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Abstract

The aim of this article is twofold: First we study holomorphic germs of
parabolic diffeomorphisms of (C2,0) that are reversed by a holomorphic re-
flection and posses an analytic first integral with non-degenerate critical point
at the origin. We find a canonical formal normal form and provide a complete
analytic classification (in formal generic cases) in terms of a collection of func-
tional invariants. Their restriction to an irreductible component of the zero
locus of the first integral reduces to the Birkhoff-Ecalle-Voronin modulus of
the 1-dimensional restricted parabolic germ.

We then generalize this classification also to germs of anti-holomorphic
diffeomorphisms of (C?,0) whose square iterate is of the above form.

Related to it, we solve the problem of both formal and analytic clas-
sification of germs of real analytic surfaces in C? with non-degenerate CR
singularities of exceptional hyperbolic type, under the assumption that the
surface is holomorphically flat, i.e. that it can be locally holomorphically
embedded in a real hypersurface of C2.

1 Introduction

Early works on iterations of germs of holomorphic maps of (C,0) of the form
¢: 2+ €™z 4+ h.o.t.(z) in a neighborhood of the origin, the fixed point, can be
traced back to Leau [?] in the 19th century. The structure of orbits of points near
the origin under iteration exhibits quite different features depending on whether «
is an irrational number or a rational one. In the first case, one either encounters
Siegel discs on which the dynamics is holomorphically linearizable: conjugate to
2+ €™ by a germ of holomorphic change of coordinate 2/ = (z) at the
origin [?, 7, ?], or otherwise, if the dynamics is non-linearizable, one encounters
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complicated invariant sets known as “hedgehogs” [?]. On the other hand, parabolic
dynamic concerns the case of a rational a = %, meaning that ¢°P(z) = z+h.o.t.(2)
is tangent to identity. Its main feature is the organization of orbits of ¢°P into in-
variant petals attached to the origin. Furthermore, such germ is formally equivalent
to a polynomial normal form of the form ¢, : 2/ — L P S bz/2kptl
for some k > 1 and a # 0, b € C. It is well known that normalizing trans-
formations conjugating ¢ to such a normal form ¢, are usually divergent power
series of Gevrey type. Nevertheless, G.D. Birkhoff [?] and T. Kimura [?] proved
the existence of sectorial normalizations, that is of a finite “cochain” of local bi-
holomorphisms {¥; };cz,,,, defined on some covering of a neighborhood of the
origin by 2kp sectors (petals) {Q;}icz,,,, and conjugating ¢ to its normal form,
¢nf 0 Uy = U 01, 0 ¢. This is the starting point of the holomorphic classification
problem, solved first partially by G.D. Birkhoff [?], and later independently by
J. Ecalle [?, ?] and S.M. Voronin [?] (see also [?, 2, ?]). Its aim is to describe the
equivalence classes of biholomorphisms which are holomorphically conjugate with
each other on a neighborhood of the origin. In the one-dimensional parabolic case,
the classifying space, called Birkhoff-Ecalle-Voronin moduli space, is an infinite-
dimensional space consisting of cocycles: 2kp-tuples of equivalence classes of the
transition maps {¥;_; o \If‘;_l} over the intersection sectors €; N Q;_1.

The vector field counterpart of this theory was devised by J. Martinet and
J.-P. Ramis [?, ?] for 2-dimensional vector fields (corresponding to a saddle—node
and to a resonant saddle respectively) and generalized by the second author to
any dimension to 1-resonant vector fields [?]|. Similar types of functional moduli
spaces have since then been discovered in several other contexts (e.g. [?, 7, 7, ?]...).
The common thread through most of these works is that the divergent behavior is
concentrated to a single variable or a single resonant monomial, and that there is
a finite covering of a full neighborhood of the singularity by domains projecting to
onto sectors in the divergent variable.

The primary goal of this article is to obtain an analytic classification of germs
of parabolic reversible diffeomorphisms of (C2,0), that is of pairs (¢,7), where ¢
is a holomorphic diffeomorphism fixing 0, such that ¢°° = id +h.o.t. is tangent to
identity for some power p > 1, and 7 is a holomorphic reflection reversing ¢:

7°2 = id, Topor =¢°Y,

We restrict our attention only to those germs ¢ that posses a holomorphic first
integral H = H o ¢ of Morse type (i.e. with nondegenerate critical point) at 0.

Afterwards we extend the classification also to germs of parabolic reversible
antiholomorphic diffeomorphisms of (C2,0), that is to pairs (x,7) where x is an
antiholomorphic germ, 7o x o7 = ¥ and ¢ = x°2, T are as above.

Following the same general approach as Birkhoff-Ecalle-Voronin, we first ob-
tain a formal classification by finding canonical formal normal forms ((;Abnf,%nf),
resp. (Xuf, Tnf), and then construct a normalizing cochain of transformations on a
certain covering of a neighborhood of the origin, which conjugate (¢,7), resp.



(x,7), to an analytic model (émod; Tmod), €SP (Xmods Tmod), representing an
equivalence class slightly broader than the formal class. The peculiarity of the
normalizing cochain is due to its domains no longer being sector-like, but having
more complicated two-dimensional shapes, attached to the fixed-points divisor.
This is similar to the domains encountered in the theory of parametric unfold-
ing of 1-dimensional parabolic germs developed by C. Christopher, P. Mardesi¢,
R. Roussarie & C. Rousseau [?, 7, 7, 7, ?] and by J. Ribon [?, 7, ?] building on
the works A. Douady, P. Lavaurs |?|, R. Oudekerk [?| and M. Shishikura [?] on
the parabolic bifurcation. In a striking difference to these works, the covering in
our case consists of an infinite number of domains in general.

We emphasize that our result is one of the very first classification results in
parabolic dynamics in a higher dimension. In fact, most previous studies focus
solely on the existence of parabolic curves, notion generalizing that of “petals”
(see for instance |?, 7, 7, ?]). Under our assumption on existence of Morse first
integral H, this follows trivially from the 1-dimensional theory by restriction to
each irreducible component of the zero level set of H.

Besides, the dynamical system interest, this work is largely motivated by the
seemingly unrelated problem of understanding the geometry and holomorphic clas-
sification of exceptional hyperbolic Cauchy-Riemann singularities of real analytic
surfaces in (C2,0). These are real surfaces of the form

v iz 4+ 22+ 22+ hot(z,2), v €]0,00],
M : Z9 =
z1Z1 + h.o.t.(z, 2), v =0,

whose the tangent plane at the origin is a complex subspace of C2, but those
1

at neighboring points are not (except if v = 5 when the set of points with a
complex tangent can form a real curve). As shown by J. Moser and S. Webster
[?], for v # 0, the moduli space of such surfaces with respect to biholomorphic
changes of the ambient space (C2,0) is in fact isomorphic to the moduli space
of holomorphic conjugacy classes of triples (71, 72, p) where 71, 75 are holomorphic
reflections and p is an anti-holomorphic one such that 7 0p = pore. This is the same
as the space of conjugacy classes of reversible antiholomorphic diffeomorphisms
(x,7) = (11 0 p,71). To the best of our knowledge, this article presents the very
first systematic investigation of the exceptional hyperbolic case, that is the case
when the multipliers A\, \™! defined by A + A~! = =2 — 2 are non-trivial roots of
unity. The assumption on existence of Morse first integral translates to a condition
on the surface M to be holomorphically flat: contained in the real hypersurface

{Rez = 0} of C2.



.1 Notations

h.o.t.(&) stands for “higher order terms” in the variable .
7, =212 ~A0,...,1 —1}.
(C™,0) stands for a germ of a neighborhood of 0 in C™.

Diff (C™,0) D Diff;4(C™, 0) denote the group of germs of holomorphic diffeomor-
phisms fixing the origin in C™ and its subgroup of diffeomorphisms tangent to
the identity.

]SEF((C”,O) D ]ﬁid(C",O) denote the group of formal diffeomorphisms of C"
and its subgroup of elements tangent to the identity.

If (&) = > mene fm&™ is a germ, then its complex conjugate f(€) is defined by

F€) = F(&), e F(§) = Xmere fm€™.
Likewise, if X(§) = Xl(f)a%l + Xg(g)a%2 is a vector field, then we denote

X(§) = X1(8) 5 + Xa(8) 2%

For a vector field X (£) = Xl(f)a%l + Xg(f)% and a germ f(&), we denote

Xf(6) = Xi(6) 22 F(€) + Xa(€) 2 f(€)

the Lie derivative of f along X. If f = (f1, f2)" is a vector valued function,
then X.f = (X.f1, X.f2)T. In particular, X.¢£ = (X1, Xo)"

If X is a vector field, then exp(tX)(&) denotes the flow map of X at time t (see
Section 77?), and exp(tX)!t:f(g) is the map obtained by substituting f(&) for ¢

in the map (£,t) — exp(tX)(§).

Let U: & — ¢ = W(€) be a diffecomorphism, conjugating two vector fields X (&)
and X'(¢'), that is such that X'.¢/| emge(ny = DU(X.§) = X.V, then X is the
pullback of X'

X = v X/,

and
exp(X) = 0N o exp(X') o U.

A function f : (C2,0) — (C,0) is 7-invariant if for = f.
A map F : (C2,0) — (C2,0) is T-equivariant if FoT =70 F.
A vector field X is 7-equivariant if 7*X = X.



1.2 Recall: Birkhoff-Ecalle-Voronin theory of parabolic diffeo-
morphisms of (C,0)

To motivateour results, let us shortly recall some of the basics of analytic theory of
parabolic diffeomorphisms of (C,0). For more details see [?, 7, 7,2, ?] or [?, 7, ?].

Let ¢(z) = Az + h.o.t.(z) € Diff(C,0) be a germ of analytic diffeomorphism
fixing the origin in C, where A is a root of unity of some order p > 1, AP = 1. Its
p-th iteration ¢°P(z) = z + h.o.t.(z) is a diffeomorphism tangent to the identity,
and as such it possesses a unique formal infinitesimal generator: a formal vector
field X (z) at 0 with vanishing linear part, such that the Taylor series of ¢°P(z)
agrees with the formal time-1-flow exp(X)(z) of X. The formal vector field X
can be conjugated by some formal tangent-to-identity map ¥(z) = z + h.o.t.(2) to

its normal form
czkP

— o
an(Z) - 1+cuzk1’z£’ k> 17 c 7é 07

which is invariant by the rotation z — Az. Consequently also the germ ¢(z) is
formally conjugated to the normal form

¢nf(z) = )‘eXp(%an)(Z)'

As it turns out, while the formal conjugacy \il(z) is generically divergent, it is Borel
summable (of order kp) on sectors.

Theorem 1.1 (Birkhoff, Kimura, Ecalle, Voronin,...). The germ ¢(z) is conju-
gated to its normal form ¢ue(z) by a cochain of bounded analytic transformations
{Uq,(2) = z+hot.(2)} on a covering by 2kp sectors (Leau-Fatou petals)

Qj, j € Logp,!

jEZQkp

\Il)\Qj OQS(Z) :(Z)nfO\IfQj(Z), A Qj.
Such normalizing cochain {Vq (z)}
cochains { exp(Co, Xur)(2) }

jeZay, 1 UDIQue up to left composition with

€ Tony? Cq; € C, of flow maps of Xuys.

The form of these sectorial domains €; (Figure ?7) is related to the dynamics
of Xy¢: they are spanned by the real-time trajectories of the family of rotated
vector fields e X (), i.e. by the real curves

dz _ g ez

=e 2, t e R,
dt 14cp zkp

that stay inside some disc {|z| < 01}, where 6 is allowed to vary in some interval
|03, ™ — d3], for some 01,03 > 0. See Figure ?7.

s

!The sectorial covering is A-invariant: writing \ = >™% then for every sector §2; the rotated
sector \Q2; =y, [ = j + 2kq mod 2kp, belongs again to the covering.
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Figure 1: (a) Real-time trajectories of the vector field ¢ X ¢ inside a small disc.
(b) The Leau-Fatou petals Q;, j € Zagp.

The equivalence class of the set of the 2kp transition maps
Yj=Wq, 0 \Ilg(j_l) on the intersections ;1 Ny, j € Zogp,
modulo conjugation by cochains of flow maps {exp(CQj an)}

¥ ~ exp(Ca;_, Xnf) 0 ¥ 0 exp(—Cq; Xnf)

is then called a cocycle. It is an analytic invariant of ¢ which expresses the ob-
struction to convergence of the formal normalizing transformation. It was initially
described by G.D. Birkhoff [?] and later independently rediscovered by J. Ecalle
[?] and S.M. Voronin [?|.

Theorem 1.2.

J€ZLogp’ OQj €C

1. (Birkhoff, Ecalle, Voronin). Two germs ¢, ¢' that are formally tangent-to-
identity equivalent are analytically tangent-to-identity equivalent if and only if
: ‘ /
their cocycles {1/}] }jez%p, {wj}jez%p agree.

2. (Ecalle, Malgrange, Voronin). For each formal normal form ¢n¢ and each col-
lection of maps {ﬂ)j }jez% on the intersections sectors, that are asymptotic to
P

the identity and commute with ¢ue:

®nf © Vj = Vjyokg © uf,

there exists an analytic map ¢ whose cocycle is represented by {1/1] }]EZ% .
°p

If one wants to obtain the modulus of analytic equivalence with respect to con-
jugation by general transformations in Diff (C,0), one has to consider the cocycles
modulo an action of the group of rotations z +— e%iﬁz, r € Zyp, which preserve
Xot-

The theory can be generalized also to analytic classification of germs of anti-
holomorphic diffeomorphisms of parabolic type, see |?].



1.3 Classification of reversible parabolic diffeomorphisms

Let (¢, 7) be a pair of a reversible map ¢ and its reversing involution 7
°2=id, Togor =gV, (1.1)
Denoting G the group of diffeomorphisms generated by {¢, 7}, then
G={o"|neZ}U{ro¢™ |nel},

where each 7,41 = 7 0 ¢°" is an involution reversing ¢. For every n € Z the pair
of involutions (7, T,+1) satisfies 7, o 7,41 = ¢ and therefore generates G. Thus
the problem of classification of reversible maps (¢, T) with respect to conjugation
is equivalent to that of pairs of involutions (T, Th+1). Since all unordered pairs
{Tn,Tn+1} are conjugated to each other, one may consider just the pair

(11,12) = (1,7 0 9).

Assumptions 1.3. We shall assume that (¢, 7) are holomorphic diffeomorphisms
of (C2,0) such that ¢ # 7 and:

1. ¢ € Diff(C?,0) is parabolic: ¢°P = id +h.o.t. for some positive integer p > 1
(the minimal with such property),

2. 7 € Diff(C%,0) is a holomorphic reflection (an involution whose linear part
has eigenvalues {1, —1}) which reverses ¢,

7°2 = id, Topor =¢°"D,

3. the pair (¢, 7) possesses an analytic first integral of Morse type, i.e. with
non-degenerate critical point at 0, H(0) = 0, DH(0) = 0, det D?H(0) # 0,

H=Ho¢p=Hor.

Up to a linear change of variables (Lemma ?7?) they take the form

$(€) = Aé+h.o.t.(6), 7(€) = o€ +h.0.t.(£), H(€) = &1&+ho.t.(6), (1.2)
where

A0 b
:<Ol>, A= <0A—1>’ AP=1p=zl, (1.3)
—0, A2=1 p=2.
A0

0 A1
holomorphic reflection as well, while the case A = —o happens when the involution

T = T 0 ¢ is tangent to —id. We shall note that a possibility of 79 = 7 o ¢ being
tangent to id is excluded by the assumption that ¢ # 7, since any involution
tangent to the identity is in fact the identity.

The case of diagonal A = ( ) arises when the involution 7, = 70 ¢ is a



The diffeomorphism ¢°P(§) = £ 4+ h.o.t.(§) is tangent to the identity, and as
such it possesses a unique formal infinitesimal generator (see Section ??): a formal
vector field X (€) whose formal time-1-flow exp(X )(§) is equal to the Taylor ex-
pansion of ¢°P(€). This formal vector field X (€) has H(€) as a first integral, and
is reversed by 7: 7*X (&) = —X (£). This allows to reduce the problem of formal
classification of (¢, 7) to a formal classification of such integrable reversible formal
vector fields X (Theorem ?7).

Theorem 1.4 (Formal classification).
Let (¢, 7) and H be as above satisfying Assumptions 7?. Let s > 0 be the multiplic-
ity of the zero level set {H(E) = 0} in the fized point divisor Fix(¢p°P) which is of
the form {H*(£)-g(&) = 0} for some analytic germ g(&), and denote kp = ordg g(§)
its order of vanishing.

There exists a formal transformation & — W(£) € ﬁid(c2,0) and a formal
diffeomorphism G € Iﬁ(C,O), such that

qjo¢:(£nfoqj7 \IlOT:

(=B
«Q
=

Il
>

O
S

where
(anf(f) =A- exp(%an)(f), with o, A as in (7?7), and h=&&.

Here an(f) = A*an(é) = —J*an(f) is one of the following vector fields:

(0) s = 400: an(f) = 0. This happens if and only if ¢°P = id, and there exists
such normalizing transformation ¥ which is convergent.

If A is diagonal:
_ X — o hS(g, 0 _ ¢ O
(a) k=0,s>1: Xpe(§) =ch (6181 52852)’ c#0.

¢ hs P(u, h) (
1+0M3 Pla ) Gae ~ S25g) ¢# 0
k

(b) k>1,5>0: Xy(€) =
where P(u, h) is polynomial in u(§) := & + &5 of order k,
P(u,h) = uf + Po_1(h)u*~1 + ...+ Py(h), P(u,0)=uF
and fi(h) = :i% unh™ is a formal power series.
IFA=—o:
(c) k=k+3, 520 Xup(§) = ch’P(a h)(1+&) (6155 —&250), ¢ #0,
where P(@, h) is polynomial in @(€) := (€1 + &)? of order k > 0,

P(a,h) =" + P (h)i* ' + ...+ Po(h), P(,0) =i,

> In the cases (a), (b), (c) the formal normalizing transformation U e ﬁfid((CQ, 0)
is unique. Furthermore, in the cases (b), (c¢) h oV is convergent.



> The formal equivalence class of (¢, T) with respect to conjugation by the group
Diff;q(C2,0) contains a unique representative in the above formal normal form

(anfv 7A—nf)-

> In the formal equivalence class of (¢, T) with respect to conjugation in the full
group ]Sff((CQ,O) the above formal normal form (gZA)nf,f'nf) and its infinitesimal
generator X, are determined uniquely up to the action of scalar transformation
E— (& CeC* and also of & — o0& in case p € {1,2} when oA = Ao, by
which the constant ¢ # 0 can be further normalized.

> The group Z(d;nf, o) = Z(Xut, 0, A) of formal diffeomorphisms commuting with
Ont, 0, which is the same as the (o, A)-equivariant diffeomorphisms preserving
Xy, is in the cases (a), (b), (c) identified with some subgroup of Zokptas acting
on (C?,0) by & — eFpizs 0", 1 € Logptas- If p> 2 then only the action with r
commute with A.

Remark 1.5. 1. The variables h = £1& and u = &7+ &5, resp. @ = (& +&2)?, are
basic (o, A)-invariant functions: any formal/analytic (o, A)-invariant function

can be written as a formal/analytic function of (h,u), resp. (h,a), (see e.g. |7,
§XIL-4]).

2. The cases (0), (a) and (b)+(c), of Theorem ?? are distinguished by the position
of their fixed point divisor Fix(¢°P) = {¢ € (C?,0) : ¢°P(€) = &} with respect
to the foliation by level sets of H(&):

(0) Fix(¢) = (C?,0),
Fix(¢) = {H*(¢) = 0},
(b), (¢) Fix(¢) = {H*(¢) - 9(&) = 0},

—~
&
~—

where {g(§) = 0} is a divisor transverse to the foliation intersecting each level
set {H (&) = const} at 2kp points (counted with multiplicity).

In the case (a) of Theorem ?7, there exist analytic germs that are formally
equivalent to the normal form but not analytically (Theorem ?7). In fact, there
are topological obstructions to convergence. However, somewhat surprisingly, there
are also interesting examples where the conjugacy is analytic (Example ?? below).

The cases (b) and (c) of Theorem ?? carry close analogy with the Birkhoff—
Ecalle-Voronin theory of parabolic diffeomorphisms in dimension 1. While the
formal normalizing transformation is generically divergent, the obstructions to
convergence are of a purely analytic nature and can be expressed in terms of an
infinite-dimensional functional modulus (Theorem ?7 below).

The formal invariant fi(h) in Theorem ?? (b), or more precisely 2wi h=*fi(h) is
the formal period of any formal differential 1-form dual to X along the “vanishing
cycles” generating the fundamental group of the leaves {h = const # 0}. Corre-
spondingly, the composition (2772' h_s/l(h)) o W is the formal period of any formal



(a) (b)

Figure 2: (a) Trivial invariant foliation of a 1-parameter family of diffeomorphisms
of C. (b) Invariant foliation of a diffeomorphism of (C2,0) with a first integral

H(E) = &6 + h.o.t.(€).

differential 1-form dual to the infinitesimal generator X of ¢°P along the “van-
ishing cycles” generating the fundamental group of the leaves {H = const # 0}.
(Lemma ?7?). At the present moment it is not known to us whether the formal
series fi(h) is convergent in general or under what condition.

Remark 1.6. The formal classification of Theorem ?7? is quite similar to the
study of 1-parameter families of holomorphic germs ¢(z) unfolding a parabolic
germ ¢o(z) = Az + h.o.t.(z), AP = 1. The formal normal form for such germs in
the case p > 1 is

0,
s, 0
Pnt,c(2) = Nexp (%an75)(z), X = €25 5>0,
1+cu(5)zkpzaza s>0, k>0,

with P(2P,€) = 2FP + Pp_1(e)2*=VP .+ Py(e), P(2P,0) = zFP. The study of
such families in the finite codimension case s = 0 was carried independently by
C. Christopher, P. Mardesi¢, R. Roussarie & C. Rousseau [?7, ?, 7, ?, 7] and by
J. Ribon [?, 2, ?].2 Tt leads to a modulus of analytic classification that “unfolds”
the Birkhoff-Ecalle-Voronin modulus.

A 1-parameter family of diffeomorphisms ¢.(z) unfolding ¢o(z) can be thought
of as a parabolic diffeomorphism (z,€) — (¢c(z),€) of (C?,0) with a first integral
¢, and hence with a locally trivial leaf-wise invariant foliation by level curves {€ =
const} (Figure ??7). The essential difference to the situation considered here is
that in our case the leaf-wise invariant foliation, given by level curves of the first
integral H(§) = &1&2 + h.o.t.(€), is topologically non-trivial (Figure 77).

Prior to that, this was investigated also by J. Martinet [?], P. Lavaurs |?], R. Oudekerk |?],
M. Shishikura [?] and A. Glutsyuk [?].

10



Remark 1.7. The formal classification of reversible diffeomorphisms

6(€) = (g N ) £+ hot.(6), 7(€) =of+hot. (), with \¢emQ,

has been achieved by Moser & Webster [?]| with a formal normal form

ch®
ei@= (" 0L )6 m©=0t=(13)6  h=a& (14
This classification has been later generalized to all elements of Diff(C2,0) that are
formally conjugated to their inverse by O'Farrell & Zaitsev |?].

The classification is analytic if |A| # 1, which in particular implies the existence
of Morse first integral H (&) of (¢, 7).

The following example is of a non-trivial situation in which a reversible dif-
feomorphism is analytically conjugated to its formal normal form of type (a) of
Theorem ?7.

Example 1.8 (Monodromy of the Sixth Painlevé equation). The operator of a
local monodromy of Sixth Painlevé equation at either of its singular points is
one that acts on solutions by their analytic continuation along a loop around
the singularity. Considered as a map on the space of “initial conditions”, it is a
reversible holomorphic map ¢ with up to 4 fixed points (corresponding to locally
non-ramified solutions near the singularity), and with a first integral which is of
Morse at each of the fixed points. The local multipliers A, A™! of ¢ near a fixed
point depend on the parameters of the equations, and for some of the parameters
they are indeed roots of unity, however, no matter what they are, the map is
always locally analytically conjugated to the formal normal form (??) with s = 1.
The normalizing map is essentially given by the Riemann—Hilbert correspondance.
More details in Section ?7?.

Since the formal normal form (¢yu¢, o) of Theorem ?? in the case (b) is a priori
purely formal (due to the formal invariant fi(h)), we introduce instead a larger
model class represented by an analytic model.

Definition 1.9 (Model). Let (¢ns, o) be the formal normal form of Theorem 77
for (¢, 7), with infinitesimal generator

0,

s 0 o)
ch (518751 - 52@%

s P(u,h) ) )
ch 1+ci(h)P(u,h) (51 % B 523752)’

ch? P, h) (§1+6) (G52 — &52).

an(f) =

11



Let us introduce a model (¢mod, o) for (¢, 7), as dmod = Aexp (%Xmod) where

0,

Chs(flé% —528%),

eh*Pluh) (6152 — &%),
ch*P(i h) (6 +&) (612 — &),

Xmod(g) =

with the same ¢ and P(u,h), resp. P(ﬂ,h), as in the formal normal form. The
model class of ¢noq is the set of all analytic ¢ with the same model, i.e. it is the
union of formal classes with over all invariants fi(h).

Remark 1.10. The normal form vector field an = h®3 ffc 5 E is equivalent to
the model X0q = h°cPE by means of a (o, A)-equivariant formal power-log
transformation

U = exp(tcPE)’ a(h) U* X nod = X

)
t="5, (log &7 —log &%)

This follows from Lemma ?? by writing i(h) = E. [%Z)(log & —log &h)].

Proposition 1.11 (Prenormalization). Let (¢,7) and H be as in Theorem ?? of
formal type (b) or (c), and let (pus, o) be its formal normal form and (Pmoq, o)
its model. There exists an analytic tangent-to-identity change of coordinates, after

which 7(§) = o€ and ¢(§) is such that h o ¢p(§) = h(§) and

&0 #(€) = &0 dur(€) mod h™°f(£)%;
= Ej o ¢m0d(§) mod hisf(é)ijy ] = 17 27
where f(§) = G100 (8)=&1 generates the same ideal of C[€] as fur(€) = o0 (O -6

&1 &1
and funoa(€) = *2Pmea @8 g Fix(¢°7) = {£(€) = 0}.

