn >ZqA o/@i ) = t{).

AEM Aem

Then the separation distance of this test is at least

. DynJ  DpJ227
lancAj{||f_fm||2+l]aﬂ,llflloo[ —— m2 ]}

n n

One can see the difference between both tests by looking at the minimax separation
rate over various functional subclasses of alternatives. Without going into details and
tedious definitions, let us just cite for the interested reader two fundamental papers on
minimax separation distances for the Gaussian set-up: [37] and [5]. In the Poisson setting,
the minimax separation rate for classical Besov spaces has been computed by Ingster in
[39]. However minimax separation rate for Weak Besov spaces was not known, whatever
the set-up (Gaussian, Poisson, density ...), until the present joint work [29]. More precisely,
we compute this rate for alternatives in Bgm(R) N W, (R') where the classical Besov body

is defined by
271

8‘25700( {8>0/Vj€N Za < R?2 2j5}
and the weak Besov body is defined by

27 -1

Wy(R) = {s20 /¥t >0,3" 3 a? gl o < R}

J€N k=0
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Note that W, is a simplified version of Wy (see Definition 3) with s = ~/(1 + 27):
one assumes the variance term oy to be constant which does not change the rates if one
assumes that the intensity has a finite support and that the intensity is lower bounded on
its support. Hence the minimax separation rate over 8‘25’00 AW, for various 0 and 7 should
exhibit a particularly interesting behaviour when 6 = /(1 + 2v) which corresponds to the
maxiset of the thresholding estimation procedure when ¢ =1 (see Theorem 5).

Theorem 6 (Fromont Laurent RB 2010).

e If§ > max (v/2,v/(1 + 27v)), then the minimax separation rate for alternatives in
B3 (R) N Wy(R') NLoo(R") is

_ 456
Us~,RR\R 0,8 T 1H40,

which is achieved by the nested test up to a Inlnn term.

o If 6 < /2 and v > 1/2, then the minimaz separation rate for alternatives in
Bg,oo(R) NW,(R') NLo(R") is larger than

2y
Inn\ 2y
Do m R as | = :

rate which is achieved by the thresholding test when 6 > H%
v

Note that the second rate is also the minimax rate of estimation over those spaces.
That means that when Weak Besov bodies are involved and when their regularity is large,
it is not easier to test than to estimate. More details and more precise statements may be
found in [29].

To conclude this chapter, let us just state that a convenient space of target functions
may be the intersection of a classical large Besov space with small regularity and a Weak
Besov space whose regularity may be much larger. In the Poisson framework, those kinds
of sets are the maxiset of the thresholding estimation procedure, procedure which is adap-
tive minimax over those sets. The minimax rate of convergence for estimation is actually
also the minimax separation distance for testing in certain cases. This means that, if we
are interested by those functions, it will be as difficult to test as to estimate. This phenom-
ena was not known, up to our knowledge and is certainly true for other settings such as
Gaussian set-up. Finally a thresholding approach allows us to achieve this separation rate
of testing, whereas those tests may be completely useless when only classical Besov spaces
are considered as alternatives. Indeed, those tests do not only lose a logarithmic factor,
the rate is definitely worse, whereas this phenomenon does not appear for thresholding
estimators whose loss is only due to a logarithmic factor.

Of course, it is always possible to combine thresholding tests and nested tests. This
combined test is adaptive minimax for § > /(1 +2v). These tests also perform really well
in practice (see [29] for more details).
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Chapter 5

