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e Let Q be a bounded domains (open and connected set) in C"
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Overview of 5-estimates

Remarks continued

3) A necessary condition for du = f having a solution is:
f must be d-closed since & = 0.

Question. If f is 0-closed (0, 1)-form or (0, g)-form in Q, does
du = f have a solution in Q?

Song-Ying Li Weighted L2 estimate for & and application to Corona proble



Overview of 5-estimates

Remarks continued

3) A necessary condition for du = f having a solution is:
f must be d-closed since & = 0.

Question. If f is 0-closed (0, 1)-form or (0, g)-form in Q, does
du = f have a solution in Q?

Answers: Yes when n = 1;
No, when n > 1 for general Q;
Yes, if Q is pseudoconvex.
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Basic Setting

e ¢ is a plurisubharmonic function on Q
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Basic Setting

e ¢ is a plurisubharmonic function on Q

e [2(Q, ¢) denote the set of all measurable functions u with

|2 :/Qu(z)|2e—¢<2>dv(z) .
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Overview of 5-estimates

Hormander’s theorem on L2 estimate

Assume that

e 2 is a bounded pseudoconvex domain in C",
e ¢ is a plurisubharmonic function on €,
o A%(Q, ¢) is the holomorohic subspace of L?(2, ¢).
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Overview of 5-estimates

Hormander’s theorem on L2 estimate

Assume that

e 2 is a bounded pseudoconvex domain in C",
e ¢ is a plurisubharmonic function on €,
o A%(Q, ¢) is the holomorohic subspace of L?(2, ¢).

Then for any d-closed f € Lf071)(§2, ), the 0-equation
ou=f
has the unique solution uy | A%(Q, ¢) satisfying

ltolle < Callflly
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Overview of 5-estimates

Notation

e ¢ € C?(Q) is a strictly plurisubharmonic function on Q;
e Complex Hessian matrix of ¢ and its inverse are defined by

H(s)(2) = | af,zébz,]m and [4(2)] = H(6)(2) "

e Forany (0,1)-form f = 377, fidz;, we let

1£(2)1%55, - Z@W (2)

7./ 1
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Overview of 5-estimates

Restatement of the Hormander’s theorem

Assume that

e 2 is a bounded pseudoconvex domain in C",
e ¢ € C?(Q) is a strictly plurisubharmonic function on Q.
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Overview of 5-estimates

Restatement of the Hormander’s theorem

Assume that

e 2 is a bounded pseudoconvex domain in C",
e ¢ € C?(Q) is a strictly plurisubharmonic function on Q.

Then for any d-closed f € LfOJ)(Q, ), the 9-equation
ou=f

has the unique solution uy L A?(R, ¢) (the canonical solution)
satisfying

2 2 —
\uou(bg/ﬂ\f(z) 2 ety
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Overview of 5-estimates

Integral solutions and uniform estimate

e Another very important method to solve d-equation is to
construct a kernel function B(z, w) on Q x Q which is
(0,1)-formin zand (n,n — 1)-form in w such that

/Bzw (w) (2)
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e Another very important method to solve d-equation is to
construct a kernel function B(z, w) on Q x Q which is
(0,1)-formin zand (n,n — 1)-form in w such that

/Bzw (w) (2)

¢ In 1970, G. M. Henkin; Grauart and Lieb constructed an
integral formula and obtained a uniform estimate:
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Overview of 5-estimates

Integral solutions and uniform estimate

e Another very important method to solve d-equation is to
construct a kernel function B(z, w) on Q x Q which is
(0,1)-formin zand (n,n — 1)-form in w such that

/B (z,w) A f(w) (2)
¢ In 1970, G. M. Henkin; Grauart and Lieb constructed an
integral formula and obtained a uniform estimate:

Theorem

Let Q be a smoothly bounded strictly pseudoconvex domain in
C". There is a kernel B(z, w) such that

lullee@) < Cliflles @

where u is given by (2
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Overview of 5-estimates

Improvement for uniform estimate

e When Q is smoothly bounded strictly pseudoconvex in C”, the
uniform estimate:

lulle= @) < Cllfllg, @

is not sharp.
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Overview of 5-estimates

Improvement for uniform estimate

e When Q is smoothly bounded strictly pseudoconvex in C”, the
uniform estimate:

lulle= @) < Cllfllg, @

is not sharp.