The following is our analogy of Theorem ?7.

Theorem 1.12 (“Sectorial” equivalence). Let (¢, ) of formal type (b) or (c) be in
the prenormal form of Proposition 7?7, and let (¢mod, o) be its model. There exists
a countable collection of cuspidal sectors® covering a disc {|h(§)| < J2} for some
02 > 0, and for each given sector S a (o, \)-invariant family* of 4kp “Lavaurs
domains” {Qfg}j:17.._74kp covering together the set Bg \ Fix(¢-2 )

mod

Bg={{ € C?:[¢] <41, h(E) € S} (1.6)

3See Figure 7?7 and Definition ?7.
“If Qs is a domain in the family, then its images o(Qs) and A(Qs) are also in the family.
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(see Figure 7?), a family of bounded analytic transformations {\I’Qg}jzlj__’;;kp de-

fined on the Lavaurs domains Q{é, such that
Vi) 0@ = dmod © Vo, Voo =00Tq, hoWg = h,

for all j and S. We call the family {¥; };j=1,. akp @ normalizing cochain. Such
S

normalizing cochain is unique up to left composition with cochains of flow maps

{ exp (W™ Cqy (h)Xmod)} (1.7)

j=1,..4kp

where the C’Qg(h) are bounded analytic functions on S.

The form of the domains QJS in the covering of Theorem ?7 is determined by the
dynamics of the model vector field X ,0q (7?7). The set Bg (?77) has two “essential”
boundary components: “outer” one at {|{;| = 01} and “inner” one {|2] = 1},
and the 4kp domains Qfg are correspondingly grouped into two sets: 2kp cyclically
ordered outer domains (touching the “outer” boundary) and 2kp cyclically ordered
inner domains (touching the “inner” boundary), see Figure 77.

We express the modulus of analytic classification as a countable collection of
“cocycles” of transition maps on certain intersections of the covering. Namely,
to each cuspidal sector S in the h-plane and its associated normalizing cochain
{\I/QJS }j=1,-~4kp on the 4kp Lavaurs domains {Qg}, we associate a set of {ransition

maps on the intersections of two subsequent outer/inner domains:
iy 1 , ,
{WS’Z = \I/Q]S o \I/;(g )}M , defined on Q% N Q%

preserving X ,,q and possessing a (o, A)-equivariance property. The equivalence
class of the set of transition maps modulo conjugation by cochains of flow maps

(77) ) )
0% = exp(Coy () Xumod) 0 5" 0 exp(—Coy (1) Ximoa),

is then called a cocycle.

Theorem 1.13 (Analytic classification). Let ¢, ¢ = A{+h.o.t. be two analytic o-
reversible germs of formal type (b) or (¢) of Theorem 77 in the prenormal form of
Proposition 7?7, both with the same model ¢roq (7). The following are equivalent:

1. (¢,0) and (¢',0) are analytically conjugated by an element of Diffiq(C2,0).
2. (¢,0) and (¢',0) are analytically conjugated by an element of
Diff, (C?,0) = {4 € Diff;q(C%,0), hov = h}.

3. For every cuspidal sector S of Theorem 7?7 their associated cocycles {zbfgl},
{¢'%'} agree.
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Figure 3: Example of the domains of Theorem ?? in the case p=3, k=1, s =0,
for a model Xy,0q = i(u3+h) ({16%1 —528%2). In the center of the figure: a covering
of a small disc {|h| < d2} by a collection of cuspidal sectors S (in pink). For each
sector S and h € S, the leaf B, = {h = const}N{|{| < d1}, which in the coordinate
&1 has the form of an annulus, is covered by 4kp Lavaurs domains Qfg h= Qfg N By,
attached to the fixed points Fix(¢°P)N Bp. When h belongs to several sectors S the
associated coverings differ. The zero level set {h = 0} consists of two irreducible
components, the figure shows the covering of only one of them.

4. For some cuspidal sector S of Theorem 17 their associated cocycles {wgz},
{¢'%'} agree.

In order to obtain the modulus of analytic equivalence with respect to conju-
gation by general transformations in Diff(C2,0), one has to further consider the
action on the cocycles of the group

27 (Xmoa) = {¥ € DIff(C?,0) : ¥ =0poo=A""PoA, " Xmed = Xmod},

which by Theorem ?7? is a subgroup of the group {{ — Tt "€, r € Lokpias}t,
details are left to Section ?7.

Remark 1.14. The restriction of ¢ to either irreducible component of the zero
level set {h(£) = 0} is a parabolic diffeomorphism of (C, 0) whose Birkhoff-Ecalle—
Voronin modulus agrees with the corresponding restriction of the classifying cocycle
{¢L"} for each of the cuspidal sectors S in the h-plane. In particular, this implies
that the modulus is indeed infinite-dimensional (see Example 77).
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1.4 Antiholomorphic parabolic reversible diffeomorphisms
and Moser—Webster tripples of involutions

Let (x,7) be a pair of an antiholomorphic diffeomorphism x (i.e. £ — x(&) belongs
to Diff(C2,0)), and a holomorphic involution 7 € Diff(C?,0) such that

7°2 = id, royor =x""1. (1.8)

Then p = 7 o x is an antiholomorphic involution reversing x,

p?=id,  poxop=x"Y,
and the problem of classification of pairs (y, ) with respect to holomorphic con-
jugation is equivalent to that of classification of pairs of a holomorphic and anti-
holomorphic involution (7, p), or of Moser—Webster tripples of involutions

(Tl)TZap) = (T)TOX027TOX)7 (19)

where two holomorphic involutions 7y, 79 are intertwined by a third antiholomor-
phic involution p:
TLOp=poTs. (1.10)
Assume that the reversible holomorphic diffeomorphism (¢, 7) = (x°2,7) sat-
isfies Assumptions ??: it is parabolic, x°? € Diffiq(C?,0) for some p > 1, and
has a first integral H = H o x°2 = H o 7 of Morse type. Up to a linear change of
coordinate (Lemma ?7), (x,7) and H take the form:

X©) = Ao +hot. @), 7(6) = of+hot(€),  H(E) = &aé + hoot.(E),

(1.11)
o=(1). a=(ir)-

Since ¢ = x°? is a holomorphic diffeomorphism of (C2,0) reversed by both 7
and p, the classification of pairs (x, 7) is a priori a refinement of that of holomorphic
pairs (¢, 7) with an additional antiholomorphic symmetry.

where

Theorem 1.15. Two pairs (x,7), (X',7') (??) with (x°?,7), (x'°,7") satisfying
Assumptions T7 are:

1. Analytically (resp. formally) conjugated by a tangent-to-identity transforma-
tion if and only if (x°2,7), (xX'°%,7') are.

2. Analytically (resp. formally) conjugated by a general transformation if and
only if (x°%,7), (X’OQ, 7') are analytically conjugated by a transformation with
real linear part.
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So by virtue of Theorem ??, the formal normal form (anf, Tuf) of Theorem 77
for (x°2,7), provides in fact also a formal normal form (Yy¢, 7uf), namely

Xt (€) = 0hur,  pur = exp(— Xur)(AT2E), (@) =0, (112)

where X, is as in Theorem ?7? (0)~(b), and satisfies X = —(A%)*an, see The-
orem 77.
However we find it more convenient to linearize the antiholomorphic involution

p = 7 o x instead of 7, which leads to a more symmetric formal normal form for
the Moser—Webster triple (77).

Theorem 1.16 (Formal classification). Let (x,7) and H be as above, with (x°2,T)
satisfying Assumptions ?T. Let s > 0 be the multiplicity of the zero level set
{H (&) = 0} in the fived point divisor Fix(x°?P) which is of the form {H*(£)-g(¢) =
0} for some analytic germ g(§), and denote kp = ordg g(&) its order of vanishing.
Then (x, ) is formally conjugated to the following normal form (X, 77¢):

. . . ; 1 -
Xaf = Tat © Pus s (€) = exp(g X 1) (A20€),  ple(€) =&, (1.13)

1

1
1 3
where A2 = </\ 0 ), and where
0 A2

K11(6) = = X14(§) = —(A)" X[4(6) = A" X4(©)
1s one of the following vector fields

(0) Xrllf(ﬁ) =0, se.

Tt (&) = A%JE is a linear map.

The group Z(7l;, pls) = Z(O’A%,p;f) of formal UA%,p;f—equivariant diffeomor-

phisms consists of maps & — ((h,u') - &, where {(h,u") = ((h,u),((0,0) # 0.

This case happens if and only if x°% = id, and the conjugation is convergent.

X in hS 2] o) .
(a) X(p(§) = £2iph (51@ - 52@), s>1, ie.

() = A%eiihs‘laf, where J = (é _01) .

The group Z(7ls, ple) = Z(Xrllfv O'A%,,O;f) of formal diffeomorphisms commut-
1

ing with 71, ple, which are the same as oA2, pl .-equivariant diffeomorphisms
!

preserving X,

is generated by the involution & — —&.

<, s cP'(u,h) PR
(b) an(S) =h 1+Cﬂ(h)Pl(U/7h) (51651 62352)7 s> 07

where P'(u', h) is an analytic polynomial in v/ (€) = & + \2€L (note that
L1),

r
2

P/ h) =u* 4+ Pe_1(W)u™ ...+ Pi(h), P'@/,0)=u* k>0,
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fi(h) = S22 puah™ is a formal power series, and
c=+2ip, Pu,h) = P, k), Ak) = —p(h),
are unique up to a change

(Ca la(h)7 P,(ulah)) = ((_1)l<:pc, /l(h)v (_1)kppl(_u,ah))'

The group Z(7l:, ple) = Z(Xrllfv O'A%,p;f) of formal diffeomorphisms commut-
ing with 71, ple, which are the same as JA%,p;f—equz'vam'ant diffeornorphisms

preserving Xlllf’ 1s either trivial or gemerated by the involution & — —&; in
particular if kp is odd then it is trivial.

The associated Moser—Webster triple of involutions (7] ¢, 7o 1> Pag) = (Togs Phg©
7le o ple, phe) takes the form:

H (€)= exp( X0 (A20€), 7 ,0(€) = oAZ exp(s5 X0 (6), p;f@(:s.)
1.14

Remark 1.17. The variables h = £ & and o/ = &7+ A2£5 are basic A3 g-invariant
functions satisfying h o p! (&) = h(§), v/ o pl (&) =/ (§).

In the case (a) of Theorem ?7, there exist analytic germs that are formally
equivalent to the normal form but in general not analytically (Theorem ?7?), and
there are topological obstructions to convergence.

In the case (b) of Theorem ?7, the model (Definition ??) associated to the
normal form (?7)

Xmod(g) = Upmod(§)7 pmod(g) = eXp<_%Xmod)(A%§); Tmod(f) = o¢,

is such that

. T, I
Xmod = _pOXmod = _(AQ) Xmoda where pO(E) = A2£

Now in the Theorem ?? on sectorial normalization of ¢ = x°? to the model ¢moq =
Aexp(%Xmod) = (0pmod)°? by means of a cochain {@Qg}jzly,“,%p, such cochain
also exists that furthermore satisfies

\IIpO(Q{q) O P = Pmod © \PQév
which is equivalent to
v i\OoX = oW ;
opo(92L) X = Xmod QL

(note that if the Lavaurs domain Qg is defined over a sector S, then po(Qg) is
defined over S.) By Theorem ?7, the analytic classification is achieved in terms of
the same functional modulus as in Theorem ?7.

Example ?7? below shows that the moduli space in the formal case (b) is indeed
infinite-dimensional.
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Example 1.18. Let z — f(z) = A2z + h.o.t.(z) be any holomorphic diffeomor-

phism of (C,0) that is reversed by the complex conjugation z — z, i.e. f(z) =
oD (2). Let

_ if(ﬁl) _%f(&)
v = <A e f<sl>§1>'

We have (&1&s) 0 1h = &1& and ¥(€) = o(c€). Therefore,
n(€) =ovoo o oo(e), m(E)=vpoooy?TIE), p€)=¢

is a Moser—Webster triple, for which the restriction of ¢ = 71 o 79 to {{&s = 0}
is the diffeomorphism ¢g : & +— f°4(&1). The space of analytic moduli of such
diffeomorphisms ¢ inside the Birkhoff-Ecalle-Voronin moduli space is defined by
some symmetry conditions (see [?, 7, 7, ?]), nevertheless it is infinite-dimensional.
Therefore also the analytic moduli space of Moser—Webster triples of formal type
(b) of Theorem ?? (with s =0 and k € 4Z~) is infinite-dimensional.

1.5 Non-degenerate CR-singularities of surfaces in C?

Let us consider a germ of real analytic surface M in (C2,0)
M: z=F(z,7), z € (C%)0), (1.15)

that is a higher order perturbation of the quadric

-1, = 2, 22
2o =7 2121+ 2 + Z7, for v € 10, 0],
Q- : { v 10, 00] (1.16)

29 = 2121, for v =0.

When v # % then such surface M is totally real outside of the origin: its real
tangent space T,M C C? has no non-trivial complex subspace, meaning that
T.M @iT,M = C? for z # 0, but not at z = 0, where the tangent ToM = iTyM is
a complex subspace of C2. In another words, M exhibits a CR-singularity at the
origin. The problem of interest is that of formal and analytic classification of such
germs M C (C2,0) with respect to holomorphic changes of the complex coordinate

z = f(2), (1.17)

that preserve the CR singularity. This problem has a long history going back to
the works of E. Bishop [?] and J. Moser, S. Webster [?|. The type of the quadric
(?7) depends on the value of the Bishop invariant v — one commonly distinguishes:

1

v€[0,5[:  elliptic case,
v = % : parabolic case,
v €]3,00] : hyperbolic case.

A hyperbolic case is called ezceptional if the roots A\, \™! of
A+ At =4972-2 (1.18)
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are complex roots of unity.

The basic premise of the seminal work of J. Moser & S. Webster [?] is that
for all v €]0, oo] the moduli space of analytic equivalence classes of surfaces (77?)
is isomorphic to the moduli space of certain Moser—Webster triples of involutions
(11,72,p) (?7). To understand this correspondence, we need to complexify the
surface.

Let

M Z2 = F(wal)a w2 = F('wl,Zl), (Z>w) € (C470)> (119)

be the complexification of M, and let

oM (z,w) = (@, %)

be the induced antiholomorphic involution acting on M. Then
M = M N Fix(p™M).
The transformation rule (??) becomes

(z,w) = (f(2), F(w)),

which splits between the two variables z and w and commutes with p™.
If v # 0, then the

w1, M = (C30), w1 (z,w) 2z, m:(z,w) > w,

are two-sheeted branched covering maps. Associated to them is a pair of holomor-
phic involutions TlM, 31 of M, that change the sheet of the projections®

M .
motM=m;, j=12

They are the deck transformations of covering maps, and are intertwined by p™

M MoTlNlo

_ M
To = p .

p

In the coordinates (z1,w;) on M the triple of involutions (TlM7 7'2A/l, pM) is identi-

fied with a Moser—Webster triple of involutions (71,72, p) of (C2,0), of the form
. —z1—y~lwi+hot.
T1i () (,mlwﬁhm), i (2) e ( A=y urthod ) (1.20)

and p: (full ) > (?11 ) The composition

¢:=TiL0Ty :XOQ, where Yy =71 0p,

is a germ of analytic diffeomorphism of (C?,0), the linear part of which has eigen-
values A and A~! related to v by (?7).

®Qur naming here of 7{"!, 73" is the opposite than in [?].
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Definition 1.19. A Moser—Webster triple of involutions (71, 72, p) consist of a pair
of holomorphic reflections 71, 7 € Diff(C2,0) and of an antiholomorphic involution

p such that

2 =152 = p°? = id, To = pPOTLOp.
Theorem 1.20 (Moser, Webster |?]). Two germs of surfaces (7?) with the same
Bishop invariant v # 0 are analytically equivalent if and only if their associated
Moser—Webster triples of involutions are analytically conjugated. Furthermore if

v #£ %, then there is a bijective correspondence:

Germs of surfaces Moser—Webster
(M,0) with +— < triples (71,72, p)
v €10, +00] \ {3} / with A, A1 /
Conjugation

in Diff(C2,0)

Biholomorphic
equivalence

Analytic classification in the elliptic case with v € ]0,3[, corresponding to
A € Ry~ {1}, was achieved in the original study by J. Moser & S. Webster
[?]. Using the correspondence of Theorem ?7, they showed that in this case the
formal classification agrees with the analytic one, and that each such surface is
analytically equivalent to one of the following normal forms

My : 29 = (/\%eﬁ(*%z?)S + )\7%6*6(*%22)5)2121 + z% + 2%, (1.21)
with
0, § = +o00,
€ =
+1, s>1,

associated to the Moser—Webster tripple

Tl,nf(é) = ¢ZE%)(U§)7 T2nf = U¢Z§%)(§)v Pnf(f) = 0'67

where

(f)zf% (€) = <)\2€e(§152)5 0 > £, o= ((i é) . (1.22)

0 ,\*%6—6(5152)5

The surface (??) is also analytically equivalent to [?, p.289]

na+y (R + 7)), s=+4o00
2= (1.23)
2171+ (v+ (Rez)®) (23 + 27), s> 1.

A complete classification in the limit elliptic case v = 0 was later obtained
by X. Huang & W. Yin [?], who constructed an infinite-dimensional space of for-
mal normal forms, and proved that formally equivalent surfaces are analytically
equivalent.

The parabolic case v = %, corresponding to A = 1, is slightly different as
there might be a whole curve of CR-singularities in M, but the Moser—Webster
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correspondence does nevertheless extend to this case. Here the classification was
described by P. Ahern & X. Gong [?] in terms of a functional modulus (cocycle)
related to S.M. Voronin’s classification of germs of diffeomorphisms with unipotent
linear part [?].

In the non-exceptional hyperbolic case, v > % with A ¢ e™Q, the formal classi-
fication was also provided by J. Moser & S. Webster [?] with formal normal form
(?7) except this time with

0, § = 400, -
€ = s and =G
{ii’ o> 1, p(§) =¢

which is also equivalent to (?7). However, the normalizing transformations in
this case exhibit a small divisor problem and are in general divergent [?, 7, 7,
?]. In the case when M is formally equivalent to the quadric ), and X satisfies
a Diophantine condition, or more generally a Brjuno type condition, then the
existence of a convergent normalizing transformation was established by X. Gong
and L. Stolovitch [?, ?]. In the case when M is not formally equivalent to the
quadric @ a KAM-like phenomena arise for all non-exceptional A [?, 7|, where an
analytic conjugacy can be achieved between certain real analytic curves in M and
the hyperbolas {z2 = w = ()\%eﬂ‘”s +)\—%63Fiw5)2121 +22+ 22}, we (R,0), in (27?)
under a Diophantine type condition on the value of A3 i’

In this paper we are interested in the exceptional hyperbolic case, that is
when ~ € ]%, oo] and A\, A7! (2?) are non-trivial complex roots of unity of order p:

N =1 with p>2. (1.24)

In this case ¢°P = (11 0 72)°P = id +h.o.t. and the dynamics of ¢ is of resonant
parabolic type. Nothing seems to have been known about normal forms, and
formal or analytic classification in this situation. We will work under an additional
assumption that M is holomorphically flat, meaning that it is contained in
some Levi flat analytic real hypersurface of C?. Up to a biholomorphic change of
coordinate (?7?), one can assume that this hypersurface is {Im zo = 0}, i.e. that

M : Rezg = F(21,2z1), Imzo=0. (1.25)

This means that M is foliated by the family of real curves {Re z2 = const} N M.
The assumption of holomorphic flatness is equivalent to the existence of an analytic
first integral H for the pair of involutions (71, 72)

H(z,w1) = v tzywy + 22 +wi 4+ hot., Horp=Hom=H, (1.26)

which has a Morse point at 0 (Proposition 7?). In fact, if M is in the form (?7?)
then H(z1,w;) := F(z1,w1) = F (w1, 21) is such first integral.
In the elliptic case, every surface M is holomorphically flat. This follows from

the holomorphic conjugacy to the Moser—Webster normal form (?7?) for 0 < v < %
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[?, Theorem 1], and for v = 0 from the work of Huang & Krantz [?]. On the other
hand in the hyperbolic case there are surfaces M with any % < v < oo which
are not holomorphically flat. Examples of such surfaces have been constructed by
J. Moser & S. Webster [?], E. Bedford [?], X. Gong [?], and others. Furthermore, it
has been known that holomorphic flatness alone is not enough to assure existence
of convergent transformation to a formal normal in the hyperbolic case [?]. In
fact, X. Gong |?, Theorem 1.3|, [?, Theorem 1.1] and |?, Theorem 1.2] shows that
for each non-exceptional v € ]%, oo[ and s > 1 there exists a holomorphically flat
surface (?7) which is formally but not analytically equivalent to (??). We will
show that this is also true for exceptional v € ]%, o0l

Theorem 1.21. For anyy € ]%, oo] and every s > 1, there exists a holomorphically
flat manifold M that is formally equivalent to the Moser—Webster normal form
(?7), but not analytically.

On the other hand, it has also been known [?, Theorem 1.1], and is easy to
show, that

Proposition 1.22. If a manifold M is formally equivalent to the quadric Q. with
exceptional v € ]%,oo}, then it is analytically equivalent to it. In particular, it is
holomorphically flat.

In view of Theorem ?7, the formal classification of holomorphically flat surfaces
M of exceptional hyperbolic type is achieved in an implicit way by Theorem ?7?.
In particular, the triple of involutions (7] ¢, 74 .¢» Ph¢) (?7) in formal normal form
of the type (o), resp. (a), are associated to the quadric @, resp. the surface (77?)
with € = 44 and s > 1, see Section ??. Proposition ?? is then a consequence of
the finiteness of the group generated by (71,72, p) and the linearity of the normal
form (7 ¢, 73 ne» Pae)-

The formal type (b) of Theorem ?? corresponds to a whole new formal type
of surface. In this case we don’t provide an explicit formal normal form of the
surface. Instead, we find a model surface My,oq which is a representant of a larger
model class of surfaces, corresponding to the model class of (71,72, p). Theorem 77
on “sectorial” conjugacy between (¢, 7) and its model (¢mod, Tmod) has also its
analogy as a “sectorial” conjugacy between the Moser-Webster triple (71,72, p)
and its model (7] .. 4575 mod> Pmod ) a1d can be rephrased directly as a “sectorial”
equivalence between the’complexiﬁed surfaces M and Mpyoq.

Theorem 1.23 (“Sectorial” equivalence). Let M be a germ of a holomorphically
flat manifold in (C?,0) with an exceptional Bishop invariant vy, M its complezifica-
tion and (TlM,TQM,pM) the associated Moser—Webster triple of involutions acting
on M. Let p > 2 be the smallest positive integer such that \P =1, and let

M _ FiX(TjM) U Fix(TQM) U Fix ((TiM o TQM)op)
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be a divisor in M. Assume that M is not formally equivalent to (7?7). Then there
exist positive reals 91,09 > 0, and a countable collection of cuspidal sectors® with
vertex at zo = 0 covering together the disc {|z2| < 92}, and for each such sector S:

e there is a family of 4kp domains {Qé\/;
{lz1l, w1l < 81, 22,w2 € S},

PR covering (./\/l ~ DM) N

e and a family of bounded analytic transformations of the form

Yo (20) = ((Fryax)(2)s #(22)), (Gmyz) (W), Plw2)),

defined on the product domains (z,w) € Wl(Q%) X WQ(Q%),
where zo — @(z2) is an analytic diffeomorphism on {|z2| < 2},

that map M to some complezified model surface Mpoq (see (?7) in Section 77)
and M = Mn FiX(pM) to Moa = Mimoa N Fix(pMmOd)'

As a consequence to Theorem 77, we also have:

Proposition 1.24 (Automorphism group). The group of formal automorphisms
of a holomorphically flat surface M that is not formally equivalent to Q., with an
exceptional Bishop invariant vy, is either trivial or isomorphic to Zs.

6See Definition ?7.
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1.6 Organization of the paper

Section ?7: We obtain a formal classification of singular reversible integrable vec-
tor fields (Theorem ??) and of parabolic reversible integrable diffeomorphisms
(Theorem ?7). This is done through a construction of a formal normal form.

Section ?7?7: We prove Theorem 7?7 on formal classification of antiholomorphic
parabolic reversible integrable diffeomorphisms.

Section 77: We recall the basics of the Moser—Webster correspondence between
singular CR-surfaces M triples of involutions (71, 72, p), and derive the form of
model surfaces.

Section ??: In §2?7 we construct an explicit example of divergence in the case (a)
k =0 (Theorem ??), a corollary of which is Theorem ??. In §?7 we provide a
more detailed account of Example ?? on the monodromy of the Sixth Painlevé
equation.

Section ?77: In §77 we show existence of bounded “sectorial” holomorphic trans-
formations to a model diffeomeorphism in the formal type (b),(c) & > 1. Thisis
done through the construction of Fatou coordinates on certain domains, called
Lavaurs domains in each level set of the first integral h. In these coordinates,
the diffeomorphism reads as a translation depending on h. We make sure that
the construction depends well on the level A and extends to the limit A — 0.

In order to understand the form and topological organization of the Lavaurs
domains, one needs to understand the dynamics of the model vector field,
which is a rational vector field on each level set of h. On that purpose, we
consider its complex flow when time evolves along real lines in some direction
0. This amount to consider the real flow of a family of holomorphic vector
fields depending both on the level h and on a parameter of rotation . We seek
domains on each leaf {h = const} that are stable as (h,0) varies. This is done
in §7? using theory of the real-time dynamics of rational vector fields on CP*
which we recall. We then provide a precise, albeit a bit technical, construction
of the Lavaurs domains and prove that they cover a full neighborhood of 0 € C?
(Theorem ?7).