Calibration

The final question deals with calibration. Let us start with the Hawkes model. In Theorem
3, a penalty proportional to the dimension of the model divided by T appears. However
the multiplicative constant depends on parameter that cannot be guessed in practice. So
what should we do? One can think that Theorem 3 is a theoretical result that guides our
intuition but that the right multiplicative constant should depend in practice on the data.
In [11], Birgé and Massart investigate the resulting theoretical problem in a homoscedastic
Gaussian set-up. In this regression set-up, the theoretical optimal penalty, for, say, the
Nested strategy, is 202D,,/n where ¢? is the variance of the Gaussian noise and n the
total number of observations. One could wonder if an unbiased estimation of o may
work. Birgé and Massart actually prove that there exists a minimal penalty o2D,,/n.
If one of the models with high dimension in the Nested strategy is less penalized than
this benchmark, then the whole model selection method will select a model with too high
dimension. This phenomenon can be detected in practice: hence one can guess what the
minimal penalty is and then, multiplying by 2, one can obtain the optimal penalty. This
study has been reinforced by the recent theoretical and practical results of Arlot in the
heteroscedastic set-up [3]. If other frameworks (see [48] in density or [67] for more general
set-up) have been very recently studied, such studies heavily rely on very tight exponential
inequalities. In particular, it is completely out of reach at this point to obtain such kind of
theoretical results for the Hawkes process: actually even the precise shape of the optimal
penalty is not known. This Chapter is divided in a numerical study to obtain at least an
ad-hoc calibration in the Hawkes model that will work well in practice [62] and in a more
theoretical study of the calibration of the thresholding rule in the Poisson case [61], and
in the density case [63]. Note that the theoretical calibration results of thresholding rules
started with Donoho and Johnstone [25] in their seminal work in the Gaussian set-up.
Further attempts usually involve pure model selection and thresholding as an appended
result. Here we wanted to calibrate a full data-driven threshold, which corresponds to a
penalty that, as is, is usually not used in classical model selection and that cannot be
recovered by classical model selection techniques.

5.1 Ad hoc methods

Let us start with the numerical study of [62].
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5.1.1 Compared methods

We implement 3 strategies : Regular, Irregular and Islands. Regular is a slightly different
version of Nested: the family My consists in all the regular partitions of [0, A) up to a
certain level N, but they are not forced to be dyadic. Indeed, for numerical reason, we are
forced to consider |T'| < 15 and the Nested family will be in this case much too small.

Since we are looking for a penalty that is inspired by (2.2.7), we compare our penalized
methods to the most naive approach, namely the hold-out procedure described below.
Moreover, the truncated estimators are designed for minimax theoretical purposes, but of
course they depend on parameters (H, ... - see (2.2.5)) that cannot be guessed in practice.
They also force the estimate of h to be nonnegative. Therefore in this section we only use
non truncated estimators (see (2.2.3)).

Hold-out The naive approach is based on the following fact (which can be made com-
pletely and theoretically explicit in the self-exciting case). We know that 7 is a
contrast. We would like to select a model 7 such that 3 is as good as the best
possible §,,. So one way to select a good model m should be to observe a sec-
ond independent Hawkes process with the same s and to compute the minimizer
of y12(8y,) over My (where &, is computed with the first process and 72 is our
contrast but computed with the second process). However we do not have in practice
two independent Hawkes processes at our disposal. But one can cut [—A,T] in two
almost independent pieces. Indeed the points of the process in [-A,T/2 — A] and
in [T/2,T] can be equal to those of independent stationary Hawkes processes and
this with high probability (see [60]). Hence in the sequel whenever the Hold-out es-
timator is mentioned, and whatever the family M is, it is referring to the following
procedure.

1. Cut [-A,T] into two pieces: H; refers to the points of the process on [—A,T/2—
A], Hy refers to the points of the process on [1/2,T].

2. Compute ,, for all the m in M7 by minimizing the least-square contrast vz 1
on S,, computed with only the points of Hy, ie

o (T/2-A 1 [T/2-A
Vel =7 [ woaeg [T vk,

3. Compute y7,2(5y,) where y72 is computed with Hy, i.e.,

2 (T 1 [T
Viela ama()=-7 [ wdNeg [ wera
T Jr/244 T Jr/24a
and find = arg miny,e pmp Y7,2(5m).