e In 1971, Kerzman improved the unoform estimate, he
obtained
[ull gogm) < Clifll

forand a < 1/2.
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Overview of 5-estimates

Sharp estimate

In 1971, Henkin and Romanov improved Kerzman'’s estimate
and got the following sharp estimate:
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Overview of 5-estimates

Sharp estimate

In 1971, Henkin and Romanov improved Kerzman'’s estimate
and got the following sharp estimate:
Theorem

Let Q2 be a smoothly bounded strictly pseudoconvex domain in
C". There is a solution u to du = f such that

lullgrrz@y < Cliflleg @

and C'/2 is the best regularity one may get.
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Overview of 5-estimates

Gong’s theorem

e Xianghong Gong (Math Ann. 2019) was able to improve the
above theorem for domaind Q with 9Q e C2.

Theorem

Let 2 be a bounded strictly pseudoconvex domain in C" with
C? boundary. There is a solution u to du = f such that

||U||c1/2+w(§) < Clfllcvays

where % + ~ is not integer.
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Overview of 5-estimates

Gong’s theorem

e Xianghong Gong (Math Ann. 2019) was able to improve the
above theorem for domaind Q with 9Q € C2.
Theorem

Let Q be a bounded strictly pseudoconvex domain in C" with
C? boundary. There is a solution u to du = f such that

||U||c1/2+w(§) < Clfllcvays

where % + ~ is not integer.

e When 09 is not smooth, problems was studied by Range and
Siu (1972 and 1973), Krantz (1976), Shaw, etc.
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Overview of 5-estimates

Weakly pseudoconvex domains

e When Q is a weakly pseudoconvex domain, d-estimate
becomes much more complicated.
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e When Q is a weakly pseudoconvex domain, d-estimate
becomes much more complicated.

e Range (1976) proved: Uniform estimate holds for 0 when Q is
a convex domain with real analytic boundary.
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Weakly pseudoconvex domains

e When Q is a weakly pseudoconvex domain, d-estimate
becomes much more complicated.

e Range (1976) proved: Uniform estimate holds for 0 when Q is
a convex domain with real analytic boundary.

¢ B. Berndtsson (1993), J. Fornaess (1986), and N. Sibony
(1980) constructed weakly pseudoconvex domains in C2, C3
respectively for which the uniform estimate fail.
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Overview of 5-estimates

Weakly pseudoconvex domains

e When Q is a weakly pseudoconvex domain, d-estimate
becomes much more complicated.

e Range (1976) proved: Uniform estimate holds for 0 when Q is
a convex domain with real analytic boundary.

¢ B. Berndtsson (1993), J. Fornaess (1986), and N. Sibony
(1980) constructed weakly pseudoconvex domains in C2, C3
respectively for which the uniform estimate fail.

e J. Fornaess and N. Sibony (1990s) constructed weakly
pseudoconvex domains in C? with one weakly pseudoconvex
point for which L> — LP estimate fails for any p > 2.
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Overview of 5-estimates

Solution for 9 on Bidisc

e Bidisc: Q = D(0,1)?
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Overview of 5-estimates

Solution for 9 on Bidisc

e Bidisc: Q = D(0,1)?

A special weakly pseudoconvex domain without C' boundary.
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Overview of 5-estimates

Solution for 9 on Bidisc

e Bidisc: Q = D(0,1)?

A special weakly pseudoconvex domain without C' boundary.

e In 1971, Henkin proved:

LetQ = D(0,1)2. For any d-closed (0, 1)-form f with
fe C(0 (& Q). Then there is a solution u of du = f on Q satisfies

[Ulloo < Cl[floo-
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Overview of 5-estimates

0-estimate on Polydis in C”

e Recently, the Henkin’s result has been generalized by Chen
and McNeal (2018) and Fassina and Pan (2019)
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Overview of 5-estimates

0-estimate on Polydis in C”

e Recently, the Henkin’s result has been generalized by Chen
and McNeal (2018) and Fassina and Pan (2019)

e However, problem the uniform estimate for 9:

| Ull oo (p(0,1)m) < ClIf|l Lo (D(0,1)n)

without any assumption on f is still open.
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Overview of 5-estimates

Problems to study

e In 1984, Henkin asked:

Question: B
Does the uniform estimate hold for ¢ on the classical
bounded symmetric domains ?
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Overview of 5-estimates

Problems to study

e In 1984, Henkin asked:

Question: B
Does the uniform estimate hold for ¢ on the classical
bounded symmetric domains ?

e In 1994, A. Sergeev proposed
Problem:
Tthe uniform estimate hold for 9 on Lie ball in C" with n > 3.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Weighted L2 method

e Estimate through Integral presentation for solution
is a very important method for uniform estimate for 0
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Weighted L2 method

e Estimate through Integral presentation for solution
is a very important method for uniform estimate for 0

e Another uniform estimate for & was given by B. Berndtsson
(1996) through the

Hérmander’s weighted L2 estimate (presented before)
or
Donnelly-Fefferman weighted L? estimate
(two weighted functions).
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Berndtsson’s results
Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains

Open problems

Donnelly-Fefferman weighted L2 estimate (1997)

e Assume that
Q is a bounded pseudoconvex domain in C".
¢ and 1 are plurisubharmonic in Q satisfying

5412
06125, < 1/4.
If u is the solution of du = f and u L A%(Q, $/2 + ¢) then

lull 2@,y < 4 1) ioagll2(0,0)-
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Berndtsson’s approach

e Use the Donnelly-Fefferman’s weighted L? estimate with the

plurisubharmonic weight function ¢(z) = — log(1 — |z2|?).
Which is the potential function for the Bergman metric g.
Moreover,

#(z) = (1 - |2)(8; — ziZ)
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Berndtsson’s approach

e Use the Donnelly-Fefferman’s weighted L? estimate with the

plurisubharmonic weight function ¢(z) = — log(1 — |z2|?).
Which is the potential function for the Bergman metric g.
Moreover,

#(z) = (1 - |2)(8; — ziZ)

Berndtsson studied the uniform estimate for ou = f on B,,.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Berndtsson’s estemate

e Berbdtsson’s Theorem: Let g be the Bergman metric over the
unit ball By,. If f is 9-closed (0, 1)-form and if u L. A?(Q) is a
solution of du = f, then

4
u(2)| < € sup {[f(W)g} log 1> 3)

webn
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Our Main Results Our Result on Strictly pseudoconvex domains
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Open problems

Berndtsson’s estemate

e Berbdtsson’s Theorem: Let g be the Bergman metric over the
unit ball By,. If f is 9-closed (0, 1)-form and if u L. A?(Q) is a
solution of du = f, then

4
ulz)| < C f(w log —— 3
u(z2)| < € sup {[fWlg} los 71z )
and
lulloo < Ce sup {(1 = 1212)~IH(2)lg}
zeB,
for any € > 0.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Berndtsson’s estemate

e Berbdtsson’s Theorem: Let g be the Bergman metric over the
unit ball By,. If f is 9-closed (0, 1)-form and if u L. A?(Q) is a
solution of du = f, then

4
ulz)| < C f(w log —— 3
u(z2)| < € sup {[fWlg} los 71z )
and
lulloo < Ce sup {(1 = 1212)~IH(2)lg}
zeB,
for any € > 0.

e Estimate (3) is sharp
since u(z) = log(1 — |z|?) — c is the sharp solution.
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Berndtsson’s results
Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains

Open problems

A joint work with X. Dong and J. Treuer

Theorem (D-L-T, APDE, 2021) Let g be the Bergman metric
over a smoothly bounded strictly pseudoconvex domain

Q C C". If fis 9-closed (0, 1)-form then there is a solution u for
ou = f satisfying

u(2)] < C sup {If(w)lg} log K(2) (4)

weBy,

where K is the Bergman kernel on Q.
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Berndtsson’s results
Our Main Results Our Result on Strictly pseudoconvex domains

Our Results on Bounded Symmetric Domains
Open problems

A joint work with X. Dong and J. Treuer

Theorem (D-L-T, APDE, 2021) Let g be the Bergman metric
over a smoothly bounded strictly pseudoconvex domain

Q C C". If fis 9-closed (0, 1)-form then there is a solution u for
ou = f satisfying

u(2)| < € sup {If(w)lg} log K(2) (4)

weBp

where K is the Bergman kernel on 2. Moreover,

U2, < C. sup {I(2)E(log(t + KNP} ()

zeBy

forany p > 1.
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Berndtsson’s results
Our Main Results Our Result on Strictly pseudoconvex domains