In §77 we prove Theorem ?? (Theorem ?7) and describe the modulus of analytic
classification in terms of a bounded cocycle Theorem ?? (Theorem ?7.)

In §77 we discus certain “compatibility conditions” between the classifying co-
cycles over different sectors in the h-space.
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2 Formal invariants for parabolic integrable reversible
diffeomorphisms

Main goal of this section is to prove Theorem 77.

Lemma 2.1. Let (¢, 7) be a pair of a reversible diffeomorphism ¢ and its reversing
reflection 7, and H = H o ¢ = H o1 q first integral of Morse type. There exists
an analytic change of coordinates under which (¢,7) and H take the form

¢(§) = A+ hot(§), 7€) =0  H(E) =&, (2.27)

with

Proof. Up to a linear change of variables, one can first assume that 7(§) = 0§ +
h.o.t.(€). The transformation U = 1 (id+o7) is tangent to the identity (hence
invertible) and such that ¥ o7 = oW,

So we can now also assume that 7(§) = 0. If () = Aé+h.0.t.(€), then 0 Ao =
A~! and so if u is an eigenvector of A with eigenvalue )\, then ou is an eigenvec-
tor of A with eigenvalue A\~'. Hence if A\ # =41, then the linear transformation
W=D (€) = (u, ou)¢ is o-equivariant and such that ¥o¢go ¥°(~1) = A¢ +h.o.t.(€).
Then also, up to a multiplicative constant, H o ¥°(—1) = &1&2 +hoot.(§). If A has
a double eigenvalue A = +1, then A = £1I (the case of non-diagonalizable A is
excluded by the assumption on existence of Morse first integral). Since Hoo = H,
up to a multplicative constant, H (&) = (&1 + b€2) (&2 + b€1) + h.o.t.(€) with b? # 1
(since det D?H(0) # 0), and we use the the o-equivariant linear transformation
V() = (ll) [1)> ¢. Finally, if A has eigenvalues {1, —1}, then A = +o. The case
A = o would imply that 7(§) := 70 ¢(§) = £ + h.o.t.(§) is an involution tangent
to the identity, but there is no such involution except the identity itself (because
the map ¥ = %(id +72) would conjugate it to the identity, ¥ o 75 = idoW). So
A = —o and we proceed to normalize the quadratic part of H in the same way as
in the case A = +1.

We finish by means of the o-equivariant Morse lemma (Lemma ?? below with
G = (o)), which allows to reduce H() to its quadratic part £1&s. O

Lemma 2.2 (Equivariant Morse lemma [?, chap. 17.3]).

Let H : (C%,0) — (C,0) be a formal/analytic germ with a non-degenerate critical
point at 0 (Morse point), that is invariant with respect to a linear action of a com-
pact group G on C2. Then H is reducible to its quadratic part by a formal/analytic
change of variables tangent to identity and commuting with G.
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2.1 Formal infinitesimal generator

Let us recall that any formal diffeomorphism F(€) € Diff;q (C2,0) has a unique in-
finitesimal generator, that is a formal vector field X (£), vanishing at the origin and
with a vanishing linear part, whose formal time-1-map is F(g) [?, Theorem 3.17].

The formal time-1-flow of X is a formal diffeomorphism of (C2,0) defined by

exp(X)(€) 1= exp(X).£ = (ggi;) (2.28)
where
A A +oo A ~
exp(X).f = Z Lx"f, (2.29)
n=0

which is a well defined formal power series as the order of the n-times iterated
derivative X ™. f growths with n:

ordg X™.f > ordg f + n(ordg X .€ — 1). (2.30)

It satisfies X R o
foexp(X)(§) = exp(X).f(£), (2.31)

for any formal germ f € C[[¢], and
o [; 1 o
o [f oexp(tX)} = X'f‘fzexp(tf()’

|7, Chapter 3].

The zeros of X are the same as the fixed points of F'(€) = exp(X)(€), more
precisely there exists a formal matrix valued function U(€) = id +h.o.t. such that
X.£=U(®)- (F(g) — &). If one identifies formal vector fields with derivation
operators on the space of formal series C[¢], then the infinitesimal generator X (€)
of F(€) is the same as the operator

+o00

X.f =log(id+0) = (-1)" '10"(f), where O(f):=foF —f, feC[],
n=1

and O"(f) = > i—o(— 1)nd (?)f o FJ (note that © is linear as operator on C[¢]).

From this it follows that the map F(¢) and the vector field X (€) have the same
formal first integrals: fo F'— f = 0 if and only if X.f = 0 for f € C[¢], 7

that if F/(€) commutes with another formal diffeomorphism GE): FoG=Go F
then G preserves its infinitesimal generator, X = G*X (indeed one gets ©"(G) =

[Z?:o(*l) (j)FOJ} o = ©"(id) o G from which X.G = X.§’£:G)~

"This would no longer be true for more general formal trans-series first integrals containing
exponential terms.
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Remark 2.3. If F' is analytic, and v(F) + 1 = min;—; 2 ordo(§; o F' — &) is the
order of tangency of F' to id. Then [?] show that the formal infinitesimal gen-
erator X is of Gevrey order ﬁ, meaning that if X.§; = Z|m|20 fim&™, then

_ fim  ¢m; L
Z|m\>o Tt ‘(F))E is convergent.

2.2 Poincaré—Dulac formal normal form

In the following let X be the formal infinitesimal generator of ¢°P.

Lemma 2.4 (Jordan decomposition). There exists a formal decomposition
o= (Z)s % qu = qu o (2)57 with ?Z)gp =id, ngp = ¢Op7

where q;u(f) = ¢ + hot. € ]ﬁid(CQ,O) is the “unipotent” part, and qgs({) =
A& +h.o.t. is the “semisimple” part. If ¢ is reversible by o, then so are ¢, and ¢s.

Proof. Let X be the formal infinitesimal generator of ¢ = exp(X )(§), and let
qﬁu(g) = exp( X)(f) Then ¢ = ¢°P, and dyop = o, since X = ¢* X (because
¢ commutes with ¢°P). Let bs = o (;ASZ(_I) = SZSZ(_I) o ¢, then QASS((S)A: A¢ +hot.
and d)s =id. If (j) is reversed by o, then so is X, and therefore also ¢, and ¢5. [

Lemma 2.5. Let q@s : & = A& + heo.t. be a formal/analytic diffeomorphism such
that qup = id. Then gZ;s is formally/analytically linearizable. If furthermore qgs
is reversed by o, then there exists a o-equivariant formal/analytic transformation
linearizing gZ;S.

Proof. Let
¥ =L (id FA Gy Lt Alfpés;(p*l)) = id +h.o.t.,

then ¥ ogbs = A\IJ ie. Uisa linearizing transformatlon for qbs If ogbs oo = gbs 1),

then also cAo = A 1 and one sees that oWoo =V since AP =id = qbgp =id. O

Proposition 2.6 (Poincaré-Dulac formal normal form). There exists a formal o-
equivariant change of coordinates ‘i’(f) € Diffiq(C?,0), oW = Voo, that transforms
the map ¢(&) to a Poincaré-Dulac normal form

b d€) =AE+hot., doA=Ag,

which is reversible by o, 0’¢E oo = qgo(*l), and which brings the first integral to

h(€) = &i&e.

Proof. Let g% = QBS ) J)u be the Jordan decomposition of ¢ of Lemma ??7. After
a formal o-equivariant change of coordinates of Lemma ??, one can assume that
¢s = A, which means that ¢ is in a Poincaré—Dulac normal form.
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Let B(f) = &6 + hoot. be a formal o-invariant first integral for ¢. Then
up to replacing ﬁ({) by %(ﬁ +hoA+...+ho Apfl) we may assume that h is
(0, A)-invariant. Hence by the equivariant Morse lemma (Lemma ?7), there exists
a (o, \)-equivariant change of variables that brings h(€) to &£, while keeping ¢
in a Poincaré—Dulac normal form. O

If gZ; is in the Poincaré-Dulac normal form, then the formal infinitesimal gener-
ator X (£) of ¢°P(€) = exp(X)(€) is such that A*X = X = —¢*X and X.h = 0.
The problem is that the fixed point divisor Fix(gﬁc’p) = {X = 0} is a priory purely
formal, but we need to ensure that it is analytic. To achieve this, we will follow a
different route:

e First we will analytically pre-normalize the original germ ¢ by repeating the
above Poincaré-Dulac reduction “modulo (¢°? —id)” in order to obtain (o, A)-
invariant analytic divisor Fix(¢°P) (Proposition ?7), after which the formal
infinitesimal generator X (¢) can be written in a prepared form (??).

e Then in a second step we will “formally remove” as many terms as possible in
the formal infinitesimal generator X (&) of ¢°P while preserving the analytic set
Fix(¢°P) (Proposition 77?).

e And finally, we analytically deform the divisor Fix(qg"p) in order to further sim-
plify the form of X (§) (Theorem ?77).
2.3 Prepared form
Let ¢(§) be as in Lemma ?7, reversed by o and with a first integral h(§) = & &a.
In particular, (&1 0 @) - (€2 0 @) = £1&, implies that ¢ is of the form
o f1-(1+h.0.t‘)

o(&) =A (52-(1+h.o.t‘)) : (2.32)
Assume that ¢° # id, i.e. X # 0 (otherwise ¢ would be analytically linearizable
by Lemma ??). Denote Z the ideal of C{¢} = O(C?,0) generated by

0db°P —
= ol (2.33)
&1

which is the same as the ideal generated by

0h°P — 0d°P —
&200 §2:_§1¢ 51:_L. (2.34)
13 §109°P 1+f

Let Z denote the corresponding formal ideal in C[¢]. We will denote £Z = <?§> ,
2
the C{¢}-submodule of (C{¢})?, and &7 its formalization.

Lemma 2.7. The ideals Z, 7 are invariant by composition with o and ¢.
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&f
Proof. Let f be the generator (??7) of Z. Then ¢°P = £+ < 1—ff >’ and using the
+

52 1
Taylor expansion we see that f o ¢°P is also a generator of Z, therefore Z o ¢°P = 7.
Using (??7) we have

)

f o0 = M — (WP_EQ> o ¢o(—p) ) £50¢°(=P) _ i . ¢O(_p) . £r00°(—P)

£ & & 1+f &2
and since 2007 _ i, then
&2 1+f
foo=-" 0P (14 f) 0P = foglD (2.35)

1+f

Since Z o ¢°P = T, we also have Z o ¢°C"P) = 7, and hence Zo o = 7.
Assuming A = (8‘ )\91 ), write & 0 ¢ = A& - (1 + g(£)) with g(0) = 0, then

foop= (Eloip)fﬂ)wop) 1= (1+f)-§1+90¢>°?’) -1
(1+ +
e ! (2.36)
_ [(1+god®P)+god—g _

= Mt f-1+0) €T,

since go ¢°P — g = f - O(§) € T using Taylor expansion. Hence Z o ¢ C Z, which
also means that Z=Zo0¢? CZo¢°?1) C...CTo¢p CZ, and hence Zogp =7T.
The case when A = —o is similar, but this time

foo=f-(-14+0()) €. (2.37)
O

Proposition 2.8 (Prepared form of ¢). There exists an analytic change of coor-
dinates W (&) € Diffiq(C?,0) preserving h = £1& and commuting with o, such that
in the new coordinate

¢(§) = A mod AT, (2.38)

is linear modulo the ideal T, which now becomes (o, A)-invariant: f € T < fol €
I fooel.

Proof. By definition ¢°P(£) = ¢ mod £Z. Let
V(E) = 4 (A%O(_p) b AT AT g A‘%Op) (€) = €+ hot.,
then Voo =00V, and

Ao g — =g (id—APgP) 4 AP 1P — ATlg) € (T
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since A7 (€Z) 0o ¢ = A1¢T = £Z by Lemma ?? (¢ is of the form (??)) and hence
A=TU 0 ¢ = U mod ¢Z, for j € Z. Therefore ¢(€) := W o ¢ o WD (€) = A¢
mod A¢Z, where Z := Z o U°(-Y . From ??, we have Zo ¢ = Z so that Zo ¢ =
Zo¢oW1) =7 oW1 = 7. Therefore, we have I=Todp=To (A&) mod 7,
hence, Zo A = 7.

The first integral h := h o W°(=1) then satisfies h = ho¢ = ho A mod £1§2f
since h = && - (1+...) and ¢(€) = A6 mod A6Z. A further transformation

1
~ h 2 - -
V() = <Z(§)> ¢ takes h = (£1&2) o ¥ to &€&, while preserving o and being
162
A-equivariant modulo £Z. O

Lemma 2.9. Suppose ¢ is as in Proposition ??. Then the (o, A)-invariant ideal
T 1s generated by some uniquely determined o-invariant germ

hsp(u7h) = RS (uk 4 Pkfl(h)ukil + ...+ PO(h))7 Zf A= (3 )\91> y (2 39)

heP(i, h)(&1+&) = b (ﬂ’~€ + ...+ By(h)(G+&), if A=—0,

where
U =P 4 e
h(§) = &i&e, ~(§) S8 ) (2.40)
a(§) = (&1 + &)*
P_ == = P =
are basic (o, A)-invariant functions, and > 1(0) ~O(O) 0
P (0)=...=Py0) =0.
Proof. Let f (7?) be a generator of Z. Since Z is invariant by o, foo = f-V;
for some germ V; (&), satisfying V4 - (V4 o 0) = 1, hence V1(0)2 = 1. As foo =
fo¢°=P) (27) with ¢°(=P)(€) = £ + h.0.t.(€), we see that in fact Vi(0) = 1, hence

fi= %(f + foo)= f% is a o-invariant generator of Z.

Similarly, as Z is invariant by A, fj o A = f; - V5 for some germ V5(&), and
from (77), resp. (?7), one sees that V2(0) = 1 if A is diagonal, resp. V2(0) = —1
for A = —o. Depending on the sign of V2(0) = +£1, let fo = %(fl + fioA+

L (EDPTLA o Ap_l)), then foo A ==xfy and fooo = fo.

So if A is diagonal, then fs is a (o, A)-invariant, and as such it can be expressed
in a unique way as a germ of analytic function u(§) and h(&) (??7), which are
functionally independent and generate the ring of (o, A)-invariant functions (see
e.g. [?]). Write fa(§) = h(€)*g(u(§),h(§)), where s is maximal such that h®
divides fa2, and let k& be the order of g(u,0) in u. By the Weierstrass preparation
theorem [?, chapter VII, §3, Proposition 6] with respect to the variables (u, h) we
can write g(u,h) = P(u,h)W (u, h) for a unique analytic Weierstrass polynomial
P(u,h) = u* + Py_1(h)u*~' + ... + Py(h) and some unity W (u,h), W(0,0) # 0.

If A = —0 then f5 is o-invariant and fo o A = —f5, which means that f5 can
be expressed as a function of (h,&; + &) odd in & + &&. So by a Weierstrass
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preparation theorem, it can be written as f2(&) = P(&1 + &2, )W (&1 + &2, h) for a
unique analytic Weierstrass polynomial odd in & + &

P(&+&,h) = (G+&)P((L+&)%,h)
— (G+&)T £ P (W) (6 +6) T o+ By(h) (61 +62).

O

To unify the discussion of the two cases: A diagonal, and A = —o, in the second
case we write (77?) as

P(u,h) = uP(u?,h), u =& + &, (2.41)

an odd polynomial of order kp = 2k + 1 in u, P(—u, h) = —P(u, h).

If X () is the formal infinitesimal generator for ¢°7, then it can be written as

5 h*P(u, h)
() ) (2.42)
where
E = 518% —528%, (2.43)

and U(€) is a formal o-invariant unity, U(0) #£ 0, Uoo = U.

Rewriting P(u, h) and U(€) as functions of the basic o-invariants (£1 + &2, h),
then we can apply formal Weierstrass division theorem with respect to (&1 + &2, h)
to write

U(€) = Q(€) + Plu, h)R(9), (2:44)
for a unique Q(&) = qpr—1(h)(&1+&)PP 1+ ...+ qo(h), g0(0) # 0, and o-invariant

~

k() € Cla].

Lemma 2.10.  The function Q(§) above is analytic and (o, A)-invariant, hence
of the form

Q(u, h) = Qr-1(h)u* "+ ...+ Qo(h), with Qo(0) # 0.
Proof. Let us first show that Q is analytic. By definition ¢ = exp(X)(¢) =

Sotoe LXn ¢ with X = thE mod h*P?E, and one has

n=0 n!

X"¢ = h”sP(E.P)"_lQ_”<(1) _01)5 mod h*P2%¢  for all n > 1,
s p2
where “mod h* P?¢” means modulo the C[¢]-submodule <Z$1€Q§EE%> of (C[£])2.

From this formally

(67(€) =€) = (M EP —1)(§ )¢ mod hP%. (2.45)
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This may also be rewritten as

1 1 s ; 7 (L109°P—&1)
Q= ——log (1 +h*(E.P) f) mod P, where f==CT0 (2.46)
h*E.P <. . "
or Q = —— mod P. Note that f is analytic since by definition h*P and

" log(1+hs fE.P)
(&100°P—£1)

&1
We have (E.P) oo = —E.P. Indeed, we have E.P = (E.u)0,P and E.u =

p(&) —€8). As Q = Q o o, we can then symmetrize the expression of Q as

generate the same ideal Z of C{¢}.

hSE.P hSE.P
Q= . — . mod P,
2log(1+h*fE.P)  2log(1—h*(foo)E.P)

which can now be expressed as an analytic function of (h,& + &2). Therefore
we obtain () as the remainder of the formal Weierstrass division of the term on
the right side by P (again with respect to the symmetric variables (&1 + &2, h)).
Since the formal Weierstrass division agrees with the analytic one, we see that @)
is indeed analytic.

Now let us show that Q o A = Q. According to Proposition 77, we have
A 1p(€) = ¢ mod £Z, where 7 is generated by h*P(u,h), ie. A~'¢(¢) = ¢
mod h®*PE. Since h o ¢ = h, we can write

&1+ & A PW
hS
G PR (2 * ghi%) mod K2 P2, (2.47)
1+hs PW

where W (€) € C{¢} is a unity. We have X (¢) = %E mod h*P?E. We know

that X (€) is invariant by ¢(¢), which means that X.¢ = X.§‘§:¢. On one side:

X.6= h;P (L+ 1 (EPW)A(} ° )¢ mod h*P2,

on the other side, expressing Po¢ = Po A+ h*PWE.(Po A)- mod h*P? by
(?7),Qod=QoA mod h*P, and ¢ = A{ mod h*P¢, we obtain:

(X.oo="""(3 )0

hs S S

= o (PoA+ I PWE(Po ) ((1) _Ol)Ag mod h* P2,
hsP s s

= (E.P)W)A(é _01)5 mod h* P2,
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since in all cases (PoA) - (é _Ol)A = P-A(é _01>. Hence @ = Qo A mod P.
Writing @ o A = @+ PV then both sides of 2 (QoA+QoA™Y) =Q+iP(V +
V o o) are o-invariant, therefore can be written as functions of (& + &2,h), and
by the uniqueness of the Weierstrass division by P in the variables (1 + &2, h) we
have Q = %(Q oA+ Qo Afl). This means that Q = Z?ﬁgl qj(h)(&1&2)7 contains
only the powers j such that (M + A7) =1,ie. j € pZ. Hence @ =QoA. O

A~

Corollary 2.11. Let ¢°P = exp(X) be reversed by o and with a first integral
h = &&, and let f = 51042#, and s € Z>o mazimal such that h® divides f.

Then
- flog(1+ E.f)

—s r2
X Ef E mod h™°f°E.

This is an analogue of a 1-dimensional formula of X. Buff & A. Chéritat |7, §1].

Proof. If X = h*LE mod h*P?E, then by (27) f = %(eh*E-P)Q* — 1)
mod h*P? = h*P (Q(0) ' +h.o.t.), and E.f = (ehs(E'P)cf1 —1) mod h*P, hence
Lost 2B — p L mod h*P?. O

2.4 Analytic formal normal form

The following lemma can be found for example in |?, Proposition 2.2] or [?, Propo-
sition 5.2].

Lemma 2.12. Let Xo, X1 be two formal (resp. analytic) vector fields vanishing
at the origin of C2, and assume there is a(£) € C[€] (resp. a(€) € C{¢}) such

Xo

that X, =

. Then the formal (resp. analytic) flow map of

1+Xo.&

vy __aXo (2.48)
ot 14+tXo.d
geD(g) =¢o exp(ff)‘tzo, with inverse W(E) = &o exp(—Y)‘tZl,

conjugates Xo and X1 = U*X,. Moreover

() = exp(tXO)\t:d@. (2.49)
If furthermore & = —@ oo = & o A, then W(€) is (o, A)-equivariant.
Proof. On one hand, if X, := . ); and Y (??) are considered as formal vector
+tXo.&

ﬁleds in &, ¢, then [Xt, }A’] = 0, which means that the flow of Y preserves the family
X if We(€,t) :=Eoexp(—sY) (£, 1), ViXi s = Xy
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Moreover the map Wy (z,t) satisfies Y. ¥, = 0:
%\i/t(ga t) = %\118(57 t)‘szt + %\ils(fv t)‘szt
=-Y.f|_y, +Y U, +aXp V| = aX, 0y

On the other hand, denoting W} (&) = exp(sXy)(€)

ties

, then, using the identi-
s=t&(€)

2 exp(sXo)(€) = Xo-é’ — X exp(sX0)(€),

£=exp(sX0)(€)
we have

Xolifé = (Xo(t@)% exp(on) —I—Xo. exp(sX0)>

= (1+tXo.6) - Xo.€|, s,
s=ta(€) ( + 006) Og}gz\pt
hence ):(t}i/; = XOf‘g:@;j ie. XtA: (¥)* Xo. Moreover, %\ilg =a- (Xof) |§:\i/;7
hence Y.¥}, = 0. Since W; and W} satisfy the same partial differential equation
with the same initial condition Uy = W{, = id, they are both equal.

In particular, this means that the formal flow map \Tl(f) = \f/l(f, 1) = \Tf’l (&) is
a well defined formal power series in &. O

Let ¢ be as in Proposition 77, and let X be the formal infinitesimal generator
of ¢°P. According to (?7) and (??) it is in a prepared form
0,
N h® 5 .
X(¢) = R(&)E’ R(0) # 0, if k=0, (2.50)

e P(u,h) .
__E, 0,0) £0, if k>0,
Q(u,h)+P(u,h)R(€) Q(0,0)#

where E is (?7?7), where P(u,h), Q(u,h) are analytic Weierstrass polynomials as
in Lemma ?? and Lemma ??, and R(§) = >, rm&™ € C[¢] is some formal

o-invariant germ. Let fi(h) := 37, rj;h7.

Proposition 2.13.
Suppose X is as in (??7). Then there exists a formal o-equivariant change of
variables & — W (§) = £ + h.o.t., preserving h, that brings X (§) to

0,

h? I . N _
X(6) = { g A0 = A0 if k=0, (2.51)

hs P(u,h)
Q(u,h)+P(u,h)ju(h)

E, Q0,0)=:c'#0, if k>0

where E is (17), with the same analytic Weierstrass polynomials P(u,h), Q(u,h),
and 2s + kp > 0.
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Proof. Write R(§) = >y my Tmamo &1 €92, and let fi(h) =37, T ™. Let

. 1 . 1
X, =-F, Xo=-E, if k=0,
R Iz
A~ P ~ P
X = —F, Xy = E, if k>0,
Q+PR Q+Pp
then X; = T Zed’ , for E.& = = R- i, ie. a = ngémg ;1’”’111 7;:12251”1 2 satisfies
G oo = —a&. By Lemma 7?7 there exists a formal o-equivariant transformation 0
preserving h, such that ¥* Xy = X;. Then also ¥*(h*X) = h*X;. O

Lemma 2.14. In the case k > 0, there exists an analytic (o, A)-equivariant change
of variables £ — V(&) = £ + h.o.t., preserving h, after which the vector field X in
the form (2?) is such that Q(u,0) = c¢~! € C ~ {0}.

Proof. First consider the vector fields

P(u,0) uk oy
X, = E= “1)ipul,
T T T R A
P(u,0) uk .
X = E — —1 J =
"= Qoo P oo Ao ) P
b'¢
in the variable u = £§_; on the leaf {¢; = 0}, j = 1,2. We then write X; = . XO
+Xo.c
where
- oy O = Qu0)-Q00) _ O Qr-1(0)
E.a(u) = (~1Ypuf-a(u) = SE25E08) = 9l 4 =S
hence we set a(u) := — (;J,zj [% ((Bu - = % kil} The transformation u —
Y(u) = uoexp(— ’t |» given by the flow of the vector field

7 9 aXo Fl le_(?)qu...Jer_ll(O)uk_l 9

ot 14tXg.a Ot (1—1)Q(0,0)+tQ(u,0)+4(0)uk You

is analytic, and by Lemma ?7? it conjugates the vector fields Xy and X; = ¢¥* X.

Considering the vector ﬁeld X (??), we have E = p(&) — 55)%, where u =
&+ €8, and (€ — €8)? = u® — 4hP agrees with u? on the zero level set {h = 0},
hence UQBQ agrees with (fp EEE, so we can as well replace the above vector
field Z in (t,u) by the (a A)-equivariant

;& - &)E

ot (1-1)Q(0,0)+tQ(u,0)+(0)
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in (¢,€). Let & =U(¢) := foexp(—Y)‘tzl, then the transform X’ of X = ¥*(X’)
in the variable ¢, is such that the restriction of h™5X’ to {h = 0} agrees with X,
Namely, its polynomial Q’(u’, h) is such that Q'(v/,0) = ¢~ =: Q(0,0). A further
formal normalization of Proposition ??, brings X’ to a new form (?7). O

Either of & or & defines a coordinate on each regular leaf {h = const # 0}.
Define
h=*u(h)E if k=0,
(2.52)

< “h) u(h)) E' it k>0,

where '
El = (—1)1*1%‘ mod ¥ j=12

to be a formal 1-form dual to X, defined modulo the formal forms vanishing along
the foliation.