4. The Hold-out estimator is defined by §7€ := 5,,.

Note that we used all the observed points since the computation of W¢(t) requires to
have the points in (t — A, t]. Theoretically speaking, the gap should have been a bit
larger to ensure almost independence.

Penalized Theorem 3 shows that theoretically speaking a penalty of the type K (|m\ +
1) should work. However the theoretical multiplicative constant is not only not
computable, it is also too large for practical purpose. So one needs to consider
Theorem 3 as a result that guides our intuition towards the right shape of penalty.
Therefore we investigate two ways of calibrating the multiplicative constants.
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1. The first one follows the conclusions of [11]. In the Regular strategy, there exists
at most one model per dimension. If there exists a true model mg, then for
im| large (larger than |mg|) y7(8y) should behave like —k(Jm| + 1). So there
is a minimal penalty as defined by Birgé and Massart of the form pen,,;, =
k(|lm|+ 1). In this situation their rule is to take pen(m) = 2 * pen,,;, (m).

We find a k by doing a least-square regression for large values of |m/| so that
V1 (8m) = —k(jm| +1).
Then we take
T = argmin,,c \q,. {’)/T(§m) + 2];:(\m| + 1)} ,

and we define 3™ = §;,.
For the Irregular and Islands strategy, as a preliminary step, we need to find
the best data-driven model per dimension i.e.

mp = argming,, c pf.. jm|=D {r(3m)}

Then one can plot as a function of D, (8, ). In [11], they also obtain another
kind of minimal penalty of the form pen,,;, = k(D + 1)(log(|T'|/D) + 5) when
the Irregular strategy is used. But for very small values of |I'| (as here) we
would not see the difference between this form of penalty and the linear form.
Moreover theoretically speaking we are not able to justify, even heuristically,
such a form of penalty for large values of |I'|. So we have decided that we will
use the same penalty as before even in the Irregular and Islands strategies. That
is to say that we find a k by doing a least-square regression for large value of D
so that X
V1 (8mp) = —k(D +1).
Then we take

M = argmin,, c x4, {7T(§m) + 212:(\m| + 1)} ,

and we define 87" := 5, even for the Irregular and Islands strategies.

2. On the other hand, the choice of 7 by ™" was not completely satisfying
when using the Islands or Irregular strategies (see the comments on the sim-
ulations hereafter). But on the contrast curve: D — y7(5y,,), we could see

a perfectly clear angle at the true dimension. So we have decided to compute
_J= v (8r) =7 (817 )

=1 and to choose

m = arg min 5 E(lm|+1)}.

g min {37(3m) +k(jm|+1)}
We define 599! .= 5. This seems to be a proper automatic way to obtain this
angle without having to look at the contrast curve. It is still based on the fact
that a multiple of the dimension should work. This has only been implemented
for the Irregular and Islands strategies.

Table 5.1 summarizes our 8 different estimators.
We have simulated Hawkes processes with parameters (v, h), with v in {0.001, 0.002, 0.003,
0.004, 0.005}, h = 0.0021399 490] having a bounded support in (0,1000] (i.e. A = 1000)
and on a sequence of length [—A,T] with 7" = 100000 or 7" = 500000.
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‘ Methods ‘ Strategy ‘ Selection ‘

1 Regular N = 15 | minimal penalty 5"

2 Irregular [T = 15 | angle method 399’
3 Irregular || = 15 | minimal penalty ™"
4 Islands |[T| = 15 | angle method 3%9%
5 Islands |[T'| = 15 | minimal penalty §™"
6 Regular N = 15 Hold-Out §7°
7 Irregular |T| = 15 Hold-Out 379
8 Islands |T| = 15 Hold-Out 379

Table 5.1: Table of the different methods.

