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1 mini-courses

Pierre Raphael
”Freezing and melting for the radial Stefan problem”

I will consider the problem of melting/freezing of a two dimensional spherically symmetric
ice ball. I will explaiin how to compute suitable melting/freezing rates in direct connection
with a spectral problem. I will draw a connection between the obtained quantized rates
of energy concentration and other singularity formation problems on both dispersive and
parabolic problems. The class will be mostly based on a joint work with Mahir Hadzic
(King’s college London).

Jean Claude Saut
”Dispersive perturbations of nonlinear hyperbolic equations”

Many relevant nonlinear dispersive equations appear as ”weak” perturbations of non-
linear hyperbolic equations or systems, as for instance the ”full dispersion” water waves
models where the original dispersion relation is kept and not Taylor expanded at a pre-
scribed frequency. The mini-course will review recent results (and present conjectures...)
on the space of resolution of solutions to the Cauchy problem , on the lifespan of solutions,
on the possible blow-up and on the dynamic of solutions for a weak dispersion of nonlinear
hyperbolic equations. In particular, we will consider in some details as a toy model the
fractionary KdV equation.

Armen Shirikyan
”Mixing for controllable differential equations”

This course is devoted to studying the relationship between controllability properties of
a nonlinear differential equation and mixing properties of an associated stochastic system.
We begin with the case of a control-affine system on a compact Riemannian manifold and
prove that the Hörmander condition combined with a non-degeneracy hypothesis on the
noise implies exponential mixing in the total variation metric. We next turn to the case
of the 2D Navier-Stokes equation with a space-time localised external force and show how
to use powerful techniques from the control theory to establish a property of exponential
mixing of the random flow in the Kantorovich-Wasserstein metric.

Gene Wayne
”Normal forms, resonances and modulation equations for water waves”

In a variety of physical circumstances, non-rigorous arguments predict that the evolu-
tion of nearly monochromatic wave packet solutions of the underlying partial differential
equations can be approximated by solutions of the nonlinear Schrödinger equation. Prov-
ing rigorously that these approximations provide an accurate approximation to the true
evolution of the system is difficult due to the long time scales over which the approxima-
tion is expected to hold. One way to try to extend the time of approximation is by making
normal form approximations to the original evolution equation. As is the case in ordinary
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differential equations the construction of normal forms can be hindered by the presence
of resonances in the linear evolution. In this mini-course I will discuss recent work with
Guido Scheider, Wolf-Patrick Düll and Patrick Cummings on validating the use of the
nonlinear Schrödinger equation to approximate the evolution of nearly monochromatic
water waves and describe in particular how we deal with the resonances and construct
the normal form transformation in this particular context.
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2 Talks

Dario Bambusi and Alberto Maspero
”Dynamics of a soliton in an external potential”

Consider the nonlinear Schrödinger equation

−iψt = −∆ψ − β(|ψ|2)ψ + εV ψ , β ∈ C∞(R) , V ∈ S ;

it is well known that, when ε = 0, under suitable conditions on β, the NLS admitts trav-
eling wave solutions (soliton for short). When ε 6= 0, heuristic considerations suggest that
the soliton should move as a particle subject to a mechanical force due to the potential.
The problem of understanding if this is true or not has attracked a remarkable amount of
work and it has been show that in the most favorable cases, the dynamics of the soliton is
close to the dynamics of a mechanical particle at least for times of order ε−3/2. Numerical
investigation, done in the case of a V = δ have shown that this is not true for longer
times.

In will show that the orbit of the soliton remains close to the mechanical orbit of a
particle for much longer times, namely for times of the order ε−r for any r. The main
point is that one has to renounce to control the position of the soliton on the orbit.

The proof is composed by three steps: introduction of Darboux coordinates, develop-
ment of Hamiltonian perturbation theory and use of Strichartz estimates.