Our Results on Bounded Symmetric Domains
Open problems

A joint work with X. Dong and J. Treuer

Theorem (D-L-T, APDE, 2021) Let g be the Bergman metric
over a smoothly bounded strictly pseudoconvex domain

Q C C". If fis 9-closed (0, 1)-form then there is a solution u for
ou = f satisfying

u(2)| < € sup {If(w)lg} log K(2) (4)

weBp

where K is the Bergman kernel on 2. Moreover,

U2, < C. sup {I(2)E(log(t + KNP} ()

zeBy

forany p > 1.
e Estimates (4) and (5) are sharp
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Definitions of BSD

e M™"(C) denotes m x n matrices with entries in C.
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Definitions of BSD

e M™"(C) denotes m x n matrices with entries in C.

e Bounded symmetric domain of type | is defined by

I(m,n)={ze M™"(C): I, —2zz" > 0}
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Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Definitions of BSD

e M™"(C) denotes m x n matrices with entries in C.

e Bounded symmetric domain of type | is defined by
I(m,n)={ze M™"(C): I, —2zz" > 0}
e BSD of type Il is defined by

ll(n) = {z € I(n, n) : z is symmetric}
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Definitions of BSD

e M™"(C) denotes m x n matrices with entries in C.

e Bounded symmetric domain of type | is defined by
I(m,n)={ze M™"(C): I, —2zz" > 0}
e BSD of type Il is defined by
ll(n) = {z € I(n, n) : z is symmetric}
e BSD of type Il is defined by

N(n)={zecl(nn): 2! = -2}
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

BSD of type 4

e BSD of type IV is defined by
IV(n)={zeC":r(z) >0, |s(2) <1}
where r(z) =1+ |s(2)|? - 2z?, s(z) =X, 2%

e When n = 2, IV(2) is biholomorphic to bidisk D(0, 1)2.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Our second results

Theorem (D-L-T, 2019). Let 2 be a classical bounded
symmetric domain or polydisc in C", K is the Bergman kernel
function of Q and g is the Bergman metric. Let f is a closed
(0, 1)-form satisfying

||f||§7oo = sup{|f(z)|§ 12 € Q) < oo
Let u be the canonical solution to du = f. Then

u(2)] < C!fllg,oo/QIK(Z, w)ldv(w), zeQ.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Our third result

Theorem (D-L-T, 2019). Let g be the Bergman metric over the
polydisc in C". If f is 0-closed (0, 1)-form then the canonical
solution u to du = f satisfies

n

2
lul%, < Co sup {I(2)3 [T(log 7))} 2 € D(0,1)"
zeBy j:1 |z]’

forany p > 1.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Our Example

Example. (D-L-T). Let g be the Bergman metric over a
bounded symmetric domain Q in CV. Let

u(z) = logdet(l — zz*), zeQ.

Then
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Our Example

Example. (D-L-T). Let g be the Bergman metric over a
bounded symmetric domain Q in CV. Let

u(z) = logdet(l — zz*), zeQ.

Then (i) Plu] = cq
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Our Main Results Our Result on Strictly pseudoconvex domains
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Open problems

Our Example

Example. (D-L-T). Let g be the Bergman metric over a
bounded symmetric domain Q in CV. Let

u(z) = logdet(l — zz*), zeQ.
Then (i) Plu] = cq

(ii) [0uf% = (zz*) is bounded by 1 on Q
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Our Example

Example. (D-L-T). Let g be the Bergman metric over a
bounded symmetric domain Q in CV. Let

u(z) = logdet(l — zz*), zeQ.
Then (i) Plu] = cq

(ii) [0uf% = (zz*) is bounded by 1 on Q

(iii) Ou is bounded in the Bergman metric on Q, but u — P[u] is
not bounded on €.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

|dea of the proof

Let u be the canonical solution of du = f. We try to prove
§ lu@dz) < C [ U@)dvz)
B(a) Q

where U is the canonical solution in L2(Q, ¢ + %).

Here ¢, v are two plurisubharmonic functions.