5.1.2 Results

We call Risk of an estimator the Mean Square Error of this estimator over 100 simulations,
i.e. we compute for each simulation |s — 5|? and next we compute the average over 100
simulations. Note that with the range of our parameters, the error of estimation of v will be
really negligible with respect to the error of estimation for h, so that ||s — 3| ~ fOA(h— h)2.

Figure 5.1 gives the Risk of our estimators for h = 0.5 f; for various v and T". We first
clearly see that the risk decreases when T increases whatever the method. There seems
also to be a slight improvement when v becomes larger, tending to prove that, if the mean
total number of points E(N[0,T]) = vT/(1 — p) grows, the estimation is improved — at
least in our range of parameters. A study in terms of p = [ h can be found in [62].

We see that the "best methods" are Methods 1, 2 and 4, i.e. the Regular strategy with
minimal penalty and the Irregular and Islands Strategies with the angle method. For the
Irregular and Islands Strategies, the minimal penalty seems to behave like the Hold-out
Strategies. This fact is confirmed in terms of oracle ratio too (see [62] for more details).

Finally Figure 5.2 shows the resulting estimators of Methods 1, 2 and 4 on one simu-
lation. In particular, before penalizing, note that one clearly sees an angle on the contrast
curve at the true dimension for the Irregular and Islands Strategies and that penalizing by
the angle method (Methods 2 and 4) gives an automatic way to find the position of this
angle.

Hence it seems that the model selection method for Hawkes processes clearly behaves
differently when a complex family is involved, with respect to the Gaussian case. The
contrast curve (see Figure 5.2) is so flat after the true dimension that any "slope" heuristic
will fail to detect the angle whereas the angle method does. Note also that even for
Gaussian model selection the problem of optimal constant for complex families has not
been solved, up to our knowledge. For further illustrations, see [62]. The basic conclusion
is that Method 4 (Islands + Angle method) provides a nice way to select a sparse support
and to estimate spikes of various localisation and size. This is the method used to derive
Figure 3.2. In the next section, we will further investigate one special complex model
selection, which is the one associated to the threshold method implemented in [61] and
[63].
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Figure 5.1: Risk of the 8 different methods for h = 0.5 % f; for different values of v and T'.

5.2 Data-driven thresholds

Now let us go back to section 3.2 and let us rewrite the threshold here :

~ ylnn
My =\ 27Valnn + ™ loxloo-

First one can notice that there is no dependency in unknown parameters depending on
the signal with respect to for instance the penalty of Theorem 3. This is because we have
been able to estimate very accurately the variance of 8y by Vy (see [61] for more details).
This cannot usually be done by standard model selection methods which will make appear
at the very least an estimator of the supremum of f as in Proposition 1, when one uses
least-square contrast. If one uses log-likelihood criteria, one can also obtain a penalty that
does not depend on this supremum, but the price is to assume the existence of a lower
bound on the intensity (see [74]).

Next, one can ask how should we choose ¥? Theorem 4 tells us that if 270 = n then
one should take v > 1. Is there a minimal threshold as well? Here "minimal" should be
understand in the sense of Birgé and Massart in [11].

We are able to prove the following result.

Theorem 7 (RB Rivoirard, 2010). Let f = 1j9q). If v < 1 then there evists § < 1 not
dependent of n such that

FH 25 €
E”fn,'y - f”2 2 ﬁu
where ¢ is a constant.
A similar lower bound exists in the density setting [63]. Since the result is proved for

the Haar basis, for which 1) is the simplest signal one can imagine, one is forced to
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Figure 5.2: Contrast (C) and penalized contrast (PC) as a function of the dimension for
the three favourite methods on one simulation with 7" = 500000, v = 0.001 and h = 0.5% f.
The chosen estimators (PE) are in blue whereas the function h = 0.5 % f; is in red.
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conclude that one cannot use v < 1. We were not able to prove theoretically that 1 is
optimal, however in the Poisson case, we know that on should take v € [1,12] (see [61] for
more details).