Philippe Bolle
”Quasi-periodic solutions of wave equations on the torus”

We present an existence result for small amplitude quasi-periodic solutions of au-
tonomous nonlinear wave equations with a multiplicative potential on the multidimen-
sional torus. The proof relies on a Nash-Moser procedure and uses the Hamiltonian
structure of the equation. This is a joint work with M. Berti.

Nicolas Burq
”Controle des equations des ondes et analyse 2-microlocale”

Pour l’équation des ondes amortie sur une variété compacte, dans le cas d’un amortisse-
ment continu, la condition de contrôle géométrique est nécessaire et suffisante pour la sta-
bilization uniforme. Dans cet article, sur le tore T2 et dans le cas où a(x) =

∑N
j=1 aj1x∈Rj

(Rj sont des rectangles), nous exhibons une condition géométrique nécessaire et suffisante
très simple. Nous proposons aussi une généralisation naturelle de la condition de contrôle
géométrique, pour un amortissement seulement L∞. Cette généralisation est toujours
nécessaire pour la stabilisation uniforme (sur toute variété compacte régulière), et nous
démontrons qu’elle est suffisante dans notre cas particulier du tore T2 (et pour nos fonc-
tions d’amortissement particulières).
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Claire Chavaudret
”Analytic normal form for vector fields with an invariant torus, in the

resonant case”

Considering a holomorphic vector field in the neighbourhood of an invariant torus, a
natural question is whether one can find a holomorphic change of variables conjugating
it to its linear part. A first case was solved by Julien Aurouet, namely the case when
there are no resonances in the linear part. Under two arithmetical conditions known as
Brjuno’s gamma and omega conditions, then the system can be linearized by an analytic
diffeomorphism. If there are resonances in the linear part, then this cannot be done in
general; however, one can hope to conjugate the system to a normal form, as is the case
for holomorphic vector fields in the vicinity of a fixed point. On top of Brjuno’s two
arithmetical conditions, an algebraic condition on the formal normal form is required in
order to do so.

Gérard Iooss
” Proof of quasipatterns for the Swift-Hohenberg equation”

joint work with Boele Braaksma, and Laurent Stolovitch

Mathematical existence of quasipatterns is one of the outstanding problems in pattern
formation theory. Quasipatterns were discovered in nonlinear pattern-forming systems in
the Faraday wave experiment, in which a layer of fluid is subjected to vertical oscillations.

This paper establishes the existence of quasipatterns solutions of the Swift-Hohenberg
PDE. This model equation is the simplest pattern-forming PDE, and is extremely suc-
cessful for describing primary bifurcations of hydrodynamical instability problems such
as the Rayleigh - Bénard convection. Its essential properties are that

i) the system is invariant under the group E(2);
ii) the instability occurs for a certain critical value of the parameter (here λ = 0) for

which critical modes are given by wave vectors sitting on a circle of non zero radius (here
the unit circle);

iii) the linear part is selfadjoint and contains the main derivatives.

Theorem 2.1 Let q ≥ 4 be an integer and let d be the dimension of the Q-vector space
spanned by the wave vectors kj = eijπ/q, j = 1, ..., 2q. Moreover, assume that a transver-
sality condition is verified. Then, there exists s0 > d/2, ε0 > 0, such that, for any s ≥ s0,
and for any ε with 0 < ε < ε0 there exist λε such that the steady Swift-Hohenberg equation

(1 + ∆)2U − λU + U3 = 0,

for λ = λ2ε
2 + ε4λε admits a quasipattern solution U in Hs, invariant under rotations of

angle π/q of the form
U = εu0 + ε3v(ε),

where λ2 = 3(2q − 1) > 0, λε tends towards λ4 as ε tends towards 0. The set Λε of all
such λε is close to λ4 and has asymptotic full measure as ε tends to 0.

The proof is based on the works by Berti, Bolle, Corsi, Procesi, related to the Nash-
Moser scheme. For solving the small divisor problem, we need to introduce a new free
parameter related to the freedom in the choice of parameterization of the bifurcating
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solution. Thanks to a transversality condition, the result gives only a bifurcating set,
located in a small hornlike region centered on a curve, with the origin at the bifurcation
point.