The fundamental group of each leaf {h = const # 0} is generated by a simple
loop, encircling 0 in the coordinate §; on the leaf, in positive direction if j = 1,
or negative direction if j = 2. Choosing this loop in a way that it either doesn’t
encircle any zero of P on the leaf, or encircles them all, then the “formal period”
of X~ along this loop should be “equal” to 2wih~5fi(h). While we won’t give a
precise meaning to the notion of a “formal period”, we will show that it is a formal
invariant.

Lemma 2.15. The formal memmorphic series h=°[i(h) is an invariant with respect
to formal tmnsformatzons & \I/(f) _preserving the first integral h and orientation
(i.e. such that hoW = h and det DW(0) = 1).

Proof. For h # 0, let y = &7, h—; = ¢, Then the restriction of X ' on the leaf h is

%h ﬂ(h)dy if k=0,

dy+1h (h)%, if k>0,

where the term

VIQUAEL ) Qe ()PP Qo (R)yF !

y*P(y+27, h) (hP+y2)k+ Py (h)y(RP+y?)F~1 4.+ Po (h)yk

is analytic at y = 0 for each h # 0 fixed. So in both cases %h_sﬂ(h) is the

formal residue of the form X! aty =0. If £ — \if(ﬁ) is a formal transformation
preserving the first integral h and orientation, then & o W = & - 4(&) for some

formal series 4(§) in £ = (y%, hy_%) with @(0) # 0, hence (yo W)™ = y™- 4"P(€) for
every positive integer n, and log(y o V) = logy + ploga(§), where log 4 (€) is again
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a formal power series in £ = (y%, hyii). Therefore the formal residue of d(y o \il)”
is null for every integer n, and so is the formal residue of dlog(y o \i/) — dlogy,
which means that the pulled-back form U* X1 has the same formal residue as
X1 for every h # 0. O

Lemma 2.16. Assume ¥ € ﬁid(CQ,O) preserves the first integral h = £1&o
and a vector field X # 0 (?2) with 25+ kp > 0. Then W(¢) = exp(h*F(h)X) for
some formal power series B(h) In particular, if U is also o-equivariant then it is
the identity.

Proof. As ho U= h, so the infinitesimal generator of U takes the form G(E)E for

some G(€) € C[¢], and commutes with X. This means that E% =0,
hence G(§) = B(h)Q(u h,)ljr%(ylle))P(u py for some formal series B(h). O

The following formal normal form is somewhat similar to the normal form of
Kostov [?] for parametric deformation of vector fields in one variable (see also [?],
[?, paragraph 5.5] and [?, 7]). These normal forms are essentially unique — this is
an analogue of [?, Theorem 3.5].

Theorem 2.17 (Canonical formal normal for of the infinitesimal generator).

1. Let X be the vector field (?7). Then there exists a formal (o, A)-equivariant
change of variables W (€) e Diffiq(C2,0) preserving the foliation by {h = const}
which brings X to the form

0,

R ch*E, if k=0,

Xnr(§) = u : _ (2.53)
chS%E, if k>0, A diagonal,
ch® P(i,h)(&1+&)E, if k=k+}>0, A=-—0,

with analytic polynomial

P(u,h) = u’f + Pk,l(h)u’ffl + ...+ Py(h), P(u,0)= u'f, u=2¢& +&b,
P(ﬂv h) =a” + P]}_l(h)ﬂkil + .o+ p0<h)7 P(a70) = ak’ u= (gl + 52)27

possibly different than the one in Proposition 77, and i(h) (same as the one
in Proposition 7?), and ¢ € C~ {0}. Furthermore, in the cases k > 0, ¥ is
holomorphic in (C2,0).

2. Assume that two formal vector fields of the form (??) are equivalent by means of
a formal transformation W(¢) € Diff;q(C2,0) preserving the foliation by {h =
const}. Then the two vector fields are equal.
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8. A general o-equivariant formal transformation T(¢) e Iﬁ(CQ,O) between two
vector fields Xyne, X # 0 (??) preserving the foliation by {h = const} is a

linear transformation W : & — ¢ - o€, where e = 0,1, (P25 = (—1)6%/.

Proposition 2.18. Let Xo, X1 be two vector fields of the form

B P(u(¢). )
X = T Z(a(0). 2) + P (@), ) (254)

depending on parameters (y, z, i) with

P(u,y) = (1 +yp)u® +yp1u™ P+ o, Z(u,2) = zp e+ 4 20,

where u(&) = &Y+ &8, Then there exists an analytic (o, A)-equivariant h-preserving
transformation (§,y) — (¢(§7y,z),¢(y,z)) independent of p, tangent at identity
at (§,y) =0, that transforms X7 to Xp.

Proof. Let Xy, t € C, be as above (?7?7). We want to construct a family of trans-
formations depending analytically on ¢ € [0,1] between X and X, defined by a
flow of a vector field Y of the form

k
P A G(”(ﬁ)aﬂyv Z)'U(g) 1
Y =24+ wity,2)2 + -
5+ 2 willy oy, =11t Z(u(€), 2)+uP (u(€), y) p

9

=0

where v(§) = &7 — &5, %E = v% = u%, for some unknown w; and G, such that

[Y', X;] = 0. This means (after multiplying the equation by (¢=! +tZ + uP)?)
—ZP+ (¢ +t2) Q0+ *GLP - v*PLG — PGu =0, (2.55)

where
Q=wo+...+wpu® and v? =u? —4hP.

We see that we can choose G as a polynomial of order k — 2 in u:

G = 90(t7y7 Z) +.oo+ gk*?(ta Y, Z)uk'

Write ZP = bo(y,2) +...+bap_1(y, 2)u* 1, then the equation (??) takes the form
of a non-homogeneous linear system for (w,g) = (wo, - .-, Wk, 9o, - - - » Gh—2):

A(t, h,y,z) <°;> = b(y, 2),

b= (bo,...,bop_1)". For h =0, y = z = 0 the equation (?7?) is

cQ+ (k= DuMa -2 =0,
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hence

A(t,0,0,0) =

This means that A(¢, h,y, ) is invertible for ¢ from any compact in Cif |h|, |y, |#|
are small enough. Since b(0,0) = 0, the constructed vector field Y (§, ¢, y, z) is such
that Y'(0,¢,0,0) = % and its flow is well-defined for all |t| < 1 as long as |h|, |y, |u]
are small enough. ]

Proof of Theorem 7.

1. First we rescale by

€ s plh) ¢ if k=0,
S (2.56)
@%(%8)2”ngfk>Q

which changes h but preserves the Pfaffian foliation {dh = 0}. Then in the case

k > 0, we apply Lemma ?? and Proposition ?? to bring X to the form li}épr
where in the case of A = —o we use the convention (77).
Moreover, in the case A = —o, the vector fields X = P E and A* X,y =

1+cipP

lc_h;fPE are conjugated by A*1<£ = id +h.o.t., hence by the point 2. of this theorem

(proven just below) Xy = A* Xy¢, meaning that fi(h) = 0.

2. For k = 01t is obvious. For k£ > 0, let  — \i{(g) ¢’ be a formal transformation

preserving the foliation F such that \If*lelf = X,f, where Xy = h* HC#CPE X’
hs <P

WE are two vector fields (??). Then ho W = ¢#Mh for some a € (C[[h]],
a(0) = 0, and the pullback of X’ by the transformation £ — e%&(h)f is a vector
field of the same form h* 1+(;1 C/P,E except with P'(u, h) = Py(h)uF + ... + Py(h),
Pi(h) = 1+ h.o.t.. It will be enough to show that if two vector fields an, Xr’lf
are of this more general form and U X! o = Xnur for some o preserving h = ho 0,
then XI’lf = X

By Lemma ?? we know o = fi'. Slnce oW o ¢ is another such transformation, by
Lemma ?? cWoo = Woexp(h 56( ) nf) for some formal power series B( ). The
transformation W = W o exp(3h ~$3(h)Xy¢) has the same properties as ¥ and is

o-equivariant on top of that. It has the form \111(5) = ( edtwhv 0 ) &, where

0 e—G&(u,h)v
v=_&— &5 so the transformation equation becomes

P P’ A
S (14 E@)=——0ob
1+jcP 14+jicP’

39



For h = 0 both vector fields h*San and h*SXr/lf are equal to WE and by

Lemma ?? the restriction of ¥, to h = 0 is identity, i.e. a(u,0) = 0. Let us assume
that &(u,h) = 0 mod h™ for some n > 0 and show that it implies &(u,h) = 0
mod A", We have

P P’ P’
<. (1+ud+u2(@0§) = +du2@67 mod A",
1+fcP Ou 1+fcP’ ou 14 pcp
from which
P =4 k+1 k
L ((k—1)a—ula— kap(0)—————) mod A",
1+iacP  1+jcP’ 14+4(0)cukt1 Ou 14+4(0)cukt1
and
Nkl A d A - 2k+1( A o ~ +1
(P—P)=u""((k-1)a— uaa) — 1(0)cu (6 + uaa) mod A",

Left side being a polynomial of order k£ in w means that both sides vanish modulo
h™t1. Applying a modulo A"*! version of Lemma ??, we see that in fact & = 0
mod A"+,

3. A general transformation is a composition of its linear part and a transformation
tangent to identity. The linear part must conjugate ch™*u*E and ¢ h*u*E.
O

Proof of Theorem ??. So far we have shown the existence of a formal o-equivariant
transformation & — W () that conjugates ¢°P to

B0 6% 0 oD = oxp(Xur) (),

where an is as in Theorem ?7. Let ¢nf =Vo ¢o Pol=1) | 14 preserves the vector
field X = d)annf, and since X, A an, then also Xy = (A 1<Z5nf) nf; SO
by Lemma ??, A= 1¢nr = exp(h™*8(h)Xyt) for some B(h), and exp(Xps) = nzfn =

exp(ph~*3(h) Xps) means that ¢np = AeXp( X, (). O

Proof of Proposition ??. Proposition 7?7 brings the formal infinitesimal generator
X to the form (??). Afterwards the analytic transformations of Lemma ?? and
Proposition 7?7 and the rescaling (??) of the proof of Theorem ?7?, deform P(u,h)
so that the term Q(u, h) becomes ¢! = Q(0,0). The respective prepared form
(?7) means that

X = X,y mod h*P?’E = X,,0q mod h*P’E
And the formula (??7) implies that

6(€) = A[T+ o BPP —1) (5 4) |¢ mod h*P%
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As a bonus we obtain also analytic classification integrable reversible vector
fields.

Theorem 2.19 (Classification of integrable reversible vector fields).
Let X (&) be a germ of analytic (resp. formal) vector field in (C?,0), with X (0) = 0,
which is reversed by o and has a first integral h = £1&2,

o' X =-X, X.h=0.
Then X is conjugated by an analytic (resp. formal) tangent-to-identity transfor-
mation to one of the following vector fields
0,
(c+ah”)(£18%1 — 526%2)’ acC, n>1,
ch® (&2 —52%), s>1

851
s ¢ P(u,h) 9 9
W et (G1ae — &250,): 520,

where P(u, h) = uP + P_(h)uP~ 4+ ...+ Py(h), u = & + &, k > 1, P(u,0) = uF.

The four cases are distinguished by the type of the zero divisor of X and its
position with respect to the invariant foliation by {h = const}.

Proof. By the same formal reduction procedure as above with A = I, the only
difference being that we allow also the case k = 0, s = 0. In this case the vector
field X = 1< E (??) with -t~ = ¢+ ah™ + h.o.t.(h) is brought to (c + ah™)E by

u(h) u(h)
some scalar transformation & — e*¢ with a/(0) = 0. If X is analytic then all the
transformations are analytic. O

3 Formal normal form of Moser-Webster triples of in-
volutions
Let (x,7), be a pair of a reversible antiholomorphic diffeomorphism y and its

reversing reflection 7 € Diff (C?,0): a holomorphic involution whose linear part of
7 has eigenvalues {1, —1},

7°% =id, roxor =",

Let p = 7 o x, then p is an antiholomorphic involution reversing y. Assume that
X°%P(€) = &€ +h.o.t.(€), p > 1 being minimal such integer, and assume that H (&)
is a first integral of Morse type for (x°2, 7).

Lemma 3.1. Let (x,7) with first integral H be as above. There exists an analytic
change of coordinates under which they take the form

X(€) =op(€),  T(€) =0k, with first integral h(E) = &6, (357)
where p(§) = A_%E—I— h.o.t.(€), and Az = <A% 0 > _Ae
0 A2
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Proof. By Lemma 77 there exists an analytic coordinate £ in which

T(&) =o€ X(E) =Al+hot (),  H(E) = &b,
Since 71 = 7 is a reflection, then so is 79 = p o T o p, hence the case of A = —¢c

cannot arise, so A = (3 )\91> is diagonal. If p(¢) = AE+h.o.t.(£), then the relation

p°2 = id and the form of (0p)°% = x°2 mean that
AA =id, cAcA = A.
Let B = A%A, then the above relations are equivalent to
B=A:B"'A2, Bo=oB. (3.58)

—_1 _ _
The linear change of variables £ = B 2¢’ transforms p : & — A€ 4 h.o.t.(€) to
¢s= A€ + h.o.t.(¢') where

, =i 1 =i 11
A'=B?AB 2 = B?A"2Bz2.
The relation Bo = ¢B means that B = €'*/159 for some a, 8 € C. The relation

(?7) implies that

o IfA+# =4I, then@= —a, =0, hence B2 = B

N|—=

commutes with A% .

N

o If A=1, then @ = —a, f = —f3, hence B2 = B 2 commutes with A2 = I.

eIf A = —I thena = —a, B — f € 2miZ and Az = :l:i(éi), hence
B2 — +A 3B IAS.

Therefore in all cases A" = :i:A%, but the matrix A2 is determined only up to a

sign anyways. O

Proof of Theorem ?7. If (x,7) is of formal type (o), then it is analytically conju-
gated by a tangent-to-identity transformation to (xnf, Tnf) by means the transfor-
mation (77).
Assume (x,7), (x/,7) are of formal type (a) or (b). Let ¥ be analytic such
that
X% oW =Wo To¥=Vor,

and let U = ' o ¥ o x°(=1. Then also
Xlozo\ilz\i/ox(ﬁ, T/o\il:\i'OT,

which means that W°(=1 o U commutes with both x°? and 7. If W(¢£) = A€ +
h.o.t.(§), then the matrix A must commute with A, o, and preserve h = £1&2 up to
multiplicative constant since ¥ must map between the unique leaf-wise invariant
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foliations { H = const} and {H’ = const}, hence A = af, ?f A#El for
al or ao, if A==£I,
some a € C*. If, as assumed, the matrix A is real then § — A¢ commutes with
€ — A2¢, the linear part of x, Y/, therefore \IJO(*B\O ¥ is tangent to identity. It
follows from Theorem ?? that the only element of Diffiq(C2,0) that commutes with
both x°? and 7 is the identity (indeed, up to a formal conjugacy one can assume
that (x°2,7) are in the formal normal form (¢u, 0)). Hence ¥°(-Y o ¥ = id and
X oW =Woy. O

Theorem 3.2 (Formal normal form). The pair (x,T) satisfying assumption of
Theorem 1?7 has a formal normal form (Xng, Tuf):

~

Xut(€) = 0pur, put = exp(—EXur) (A28, Fp(§) =0, (3.59)

where Xp¢ (?7?) is as in Theorem 7?7 and furthermore satisfies X = —(A%)*an.

Proof. In the case (o) of Theorem 7?7, i.e. when x°?” = id, and (x,7) is as in
Lemma 77?7, one can construct a normalizing transformation by averaging over the
finite group as

2p
=3 (et e x* T+ o xpfox® o). (3.60)

n=1

Otherwise, by Theorem ?7, after conjugation by a formal transformation, we
may assume that

XP(6) = (09)° = dur () = Aexp(L Xur) (€)

is in the formal normal form, with the formal vector field Xt #0 (?7) satisfying
X = A* X = —0* X ;. Let us show that

&) = Az exp(L Xur)(€), and X = —(AZ)* Xy,

which is equivalent to (?7). Write

p(&) = A%zﬂ(f), for some h(¢) = € + h.o.t., (3.61)
then the identity p°? = id, is equivalent to
(&) = AzgeD(A3¢). (3.62)

Since p reverses gZ;nf it also reverses the infinitesimal generator an of gzgfffo , hence
by (?7)

exp(—tXur) = p o exp(tXug) 0 p = A34) 0 exp(tXyp) o (A24))
(Yo A 2o exp(tﬁ) oA o 0, for all ¢t € R,
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which means that @@*an = —(A%)*an. As wo Az = +u, the vector field
—(A%)*an is also of the form (?7), and by the second point of Theorem ?7
—(A%)*an = * X = Xt By Lemma ?? this means that

o = exp(h™"B(h) Xur)

for some formal power series B h). In particular, 1[1 is A-equivariant and is reversed
by o. We have also the identity

~

:O'wo(il)OO'OAOiZJ:A’lﬁoz,

S\
§>

. - 1=
Aexp(%an) =¢ = (0p)°% = oA?
using (?7), which means that 1) = exp(%an). O

We can now further transform the above formal normal form to bring pyr to
complex conjugation £ — £ which will provide the normal form of Theorem 77.

Proof of Theorem ??. Let (Tug, pn
formal change of variables U : & — ¢ = At exp( X.)(€), conjugates pne(€) =

exp(— & Xor) (A72) to pl(€) = &

¢) be in the normal form of Theorem ?7. A

. _1s 5
¥ o pue(€) = AT exp(— HXut)(A728) =& = ply o W(9).

It conjugates X,f to Xr’lf = (A‘i)*an, and the involution 7, = o to
. 1 A 1 A 1
H(€) = A exp(h Ku) (M 0€') = exp( Xip) (A8,

1
A real dilatation & + [c| F¥2: ¢ sends [c| = 2p, i.e. ¢ = £2ip.
By Theorem 77, Z(X;lf, oA?, A) C{E— TS (O’A%)Tf, r € Lokptas}. But
the only element commuting with pns : & — £ are for ﬁ € Z, i.e. either id or

& —(O'A%)kpf, but the second map can be admissible only if kp is even. O

4 Surfaces and involutions

4.1 Moser—Webster correspondence

The key point of J. Moser & S. Webster’s paper [?] is Theorem ?7 which states
that the formal/analytic classification of germs of surfaces M (7?) agrees with
that of the associated triple of involutions (71, 72, p) of (C2,0). This deserves to be
explained here.

Let M a germ of a complex surface in (C%,0) of the form

M: Z9 = F(zl,wl), w9 = G(zl,wl), (463)

1

with F, G higher order perturbations of v~ 1zjwy + 2% + w?.
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Two such surfaces M, M’ are equivalent if there exist a map ¢ : M — M’
which splits as ¥(z, w) = (f(z), g(w)), i-e.

2

(C2,0) «— (M,0) —2— (C2,0)

[
2 m / T2 2
where 71 (z,w) = z and 7 (z,w) = w.

Given a germ of a complex surface (??) one associates to it a pair of involutions
(7™M, 73") acting on M, such that 7; o TJM = mj, j = 1,2, which in the local
coordinate (z1,w1) is identified with a pair of involutions (71, 72) of (C2,0), such
that

Z107T1 = 21, FOleF,

w1 07Ty = Wi, GOTQZG,

of the form (?7).
The complex surface M comes from a complexification of a real surface M (77)
if and only if
po(F,G)=(F,G)op

for the antiholomorphic involution

0 (;) — (2) , (4.65)

that is if F'(z1,w1) = G(w1, 21). In this case p conjugates 71 with 79 = po 15 0 p,
and the intertwined triple of involutions (71, 72, p) is called a Moser—Webster triple.

Proposition 4.1 (Moser & Webster [?]).

1. Two complex surfaces M and M’ (?7) with v~ = ~'~1 € C are equivalent by
means of a formal (resp. analytic) transformation (z',w') = (f(2),g(w)), if
and only if the associated pairs of involutions (11, 72) and (1, 74) are conjugated
by an element of the group ]Si?f((CZ,O) (resp. Diff(C?,0)).

There is a bijective correspondence between the formal (resp. analytic) equiva-
lence classes of the surfaces M with given v~2 # 4 and pairs of holomorphic
reflections (11, 72) with tr D$(0,0) = v~=2 — 2, where D¢(0,0) is the matriz of
the linear part of ¢ = 1 o 79 at the origin.

2. Two real surfaces M and M' (7?) withy =+ € |0, 4+00] are equivalent by means
of a formal (resp. analytic) transformation 2’ = f(z) if and only if the triples
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of involutions (71,72, p) and (11,74, p') associated with the complezifications M
and M’ of M and M’ are conjugated by an element of the group 6@(@2,0)
(resp. Diff(C2,0)).

There is a bijective correspondence between the formal (resp. analytic) equiv-
alence classes of the real surfaces M with given v # % and Moser—Webster
triples (11,72, p), with tr D$(0,0) = v~2 — 2 where D¢(0,0) is the matriz of
the linear part of ¢ = 1 o 1o at the origin.

Given the importance of this correspondence, and to keep the paper relatively
self-contained, we provide a proof based on |?]. It rests on the following simple
observations.

(i) The functions
z1 and z3 = F(z1,w) = vy Lziw + zf + w% + h.o.t.

form a functionally independent set of generators of the ring of formal/analytic
germs invariant by 7.5 This means that any formal/analytic T -invariant
germ can be expressed uniquely as a formal/analytic function of (z1,z2) =
(21, F(zl,wl)). In particular, any other pair (Zl(zl, wy), Zg(zl,wl)) of gener-
ators of the ring of T1-invariant germs is related to (21, z2) by a formal/analytic
diffeomorphism. Similarly, (w1, ws) = (wl,G(zl,wl)) are generators of the
ring of formal/analytic Ta-invariant germs.

(i) For any formal/analytic complez reflection’ T of (C%,0), and for any non-
degenerate formal/analytic germ s : (C2,0) — (C,0), such that its derivative at
the origin Ds(0,0) is not an eigenvector for D7(0,0), the pair (s+sot, s-(soT))
forms a functionally independent set of generators of the ring of formal/analytic
T-1nvariant germs.

(iii) If Ty, To € GLo(C) are linear reflections, T? = T3 = I, such that 1Ty is
conjugated to A = (3 >\91> % 1, then up to a conjugation Ty = ( PO ),

,,y—l -1
T, = (_01 _7171), where 2 =X+ A"+ 2.
Proof of Proposition ??. Let us prove only point 1, point 2 is similar.

Suppose the pair (71,72) is associated to M (?7?), and (11, 75) to M. If 7} =
Wor;0oW(=D j =12 are conjugated by a transformation (z},w}) = ¥(z1,w1),
then both (zl, F(zl,wl)) and (zi oW, F'o \Il) are basic Tj-invariant functions,
therefore there exist a diffeomorphism f € Diff(C2,0) such that

(21, F') o U(z1,w1) = f(z1, F(z1,w1)).

8In [?] such set is called a Hilbert basis of the ring.
“Involution 7 whose linear part D7(0,0) has eigenvalues {1, —1}.
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Similarly also
(wl, G") o W(z1,wr) = g(wi, G(z1,w1)),

for some g € Diff(C?,0). Then ((21,2), (w},wh)) = (f(z1,22), g(wi,w2)) is a
biholomorphic map between M and M’.

Conversely, if (z,w) — (2/,w) = (f(2), g(w)) is a biholomorphic map between
two surfaces M and M/, then its restriction to M conjugates the associated pairs
of involutions of the surfaces, (f,g) o (1™, ") = (rM', ") o (f, g). Therefore in

the local coordinates (z1,w1) on M and (2}, w]) on M’ the map
(z1,w1) = (21, w)) = ¥(z1,w1) := (210 f(21, F(z1,w01)), wy o g(wr,G(21,w1)))

conjugates (71, 72) and (74, 74).

Given a pair of reflections 71,79 € Diff(C2,0), if A + A~! # 2, one can assume
that 7; = T; + h.o.t., j = 1,2, where T} are as in the assertion ??7. Then the
functions

D=

1 1 1
1 1 G -1
si(zi,w1) = Afz1 w1, sa(z1,w1) =21+ AJwy, where A2 4+ A2 =977,

satisfy the assumption of the assertion ?7?7. Letting

= T (81—}—510’7'1), 22:—81-(5107'1),
)\2_)\ 2
i—M

~ 1 ~

W = 17 (82+82072), Wy = —Sg - (820 T2),
AT =y

then Z; = 21 + h.o.t.(21,w1), W1 = wy + h.o.t.(z1,w1), and Zo, W = 27 + w? +
vy Lzun +h.o.t.(z1,w1). This means that (21, Z2, w1, w2) defines a germ of a surface
M in (C*,0) of the form (??), parametrized by (z1,w;). The induced action of 7,
resp. Ty, on M fixes (21, Z2), resp. (w1, s), and therefore it is precisely M, resp.

. 0

Corollary 4.2 (Group of automorphisms). 1. For v~' € C, the group of for-
mal/analytic transformations (?7) that preserve the complex surfaces M (77)
is isomorphic to the group of formal/analytic diffeomorphisms commuting with
the associated pair of involutions (71, T2).

2. For v € ]0,+00], the group of formal/analytic transformations z' = f(z) that
preserve the real surface M (?7) is isomorphic to the group of formal/analytic
diffeomorphisms commuting with the associated Moser—Webster triple of invo-
lutions (11,72, p).

Proof. Clearly an automorphism of M of the form (?7?) commutes with the pair
(rM, M), Conversely, if U € Diff(C2,0) commutes with (71, 72), then the map
v (z,w0) = ((21, F), (w1, G)) o (21, w1) commutes with ({1, 73"!) and by the
assertion ?7? splits as ¢(z,w) = (f(z), g(w)).

0
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Definition 4.3. A surface M (??) is holomorphically flat if up to a biholomorphic
change of coordinates (??) it lies in the complex hyperplane {z3 = ws}.