There exists one remaining gap : how do we choose «y in [1,12] ? Once again, we can
only conclude via a simulation study. I reproduce here the simulation study of [63] in the
density setting for a slightly different version of the threshold (3.2.4), that is essentially
equivalent. A more thorough study has been done for the Poisson process in [61].

40 60 3000
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" n=256 :
—n=512 507 1
- n=1024

n=2048
—n=4096
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Figure 5.3: n x MISE,(y) for (U) f = 1)) (the Haar basis is used) ; (G) f is the
Gaussian density with mean 0.5 and standard deviation 0.25 (the Spline basis is used) ;
(B) f is the renormalized Bumps signal (the Spline basis is used)

First we simulate 1000 n-samples of density f = 1jg ). We estimate f by our method
using the Haar basis. For any v, we have computed MISE, (v) i.e. the average over the
1000 simulations of ||fn,y — f|3. On the left part of Figure 5.3 (U), MISE,(y) x n is
plotted as a function of v for different values of n. Note that when v > 1, MISE, (v)
is null meaning that our procedure selects just one wavelet coefficient, the one associated
to 10 = 1jg); all others are equal to zero. This fact remains true for a very large
range of values of v. This plateau phenomenon is also noticed in the Poisson framework
(see [61]). However as soon as v < 1, MISE,(y) x n is positive and increases when =y
decreases. It also increases with n tending to prove that MISE, (y) >> 1/n for v < 1.
This is completely coherent with Theorem 7. We consider two other density functions f.
The first one is the density of a Gaussian variable whose results appear in the middle part
of Figure 5.3 (G) and the second one is the renormalized Bumps signal ! whose results
appear in the right part of Figure 5.3 ( B). In both cases we computed fnﬁ with a smoother

! The renormalized Bumps signal is a very irregular signal that is classically used in wavelet analysis. It

—4
—p; 1
is here renormalized so that the integral equals 1 and it can be defined by g gi |1+ [z = p| 1]
- w; 0.284

j
with
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basis than the Haar basis, whose precise description is available in [61]. We computed the
associate MISE,(y) over 100 simulations. Note that for the Bumps signal, there is no
plateau phenomenon and that the best choice for + is v = 0.5 as soon as the highest level
of resolution, jg(n) is high enough to capture the irregularity of the signal. If n is too
small, the best choice is to keep all the coefficients. Recall that m is defined by (3.2.8).
One can actually identify two behaviours: either the oracle fm is close to f and the best
possible choice is v ~ 1 with a plateau phenomenon, or the oracle fm is far from f and it is
better to take a smaller v (for instance v = 0.5). The Gaussian density (G) exhibits both
behaviors. For large n (n > 1024), there is a plateau phenomenon around v = 1. But for
smaller n, the oracle fm is not accurate enough and taking v = 0.5 is better. Note finally
that the choice v = 1, is the more robust with respect to both situations.

Let us just conclude by saying that after a calibration step that is partly theoretical
and partly a simulation study, we are able to propose convenient methods to estimate, on
the one hand, Hawkes interaction function with a given bound on the support and, on the
other hand, Poisson intensity (or density) on the whole real line.

Note that testing procedures are by nature data-driven: before even asking what the
power of the test is, one has to propose a test that only depends on the data and that
has a level o ! Hence the calibration of test mainly relies on how we can provide a test of
precise size a. Extensive Monte-Carlo methods actually do the job even if the accuracy of
the Monte-Carlo method is not taken into account yet (see [29] for more details).

p = | 0.1 0.13 015 023 025 04 044 065 0.76 0.78 0.81 |
g = | 4 5 3 4 5 4.2 2.1 4.3 3.1 5.1 4.2 ]
w = [ 0.005 0.006 0.006 0.01 001 003 0.01 0.01 0.005 0.008 0.005 |
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Appendix A