Main technique is how to choose the weighted functions ¢ and
1 to get the estimate you want.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Open problems

Even if there are partial result for uniform or pointwise estimate,
the following problem is still open.
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Berndtsson’s results

Our Main Results Our Result on Strictly pseudoconvex domains
Our Results on Bounded Symmetric Domains
Open problems

Open problems

Even if there are partial result for uniform or pointwise estimate,
the following problem is still open.

Problem. Let f LE’SJ)(Q) be a d-closed (0, 1)-form on a

bounded symmetric domain 2. Does there is u € L*°(Q2) such
that ou = f?

Song-Ying Li Weighted L? estimate for & and application to Corona proble



Carleson’s Theorem
Tom Wolff’s solution

Corona problems in SCV Corona Problem in other function spaces

Corona Problem

e Let Q be a bounded domains in C”
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Corona Problem

e Let Q be a bounded domains in C”

e H>*(Q) is the set of bounded holomorphic functions on
with sup-norm

Iflloc = sup{[f(2)] : z € 2}
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Corona Problem

e Let Q be a bounded domains in C”

e H>*(Q) is the set of bounded holomorphic functions on
with sup-norm

Iflloc = sup{[f(2)] : z € 2}

e It is easy to verify that
(H*(R), ] - ||c) forms a Banach Algebra.

Song-Ying Li Weighted L2 estimate for & and application to Corona proble
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Corona problems in SCV

Question.

Given melements fi,--- , fm, € H*(Q).
Under what conditions, one has

(fi, b, fm) = HX(Q)?

Here, (fi, f>,-- -, fy) is the ideal generated by fy, f, - - -, f.
e A necessary condition:

If there are g1, -+ ,gm € H*(Q) such that
m
1= #(2)9(2)
j=1

holds.

Song-Ying Li Weighted L2 estimate for & and application to Corona proble
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Necessary Condition
Write

m
= K2, Z lgi(2)1* < C%.
j=1

Then 1 =", fi(2)g;(z) implies
1 < [f(2)ll9(2)| < C|f(2)I-
Therefore,
16 If(z)], ze€Q
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Necessary Condition
Write

m
= K2, Z lgi(2)1* < C%.
j=1

Then 1 =", fi(2)g;(z) implies

1 <[f(2)l|g(2)| < C|f(2)|-
Therefore,

15 <|f(z)], ze€Q

We may normalized it as:

(1) 0 <62 <|f(2) Z\f 2)P<1, zeq
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Statement of Corona Problem

Corona Problem.
Let Q be a bounded domain in C".

Let fi, fo, -, fm € H*(Q) such that

(1) 2 < |f(z)]? = Z\f 2)2<1, zeqQ
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Statement of Corona Problem

Corona Problem.
Let Q be a bounded domain in C".

Let fi, fo, -, fm € H*(Q) such that

(1) 2 < |f(z)]? = Z\f 2)2<1, zeqQ

Are there 91,92, - ,9m € H*>(Q2) such that

m

(2) Y f(2)g(2) =1, zeQ?

=1
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History

e The Corona problem was first formulated by Kakutani in 1941
from the point of view in the function algebra.
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History

e The Corona problem was first formulated by Kakutani in 1941
from the point of view in the function algebra.

Are the point evaluation functionals dense in the maximal ideal
space H>*(D) on the unit disc D c C?
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History

e The Corona problem was first formulated by Kakutani in 1941
from the point of view in the function algebra.

Are the point evaluation functionals dense in the maximal ideal
space H>*(D) on the unit disc D c C?

e The popular formulation in the previous page was given by
Etanne Bezout.
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History

e The Corona problem was first formulated by Kakutani in 1941
from the point of view in the function algebra.

Are the point evaluation functionals dense in the maximal ideal
space H>*(D) on the unit disc D c C?

e The popular formulation in the previous page was given by
Etanne Bezout.

e The Corona problem (€ is the unit disc) was solved by L.
Carleson 1962.

Song-Ying Li Weighted L2 estimate for & and application to Corona proble



Carleson’s Theorem
Tom Wolff’s solution

Corona probl i . .
problems in SCV Corona Problem in other function spaces

Carleson’s idea of the solutions

Carleson’s idea to solve the Corona problem is as follows:

Weighted L2 estimate for & and applic
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Carleson’s idea of the solutions

Carleson’s idea to solve the Corona problem is as follows:
1) Construct bounded functions ¢1(2), - - - , ®m(2) such that

> (2)¢(z2) =1, zeD

J=1

and d¢, are Carleson measures.
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Carleson’s Theorem
Tom Wolff’s solution
Corona Problem in other function spaces

Corona problems in SCV

2) Try to modify ¢; to get g; € H>*(D) such that

> f(2)gi(z) =1
j=1

Q: How to modify it?