Holomorphic flatness of the surface is known to correspond to the existence of
a non-constant first integral for the pair of involutions (cf. [?, Proposition 5.2]).
More precisely:

Proposition 4.4. Let M be a surface (?7?) associated with a pair of involutions
(11,72). Then the following are equivalent:

1. The diffeomorphism ¢ = 11 o 7o has an analytic first integral

H(z1,w1) = v Lzqwy + 23 + w4 hoo.t. (21, w1). (4.66)

2. The pair of involutions (11,72) has an analytic first integral (77).
3. The surface M is holomorphically flat.

If furthermore, M = {23 = F(z1,w1), wy = F(w1,21)} is a complezification
of a real surface M, then additionally the above are also equivalent to:

4. The pair of involutions (71,72) has an analytic first integral (?7), such that
H=Hop.

5. There exists an analytic function H(z) = 2o + h.o.t. : (C2,0) — (C,0) whose
restriction on the surface M takes real values, H : M — (

,0).
Proof. (1) = (2): If H (?7) is a first integral for ¢, then H' = £(H + H o) is
again of the form (??) and satisfies H o) = H' = H' o 79.

(2) = (1): Obvious.

(2) = (3): If H (?7) is a first integral for (71, 72), then by being 7-invariant it
takes the form H(z1,w1) = Hi(z1, F(z1,w)) for some unique Hy(z) = 22 + h.o.t.,
and by being ro-invariant H(z1,w;) = Ha(w1, G(21,w)) for Ha(w) = ws + h.o.t..
After the change of coordinate (z,w) — (2, w’) = ((zl,Hl(z)), (wl,Hg(w))) the

surface M takes the flat form M C {2}, = w)}.

(3) = (2): Conversely, H(z1,w1) := F(z1,w1) = G(z1,w1) is a first integral
for (11, 72).

(2) = (4): Let H (?7) be a first integral for (r1,72), and let H'(21,w1) =
5 (H(z1,w1) + H o p(z1,w1)), then the restriction of H' to {Z = w;} is such that
H'(z1,w1) = H'(w1,21). Since the hyperplane {z; = w1} C C? is totally real, the
identity is true on a full neighborhood of 0 € C2.

(4) = (5) Write H(zl,wl) :ﬁl(zl,F(zl,wl)) Hz(wl,g(
= (3)”. Since now G(z1,w1) = F(wi,21) and H(z1,w1) = H(wy,
Hy(z) = Hi(z), and the restriction of Hy(z) to M = M N{z =
values.

(5) = (3): Asin “(2) = (3)”, the transformation z — 2’ = (21, H(2)), w —
w' = (wy, H(w)) does the job. O

wi)) as in “(2)
z1), then also
w} takes real
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4.2 Model surfaces

The Moser—Webster triple of involutions (71, 72, p) associated to a holomorphically
flat M have the form (??). The holomorphic transformation of Lemma ?7? takes
the form

E=3 (A*l + UA*lTl) ({2) = A1 <5}11) + h.o.t., (4.67)
— _ _1
where A = —1— ( i _1; ), Al = </\ ? ! ) Afterwards, the formal trans-
A2Z-A"2 \AZ A72 -2 —1

formations to the formal normal form (?7) are tangent to the identity, while the
further transformation to the formal normal form of Theorem ?? in a variable &
is of the form & = C’A_%é’ +h.0.t.(¢), where C' € R~(. Hence the resulting formal
normalizing transformation is of the form

<a>__ C SATE -
wy Ao LA AT

4.2.1 Normal form surface in the formal cases (o) and (a)

) ¢ + h.o.t.(¢), 29, wy = —C%h + h.o.t..

Ll Ll N

Proposition 4.5. Let (7] ¢, 75 ¢, Phs) be the formal normal form (7?) of a Moser—
Webster triple in the formal cases (o) or (a) of Theorem ?7, namely

/ 4 h) & / / h)~t& ! et —
hal®) = (5% ) @ = () e =€
where )
(0) Az,
a(h) =a(h)™" = -
(a) Aze®h®,
Its associated surface takes the form

Myg . 25 = 2Re(a—25)) 21 2] + 22 + 22 (4.68)

The original surface holomorphically flat M (??) is equivalent to My by a formal
transformation of the form 2/ = f(z) = (021 + h.o.t.(2), C?z + h.o.t.(ZQ)), for
some C > 0.

Proof. Let
-1 L
a 1
d=——(Q+&omuy) =——(a 28 +a28),
a—o oa—o
-3 1
o — =
wy = —— (& + & oTy) = —— (28 +a728),
oa—o a—o
from which,
/ / 1y / ’ 1
l=a 22] +a2wy, & =—a22] —a 2w,



and let

2y =—a7¢) - (& o Tint) = —h, why =—a & (&o Tynf) = —h.
2\ _ (w'(&)
Then (w’( N =\ =@ and
2 =wh = (a+ a_l)ziwll + 212 + w/12 (4.69)

where o = a(—24). The Moser-Webster triple of involutions becomes

! ! / / -1 /
, z] 4 ’ ( k4 ) —z1—(a+a"H)w)
T : — T : —
1,nf (,wll ) <'w/1(a+a_1)zi ) 9 2,nf w) w! )
!

and p: (Zl, ) —
wy 1
the surface Myt (77). O

(Zl ), which is precisely the Moser—Webster triple associated to

As is shown in [?], for v # 400 it is possible to transform analytically the
surface (?7) to the formal normal form (??) of Moser—Webster.

4.2.2 Model surface in the case formal (b)

Theorem 77 (b) gives a formal normal form (7] ¢, 75 ¢, phe) (?7) of the Moser—

Webster triple in terms of a normal form of its infinitesimal generator Xr’lf, but
it doesn’t give an explicit expression of the involutions. Likewise, the Moser—
Webster correspondence (Proposition ?7?) provides only an implicit construction
of the corresponding normal form surface. Instead of finding a formal normal
form surface M, whose associated Moser—Webster triple would be analytically
conjugated to (7] ¢, T o5 Phg), our goal more modest: we shall derive an explicit
form of some surface Mmod in any given model class.

By Definition 77, two Moser—Webster triples belong to the same model class if
the respective generators Xrllf of their formal normal forms agree modulo h* P2 E,
where {R°P' =0} = {X/, =0} = Fix(¢:F). We will therefore calculate the formal
normal form surface modulo h*P’2. Discarding in the end “mod h*P'?” part, we
obtain another surface in the same model class.

Proposition 4.6. Consider any model Moser—Webster triple

1 1 =
7-{,mod = exp(% I/nod) © (A20)7 7—é,mod = (UAQ) o exp(% I/IlOd)’ p;nod = 5?
where X! = +2iph*P'E, with P'(W/,h) = P'(u/,h), ' = & + )\gﬁg, as in
Theorem 7. It belongs to the same model class as the Moser—Webster triple of the

surface Myoq whose complexification takes the form

1 1
Muod : 22 = w2 = Z% + w% + (/\§ +)\_5)le1

— (—22)°P(z,w) (a (22 +w?) + b21w1>R(z, w), (4.70)
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where P(z,w) = P’ (@(z1,w1), —22) with

i = (A"iz 4 Aiwy)? + (~1)PAE (Nizy + AT )P, (4.71)

1 11

TN 2 2427 2)244 ~ .

a= 2)‘f A L, b= Q24A72) +4 1)‘ )1 , and R(0,0) = 4.
A2-\"2 A2-\"2

Proof. Since ho Ty 04 = Tj oa = b and 71 04(§) = 75 ,,4(€), one can write

0= (S, st = (15:9).

_ . / . . . oo
where @ o Timod = 0 QOT) g =0 Similarly to Section ?? let us define

1
—az 1 . .,
21 = )\%7)\,% (61 +§1 OT{,mOd) = )\%7)\7% (CM2§1 + «@ 262)7
-1 1 1
W= (&a+&o Timod) = 11 (a3& +a728),
zg = —agy - (51 o 7_{,mod) = —h,
w2 = _Oéil&? ’ (§2 o 7—é,mod) = —h.
From (?77)
3 sp’ s pr2 1 ch® g pr
a(€) = AR (14 20°P/()t(€)) mod h*P2,  #(€) 1= gk 22 =7 — 1),
ch® y
a(e) = XF (12 PIOHE) mod P2, H(E) = grgrpr(e ¥~ 1),

where ¢ o (O’A%) = —t. Therefore

(2) e sy (2100 ) o

wy A1+ P't) AT (1-hs P't)

From which also

1.1 _1 s 1
£ = (I_ATJW\ Q{hsP’(t—f)}) A i(lf{h P't}) AT
A2 7

—1
-A2 —AT(1+{h°P't}) -\~

—~

17{h‘gp/ﬂ’) )(Zl> mod hSP,Q,
(1+{n P8} / \ W1

=

where the bracket {h®P’t} is functions of ¢ and need to be composed with 1°(—1),
Therefore

2 = (1 - 2?*& {hSP’(t—E)}) (zf +w? 4 2wy (AT AT + (A2 —A—%){hSP’(t—%)}))
2 — 2
mod h* P’
11 (AT EATE (AZ+A"2)244
=2+ wi+ (AN 2)zwy — {hsP'(t—t)}(QA%_Y% (22 +w?) + T51 le1)
mod h*P’?,

o1



where we still need to calculate {h*P'(t—1%)} o °=D. Let A := D(0), then
1 1
A7l = </\ zi At ), and denote u(z1,w;) = u’(f)‘ng,l(;ll) which equals (77).

1
DY S s

Expressing

|

ATt — A"27
T—t A~

h*s Pl

ATlp(e) — € = ( !

t— A2

N

- 1 _1
A2-\"2

t) ¢ mod (h*P')?

e 0Iahyesn ;i

-t s P2
2(A2—A"2) ,\%4\*%0}5 mod (R

where J = ((1] ,01), we can develop

dop=u + (95, 9 (A 1p(€) —€) mod h*P? =4/ +h*P'r mod h*P"?,

91 9&2
where
1 1 —
7 ) AZHAT2)(t— D _7 ) P ,p—92

r(§) = p%(ﬁf + )\255) +pW( f - /\255) —p/\%t_;_% h(ff + >\25§) )-
Therefore {h*P'(t—1)} 0 p°=D = (—22)* PR mod z5P?, where

~ ~ t—t

P = ! I—7 ) R= o apl 9

WSH(E), k=2 1+ hs 08 le=a1( )

are obtained by composition with the linear substitution ¢ = A= (7). Finally, by
discarding the terms “mod h*P’?” we obtain the complex model surface (7?7). [

4.3 Proof of Theorem 7?77

Proof of Theorem ??. Let (11,72, p) be the Moser—Webster triple associated to a
holomorphically flat surface M = {29 = F(21,z1) = F(z1, 21)}, and let (7,73, 0')
be another Moser—Webster triple in the same model class (e.g. the model itself) and
M ={z, =F'(2,z)) = F’(E’l, z})} its associated holomorphically flat surface.

Let {Q — W¥q} be a conjugating cochain between (71, 72) and (77, 7%)
\I’Tj(Q)OTj:TJ{OWQ, T‘j:DTj(0,0), j:1,2,

whose existence follows from Theorem ?7, that maps between the first integrals as
F'oWUq(z1,w1) = ¢ o F(z1,w;) for some ¢ € Diff(C,0) independent of €.

The 2-sheeted projection m : (z,w) +— z provides a local 7j-invariant coor-
dinate z = (21, F(z1,w1)) on M ~ Fix(r{""). Hence, if Q™ is a simply con-
nected domain in M ~ Fix(7{M) corresponding to a domain Q in C2? \ Fix(ry),
then 21 0 Wo(21,w1) = fr, m)(21, F'(21, w1)) for some function fr om)(z1,22) on
71 (QM), and the relation 7] o ¥ = U7 (@) © 71 means that it is well defined.

Similarly, w is a local Te-invariant coordinate on M \ Fix(m*), and w} o ¥g =

Iy (M) (w1, F'(w1, 21)) for some function g, (w1, w2) on m2(QM), is a well de-
fined map. The restriction of the product map ((fm(QM), 90), (gM(QM), @)) to the
set QM C M then agrees with the lifting Yom : QM — M/ of Ug: Q — C2. O
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5 The formal type (a) k=0

5.1 Topological obstructions to convergence

Theorem 5.1. For any A € {|\| = 1} and s > 1, there exists a Moser—Webster
triple of involutions (11,72, p) that is formally equivalent to

T{,nf(g) = (oa(}?)fl a(oh)) 57 Té,nf(g) = (a(oh) O‘(}gil) 55 p;f(g) = gv (572)

where Lo
a(h) = A2eFh"

but not analytically. In particular, when X € e™Q is a root of unity, then (77) is
the formal normal form of Theorem 77 (a).

Whenever h is such that a(h)?" = 1 for some n € Z-( then the restriction
a(h)?" 0

0 a(h)™2n
{h = const} is equal to identity, that is, it satisfies the property:

of the germ ¢/ = (14 ;s 0 Ty 1s)" = < > ¢ to the corresponding leaf

(P) ¢! ¢ is periodical of equal period on the whole leaf.

The set of all periodical leaves corresponds exactly to the values of h such that
% arg \+h® € 1Q, in particular it accumulates at the origin with 2s equidistributed
asymptotic directions eMTWRJ“, £=0,...,2s — 1. Any germ ¢ that is analytically
equivalent to ¢/ ; needs to have the same property.

We will construct a triple (71,72, p) that is formally equivalent to the above
normal form (TLnf,Té’nf, ple), but has no periodic leaves other than the level set
{h = 0}. The basic idea is to construct 7q, 7 that extend on the whole C? as
algebraic maps and consider them on the compactification (CP')2. Since each leaf
of the foliation F except of {&; = 0} (resp. {&& = 0}) accumulates to the point
€ = (00,0) (resp. (0,00)) in the compactification, it is enough to show that the
map ¢ = 71 0 79 has no leaves consisting of periodic points near this point other

than {{2 = 0} (resp. {& = 0}).
Proof of Theorem 17. Let

T(€) == ¢°F 00(€), M) :=ad°2(E),  p() =¢,

where qﬁoé .= opoo o)=Y and where ¢ is an analytic germ such that hot = h
and ¢ = ov¢ o g, which will then mean that pomop=m=00mo00.
Namely, let us take

a7%+ah5§"1
T
o 14+ahsa™ 2&2
= a € C.
¢(£) a%-‘r@hsfg )
1+ah5a%§1
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a(h)"2 0 . . .
Then ¥(§) = ( ){ mod h*J - £, where J is the ideal of analytic
a(h)?
0
is a root of unity, then ¢(&) is of formal type (a) of Theorems 7?7 and ??: indeed
510?71_51 = a(h)zp — 1 mod A*J = £2iph® mod h®J hence k = 0. This means
that the Moser—Webster triple (71, 72, p) is formally equivalent to (?7). If |A\| = 1
but A is not a root of unity then the same follows from the proof of [?, Theorem
3.4].
Near the point & = (00, 0), the restriction of ¢ to each leaf h = const # 0 acts
on the local coordinate & = % as

functions vanishing at £ = 0. Hence ¢(§) = a_g(h)> & mod h*7 - & If A

sl aa zhstiert 1

- 572 + 0(673)7
ahs + a‘%gl_l ahs>! !

U o

and it follows that

ol 7o) .5 Q3 —1
"2 =9ov :512H5§12+O(§1)
_1 _1
is analytic in & * near £ * = 0. Choosing a € C such that %m log % is irrational

then no iterate of qSO% is equal ico identity on anylleaf except of the local leaf
{h =0} = {& = 0}, on which ¢°2 ‘{h:o} (&7 = AT2¢7 Y Hence, ¢ does not have
the property (P). O

5.2 Example of convergence: Monodromy of the Sixth Painlevé
equation

Here we provide a more detailed account of Example ?77.

Following the works of Okamoto, the Sixth Painlevé equation can be expressed
in the form of a non-autonomous Hamiltonian system

9 — %H(q,p,t; k), %= —B%H(q,p,t;ﬁ),

depending on some parameter x € C*. The solutions define a singular foliation in
the (g, p,t)-space, transverse to the fibration (¢, p,t) — t away from the singular
fibers t = 0,1,00. All the solutions are endlessly meromorphically continuable
(this is the Painlevé property), and Okamoto has shown that the foliation allows a
semi-compactification M (k) fibered over the t-space CP!, in which all non-vertical
leaves are coverings of CP* ~ {0,1,00}. As a consequence each loop in 71 (CP!
{0,1,00},t0), gives rise to a Poincaré return map, a.k.a. nonlinear monodromy
map, acting as a symplectic isomorphism of the fiber My, (k) above ¢y (called
Okamoto’s space of initial conditions).

It is well known (see e.g. [?]) that by the Riemann-Hilbert correspondence,
the Okamoto’s space of initial condition My, (k) is isomorphic to the minimal
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desingularization of the cubic surface Ry, (0) = {z € C?: F(x,0) = 0},
F(.ZC, 9) = X123 + .%'% + :L'% + Qfg — 0121 — Oy — O323 + 04,

where 6 = 0(k) € C*, known as the character variety (of representations m (CP! <
{0,1,00,t9}) — SL2(C)). Under this correspondence, the nonlinear monodromy
map associated to a simple loop around either of the singularities takes the form
Gij T = wp — 4+ o F,
Tjr=> Tj — Fj,

T — T,

where Fj(x,0) =

tions ¢;; = 1; 0 T],

F(x,0), and can be expressed as a composition of two involu-

Ti:xini—Fi, Tj P X = Xy,
Tjt— Ty, .%'j'-)l’j—Fj,
T — Tk, XTp — Tk,

{i,7,k} = {1,2,3}, both preserving zj. The pair (7, 7;) has up to 4 fixed points
x* on the surface Ry, (6), the solutions of Fj(z*,0) = Fj(z*,0) = 0 = F(z*,0),
which are non-singular points of Ry, (#) under the condition that Fj(x*,8) # 0.
Let a(xk) = (ozi(xk), Oéj(l‘k), ak(xk))

ai(zg) = 933:—59’ aj(zy) = M’z:ie, ag(xp) = xp,
be the solutions of F( (z ) ) = Fj(a(xy),0) =0, then 2* = a(x}) where
(2 — 4) (25" — Opxf + 04) + 67 + 65 — 0,02 = 0.
In the local coordinates (y;,y;) = (#; — ai(wy), 2 — o(wg)) near the point 2* the

surface Ry, (0) takes the form
0= F(x,0) — z;iFy(a(xr), 0) — z;Fj((x), 0) = yiyjan + vi + 5 + Fla(z),0),
and the two involutions become
Ti Y —Yi — YTk, Tj 2 Yi = Yi,
Yi =Yg, Yj = —Yj — YiTk,
with first integral
h = yiyer+y; +y; = —F(a(zg),0) = —F(z*,0)-(x—23)+0((xr—2})%). (5.73)

Both 7;,7; are linear maps depending on xy, therefore if x} # 2 then the pair
(¢ij, ) is analytically conjugated by a linear change of variable to the formal
normal form (énf, Te) (?7). By comparing the traces of ¢nr and ¢;;

A AT e = 2 uf = 2+ (1) — ey + o)’,
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using (?77?), namely this means that

s=1, AtAal=—2+a",  (A-AThE= ok

Depending on the parameter 6(x) and the point z* # +2, the multiplier A # 1
may or may not be a root of unity, but the local analytic conjugacy of the pair
(¢ij, 7i), and therefore of the corresponding nonlinear monodromy of Painlevé VI,
to the normal form (¢nf, 7e) (?77) exists in any case as long as the condition
(23% — 4)Fi(z*) # 0 is satisfied.

6 Analytic classification in the case k£ > 0

The rest of the paper is devoted to a description of the modulus of analytic clas-
sification in the formal cases (b) and (c) of Theorem ?7.

Rather than working within each formal equivalence class, we will work in the
larger model class (Definition ??) consisting in the case (b) of the union of the for-
mal classes over all possible invariants fi(h). The reason for such approach is that

CPE

instead of working with the a priori purely formal normal form X = b s
+pc

we will work with the analytic model X ,0q = h°cPE. Conveniently, also the
description of the dynamics of X,,q upon which the domains of normalization of
Theorem 77 will be constructed in Section ?7? is slightly more simple than that of
Xt (that is if X, was convergent).

6.1 Construction of normalizing transformations to a model

Let ¢(&) = A+ hot., 7(§) = o = (§§) €& and h(§) = & & be in the prenor-
mal form of Proposition ??. Assume that ¢ is of the formal type (b) or (c) of

Theorem ??, and let ¢y = Aexp(%an) with

A ch'Pluh) oo {(b) fi(h) € C[A],

T 1+ a(h)eP(u,h) ¢) a(h) =0,
and
(b) P(u,h) = uk;—}— Pk_l(h)uk_l :}— ..+ Py(h), U = ff + 55,
(¢) P(u,h) = u2ktl 4 P%_l(h)u%_l +...+ po(h)u, u =& + &,

be the formal normal form, and let ¢moq = A exp(;l)Xmod) with

Xiod := ch®*P(u,h)E = h°Y, Y :=cP(u,h)E. (6.74)

be the associated model (Definition ??). Denoting X (??) the formal infinitesimal

generator of ¢°P = exp(X), then since ¢ is in the prenormal form

X =ch*P(u,h)E mod h*P(u,h)’E,
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and

¢°P = exp(ch®*P(u,h)E) mod h®P(u, h)3¢, (6.75)
which by Corollary ?? is equivalent to
log(1 + E. or
ng(EJJZf) — ch*P mod h*P?, where f:= &O‘égl (6.76)
. 1

We denote Y}, the restriction of Y on the leaf {h = £, = const}. In the local
coordinate &£; on the leaf it can be written as

b) P(&P + 2 h), kp>0
Yi— P66 2. where Py =) DT =0
oa (c) P&+ &,h), kp=2k+1,

(6.77)

and §]prh(§1) is a polynomial in &; of order 2kp. The vector field Y}, is a rational
in & € CP!, with poles at & = 0, 00 of orders kp — 1, and depends analytically on
the parameter h. For h # 0 it is reversed by the involution

h
o8 (6.78)
&1
Consider a neighborhood of the origin
B = {|&|,]&] < 61, |h] < b2}, (6.79)

for some 91,682 > 0, with J9 small enough so that all zeros of Y, lie inside By, for
all |h| < 62, where By, = BN {h = const}. In the coordinate &;, when h # 0, By,
is identified with the annulus

Bh:{%‘<\§1]<61}. (6.80)

The level set By has two irreducible components {|¢1| < 1} and {|&| < 01}
symmetric one to the other by the involution o (77).

Our goal is to construct normalizing transformations Vo on some ramified
domains Q@ =[], Qp, in B =[], By, such that
\IJQ o (;501) = ¢Op 9] \I/Q

mod

We shall construct such Wq leaf-by-leaf treating h as a parameter. This will be
easier to do in the rectifying coordinate of Y defined as follows: Let

gy

Y, = ——
h c&1 Py(&1)

be a meromorphic 1-form dual to Y}, on each leaf {h = const}, and let
th(§) = /Yh‘1 (6.81)
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be the a priori multivalued rectifying coordinate for Y} on {h = const} ~{P, = 0},
Y, = #‘h and t, o qbif’od’h =tpoexp(h’Yy) =ty + h°,

defined up to addition of some constant C(h). We denote t(§) = [ Y ! a choice
of the rectifying coordinate for Y depending analytically on h.

6.1.1 Construction of a Fatou coordinate

For each h the Riemann surface of £, (§) is a covering surface of the punctured
leaf {h = const} \ {P, = 0}, where {P, = 0} denotes the fixed point set of Y},
(??). When endowed with the coordinate ¢, it becomes a translation surface'®
containing saddle pointst! of angle 2kpm situated over the points & = 0, co, which
are poles of order kp of t;. By restricting to By, the image t,(By,) acquires holes
around the saddle points corresponding to either of the complements {|{1] > 91}

and {|&| = % > 01} of By, in the leaf {h = const}.

Denote ¢,7, resp. gbffodﬁ = exp(Xmod,n) = exp(h®Y}), the restriction of ¢°P,
resp. (bffo q on Bp. We want to construct a normalizing transformation ¥g, on
some ramified domain'? Q;, C By, \ {P, = 0}, depending locally analytically on h,
such that

¢jfod,h oWq, = Tg, o ;'

This will be obtained by constructing a Fatou coordinate T, for gbzp on ) satis-
fying!?
Ta, o ¢;" =Ta, +h°.

Then Vg, will be defined by the identity
TQh = th © ‘Ilﬂh'

The construction of the Fatou coordinate Tq, is more-less the same as that
used by Voronin [?] as well as [?, ?, ?|: first construct a quasi-conformal conjugacy
between tj, o qSZp and ¢, — t, + h® on a strip in t,(By,), afterwards correct it to
a holomorphic one using Ahlfors—Bers theorem, and then extend it to a bigger
domain through iteration of d)Zp . The shape of the domain will depend only on the
position of the strip in the surface t,(Bp,) with respect to its holes.

0A translation surface is a Riemann surface with an atlas whose transition maps are affine
translations. Equivalently, it is a Riemann surface endowed with a holomorphic abelian differen-
tial — in our case dty,.

1A saddle point (or conical singularity) of a translation surface is a point whose neighborhood
is a topological disc of angular opening 2mm for some m € Zxo. See e.g. [?].

2More precisely, the ramified domain €, may be understood as a domain in the covering
surface of By, \ {P, = 0} on which ¢ lives.

13Usually a Fatou coordinate is defined as conjugating @3 to translation by 1. However in
our situation, as we need to keep track of the dependency in h, it is natural to conjugate to
translation by h®. We still call it Fatou coordinate.
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Definition 6.1.

- Let € R. A real trajectory of the vector field e h®Y}, through a point ¢ is the
curve t — exp(tehY3)(€), t € R, which corresponds to the line t;,(€) + e R
in the coordinate t;. It is the same as a the trajectory of Xyoan = h%Y), as
the complex time evolves in the direction 6.

- For a given h, an angle 6 € |0, 7| is called stable relative to By, if for all £ € By, the
real trajectory of e?h®Y;, through ¢ stays in By, for either all positive (forward
time ¢ > 0) or all negative (backward time ¢ < 0) time, i.e. it is not allowed to
leave By, in both directions.