Presented papers

e Reynaud-Bouret, Patricia Adaptive estimation of the intensity of inhomogeneous
Poisson processes via concentration inequalities. Probab. Theory Related Fields
126 (1), 103-153 (2003).

e Houdré, Christian ; Reynaud-Bouret, Patricia Fzponential inequalities, with con-
stants, for U-statistics of order two. Stochastic inequalities and applications, Progr.
Probab., 56 Birkhéduser, Basel, 55-69 (2003).

e Reynaud-Bouret, Patricia Compensator and exponential inequalities for some suprema
of counting processes. Statistics and Probability Letters, 76(14), 1514-1521 (2006).

e Reynaud-Bouret, Patricia Penalized projection estimators of the Aalen multiplicative
intensity. Bernoulli, 12(4), 633-661 (2006).

e Reynaud-Bouret, Patricia ; Roy, Emmanuel Some non asymptotic tail estimates for
Hawkes processes. Bulletin of the Belgian Mathematical Society-Simon Stevin, 13(5),
883-896 (2007).

e Houdré, Christian ; Marchal, Philippe ; Reynaud-Bouret, Patricia Concentration for
norms of infinitely divisible vectors with independent components. Bernoulli, 14(4),
926-948 (2008).

e Reynaud-Bouret, Patricia ; Rivoirard, Vincent Near optimal thresholding estimation
of a Poisson intensity on the real line. Electronic Journal of Statistics, 4, 172-238
(2010).

e Reynaud-Bouret, Patricia ; Schbath, Sophie Adaptive estimation for Hawkes pro-
cesses; application to genome analysis. Ann. Statist., 38(5), 2781-2822 (2010).

e Fromont, Magalie ; Laurent, Béatrice ; Reynaud-Bouret, Patricia Adaptive test of
homogeneity for a Poisson process. to appear in Annals of THP.

e Reynaud-Bouret, Patricia ; Rivoirard, Vincent ; Tuleau-Malot, Christine Adaptive
density estimation: a curse of support? J. Statist. Plann. Inference, 141, 115-139
(2011).
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Appendix B

Future work

There are a lot of questions that have not been solved yet. I give just here a non exhaustive
list of my current work and open questions.

o Actually, the Hawkes model as initiated in genomic data by [31] is multivariate. If
theoretically speaking, the model selection may work to some extent, in practice the
computer limitations make this method useless. One way to go further is to try to use
threshold estimators in a close, simplified framework. This is the Ph.D. subject, that
V. Rivoirard (Dauphine) and I proposed to our student, Laure Sansonnet. Another
approach will be to use the Lasso method. This is a joint work with N. R. Hansen
(Copenhague) and V. Rivoirard. We hope to be able to calibrate the method at least
in practice.

e Another assumption, which is quite delicate to remove is the stationary assumption
of the Hawkes process. Indeed a non stationary version may model neuronal activity.
We would like to tackle this problem with C. Tuleau-Malot, Franck Grammont and
Yann Bouret (Nice).

e The Poisson process structure makes things easier for testing than even the classical
density iid framework. M. Fromont (Rennes), B. Laurent (Toulouse) and I are build-
ing an adaptive test of Hy: "the Poisson processes, N1 and Ny, have same intensity"
versus "they have not", test whose power only depends on the difference between
both intensities.

e Adaptive tests for Hawkes processes are still an open question.

e The construction of maxisets for testing procedures is also a natural question that
we would like to solve with V. Rivoirard (Dauphine).

e (Calibration in a theoretical way is a very vast subject with many open questions and
not only in point processes theory. One aspect that I'm trying to better understand,
is the link between practical adaptive statistical procedures and practical analytical
procedures, both of them having to face this calibration problem. A current work
with M. Doumic (INRIA Rocquencourt), M . Hoffmann (ENSAE), V. Rivoirard
(Dauphine) focuses on the adaptive statistical answer to an inverse problem that has
already been solved in an analytical way on size structured populations (see [55, 26]).
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