Numerical computation with q = 4. Approximate solution with λ = 0.1

Gilles Lebeau
”On the holomorphic extension of the Poisson Kernel”

Let Ω be an open subset of Rd with analytic boundary. The Poisson kernel K(x,y), with
x ∈ Ω, y ∈ ∂Ω, is the solution of the following elliptic boundary value problem, where 4 denotes
the usual Laplace operator

4x K(x, y) = 0 in Ω, K(x, y)|∂Ω = δx=y.

In this lecture, we are interested in the holomorphic extension in x ∈ Cd of K(x, y) near a
given point y ∈ ∂Ω. Very few is known about this problem. We will describe some results in
dimension d = 3 under a strict convexity assumption on Ω. We will also introduce a general
”conjecture”on the location of the singularities of the holomorphic extension of K and we will
explain how this problem is related to propagation of singularities and complex billiard dynamics.

Frédéric Naud
”Sharp resonances in quantum chaotic scattering”

In this talk, we will review and discuss some of the recent progress in the analysis of reso-
nances for various mathematical models where the underlying classical dynamics are hyperbolic
on the trapped set. We will in particular address the problem of counting and locating reso-
nances which are the closest to the real axis i.e. those who correspond to states that live the
longest.

L. Stolovitch
”Real submanifolds of maximum complex tangent space at a CR singular point”

We study a germ of real analytic n-dimensional submanifold of Cn that has a complex
tangent space of maximal dimension at a CR singularity.

Under some assumptions, we show its equivalence to a normal form under a local biholo-
morphism at the singularity. We also show that if a real submanifold is formally equivalent
to a quadric, it is actually holomorphically equivalent to it, if a small divisors condition is
satisfied. Finally, we investigate the existence of a complex submanifold of positive dimension
in Cn that intersects a real submanifold along two totally and real analytic submanifolds that
intersect transversally at a possibly non-isolated CR singularity.
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Jiqiang Zheng
” The focusing cubic NLS with inverse-square potential in three space dimensions”

In this talk, we consider the problem of identifying sharp criteria under which H1 solution
to the focusing cubic nonlinear Schrödinger equation with inverse-square potential(

i∂t − La
)
u = −|u|2u La = −∆ +

a

|x|2

in three space dimensions scatters. The focusing NLS possesses a soliton solution eit LQa where
Qa is the ground-state solution to a nonlinear elliptic equation. We prove that if

M(u)Ea(u) < M(Qa∧0)Ea∧0(Qa∧0) and ‖u0‖L2
x
‖u0‖Ḣ1

a
< ‖Qa∧0‖L2

x
‖Qa∧0‖Ḣ1

a∧0

then the solution u(t) is globally well-posed and scatters. We further show that if

M(u)Ea(u) < M(Qa∧0)Ea∧0(Qa∧0) and ‖u0‖L2
x
‖u0‖Ḣ1

a
> ‖Qa∧0‖L2

x
‖Qa∧0‖Ḣ1

a∧0

then the solution blows-up in finite time.

Zhao Zhyian
”Localization and Transport in One-Dimensional Discrete Schrödinger Equation”

Consider the one-dimensional discrete Schrödinger equation(linear or nonlinear)

i∂tqn = −(qn+1 + qn−1) + V (θ + nω)qn(+|qn|2qn), n ∈ Z,

with ω a rationally independent vector and V a real-analytic function on the torus. By describing
different growths of the diffusion norm

‖q(t)‖s :=

(∑
n

n2s|qn(t)|2
) 1

2

, s ≥ 1,

in different cases, we discuss localization and transport in this Hamiltonian, based on some spec-
tral properties of Schrödinger operator. These works are applications of KAM theory for block-
diagonalization of the infinite-dimensional matrix, and for almost-reducibility of Schrödinger
cocycle.
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