In this case the forward, resp. backward, limit of the trajectory is necessarily
one of the equilibrium points of Y}, in By, (more on this in Section ?7?).

Definition 6.2. For a fixed h, small d3 > 0 (to be precised later), and a stable
angle 0 € |03, — 63[, let T, be a real trajectory of €®h*Y; through some non-
singular point &.(h) € By, such that both 'y, ¢°P(T',) C By, and denote X5 C By,
the region bounded by the two curves I'y, and ¢°P(T'y). Let t5(35) be its bijective
image by a branch of ¢;, in the translation surface ¢, (Bp,) (see Figure 77) — we call
it an admissible strip.

The existence of a stable § and of an admissible strip will be proved in Sec-
tion 77. Since the curve I'j, is transversal to the real flow of the model vector field

Xmod,n = h¥Y), the region ¥y, is also “transversal” to the dynamics of P

mod,h and

op
therefore also to ¢,".

Definition 6.3. Let ¢;(X;) be an admissible strip and let us define a ramified
domain Qp in B, ~\ {Py(&1) = 0} as the “saturation” of 3, through iteration of
¢,". This is more clear in the coordinate ¢,: Let ®p, 1=t 0 ¢," otz(_l), and define

t, () = {t:In e Z, B"(t) €tp(Xy) &VI=0,...,n, ®5(t) € t,(By)},

see Figure ??. Then the ramified domain €, which we call a saturated Lavaurs
domain, is defined as a simply connected bijective preimage of ¢;(€2;,) in a (covering
surface) of By, ~ {Py(&1) = 0}.

Proposition 6.4 (Existence of a Fatou coordinate). There are constants 41, 2,03 >
0 (as in (??7) and Definition ?7), such that for each h # 0 and a saturated Lavaurs
domain Qy, (Definition 77):

1. On the domain §y, there exists an analytic function Tg, : Q) — C that is a
Fatou coordinate for ¢;"

To, o 67 = To, + h*, (6.82)

and such that
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t1(2)

O N ez

Figure 4: An admissible strip ¢,(X;) in dark gray, and the saturated Lavaurs
domain ¢,(€) in light gray. In the medium gray is the maximal subdomain
of t4,(Q) spanned by all the lines ¢t + e’ h*R of varying slope ' € |83, 7 — 03]
contained inside ¢,(€2). This is a “naive version” of the Lavaurs domain which
will be constructed later in Section ??: such subdomain is easier to understand,
doesn’t depend on ¢°P but only on <bff0 4> and the constructed conjugacy ¥g, will
be bounded on it.

(a) Tq, is univalent (injective) on Qp,

(b) limy, (¢)_ 1 o0.cions Im (h™*Th, (£)) = oo, where the limit is taken along
any trajectory of €h®Y), in Qp, corresponding to a line t), € to+e®h* Ry
mn th(Qh),

(¢) Tq, o tz(_l) has a moderate growth'* when t;, — 400 - €h® along any

such line.

2. If Téh : Qp — C is another analytic function satisfying (77) with either of the
properties (a), (b), (c) then T{, — Tq, = C(h) is constant on the leaf.

Our proof below follows the same general strategy as [?, 7, 7, 7, ?].
Lemma 6.5. Denote

R°A:=to ¢’ —togp?

(o]

L=to¢® —t—h’ (6.83)

meaning that ¢°P = exp ((1 4 $)Xmod) ‘s:A' Then A(€) = cP(u, h)U(§) for some
analytic germ U(&), with U(0) = —[(0), where ji(h) is the formal invariant of ¢°P.

1At most polynomial-like in ¢p,.
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Proof. This follows from the implicit function theorem. Let

F(t7 5) = gl o exp((l + t)Xmod) - fl o eXp(Xmod)
+oo
:tXmod-[Z%(l_‘_t_‘_"‘—i_tn_l) mod 51]

n=1

see (77). The identity (??) is equivalent to & 0 ¢°P — & 0 ¢ F | = F(A, ). As
Xmod = h*cPE, we see that the function G(U,¢§) := WF(CPU, &) =U+
h.o.t.(U,§) is analytic in the variables (U, §). By the assumption (??), write

Ero¢? —&ogl  =cPh P - F(€)

for some analytic germ 7(£). Then the implicit equation G(U(§),§) = 7(£) has a
unique analytic solution U(§) with U(0) = 7(0).

Let X = i CIfRE be the formal infinitesimal generator of $°? = exp(X). Then

% = —R(0) + h.o.t. = —/i(0) + h.o.t., and one can see that

§og” —Giogih, *Z“lfc”.& — Ximabt _

He) = €1 hs2P? nl T Ghs2P?

—f(0) + h.o.t.,

n=1
therefore U(0) = 7#(0) = —(0). O

Lemma 6.6. Let &, 0 and Xy, be as in Definition 77, and let us choose o deter-
mination of tn(&) (7?7) such that t,(E«(h)) = 0, and hence the left boundary line
of the admissible strip t,(X1) is ty(Ty) = e?h°R. Let t;,(35) = e’ h*R + [0, h*[ be
the semi-closed strip between the lines t,(T',) = eh°R on the left (included) and
thogbmod (D) = b +e®h°R on the right (ezcluded). Then the map w : th(Xh) —
tn(Sh) defined by

t=h* (r+ewq) = wi(t,0) =t +rh* AR ot°Y . e 0,1], g €R,

where Ay, is the restriction of (17) to {h = const}, is a smooth bijection. Moreover,
let

9

o1

p(t) == 55—, then |poty|=O(|Ph|), (6.84)

et}
that is, for every 63 > 0 there exist 61,02 > 0 from the definition of B (7?) such
that for every 0 € [03,m — 03] and every admissible strip t,(Xy,) C tn(By,) the above

1s satisfied uniformly.

Proof. Writing h~°t = r+€"q, then ¢ = Ims(ﬁ;t), r = Re(h™%t) —Im(h™*t) cotan 6,
therefore

wi(th,th) =t (1 + 52 (1 +icotan)) +Eh “h*5 (1 — icotan 6),
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from which

o) B 5 hs .
oty = fhwl(thath) _ b B%(1 —icotan§)Ay
aét)hwl(th Zh) 1+ %(1 + icotan 0)A, + rthh.Ah7

since % =Y. By Lemma ??, |Ay| = O(|Py]) and |Yy,.Ap| = O(|Pr|)+O(|E.Pyl),
from which |p o ty| = O(|Py|). Let us show that w; is a bijection #,(X,) —
t,(3y). It sends segments parallel to [0, h5[ in ,(3s) to segments in ,(35) of
slope close to argh® (if |P| is small enough then the difference of the angles,
which is at most arcsin |Ap|, can be assumed < ) According to (?7?), the curve

thop ot, 1)( OR) is |h* Ay, ot ] close to h® +e?h*R, and it can be assumed
that the argument of its tangent is close to 6 + arg h® (if |Ph|, and therefore |Ay|,
is small enough then it can be assumed the arguments differ by <« %”) It follows
that the images of two different segments by w; don’t intersect, and thus w; is
bijective. O

Proof of Proposition ??7. 1) The map t — z = — % identifies the strip t5,(Xp)
with C* = CP! \ {0,00}. Let @1(2) := w1(2m log z) be a map C* — ¢,(Xy) with
a discontinuity along the spiral that is the preimage of the line eh*R. By (?7),
its Beltrami constant

i)

Ale) = Zt = Zu(ilogz),  f(0) = ja(o0) = 0,
991 7

can be (up to restricting the size of the polydisc B) assumed small enough so that
its essential supremum is ||pfloc = sup,,, ) || < 1. So by the Ahlfors-Bers the-

orem, there exists a unique quasi-conformal map @, : CP! — (C}P’1 ﬁxing the points

o 5 o
0,1, co such that "’z = ;L( ) almost everywhere. Let wo(t) = 2m " log o (e 2mih )

be the lifting of & wz by t= % log z, and put

o(=1)

Ty, := w2 ow; oty,.

Then the map ws o w;(fl) = 2m log (wg o wl( 1)) is then a holomorphic conjugacy
from ¢5,(Xp) to some curved strip Tgh(Eh) bounded by T, (I'y,) and Tq, (I'y,) +1*,
and is such that lim, o iy Re (32 o= 1)(t)) = Fo00. Moreover Tp, is
such that T, o (bh = Tg, + h® on the left boundary I',, and it has a well-defined
analytic continuation to the domain t(£2;) of Definition ?? satisfying the Fatou
relation T, (§) = TQh 0¢,"P(&) —nh®, whenever ¢, () € , for some n € Z, and
all the iterates (bh (&) € By, L€ [0,n] C Z.

By the construction T, satisfies the properties (a), (b), (¢) on ¥, and the
analytic extension to p through iteration preserves them as well.

2) Themap ¢ : t = TP, oTSi_l)(t), it commutes with the translation ¢ — t+h?*
and therefore extends to an analytic map on C, with v (¢)—t periodic of period h®. If
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Tg’zh is univalent on €y, then ¢ : C — C is univalent as well, hence ¥ (t) = t+C(h).
If lim,_, 4 o ciops Re (22 Tp, () = +oo then also limy_, . ciop: Re (22 ap(t)) =

400, and ¥ is a lift by z = e Wof a diffeomorphism of CP! in the z- coordlnate
C(h)

fixing 0 and oo, hence of a rotation by some multiplicative constant e W
meaning that ¢ : ¢+ ¢ + C(h). If T} has a moderate growth in ¢, then so does

(t) —t which can be written as a Fourier series C’newsm, and the moderate
growth at both t — 4e?co0 and t — —eP0o means that C,, = 0 for all n # 0. O

Proposition 6.7. The Fatou coordinate T, of Proposition 177 satisfies

(i) lim TQh -t — [L(O) logé&; € C,

ty,—doo-e@hs

1 lim To, —t 0,

( ) t,—+oo-etfhs 8t ( 2n h)

both limits considered along any line t), € to+e®hRsq in t),(Q) with 6 € |63, 7 —
3]

Proof. First let us prove (i). Let t,(33) and £,(X),) be as in Lemma ??. Denote
t, =ty + 0(0) log £ and
h2

hsA MY op M s s ~ flo¢2p
h:tho¢h —th—h :hAh+/L<O)10g fl s

then by Lemma ?? A(¢) = cP({)U(ﬁ) with U( ) = 0. In the proof of Propo-
sition ??, we can replace ¢, by £, and A, by A, and thanks to the uniqueness
property we obtain the same Fatou coordinate up to a constant.

We need to calculate the limit limg, _,,  iops Ty, — t,. We have

hs L:JQ owl (th) hs

. ~o(=1),+ -
Tthth:%]OngLle gwl( )(th)*th

(6.85)
_ b 2 (Zh)
= om log =5 =07V (E)

+ Wl( 1)(th) - th7

where 2, = erth. As |wo( 2 (th) — 5] = O(Jh*Py|), this means that the limit
equals to

wa(2) _

. ; . hs
lim (TQh - th) = lg’% 27 27rz log w2‘z =0’

tp—+oo-eifhs
resp.

i i) = Tim 2 loe @2() . _ hS 1
fh%—lgewhs(TQh th) = lim o5 log == = 5 gaywz( 7l,—0-

We have 1(0) = fi(oo) = 0, we need to check that wy(z) is conformal at z = 0,00

and therefore that the derivative %@2(2) exists and is finite at z = 0, 00. Let us
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look at z = 0 only. By [?, Theorem 7.1] the sufficient condition is that the integral

// it R = 2n)? // MO dRe(th™)d Tm(th ™)

|z|<e= R 0<Re(th=%)<1,

Im(th=%)> £

is finite for some R > 0. This is equivalent (for h* # 0) to [ |Ap||Y; | = [ |UL|E;*
to be bounded in 3, which is in fact satisfied since for h £ 0 the point 2, = 0
correspond to some singularity £ = ap # 0, and for h = 0 we have UO(O) = 0.

Let us now prove (ii). Let a(h) be the zero of Py, (7?) such that & — a(h) as
t), — 400 - e’hs. Assume first that a(h) is simple. Let v, = 2mi TeS¢, —q(h) Yy, !
and let mon, : & — a(h) +e*™ (& — a(h)) be the monodromy operator of analytic
continuation along a simple positive loop around a(h), hence t,omon, = t;+v,(h)
(and also £, omon, = 5, +v,(h) since a(h) # 0). The map T' := T, omon, —vg is
a Fatou coordinate for ¢;” on the shifted domain mong(£2;,), which has a nonempty
intersection with €5 on the Riemann surface of ¢; (i.e. ¢5(Qp) and ¢,(Q) + v,

intersect). The map ¢ — T o T;;g:l)(t) a diffeomorphism that commutes with
. : -1

the translation ¢ — ¢ 4+ h®, and such that lim, ,,  ieps T' © TSEL )(t) —t=0

by (i). Therefore T o Téfl_l)(t) — t is represented by a convergent Fourier series

2mint

ZneiZ>0 Cne ® and

27rznTQ

g(tn) = Tq, omon, —v, — To, = Z Cpe  ms

defined on a neighborhood of the ray t;, € to & e!Tsar8 MR is exponentially flat
in t,. The Cauchy integral

1 g(r)
G(t) = 27”/ ) t—r d'f’,
to:tez(9+s arg h)R>0

satisfies G(t +v,) — G(t) = g(t). Hence the function F' = T, —t, — G oty is such
that F'omon, = F, i.e. it is univalent on a neighborhood of & = a(h). Moreover

it is bounded and therefore limy, _, 4 iopso 8‘2 = 0 since % =Y}, vanishes at
ap,. Hence
lim To, —tn) = lim  2G(¢
£y, —+eif hs oo 5"«h( " ) th,—teifhsoo Ot ®)

= lim —=— / 90 dr = 0.
t—+e@hsoco 2mit? totei(0+sarg h)R>O (17?)2
The case of a multiple zero a(h) is done similarly, except in this case several
different domains €0, are necessary to cover sectorially the neighborhood of a(h).
The argument is essentially just a variation on Ramis—Sibuya theorem (e.g. |[?,
Theorem 1.3.2.1]).
O
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Proposition 6.8. 1. The Fatou coordinate T, and the domain 2, are indepen-
dent of a small variation of admissible 0 and of the point £.(h) (the two of them
determining Xp,, p. 77) as long as the strip t,(Xy) stays admissible, except for
an addition of some constant Co(h) € C to Tg,, .

2. The Fatou coordinate Tq, depends analytically/continuously on h as long as
the point &.(h) depends analytically/continuously on h and the angle 6 varies
continuously in h.

3. When h — 0 with an asymptotic direction (i.e. so that arg(h) has a limit), and
an admissible strip t,(Xy) has a limit, then the construction of the function
To, extends to the limait.

In particular, in the the case s > 0 when a limit h — 0 of admissible strip is

jJust a line, one has %(TQO —ty) = ﬁ — 1 with Ao(&1) = A(&1,0) (?7), d.e.

Tao, —to — 1(0)log & = / (% - /1(0)) dg is analytic on By,

where Up(&1) = U(&1,0) = —1(0) 4+ h.o.t.(§1) (Lemma ?7).

In order to prove this proposition, we need first some preliminary considera-
tions.

The Fatou coordinate T, conjugates qﬁzp to translation by h® on the admissible
strip t,(2p), which is roughly of width ~ sin-|h*|. When s = 0, the construction
is uniform when A — 0. On the other hand, if s > 0, then as h — 0 the ad-
missible strip shrinks to the line to(Ig) = e*®*s28 MR and the translation by h*
degenerates to identity, so one can no longer extend by iteration. The remedy is
to approach h — 0 along a sequence h,, = n™ s hg and consider instead the iterates
<Z>Z:p . The Fatou coordinate for qﬁzzp is the same as the one for ¢ZZ (by uniqueness),
except now it is defined on an admissible strip of non-vanishing width ~ sin - |A§,
and conjugates QSZZP to translation by nh; = hg.

Lemma 6.9. For any given hg let h, = n_%ho and define

on(&1) ==& 00" (&1, %), &1 € By,

Then the sequence of diffeomorphisms @, (&1) converges locally uniformly on By ~
{0} to poo(&1) = exp (h§(1 + Ao)Y0) (&) where Ag(&1) = A(&,0) (7).

Proof. Denoting Ay, (&1) = A&, 2—?), we have by iteration of (?7)

n—1

h, 0 n(€1) = tn, + Y (14 An0 &0 077 (6r, ).
j=0

Consider the vector field nh (1 + Ap, o t;i—l)(t))% on the translation surface
tn, (Bp,). The approximation of its flow at a time % by the Euler method with
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1

step-size - is yﬁln (), where ygn m(t) =1 and

. . o(—1 i .
@) =yl )+ Enkd (14 Apoty Dyl (1), j=0,...,m—1.

In particular ¢4, o pp = yp , ©ts, is the time 1 approximation with step % By
well-known results on locally uniform convergence of the Euler approximation to
the actual solution (in our case the flow of h? (1 4+ Ay, 0 tZE:l)(t))% on the time
interval [0,1]), see e.g. [?, Theorems 6.2.2 & 4.5.2], and its uniform dependence
on a parameter, we have

Yo m motoo, exp (nhi(l + Ay, 0 t;g:l)(t))g)

ot
n—>+ool ln—)—i—oo
m m—400 s o(—1) )
Yom — €xp (ho(l + Ago t, (t))g)
Therefore ¢y, o on =yj; , 0 tn, — exp (h§(1 + Ao)a%o) as n — +oo. ]

Proof of Proposition ?77. 1. Moving the point £.(h) and varying the admissible
angle 0 moves the strip ¢,(X5) C t,(By) in a continuous way. Every (partial)
orbit of ¢, oqbzpotz(*l) in t;,(By,) that hits t,(X2), will also hit the moved strip,
which means that they both give rise to the same domain #,(€y,).

2. Treating h as parameter, the coordinate ¢; such that ¢,(&(h)) = 0, and the
map w; depend analytically/continuously on h, and so does the Beltrami con-
stant f&. Then also the solution @y of the Beltrami equation depends analyti-
cally/continuously on h, see e.g. |?, Theorem 7.6|, and therefore so does Tq,
as well. (See [?7, Appendix| for a more detailed argument).

3. In the case s = 0 this follows from the previous point. In the case when s > 0,
we consider a sequence h,, as in Lemma ?? and the maps ¢, in place of ¢;".
Then the admissible strip for ¢,, and the associated Beltrami function p (?7)
have both well defined limits as n — oo. Therefore also T, = lim,,—, 4 T, is

the Fatou coordinate for ¢ = exp (h{j(1 —i—Ao)a%) which is (up to a constant)
0
necessarily equal to T, = hf [ ﬁdto.

O
6.1.2 Normalizing transformation to the model

Let S be the maximal domain in the h-space over which one can choose an admis-
sible strip t;(3;,) in a continuous fashion (varying its position and angle 6) and
thus construct the domain € (more details about this in Section ?7?7). We will

denote
Q=]
hes
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a ramified domain in the -space with ramification locus at a subset of {P(§) =
0} U {h = 0}. Let T be a Fatou coordinate for ¢°P on 2 constructed in Proposi-
tions 77 & 77, and let

ag(§) :=Ta(§) —t(E), e (6.86)

Since To =t + ag = exp(t%) the map

‘t:an(f)’

Va(£) = exp(tY)(£) (6.87)

‘t:aﬂ €

is analytic on €2 and such that
T =to Vg, and Vg o ¢ =exp(h’Y)o Vg,

therefore it is a normalizing transformation for ¢°° which conjugates it to the
model ¢°7 = exp(h°Y’). Let us stress that in general the transformation g is
multivalued in &, since the domain € is ramified.

Theorem 6.10. 1. The normalizing transformation Vo (?7) is analytic on €,
and such that V(&) — & = O(P¢) is bounded and tends to identity along any
complete real trajectory of €h°Y}, in Q.

2. If Wy, is another analytic conjugating transformation on Q, ¥eo0¢P = ¢modo\I/g),
that is bounded and tends to identity along some complete real trajectory of
e®h®Y), in Qp, for each h € S = h(Q), then Uy, = exp(Cq(h)Y ) o Wq for some
analytic Cq(h) on S.

Proof of Theorem ??. 1) Writing Th = (¢t+ (0)3 log 5—1) + (an(€) — 2(0)1 log 5—1)

T E
1(0)cP
and where by Propos1t10n ?? the function ag(€) — 2(0)3 log 3, is bounded along

where t + ,ll(()) log 51 is the rectifying coordinate of the vector field

any trajectory of e¢?h®Y},. We have

— cP
V() = exp (t1+ﬂ(0)cPE> (5)‘15:049(5) ()5 1o %
and for every R > 0 there exist §; > 0 such that (¢,&) — exp (t%E) (&) is
analytic on the polydisc |t| < R, || < 0;. Hence the result.
2) Since T, := t o Ug, is another Fatou coordinate on () with T, having
a moderate growth when ¢ — oo along the trajectory on both ends, then by
Proposition 7?7 T, — T = Co(h). O

6.1.3 “Sectorial” holomorphic infinitesimal generator

From Lemma ?? and (?7?) together with (?7?), we have that the vector field

Y  h'cP

Xq :=h(Uo)'Y = =
@ (To) 1+4Y.0q 1+4+cPE.aqg’

(6.88)
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where 1 + Y.aq = %TQ = 0, is a bounded infinitesimal generator for ¢°P on €2,
called Lavaurs vector field,

¢op = exp (Xﬁs)a

and
KXo ' - Y ' =dag mod 4.

Since T is unique up to addition of some C(h), h € S, the Lavaurs vector field
h*Xq (7?7) on Q is uniquely defined.

We recall that a germ of of holomorphic diffeomorphism tangent to identity at
the origin, its fixed point, such as our ¢°?, has a formal infinitesimal generator X
(see Section ?7), albeit it may not have any infinitesimal generator holomorphic at
the origin. The Lavaurs vector field defined above serves as holomorphic “sectorial”
mnfinitesimal generator. It is defined uniquely on a “sectorial” Lavaurs domain and
is asymptotic to the formal infinitesimal generator as next proposition shows. As
such, it can be seen as a “sectorial” realization of the formal infinitesimal generator
X of ¢°P. This is analogical to the 1-dimensional situation, where the formal
infinitesimal generator of a parabolic diffeomorphism of (C,0) is Borel summable
on sectors (petals) [?, 7, 7, ?].

43 % _ S CP(uvh)
Proposition 6.11. Let X = h TrePun) BE

ator of ¢°F, with R( €) = > rm&™, and let Xq (7?) be the Lavaurs vector field.
Let Q C Q be a subdomain on which Xq is umformly bounded, and assume that
0 € 9. Then Xq is uniformly asymptotic to X on Q, i.e. the function E. aq(§)
has a formal asymptotic expansion R( ) uniformly when Q360

E be the formal infinitesimal gener-

Proof. For n € Z~, let j(")X, resp. 7 ¢°P, denote the n-jet of the formal vector
field X, resp. of the analytic diffeomorphism ¢°P, with respect to the variable &.
Then formally,

j(n)¢0p — j(") exp (j(”)X) (6.89)

and since both sides are analytic, and since ¢°P = exp(Xq)(€) for £ € Q, this
means that

exp(Xq)(€) — exp(j" X)(€) € £TZ,

where Jg denotes the ideal §1Bg + £28 of the ring Bg of bounded analytic func-
tions on . We want to conclude that

Zon = Xa(§) —j"WX() e Ty E
Denote F; := exp(tXgq) o exp(—tj(™ X), then
%Ft‘ngf"” = Xo.£ - j"X. eXP(tXQ)}ﬁZeXP(

= Xq.€ — exp(—tXq)"(j™X).£
= exp(—tXQ)*ZQ,n'§7

—tXq)
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hence

F,=¢oexp (r% + TeXp(—tXQ)*ZQ,TL) ‘t:o

is the time-r-flow of the non-autonomous vector field exp(—tXq)*Zq .
We know that Zq ,, is a bounded multiple of h* PE, and in particular it belongs
to Jg5 - E. From (??) we also know that F(§) = ¢ mod £J2, and since

_ 1 (0 * m B
Fi=Y" L(2 +exp(~tXq) Zan)" ¢ L:O =€+ Zonbt...

m=0

is a convergent sum, in which if Zg ,, € jé . E for some [ > 1 then the terms “...”
belong to jé“ -, this means that Zo, € J3 - E. 0

6.2 Dynamics of the vector field Y and the Lavaurs domains

The goal of this section is to:

- show that a stable § and an admissible strip ¢;,(X;,) indeed exist for all |h| < d2
for some d9 > 0, and that the collection of Lavaurs domains € covers all B
(Theorem ?7).

- understand the organization of these domains 2, in By, and how they depend
on h and € and the position of the strip ¢;(3p) in ¢,(Bp).

The modulus of analytic classification will be described afterwards in Section ?7?.

We will replace the saturated Lavaurs domains € of Section 7?7 by slightly
smaller domains, called simply “Lavaurs domains” the form of which will depend
only on the dynamics of the model vector field h*Y, and on the constants d1, d2, I3
(defining size’s constraints on |£1], |h| and on the variation of the angle ) but
not on ¢°?. The basic idea would be to construct these new domains so that
their t,-image would be spanned by all the lines tg + ¢?h*R of varying angle 6
in t,(Q) C t,(By), see Figure 7?. The preimage of each such line tg + eh°R
is nothing else then a complete real-time trajectory of the vector field e?h*Y}, in
Qp, C Bp, which is why we need to have some understanding of their organization.
The exact construction of the Lavaurs domains in Section ?? will be slightly more
technical in order to ensure they cover By in a uniform way, but the rough idea
stays the same.