Weighted L2 estimate for & and applic to Corona proble
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Corona problems in SCV

2) Try to modify ¢; to get g; € H>*(D) such that

> f(2)gi(z) =1
j=1

Q: How to modify it?
He defined

m
gj(Z) = (;5/' = Z kak,j with AkJ' = _Aj,k
k=1

This implies
m

> fi(2)g(2) = 1.

J=1

Song-Ying Li Weighted L? estimate for & and application to Corona proble
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Carleson’s idea

e g; is holomorphic if and only if

0 = gj(z) = ¢j(z ka(z)é‘Afk 2)

One can see that if
0Agj = pK0¢j — ;0 = Yy |

then g; is holomorphic.

Then the Corona problem is solved if 5Ak7,- = 1 has a solution
Ajk S LOO(D).

Song-Ying Li Weighted L2 estimate for & and application to Corona proble



Carleson’s Theorem
Tom Wolff’s solution

Corona problems in SCV Corona Problem in other function spaces

Carleson’s idea

e g; is holomorphic if and only if

0 = gj(z) = ¢j(z ka(z)é‘Afk 2)

One can see that if

A = ¢kOb; — ;b = Vi j
then g; is holomorphic.

Then the Corona problem is solved if 5Ak7,- = 1 has a solution
Ajk S LOO(D).

e In his solution, Carleson introduced a very important concept:
Carleson measure.
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Tom Wolff’s solution

Corona problems in SCV Corona Problem in other function spaces

Tom Wolff’s idea

Carleson’s solution of Corona problem is very complicated
based on his construction of ¢; € L>(D) with d¢; is a Carleson
measure and

m
Z (2)¢(2) zeD.
In 1980, T. Wolff came up a new idea to choose
fi(2) 2 4 2
bi(2) = ==, |f(2))? = fi(2)]2.
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Tom Wolff’s idea

Carleson’s solution of Corona problem is very complicated
based on his construction of ¢; € L>(D) with d¢; is a Carleson
measure and

Z)j 2)¢(2) zeD.

In 1980, T. Wolff came up a new idea to choose

e = e 1A =2 i

Change to the difficulty of the problem to solve d-equation:

0Akj = dk0d; — $j0dk.
with A, x € L=(D).
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Tom Wolff’s solution

Corona problems in SCV Corona Problem in other function spaces

Tom Wolff’s proof

Let S: L?(0D) — H?(D) be the Szegd projection. He try to
solve B 7
9By j = okd9j, Ak = Brj— Bjk

with B; € MBO(dD) N H2(D)*. Then

Byj=(I— 8)Bxj= SoBx; onaD.
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Tom Wolff’s proof

Let S: L?(0D) — H?(D) be the Szegd projection. He try to
solve B 7
9By j = okd9j, Ak = Brj— Bjk

with Bj x € MBO(dD) N H?(D)*. Then
Bkj=(I—S)Bxj=SoBx,; onaD.
Apply Stein-Weiss (Fefferman’s duality) theorem
BMOA(D) = S(L*(dD)), BMOA(D) = H'(D)*.
There is a by ; € L*°(9D) such that

(/ — S)ka' = go(bk,j) = gOBkj = BkJ' on oD.

Song-Ying Li Weighted L? estimate for & and application to Corona proble
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Corona Problem in other function spaces

Corona problems in SCV

Then
9i(2) = 8j(2) = > _ f(Br;j — Bix) (BKJ = by — S(bkvj))
k=1

are holomorphic in D and g; € HP(D) for any p < cc.