So let Y = cPFE be the rational vector field (??), and Y}, = cP,E (7?) its
restriction to a leaf {h = const}. In the coordinate & on a leaf with h # 0, the
vector field Y}, is rational in & € CP!, with poles at &; = 0, 0o, and with coefficients
Pj(h) depending analytically on h, |h| < d3. Up to restricting 67 > §2 > 0, we
can assume that all the 2kp zeros of Y}, (counted with multiplicity) lie inside the
annulus
h|

_
Bh—{61 <|51|<51} for  |h| < da,
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(a) h=0 (b) h#£0

Figure 5: (a) The real phase portrait of Yy on the irreducible component {£3 = 0}
of By, showing the 2kp “outer” sepal zones (here kp = 3). (b) The real phase
portrait of Y3 near the boundary of By, showing the ends of 2kp “outer half-zones”
(see Section ?7) and 2kp “inner half-zones” (here kp = 3). The middle part (dotted)
is where all the equilibria are situated and where the global organization of the
phase portrait is determined.

while the poles of Y}, lie outside of the annulus, symmetrically in the outer and
inner components of its complement. The limit vector field
k+1
Yy = pegttr 2, (6.90)
731

on the irreducible component {&&; = 0, 0 < |{;| < 01} of By, is obtained by the
merging of 2kp zero points (counted with multiplicity) with the pole of order kp—1
at the origin into a zero point of order kp+1. The situation on the other irreducible
component {£; =0, 0 < [&| < 1} of By is symmetric by means of o.

We want to understand the topological organization of the real trajectories in
the rotating family of vector fields

e’h’Y;,,  O€ER, (6.91)

in dependence on the parameter h and the angle 8. We will first consider it globally
as a family of rational vector fields on CP!, and later look at their restriction to
By,

Let us recall some basis properties of the real dynamics of rational vector fields
on CP! (seeeg. [?,7,2,7,7,2,7, 7).

6.2.1 Critical points.

Let a(h) be a zero (an equilibrium point) of Y}, and denote

Va(h) = 2mi resg, o) Yy, (6.92)
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saddle.pdf

Figure 6: The real phase portrait near a pole of order kp — 1 with 2kp ends (here
kp = 3).

the period (also called dynamical residue) of t; (?7) around it.

For each h, 0, the real-time-flow curves of the vector field e’ h°Y}, define a real-
analytic singular foliation on CP!, also known as the real phase portrait of €’ h¥Yy,
or the horizontal foliation of the meromorphic differential e_ieh_SYhfl.

Near a simple equilibrium the vector field e h®Yj, is locally biholomorphically
equivalent to ewhszyijz%. Its real dynamics is

- attractive if Im(e=h~%1,) < 0,
- repulsive if Im(e=h™%y,) > 0,

_ center if e h v, € R, {odd (counter—'clockwise) : e_%eh_sya > 0,

even (clockwise) : e ¥hsy, < 0.
Near a multiple equilibrium (parabolic point) of a multiplicity m + 1 the vec-
%é (cf. eg. |7,
Theorem 5.25]). Its real phase portrait exhibits 2m sepal zones, consisting of
asymptotically closed trajectories (i.e. those whose both positive and negative
time limit is the equilibrium), separated alternatingly by m attractive and m re-
pulsive directions (such as in Figure 77).

The vector field €?h*Y;, (77) has two poles for h # 0: an outer pole at £ = oo
and an inner pole at & = 0, while for h = 0 there is one pole on each irre-
ducible component of By. Each pole is of order kp — 1, and so the vector field has
2kp separatrices™ emanating from the pole, alternatingly incoming and outgoing,
separating 2kp sectors, called ends, on which the real flow is of hyperbolic form
(Figure ?7?). The ends are either

tor field is locally biholomorphically equivalent to eh?

odd end < the flow at the corner is “counter-clockwise”,
even end < the flow at the corner is “clockwise”.

15Separatrices are trajectories having a pole in its closure and passing through it in a finite

time. The local model for a pole of order n — 1 is zn%l% for n € N*. Tt has 2n separatrices at

0, namely z¢(¢) := ei%é(t —to)/" t—tyg €RY, £=0,...,2n — 1.
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6 0@

(a) aw-zone b) Sepal zone (c) Center zone (d) Annular zone

Figure 7: The different kind of zones in the &;-coordinate.

A separatrix can be either landing at an equilibrium point, or it coincides with
another separatrix to form a homoclinic or heteroclinic connection (depending on
whether the trajectory goes back to the same pole or to a different one). The time
tn (77) it takes to arrive at the pole from a regular point is always finite.

The following well known result concerns real flow of rational vector fields on
CP!:

Proposition 6.12. 1. A rational vector field on CP' has no limit cycles: all non-
periodic trajectories are landing in the positive/negative time limit at an equi-
hibrium point, or they reach a pole as a separatriz. FEvery periodic trajectory
belongs to a mazimal open domain consisting of periodic trajectories (all of the
same period), the boundary of which is formed by a union of homoclinic or
heteroclinic separatrices. (See [?, Theorem 3J.)

2. Fach atiractive/repulsive simple equilibrium is the landing point of at least one
separatriz, and each direction separating sepals of a parabolic equilibrium is
tangent to at least one landing separatriz.

3. Counted with multiplicity, the number of zeros minus the number of poles sur-
rounded by a periodic orbit is equal 1. (This is just a Poincaré-Hopf index
theorem.)

6.2.2 Zone decomposition.

The separatriz graph is defined as the closure in CP! of the union of all separatrices
of all poles. The connected components in CP' of the complement of the separatrix
graph are called zones of €?h°Y), in CP!. In each zone all the trajectories are
homotopic by a homotopy fixing the equilibria. There are four types of zones that
can occur for a rational vector field according to their form in the #,-coordinate
(Figure 77):

1. aw-zone: All trajectories share the same a-limit and the same w-limit which
are either two different equilibria (simple or multiple) or the same multiple
equilibrium, and the closure of the zone is not contractible by a homotopy
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(a) aw-zone sepal zone (c) center zone annular zone
(odd) (odd)

Figure 8: The different types of zones in the tj-coordinate. Generically there is
only one end of a pole on each boundary line (as in the picture), but non-generically
can be more. In (a): the gate trajectory (dashed) of the aw-zone passes through
the center-point (white point) of the transversal (dotted) joining the two ends
(black points). In (c) and (d): the dash-dotted lines are glued together forming a
cylinder. In (d): there are Z-many saddle connections/transversals on the cylinder
between the two ends (not depicted).

fixing the equilibria (Figure ??). In the ¢j,-coordinate it corresponds to an
open infinite strip parallel to e®h°R (Figure 7).

2. Odd/even sepal zone: All trajectories share the same a-limit and the w-
limit which are the same multiple equilibrium, and the closure of the zone
is contractible by a homotopy fixing the equilibrium (Figure ??). In the
tj,-coordinate it corresponds to an open half-plane e?h*H* (Figure 7).

3. Odd/even center zone: It consists of periodic counter-clockwise/clockwise
periodic orbits of the same period e~ “h =51, > 0 around a center equilib-
rium point a — the zone has the form of a pierced disc (Figure ??). In the
t,-coordinate it corresponds to a quotient of a half-plane e?h*H* by 1,7
(Figure ?77).

4. Annular zone (periodic annulus:) Tt consists of periodic orbits of the same
period £e"®h=*v > 0 (where v is equal to the sum of the periods of the
equilibria encircled by the trajectory) — the zone has the form of an annulus
(Figure ?7). In the tj-coordinate it corresponds to a quotient of an open
infinite strip parallel to vR by vZ (Figure 77).

(b) A {1 — )\fl,
(c)oN=—1:& — =&,
a separatriz of eh®Yy, are again separatrices of ¢®h°Y), (up to an orientation,).
Hence o and A map zones to zones.

Lemma 6.13. The images by o : & — 5% and by { of
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phaseportraitla.pdf phaseportrait2a.pdf

(a) (b)

Figure 9: Examples of the zone decomposition of a real phase portrait (separatrices
in black).

(a) Yy = i(& + {% — 2) (fl + Eil + %)3518%1 with h = 0.95: the phase portrait
exhibits 2 center zones, 8 sepal zones and 2 aw-zones.

(b) Y, =i((& + 5%)3 - 1)518%1 with A = 0.95: all 6 zones are aw-zones.

Proof. Trivial. O

Remark 6.14. While the zone decomposition of e’ h*Y}, is preserved by the action
of 71 = o, in general this is not true for 7, = oA exp(h’Y’) unless 6 € nZ.

6.2.3 The rotating family and rotational stability.

Definition 6.15. All the possible homoclinic or heteroclinic connections that ap-
pear in the rotating family e’’h°Y}, for some 6 € R are called saddle connections.
They correspond to oriented straight segments (geodesic segments) on the trans-
lation surface of ¢, between the saddle points corresponding to the poles.

The period map is given by integration of the form dt;, = Y};1 along paths
between saddles. Namely, to each saddle connection ~, one associates its period
along ~:

w:/nﬂ#a
Y

The period along the symmetric saddle connection o(y) is the same, v,y = v.
(On the other hand, if £&; = a is an equilibrium, then the dynamical residue (?7?)
satisfies Vy(q) = —Vq since o reverses orientation.)

Definition 6.16. The vector field e’ h*Y}, is called rotationally stable if it contains
no homoclinic or heteroclinic separatrix connections. We call such pair of values

(h,0) stable.

74



The idea is that homoclinic/heteroclinic connections disappear under a small
perturbation of the angle of rotation € in (??7) while landing separatrices are stable.
This means that the topological organization of the phase portrait of a rotationally
stable vector field doesn’t change under a small change of 6.

Proposition 6.17 (Mucino-Raymundo, Valero [?|). The set of 6 € [0, ] for which
e n®Y;, (with fived h) is not rotationally stable is at most countable with only
finitely many accumulation points at ezactly those 0 for which €’h’Y} has an
annular zone.

In fact, for each annular zone that appears in the rotating family for some angle
0 and each pair of ends on opposite boundaries of the zone, there are Z-many saddle
connections between these ends inside the zone, and there is only a finite number'®
of other saddle connections.

In our case, there can be no more then one annular zone that appears in the
rotating family (and therefore it is necessarily invariant by A and o): There needs
to be at least one pole on each boundary component of the zone and we have only
two poles, 0 and oo, hence if two different zones appeared in the rotating family for
two different angles 67 # 6o mod nZ, they would have to intersect. However this
is not possible since each trajectory in the first annular zone is closed (periodic),
dividing CP! into two parts, and all the trajectories of the other rotated field
that cross it do so with the same angle 6; — 65, so none of them can be closed.
Therefore, in the Proposition ?? there is at most one value of § modulo 7Z to
which the rotationally unstable angles can accumulate.

Example 6.18 (k = 1). For k = 1, the vector field is of the form Y = c(u +
Py(h))E, ie.

Yy = pe(&” + Po(h)] + 1) .
Here if Py(h)? # 4hP then an annular zone always appears in the rotating family
for some value of 0 (see Section ?7), although it could potentially be degenerated to
a (poly)cycle. An example of the dependence of the real phase portrait of e??h®Y},
on 6 is shown in Figure ?7.

Definition 6.19. The only kinds of zones that a rotationally stable vector field
can have are

1. sepal zones with one end!” at a pole (Figure ?7),

2. aw-zones with exactly two ends (at either two distinct poles or at one same
pole) (Figure 77?),

as any other kind of zone would have on its boundary either a homoclinic or a
heteroclinic connection (which goes against Definition ??). Let us call such zones
rotationally stable.

'8Tn our case at most kp(2kp — 1) counted without orientation.
17Recall that an end refers to one of the hyperbolic sectors at a pole, see page ?7.
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(a) (b) 6 =3 (c)
(d) () (f) 6=

Figure 10: Example of separatrices in the real phase portrait of a rotating family
¢h®Y}, in the case k = 1 and p = 3 (Example ??) for a fixed h > 0 and with ¢ = 1,
Py(h) > 0, according to some increasing values of #. There is an infinite sequence
of bifurcations at unstable values of § € [0, 7] which accumulate towards the angle
0,7 a the annular zone. In the figure, a bifurcation occurs in the transition from
(a) to (c), from (c) to (d), from (d) to (e). The portrait (b) is rotationally unstable
with 3 heteroclinic separatrices, and so is (f) which exhibits an annular zone and
6 center zones.

6.2.4 Half-zone decomposition.

Rotationally stable aw-zones have 2 ends, while rotationally stable sepal zones
have only 1 end each. What can happen in a parametric family is that at a limit
some singularities merge, and an aw-zone splits into a pair of sepal zones: the
bifurcation happens near the singular locus, away from the boundary, so ends are
not affected. To get a unified description that passes well to the limit, we shall
split each rotationally stable aw-zone into a pair of “half-zones”: each having one
end. There is a canonical way to do so.

Definition 6.20. A rotationally stable aw-zone contains exactly one saddle con-
nection'® which joins its two ends — in the coordinate 5, it corresponds to the finite

18See Definition ?7?.
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segment joining the saddle points on the two boundary lines, see Figure 7?7. It is
called a transversal of the zone. Since the transversal has a finite period, it has a
well defined midpoint (note that the transversal, and therefore also the midpoint,
is independent of a small variation of the angle 6). Following [?], the trajectory
through the midpoint is called gate. In the coordinate ¢;, the aw-zone is an infinite
strip and the gate divides it to two parallel strips of half the width (see Figure 7).

The gate graph of €h®Y;, for a stable # is the closure of the union of the
unoriented gates of all aw-zones.™

Definition 6.21. The half-zones of a rotationally stable e?’ h*Yj, are the connected
components of the complement of the union of the separatrix graph and the gate
graph. They are either

1. a rotationally stable sepal zone (bounded by 2 separatrices), or

2. ahalf of a rotationally stable cw-zomne cut in two halves by the gate trajectory
(bounded by 2 separatrices and the gate).

Thus each half-zone has exactly one end located at either the outer pole &1 = oo,
or the inner pole & = 0. Accordingly, the half-zone are called either outer or inner.

To each outer half-zone there is a symmetric by ¢ inner half-zone. The ter-
minology clearly depends on the choice of the coordinate & on Bp: choosing &
instead would lead to opposite naming, but this is not important.

Proposition 6.22. For a stable (h,0), h # 0, the gate graph

1. is connected and homotopic to a simple non-contractible loop in the leaf {h =
const},

(b) Aifl — )\51,

2. is preserved bya:§1'—>§£1 (7?) and b?/{(c) oA I:6 — —¢
= —1 ¢ —GQ1,

3. contains all the equilibria, and in the formal case (b) also all the fixed points
& = A3 A2 of A"o = (/\Qn )‘On), n € Zyp, which are either equilibria or
midpoints of aw-zones. .

Proof. 1) The union of the closures of the outer half-zones is a contractible neigh-
borhood of oo, while that of inner half-zones is a contractible neighborhood of 0.
The intersection of these two neighborhoods is a simple loop consisting of gates
between outer and inner half-zones. Connectedness follows from the rotational
stability.

2) Clear.

3) In the formal case (b), the fixed point & = £\2 hz of Ao cannot belong to
neither the outer nor the inner component of the complement of the gate graph,

191t is a topological graph in C* with vertices at the equilibria and the gates as edges.
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as these two get swapped by A"c, hence it lies on the gate graph. If it is not an
equilibrium, then it lies on the gate of some aw-zone invariant by A™¢. The unique
transversal of this zone is then also mapped onto itself by Ao, and the fixed point
belongs to it: the transversal divides the zone into two halves which are swapped
by A™o. Hence it is the midpoint of the transversal. Likewise in the formal case

(c). O

Corollary 6.23. For every stable (h,0), h # 0, there is always at least p of aw-
zones with one end at 0 and other end at co.

Proof. By point 1) of Proposition ?? the gate graph must contain at least one
gate, which then has p distinct images by A", n=10,...,p—1, (resp. by oA = —1I
in the formal case (c)), which are also gates. O

An advantage of working with half-zones rather then zones is that half-zones
are in a 1-1 correspondence with the ends, and as such they have a well defined
limit when A — 0.

Proposition 6.24. The outer half-zones of €h’Y;, depend continuously on (h, 0)
on each connected component of

{(h,0) : |h| < b2, 0 € R/nZ, "OT5a8M))y, is rotationally stable},

and have a limit as outer half-zones of € ®+5%)Yy when (h,0) — (0- €%, 6y) (i.e.
when h — 0 with an asymptotic direction, arg(h) — 9~0) within this connected com-
ponent. Note that the vector field Yo (7?) is defined on the irreducible component
{& =0, [&1| < 01} of By, and as such all its half-zones are outer. A symmetric
statement by means of o is true for the inner half-zones, which have a limit in the
other irreducible component {{1 =0, |&2| < 01} of Bo.

Proof. The outer half-zones are delimited by separatrices of the pole at & = o
and by gates. Both depend continuously on (h,6) as long as e'(¢+sa12(h)y; ig
rotationally stable: the only way separatrices can undergo a bifurcation is through
the appearance of homoclinic/heteroclinic connection.?’ At the limit when h — 0
the equilibria merge with the pole £; = 0, and the gate graph degenerates to this
point as well. Note that the limit vector field e“Pots%)y] ig rotationally stable for
any 0y + sfy. The separatrices of & = co persist to the limit and so do the outer
half-zones. O

Another advantage of working with half-zones is that on each of them there is
a unique determination of the flat coordinate t; (?7) that vanishes at the end of
the zone.

20Tp fact, each equilibrium possesses a neighborhood that is a trapping domain: any trajectory
of e9Fsar8(M)y, for any 6 that crosses its boundary will end at the equilibrium, and the boundary
of the maximal domain is a union of saddle connections [?]. This implies that landing points of
separatrices are stable by small change of 6.
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Lemma 6.25. On each half-zone there is a uniquely defined translation coordinate
t,= | Yh_1 that has a vanishing limit at its end. When two neighboring half-zones
are halves of the same aw-zone, then their coordinates differ on the gate trajectory
by the period of the transversal’' of the zone. This system of coordinates depends
analytically on the parameter h, in particular it passes to the limit when h — 0.

Proof. For an outer half-zone one takes t,(£1) = ffol Y, !, and for an inner half-
zone one takes tp(&1) = fogl Yy, . O

6.2.5 Enlargement of half-zones through stable rotation.

Let {|h| < 62} be a small neighborhood of the origin in the h-space. It will be
useful to consider its polar blow-up, that is to identify h with |h|-e?®&" and |h| = 0
is a circle of asymptotic directions. By Proposition ?? the set of (h,#) for which
¢i@+sarg(h)y; is rotationally unstable consists of at most countably many curves
h+ 6(h). Lemma ?? below shows that these curves extend asymptotically at the
limit to the circle |h| = 0.

Let K be one of the at most countably many connected components of the
complementary set

{(h,0) : |h| < 82, 0 €103, 7 — &3], T8y, rotationally stable},  (6.93)

where d3 > 0 is some arbitrarily small fixed constant (cf. Lemma ?7), and h is
understood as being from the polar blow-up. And let us assume that the closure
of K intersects the circle |h| = 0.
Let
S C {|h| < d2} be the projection of K into the h-plane

by (h,0) — h (possibly a ramified set defined on the covering surface of the polar
blowup of (C,0)). For each h € S denote Kj, = {6 : (h,0) € K} the associated
open interval of stable angles, hence K = [[,cq{h} x Kp.

For any (h,8) € K let Z}, g be an outer or an inner half-zone of ei0+sare(h)y;
depending continuously on (h,0) € K, and let

Zn=|J Zns, (6.94)
e Ky,

be their union over 8 € Kjp, defined in way that it is simply connected, i.e. on
the covering surface of the pierced leaf {h = const} \ {P = 0} identified with
C* ~ {P, = 0} in the coordinate &;. It is an enlargement of the half-zone Zy g
through stable rotation (see Figure ?7). In another words, t;(Z}) is the union of
the maximal strips in ¢5,(C* \ { P, = 0}) of direction # varying continuously with
0 € Kj,. For |h| =0, put

Zo,ei argh — U Zo,eiarghﬂ, ZO = U Zo,eiargh.

GEKOAEi arg h 0-etargheg

21Definition 77
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Proposition 6.26. When S > h — 0- € with an asymptotic direction, argh — 0,
then each outer domain Zy, (??) tends to Z, 5, which is a subdomain of Zo.

Proof. This is a consequence of the definition and the continuity of the zones on

(h,0) € K which extends to |h| =0 by Lemma ?? below. O
Define
Zs = [[{h} x Zn, (6.95)
heS

as the corresponding ramified domain in the whole &-space, i.e. a subdomain of a
covering surface of C2 \ ({P = 0} U {h = 0}).

These domains Z represent a “global version” of the Lavaurs domains that we
want to construct and understand. In order to obtain the actual Lavaurs domains
we will later “localize” the above construction to a neighborhood B (?7?) of the
origin.

Remark 6.27. Let us remark that for each (h, #) fixed the union of all the different
half-zones Zj, g of el0tsarg(h)y; covers all except of the closure of the separatrices
and of the gates (Definition ??). This means that for a given K, S as above, and
each fixed h € S, the different domains Zj (??) overlap and cover together the
whole leaf {h = const}, identified with C*, except of the equilibria and of the
midpoints of aw-zones. The exclusion of the midpoints has been a bit arbitrary
consequence of our definition of half-zones: we could have instead defined the half-
zones of an aw-zones in such a way that would overlap a bit along the gate. So
the midpoints can be considered as covered as well.??

Remark 6.28. When crossing the bifurcation locus, which consists of those (h, 6)
for which e h*Y}, is rotationally unstable, the topological organization of the phase
portrait changes. This change may affect only some of the half-zones while other
may persist unchanged. It would be therefore natural to consider for each half-zone
its maximal “chamber” in the (h,#)-space over which it is defined (i.e. over which
it evolves continuously). However, we find it simpler for the discussion to always
stop at the bifurcation locus for all the half-zones, whether they bifurcate or not.

6.2.6 Asymptotic behavior when h — 0.
We recall (77?), that

Y=o ((€+ 50" + P+ )+ o+ () €02

oy
—k o
= Cpgl pPh(gl) fagi{"

22Let us note that in the proof of Theorem ?? we will actually want to exclude the fixed points
n 1 1

& = A2 £ h2 of Ao, n € Zy, (resp. & = +ih2 of oA = —I in the formal case (c)), which,
unless equilibria, are midpoints by Proposition ?7.
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Lemma 6.29. 1. The t,-length |v,(h)| = ‘f,y Yh_l‘ of any saddle connection

v(h) in the rotational family €®h®Y), is uniformly of order at least |h|=5
when h — 0, where

é:min({w\ij,...,k—l}U{Z}).

2. For each fized 0, the rotationally unstable values of h form at most countable
number of real curves, each approaching |h| = 0 with an asymptotic direction.

Proof. 1. The proof is the same as in |7, Lemma 4.7|. First let us note that all
the equilibria are situated in some ring

Fh[P~* < &P < L|n|®  for some L > 0.

Indeed, if us(h) = & «(h)P + % is a root of P(u,h) = u¥ + Z?;éPj(h)uj,

then |u,[* < S0 |Pj||u.l < kmax; |Pj||u.}/, and there exist some C' > 0 such

1 .
that |u,| < max;|kP;j|*=7 < Clh|® on the disc {|h| < 61}, which means that
€1, < [ullgrl? + [1P] < max{2C|A|*|€14[7, 2|R[P} and
. - P_g -
€147 < max{2C|h[*, V2|h|%} < |h* max{2C, /267 "} = |h|°L,

|h|? B
G < AL

Any saddle connection must pass through this ring (a saddle connection be-
tween two different poles 0, oo has no other choice than cross the ring, while a
saddle connection with poles on its both ends equal encircles at least one equilib-
rium on each side since otherwise it would be contractible in C* \ {Py,(&1) = 0}
which is not possible). Up to a o-symmetry (which preserves periods up to a sign),

we may assume that the saddle connection emanates from the pole &, = co. Then
its d|&; |P-length inside the ring of “double the size”

and similarly also

5 |h[P7F < &P < 2L|A)° (6.96)

is at least L|h|®, while its speed is |¥},.67| = ep|P(u, h)||& [P < 2ep CL|AP*HD),
as the maximum of |P(u,h)| in the ring (?7) can be majorated by C|h|* for
some C' > 0, hence the t,-time the saddle connection spends in (??) exceeds
2\c;|C' |h|75k'

2. The period v, (h) (page ??) along any closed loop v(h) of €AY}, can
be expressed as a sum of residues at roots of Py, (see (7?)) and therefore has an
expansion in terms of a meromorphic Puiseux power series in h. Hence the set on
which v, (h) € ¢?h*R has a form of a singular real analytic subvariety on a finite
covering of (C,0), and each branch has an asymptotic tangent at 0.

Similarly, let us show that the period v, (h) along any heteroclinic saddle con-
nection of eh*Y}, between 0 and oo is of the form v, (h) = (o(h) + ¢1(h) log(h)
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d Y C

Figure 11: Examples of cuspidal sectors. The one in the middle has zero angular
opening contrary to the others.

where (o, 1 are meromorphic Puiseux power series. Indeed, t, = [ Yh_1 takes the
form Rp,(&1) + 55 Z{Ph(aj(h)):o} Va; (h)log(&1 — aj(h)) where Rp,(£1) is a rational
function of & with coefficients Puiseux series in h, and with poles at zeros of Py,
hence the term [Rh(fl)] o 15 a Puiseux series, while the term

[e.9]

{27” ZV‘% ) log(&1 — a](h))hlzo =

= 2m ZV‘% )log(—aj(h)) + 2%” hrn Z VaJ )log(&1 — aj(h))

27rz Z VaJ log (h)) )

as limg, o0 3, va, (h)log(€1 — a;(h)) = limg, o0 0, va, (h)log(1 — M) = 0
since Zaj va;(h) = 0, hence one gets a meromorphic Puiseux series possibly in
combination with log(h). Anyway, each branch of the set where v, (h) = (o(h) +
¢1(h) log(h) € e?h*R is again a real curve with tangent at 0 since v(h) is of negative

order in h.
O

Definition 6.30. A cuspidal sector with vertex at h = 0 is a simply connected
planar domain S bounded by two real analytic curves, each of which has an asymp-
totic tangent at the vertex, and by an arc of a fixed radius (see Figure 7?). The
angular opening of the cuspidal sector is the angle between the tangent rays of the
two bounding curves at the vertex.

We shall consider the vertex as included in the cuspidal sector, 0 € S. That
way the limit situation at A = 0 will be part of our description.