Song-Ying Li ted L? estimate for & and application to Corona proble
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Corona problems in SCV

Then
9i(2) = 8j(2) = > _ f(Br;j — Bix) (BKJ = by — S(bkvj))
k=1

are holomorphic in D and g; € HP(D) for any p < cc.
We extend by ; from 0D to D by letting:

ka- = BkJ' + S(bk7j).
We modify the definition of g; as:

9i(2) = ¢j(2) = > _ flbwj — bjk)
e

Then g; € H>*(D) and

Z fi(z)gi(z) =1, zeD.
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Tom Wolff’s solution

Corona problems in SCV Corona Problem in other function spaces

0-solution

0By j = ¢k0dj, Byj L H*(D)
For h e H'(D) with h(0) = 0. Write h(2) = hs(2)ha(2) with

hj€ H(D) and [[Ally = [l ]l mell ol -

It suffices to prove

‘ By j(2)h(2)do(2)| < Clhll.
oD

Song-Ying Li Weighted L2 estimate for & and application to Corona proble
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Tom Wolff’s solution
Corona Problem in other function spaces

Corona problems in SCV

| /8 By (2)he(2)do(2)|

= | [ a(Bum(@r() 06 raaz)

- | /D [ABi iz + 40( B0 (2)he(2)) |°g|121’

5 5 1
= 4\ / [~0(okD¢)) 1 o + dkDj(h20hy + hodhy)] log
D 2|

A

;thHHsz 2. (Green’s theorem).
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Remark.

e Carleson’s theorem is true for any bounded domain with C’
boundary.
However, the following problem is still open.

Problem. Let fy,--- | fm, h € H*(D) such that

S 15(2)P > Ih2)?, zeD.
j=1

Then there are g1, -- ,gm € H*°(D) such that

m

> #(2)g(2) = h(2)’.

J=1
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Remark continued

From the Tom Wolff’s proof, one can prove:

There are g1, -+, gm € H*°(D) such that
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Remark continued

From the Tom Wolff’s proof, one can prove:
There are g1, -+, gm € H*°(D) such that

m

> (2)gi(2) = h(z)°®
j=1
This problem is equivalent to estimate for the best constant

upper bound in original Corona Problem (J. Garnett and P.

Jones) .
C
Moo < ———
1971 < g T

Question: Can one improve the upper bound to 5% ?
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Corona problem in higher dimensions

e When n> 1.

Counter example was constructed by Fornaess and Sibony in
1993.
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Corona problem in higher dimensions

e When n> 1.

Counter example was constructed by Fornaess and Sibony in
1993.

There is a bounded pseudoconvex domain in C? with smooth
boundary. Where the Corona problem is not solvable.
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Corona problems in SCV

Varopoules in 1977, generalized the Carleson’s idea to the
higher dimension on the unit ball B, ¢ C".
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Corona problems in SCV

Varopoules in 1977, generalized the Carleson’s idea to the
higher dimension on the unit ball B, ¢ C".

He constructed L solutions ¢4, ¢» (as Carleson did) such that
> f(2)¢i(2) =1
j=1
and d¢, is a Carleson measure. He also proved
0A = $20¢1 — p19¢2
has a solution A € BMO(9B,).
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Corona problems in SCV

Wen n > 1, A€ BMO(0B,) can have
91(2) = ¢j(2) — B(2)A,  92(2) = $2(2) + H1(2)A
are holomorphic in B, and
f1(2)g1(2) + (2)g2(2) = 1,
But, in general, A can not be written as
A=B-H
with B € L>°(Bp) and H € H'(Bj).
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Multiplication operator

From the operator theory point of view, one can define a
multiplication operator S; associated to the Corona dada
f=(fi, -, fn) which satisfies

O<52<Z|f Z)]? < 1.
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Multiplication operator

From the operator theory point of view, one can define a
multiplication operator S; associated to the Corona dada
f=(fi, -, fn) which satisfies

O<52<Z|f Z)]? < 1.

If X is function space over 2, one define

m
St X"=X®eXD---dX— X, Sf(g)ZZ'?gf
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Multiplication operator

From the operator theory point of view, one can define a
multiplication operator S; associated to the Corona dada
f=(fi, -, fn) which satisfies

O<52<Z|f Z)]? < 1.
If X is function space over 2, one define
m
St X"=X®eXD---dX— X, Sf(g)ZZ'?gf

Carleson Theorem.
St : H*° (D)™ — H*>(D) is bounded and onto .
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Corona problems in SCV

Arveson, using Foias lifting theorem, prove

Theorem. S; : H>*(D)™ — H>°(D) is onto if and only if

St : HP(D)™ — HP(D) is onto.

(True, for a bounded domain Q ¢ with C'¢ boundary by L)
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Corona problems in SCV

Arveson, using Foias lifting theorem, prove

Theorem. S; : H>*(D)™ — H>°(D) is onto if and only if

St : HP(D)™ — HP(D) is onto.

(True, for a bounded domain Q ¢ with C'¢ boundary by L)

When n > 1, whether the above theorem is true or not, it is not
known for the most standard domains €, like B,, D(0,1)".

Song-Ying Li Weighted L? estimate for & and application to Corona proble



Carleson’s Theorem
Tom Wolff’s solution
Corona Problem in other function spaces

Corona problems in SCV

Arveson, using Foias lifting theorem, prove

Theorem. S; : H>*(D)™ — H>°(D) is onto if and only if

St : HP(D)™ — HP(D) is onto.

(True, for a bounded domain Q ¢ with C'¢ boundary by L)

When n > 1, whether the above theorem is true or not, it is not
known for the most standard domains €, like B,, D(0,1)".
We know

St : X™ — X is bounded and onto when X = HP(Bj) or
X = HP(D(0,1)").

Either m is finite or infinity, the above theorem proved by
several people, including: Varopoules, K. C. Lin, S-Y Li, E.
Amar, M. Anderson, etc.
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For more general function space X, Sy : X™ — X may not be
bounded. Under the boundedness assumption, there are more
results are obtained.

Let S; : X™ — X be bounded. Then S : X™ — X is onto when
X = Bﬁ,’a(B,,) with p > 1 and some restriction on m and o.

Where h € BP(B,) if his holomorphic and

1B, =: /B (1ID™(2)r(2)°) K (2, 2)dv(z) < oo

n

When ¢ = m= 1 and p > n, the above space is the standard
Besov space. When n =1 and p = 2, it is Dirichlet space.
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Contributors

The above theorem was proved by several mathematicians with
various conditions, | listed part of them as follows.

M. Anderson (1994, 2011)

J. Xiao (1998, n = 1 Dirichlet space)

Arcozzi, Rochberg and Sawyer (2006)

E. T. Sawyer (2009)

Costea, Sawyer and Wick (2010)

Costea, Sawyer and Wick (2011)

Several papers written by Krantz, Li, Treil, Trent, Wick and
Zhang, etc.
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Tool to study the Corona problem

Recently, | used the Hérmander’s weighted L2 estimate
to study the Corona problem and obtained the following results.
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Statements of the results

Our Main Results

Result 1

Letfy,--- ,fn € H?(Bp) N CY(B,) with0 < a < 1 satisfy

(1) 0<8* <> |f(2)P <1, z€Bn
Then there are g; € H?(B,) N C7(By) such that

(2) > 1(2)g(2) = 1.

=i

—

Remark. when D = D(0, 1)", the above was proved by Krantz
and Li (1995)
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Overview of H-estimates
Our Main Results

. Statements of the results
Corona problems in SCV

Our Main Results

Result 2

We give a simpler proof of the following theorem:

Let f, b, € H*(Bp,) satisfy Corona condition (1) and

2
¢ = K212, (2P =) IH(2)F.
j=1

Then the canonical solution of d-equation:

OA = $10¢2 — ¢20¢1

satisfies A € BMO(0By) and |[VA]?(1 — |z|?)dv is a Carleson
measure on B,
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Statements of the results

Our Main Results

Two Function Spaces

Let
r(2)=1-1z, ¢o(z) = —logr(2).

e Let LB,(By) be the space of all holomorphic functions h on
B, with

|28, = sup{|log (2)P|TA(2)] 3, : Z € Bn} < .

e Let S(B,) denote the space of all holomorphic functions h on
B, with

|Allsce, = sup / OR(2) 550, | K (2, @)|dV(2) <

aeBy
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Statements of the results

Our Main Results

Result 3

Theorem

Let fi, f, € H*(B,) satisfy Corona condition (1) and
fi € S(Bn) N LBp(Bn). Then there are gy, g2 € H*(By) such that

f1(2)91(2) + f(2)g2(2) = 1.

Moreover, g; € S(Bn) N LBy(Bp). Here, p > 1/2 be any real
number.
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Statements of the results

Our Main Results

e The Corona Problem for the unit ball B, or for polydisc
D(0,1)™ with n > 1 is still open.
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Statements of the results

Our Main Results

Thank you very much for your attention!
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