Let us stress that a covering of a neighborhood of 0 by a collection of cuspidal
sectors of positive angular openings may not contain any finite subcovering. This
is strikingly different from the case of usual sectorial coverings. The reason is that
there might be directions of rays who have no initial segment covered by a single
cuspidal sector from the collection.

Corollary 6.31. The domains S of Section 7?7 in the h-space have a form of
cuspidal sectors at the origin of a positive angular opening > ’;f‘?j for some § > 3.
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L ewn 1] ewn
: ¢0 : : 00 : : : [ 0]
o o o o o o
: : xXOe : : xOe : e : xXe
(a) Py(h)? # 4hP (b) Py(h)? = 4h? £ 0 (c)h=0

Figure 12: The translation surface of ¢, for k = 1. The flow is parallel to e?h°R
(which in the figure is vertical directed upwards). The thick lines are the separa-
trices of the saddle points corresponding to y = 0,00 (black points) for 1Y}, |
determining (a) 2 aw-zones modulo translation by v 2Z, resp. (b) 2 sepal zones
and 1 aw-zone, resp. (c) 2 sepal zones. The dashed lines are the gates passing
through the midpoints (white points) and further dividing the real phase portrait
into (a), (b) 4 half-zones: 2 outer half-zones attached to the point co and 2 inner
half-zones attached to the point 0 modulo translation by v 2Z, resp. (c) 2 outer
half-zones attached to the point co. The angle 6 is unstable whenever some pair
of saddle points “0” and “c0” lie on the same line e??h*R. In the case (a) there
are countably many unstable directions #, accumulating to arg(h™°v; 2) mod 7Z,
while in (b) there is only one unstable direction modulo 7Z, and in (c) all directions
are stable.

Proof. For fixed 0 the set of rotationally unstable values of A has the form of union
of curves h=%v,(h) € R, where v,(h) is the period of some saddle connection
v, ordgvy(h)~! > $k by Lemma ??. Asymptotically § = arg (h*vy(h)) ~ (s +
ordg vy (h)~!) arg(h) as |h| — 0, hence allowing 6 € ]85, m— d3[ to vary in interval of
length m — 263 translates to varying the asymptotic direction arg(h) in an interval

of length s+or7<go_zj?h)*1 > 7;125(;‘ where 5k = max, ordy ljy(h)*1 > sk. ]

6.2.7 Example ?? continued (case k = 1).

Let us look at the case k = 1, Xy,0q4 = ch?® (u + Po(h))E, in detail. We have

Y, = pe(y® + Po(h)y + hP) where y =&},

0
oy’
with equilibria at y = a;(h), j =1,2

aj(h) = 3(= Fo(h) + (=)~ /o (R)” — 4h7).
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While the vector field e?h®Y, in the coordinate y is analytic on all CP!, we still

need to treat the points y = 0,00 as poles of order 0, that is to consider the tra-

jectory through the point as a union of one incoming and one outgoing separatrix.
The rectifying coordinate ¢ in this case is quite simple,

t, = /Y 1 _ ) pc( a1 ag) log z:Z;’ a’l(h) 7& a2(h)a
(y a)’ a’l(h) = a2(h) = a(h)v

and the translation surface of ¢ is C (Figure ??). The dynamical residue (?7?) at
aj(h) is

(=17 12w (=1)012mi
pe(ar(h) —az(R)) — pey/Po(h)? — 4hP’

For h # 0 the period of a heteroclinic connection between 0 and oo, determined
modulo v;Z, is

0 @ —a log & = g4 1o a1 # as,
Yoso (1) :/ Y- {pf(al w108 oy = 3108 oy 017 02 (6.98)

vi(h) = ar(h) # as(h).  (6.97)

0o pea’ a1 = ag =: a.

Let us look at the set of unstable (h,) in the case Py(h)? # 4hP, i.e. when
a1(h) # az(h) are simple equilibria. If (h,#) is such that v; € e?h*R, that is if
0 = argvy 2(h) —sargh mod 7Z, then both equilibria are simultaneously centers,
one bounded by the homoclinic saddle connection of y = oo (the line y = —% +
i/ P3 — 4hPR) and the other bounded by the homoclinic saddle connection of
y = 0 (which is the image of the previous one by o :y — };—p, hence a circle in the

y-coordinate through the points 0 and ——0 on its diameter). The zone between
these two homoclinic saddle connections is an annular zone for this 6 (see Figure 7?7
in coordinate & = 5'/3). In the coordinate t;, (Figure ??) this annulus corresponds
to the strip bounded by two parallel lines (horizontal in Figure ?7), one containing
all the saddle points “0”, the other containing all the saddle points “occ0”. There is
an infinite number of saddle connections between “0” and “oo” of different unstable
directions @, all contained inside this strip. The set of their directions accumulates
for each fixed h towards argv; o(h) — sargh mod 7Z.

Now let us look at the asymptotic behavior of the set of unstable (h, ) when
h — 0 radially (with fixed argh). There are three kinds of situations that can
arise depending on the asymptotic behavior of the simple roots a;(h) and as(h),
which have Puiseux series representation in h. Let

§=min {ordy Py(h),2}, &= Sordy (Po(h)* — 4hP),
and consider the weighted blow-up z = h =P (y + %Po(h)). It transforms A®Y}, into

hY), = peh* T4 (2% — D(h))%,
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(a) Po(h)? # 417 (b) Po(h)? = 4h? £ 0

() h=0

Figure 13: The rotational enlargement Z;, of a pair of outer half-zones (i.e. those
attached to the saddle point co) on the translation surface of ¢; for k = 1. The
gray vertical lines, corresponding to a pair of separatrices and to gates for a fixed
0 can vary their direction as long as the angle 6 € |3, m — 03[ stays stable. The
forbidden direction A°R is horizontal in this figure. Compare with Figure ?7.
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(i) s=35<

Figure 14: For k = 1, the values of h*t5 for which ¢/?+5218h)y; is rotationally
unstable for a fixed value of 6 (figure for Py(h) = Po(h), c = —i, 8 = 5). The sec-
tors S are enlargements of the above sectors of stability by varying 6 € |3, m — d3],
which asymptotically corresponds to enlargement by a rotation h*+5 s e@hp5+5.

where D(h) = 3h™> (Po(h)* — 4h7), D(0) # 0. Then v; = (=1 "Th™* s,

and the direction to which the set of unstable directions accumulate for each h #
fixed is

arg (h~°v;(h)) = 3 —arg(c) — (s + §)argh — Jarg D(h) mod nZ.  (6.99)

(i) If § =5 < 2, then ordga;(h) = 5 # p — § = ordgag(h), and by (27?): “e=(t) —

v1(h)
ﬁbg% ~ 225;;) log(h) tends to infinity as h — 0, hence |vgoo(h)| grows

faster than |v12(h)|. This means that for each saddle connection v,(h) =
Veo(h) mod 117 between 0 and oo:

|}lll‘go arg (h*vy(h)) =

li h™*1geo (B d 7Z
‘hﬁgloarg( Vooo(h)) mod m

= —(s+ §)limarg(h) — arg(cy/D(0)) mod 7Z.

Therefore the associated branch of the set of unstable (h,f) has the same
asymptotic limit (0 - '8 ) with

0+ (s + §)arg(h) € —arg(c) — 3 arg D(0) mod 7Z,

which is perpendicular to the limit A — 0 of the accumulation direction (?7).
See Figure ?77.

(ii) If 5 = 5 = & (p has to be even), then limj,_,o Z;EZ% € C*~ {1}, which means that

both v1 2(h) and v (h) grow with the same rate h~% when h — 0 and asymp-

. . . cs BRT Vooo(h) _ 7: 1 ai(h)
totically in the same relative position: limj_,q 31(h) = limp, 0 5 log a;(h) €

C*, and the same is true for all saddle connections v (h) = Vyso(h) mod 11 Z
between 0 and co. See Figure 77.
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(iii) If 5 =& < 5 (p has to be even), then limj_,o Z;EZ; =1, and limy_, ngo(}(;)l) =

limy, ¢ 2%” log Z;EZ; = 0, which means that |vj(h)| grows faster than vy (h)]

when h — 0. In this case, not only the set of unstable directions accumulate
to (7?) for each h, but also when h — 0 radially then each particular branch
of the set of unstable (h,#) tends asymptotically to the same radial limit

0+ (s +5)arg(h) € T — arg(c) — 2 arg D(0) mod nZ.

See Figure ?7.

6.2.8 Local zones relative to By,.

The same theory as we have sketched on the preceding pages can be adapted to
restriction of the vector field e?h®Y}, to the domain B, (??). In this case the
role of the poles & = 0 and & = oo is played by the two whole exterior discs
CP' < B, = {|&| < @} U{J&1| > 61}. Their images by t5, in the Riemann surface
of t;, are referred to as holes in the surface (Figure 77).

Definition 6.32. The vector field e?h°Y}, is rotationally stable relative to By if
no trajectory through a point & € Bj escapes By in both positive and negative
time. Such pair (h,#) is then also called stable relative to By if no trajectory of
¢h%Y), escapes By, in both positive and negative time (cf. Definition ?7?).

Lemma 6.33. For |h| < 0, with 0y small enough, the vector field e®h®Y;, is
rotationally stable relative to By, if and only if no straight line t, + e®hR in the
Riemann surface of t;, intersects two different holes.

Lemma 6.34. For |h| < 63, with 6o small enough, the vector field ¢?’h®Y;, has
exactly 2kp tangency points with the outer, resp. inner, boundary circle of By,.

Proof. Let & = 01¢ with || = 1 be a point on the outer boundary circle of By, at
which the vector field e?h®Y}, is tangent to the circle, and therefore perpendicular
to the radial direction of &1, so the equation of tangency is e/ s argh+arge) p, (5, ¢) ¢
iR. This is equivalent to

ei(@—i—s arg h+arg c)Ph (51() _ _e—i(e—i-s arg h+arg c)E(alc—l ) 7

as £ = 01¢ 1, which after a multiplication by ¢*P becomes a polynomial equation
of order 2kp for ¢, depending analytically on (h,h), so it cannot have more then
2kp roots. At the same time we know there are at least 2kp such tangencies, since
there are 2kp separatrices which cross the boundary circle alternatingly entering
and leaving, hence there must be at least one point of tangency in between each
two separatrices. O

Proof of Lemma ??. The only thing to prove is that for |h| < d2 small enough, no
straight line t, + e h°R in the Riemann surface of ¢, intersects the same hole twice.
We know that for d, small, the real phase portrait of ¢?h*Y}, near the boundary of
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By, looks like in Figure 7?7 with the outer boundary of By, intersecting the 2kp outer
ends in 2kp arcs. If a trajectory enters and leaves By, through two different arcs
then the period v, along a curve « consisting of the intersection of the trajectory
with Bj, extended on each side towards the pole within the given end is non-null,
therefore the two ends correspond to two different holes in the Riemann surface
of t;,, which goes against the assumptions of Definition ??7. So assume that the
trajectory slices twice through a boundary arc associated to the same end. By a
simple topological consideration this means that there would have to be at least
2 points of tangency between the arc and the vector field. But by Lemma 7?7 the
total number of tangencies between the outer boundary circle {|{;| = 1} and the
vector field is 2kp for all h, and therefore each of the 2kp arc has exactly one such
point. Symmetrically for the inner boundary circle. O

Definition 6.35. The role of the separatrix graph is played by the set of all
trajectories of e?h®Y;, that escape By, in either positive or negative time. We call
the connected components of its complement local zones relative to By, — they are
spanned by complete real trajectories inside By,.

An inner/outer end of a local zone is (a neighborhood of) the point where
it touches the inner/outer boundary of By, i.e. one of the 2kp tangency points
between eh*Y}, and the boundary (Lemma ??). A sepal (resp. aw-) zone relative
to By, of a rotationally stable vector field relative to By, has exactly one (resp. two)
such tangencies. A local aw-zone is split to two local half-zones following the same
gate trajectory as before: if |h| is small enough then the width of the aw-zone,
which tends to infinity as |h| — 0 (Lemma ?7?), is substantially larger than the
diameters of the holes, which are bounded, thus the gate trajectory of each local
aw-zone is contained in By, and therefore in the zone.

Remark 6.36. In the construction of the Fatou coordinate on a Lavaurs domain
Qn, (page 77), we need not only a line t, + ¢®®h°R inside t,(By,), the existence of
which is assured by the relative rotationally stability (Definition ??), but a whole
admissible strip of ¢,(X),) of width ~ sin@ - h® contained in t,(Bp,). The size of
the holes is uniformly bounded when h — 0 and is commensurate to ; kP (since
the restriction of Yh_1 to the outer complement of Bj, is uniformly bounded and

tends to Y(f1 = C;,i%, and likewise on the inner complement), and their distance
1

tends to infinity wit order at least |h|~** by Lemma ??, so one can easily arrange
by changing d; tiny little bit that for each local zone there is always an admissible
strip as well.

6.2.9 Lavaurs domains revisited.

The naive idea of construction of the Lavaurs domains would be to follow the same
construction as in 77 of enlarging the relative half-zones through stable variation of
0 € |03, m—d3[, to obtain again a collection of sectors S in the h-space, and for each
S a collection of 2kp inner and 2kp outer domains relative to By, which are simply
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Figure 15: The negative shade (left) and the positive shade (right) of a hole in the
coordinate t;, (picture with sargh =0 mod 7Z).

connected and possibly ramified over the equilibrium set {P(§) = 0}. However,
the union of such constructed inner and outer domains associated with sectors S
may fail to cover any neighborhood Bj, C By, of a fixed radius é; (independent
of h when S © h — 0). Luckily, this issue can be remedied by extending these
domains through iteration by ¢°P as in Definition ??. There is no need to extend
them beyond the boundaries of the respective “global” domains Zj of Section 77,
since the union of these domains Zj, already covers C* = By, (Remark 77).

But we shall proceed in the opposite way, and construct the Lavaurs domains
Qy, in two steps:

e construct a “global” domain Z; the same way as in Section 7?7 but with
variation of the angle 8 € K} that is stable relative to By,

e restrict this domain Z; to Bj and remove also all the points that may po-
tentially not be accessible through the iteration by ¢°P from the relative
domain: in the coordinate t;, these inaccessible points lie in a “shade” of the
hole corresponding to the end of Zj.

Definition 6.37. For a hole Hj, C t,(CP'\ By,), its positive, resp. negative, shade
is the set of points U, c g, {t : =03 < arg(h™%(t—t.)) < 3}, vesp. Uy, e, {t 1 =05 <
arg(h™*(t« — t)) < 03} (see Figure 77).

The following construction of the Lavaurs domains is best understood from
Figure 77.

Definition 6.38 (Lavaurs domains). Given d1, 2,93 > 0, let By, be (7?) for |h| <
09, let K be a connected component of

{(h,0) : |h| < 8y, 0 €03, 7 — 85, OTs28M)Y; rot. stable wr.t. By}, (6.100)

and let S C {|h| < 2} be the image of K by the projection (h,8) — h (possibly
a ramified set defined on the covering surface of C*). For h € S let K} := {6 :
(h,8 € K)} be the maximal open interval of stable angles relative to By. For any
(h,0) € K let Zp g be an outer or inner half-zone of e0+sarg(h)y; (ie. global,
relative to C*), depending continuously on (h,0) € K, and let

Zn=|J Zno (6.101)
e Ky,
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(c) h=0

Figure 16: Image of a pair of outer Lavaurs domains on the translation surface of
ty, for k = 1. Compare with Figure ?7.

By the construction, each t;,(Z}, ¢) intersects the same unique hole Hj, correspond-
ing to the end of the zone. Depending whether the this hole is on the right or the
left of t,(Z}, ) with respect to the direction ehsR<, let Q15 5 be the complement
in Zp, (?7) of the positive/negative shadow of the hole Hj (Figure ?7). Finally, let

Qs =[] Qs
hesS

We call Qg a Lavaurs domain.

Lemma 6.39. For éy small enough, each of the above Lavaurs domains Qg of
Definition ?? is contained inside one of the saturated Lavaurs domains of Defini-
tion 77.

Proof. The distance between two holes (corresponding to images of the complement
of By, in the leaf {h = const} by t;) on the same sheet of the surface ¢, (By) tends
to infinity when |h| — 0 (Lemma ?7?) so if |h| is small enough then the tj,-image
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of the saturated Lavaurs domain contains an admissible strip ¢,(X). Moreover,
|py"™" —t,| < nsup |A[, hence if sup |A] < sin 3 then all the points in ¢, () are
accessible from ¢, (%) through iteration. O

Theorem 6.40 (Covering theorem). For any 61, 02,93 > 0 sufficiently small there
exist 01, 0o, such that the collection of the cuspidal sectors S cover a disc {lh| < 52},
and for each given sector S and for all h € S the 4kp associated Lavaurs domains
Qs cover together By, ~ {P, = 0}, By, = {% < |&1] < 61}, i.e. the union of the

Qg’s covers Bg ~ {P =0}, Bg = [hes By,. See Figure ?7.

Proof. Whenever the sector S is non-trivial, the interval Kj of variation of 6 is
non-empty for h € S, and the union of the 2kp inner and 2kp outer domains Zj
(??7) covers the whole leaf {h = const} \ {P;, = 0} (cf. Remark ??). Therefore,
the Lavaurs domains Qg cover all By \ {P, = 0} except of the points whose
image in the coordinate ¢ lie in the intersection of the positive and the negative
shade of a hole. Each hole is contained in some disc of uniformly bounded radius
<R~ %51_@ (cf. Remark ?7), and it is easy to see that the intersection of the
positive and the negative shades of the hole is therefore contained in the disc of
radius cofdg (Figure ?77), which in turn lies in some bigger hole for some &; < d;
for all |h| < da.

What we need to show is that the different sectors S cover together some disc
{|h| < 82}, i.e. that for each h there is at least one rotationally stable direction
0 relative to Bp. Since the holes have uniformly bounded radii < R, and their
distance tends to infinity with rate at least |h|™%* (Lemma ?7), their effect on
the local zones and on the relative rotational stability is smaller the smaller |Al
is. By Proposition ?? there are two kinds of saddle connections in the rotating
family: countably many of those that lie inside an annular domain (if such annulus
appears, then in our situation it is unique), and a finite number of other ones. In
the surface of ¢;,, the periodic annulus correspond to an infinite strip with a periodic
series of poles on each boundary line, with a hole around each pole. If |A| is small
enough, the size of the holes is small compared to the distance between the holes,
and there are plenty of ways to choose a direction 0 transverse to the strip such
that no line t, + ¢h°R intersects two holes, meaning that 6 is stable relative to
By, (Definition ?7): in fact the Lebesgue measure of the set of bad directions can
be made as small as one likes by restricting d2. The finite number of unstable
directions corresponding to the other saddle connections gives rise to an additional
set of intervals of instability relative to By, but again the Lebesgue measure of
them can be made small, and therefore one can always find an angle 6 that avoids
them too. O

Proposition 6.41. Let Qg be one of the domains of Theorem 17, and Yo the
normalizing transformation (7?7) on Qg. Then Yo is bounded on Qg.

Proof. Let {2 be one of the domains of Theorem ?? as constructed in Definition 77,
and let Qg C Qg be the localized version of Section ?? of the domain Zg (77) of
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Section 77, both associated to the same connected component K of (?7) consisting
of those (h,f) that are stable with respect to given neighborhood B of 0 € C2. So
th(QS,h) can expressed as a union of open strips of varying angles 6 € K} in the
surface t;,(By). The claim is that it is enough to show that ¥q is bounded on Qs.
Indeed, the width of the complement ,(Qg5) ~ th(Q&h) is uniformly bounded.
Therefore if s = 0, it takes only a finite number of iterations by ¢°P to extend
Vo, from QS to Qg and the boundedness is preserved. If s > 1, then one divides
the h-space into concentric rings and iterates on each by ¢°"?, n € Z-q, as in
Lemma ?7.

So let us show that Vg4 is bounded on Q. Up to restricting the radius §; of B
a bit, one can assume that the set K is compact, and therefore so is its projection
S and each interval K}, h € S, and that th(Q&h) is also closed. Hence the compact
closure of Qg in the &-space consist of Qg and of (a part of) the divisor {P(£) = 0}
(note that 0 € S is included by definition). All we need to show is that Wq,
extends continuously to {P(£) = 0} as identity. But this follows from the form of
Qg and Theorem ??. O

6.3 Modulus of analytic classification
6.3.1 Normalizing cochains, outer cocycles and analytic classification.

Constructed in the previous section, Theorem 7?7, we have a covering of a neigh-
borhood of 0 in the h-space by a collection of at most countably many cuspidal
sectors (shortly just sectors). Over each sector S we have a family of 2kp outer
and 2kp inner Lavaurs domains, Qg = [ [, . g s, covering together each local leaf
By, (?7), h € S, and hence the domain

Bs =[] Bn

hes

in the &-space. This covering is (o, A)-invariant: if Qg is a domain from this
covering then so are its images A"(Qg) and cA™(Qg) for alln =1,...,p.
By the results of Section ??7 and Proposition ??, on each of these domains Qg
there is a bounded normalizing transformation Wq such that
Vo, 0P = ¢ P oWg, °op exp(h’Y).

mod mod —

For a given sector S, and h € S, a pair of neighboring Lavaurs domains (g,
), (i-e. corresponding to neighboring half-zones) can have two kinds of intersec-
tions (Figure 77):

e an intersection corresponding to a separatrix, going from an equilibrium point
to outer (resp. inner) boundary, called outer intersection (resp. inner inter-
section),

e an intersection corresponding to a gate between two halves of the same aw-
zone, going from one equilibrium to another, called gate intersection.
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inner

intersections
gate

intersections

outer
intersections

Figure 17: (a) Example (with & = 1, p = 3) of a covering of B, ~ {F, = 0}
by the Lavaurs domains Qg and their intersections. (b) The outer and inner
Lavaurs domains near the boundary of By, and the corresponding outer and inner
intersections (in red). Inside the middle ring (dotted) the organization of the
domains may be complicated; this is where the gate intersections are situated.

Theorem 6.42 (Existence of an equivariant normalizing cochain). For each of the
sectors S, on the associated covering of Bs~ {P = 0} by the 4kp Lavaurs domains
g, there exists a normalizing cochain {Qg — V. } consisting of bounded analytic
transformations such that®3

(1) it conjugates ¢ and the model ppoq = Aexp(%th)
\PAn(QS)O¢On:¢;ﬁ)dO\PQS, nzl,...,p,
(2) it is o-equivariant, that is

Vsag) 00 =a¥qyq,

(3) if Qs and Yy share a gate intersection then

Vos = ‘IIQ/S on the gate intersection.

This normalizing cochain is unique up to left composition with some cochain

{Qs — exp(Cay(h)Y)} of flow maps of Y :

Vo =exp(Cay(h)Y) o Vg, (6.102)

S

where each Cog is bounded analytic on S and

28Note that in (1) and (2) the way the conjugation by a normalizing cochain works is by
composition with maps associated to different domains from the same covering on the two sides
of the identies.
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(‘Z ,) CA"(QS) = CQs: n=1,...,p,
(2°) Cyas) = —Casg,

(3) Cag = Cqy, whenever (g and Yy share a gate intersection.

Proof. Let us prove it in the formal case (b) when A = <<3 )\01>> is diagonal.

In the formal case (c) one needs to replace A = —o by oA = —I and ¢, ¢noq by
0¢, 0Pmod in some of the arguments.

The existence of bounded normalizing transformations Wq  such that ¥q, o
»°P = exp(h®Y’) o Uq, have been proved in Section ?? and in Proposition ??. Let
us show that they can be chosen so that they satisfy the conditions (1)-(3).

First of all, let us note there is no potential conflict between the conditions (1)
and (2), since rotation by A maps outer domains to outer domains and inner to
inner, while o switches between inner and outer. So we divide the domains into
their (o, A)-orbits: there is 2k of them each consisting of 2p domains, and on each
orbit we ensure the conditions (1) & (2). Now we consider a graph structure on
the space of orbits where two orbits are connected by an edge if a domain in one
share a gate intersection with a domain in the other. This partitions the space of
orbits into components, which can be only of the following types:

- cycle of order 0: a single orbit whose domains are of sepal type, i.e. have no
gates,

- cycle of order 1: a single orbit whose 2p domains are organized into p pairs
sharing p gates,

- cycle of order 2: two orbits with 2p gates between the 2p domains of one
orbit and the 2p domains of the other orbit.

Let us show that the condition (3) can be satisfied on each component in either of
the above cases.

- There is nothing to show in the case of a cycle of order 0.

- In the case of cycle of order 1, let Qg and Qs be two different domains in the
same orbit sharing a gate intersection. It is impossible that Qg = A"Qg for
some n € Zj, \ {0} since if two outer, resp. inner, domains share a gate then
they need to be of opposite parity in the cyclic ordering of outer, resp. inner,
domains (also the ends at oo, resp. 0, of the corresponding half-zones of the
same aw-zone have opposite parities, see p. 7?). Therefore Qg = oA"Qg
for some n € Zp. Assuming the conditions (1) & (2), let Woq and Vg =

o exp(%hSY) 0 Wq, 0¢°("™ 0 be the bounded normalizing transformations.

Since Qg and g share a gate intersection (i.e. are basically two halves
of the same domain), and Wqu(§) = ¥ _(§) mod PE (Theorem ?7?), this
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means that W = exp(C(h)Y) o Wog for some C(h) bounded analytic on
S (by Propositions ?? and ?7), which means we can simply replace Vg
by exp(3CY) o ¥q, and g, by exp(—3C(h)Y) o Vg, = ogexp(Fh’Y)o
lexp(3C(R)Y) o0 ¥q,] o ¢°=™) o . We make the same change on the whole
A-orbit which fixes the problem on all the p gate intersections.

- The case of cycle of order 2 is easy: one takes a normalizing transformation
on one of the orbits satisfying (1) & (2), and extends it by (3) to the other
orbit.

If {Qs = Vo } and {Qg — ¥q_} are two normalizing cochains then by Propo-
sition 77 there exists a unique cochain {Qg — Cqg(h)} of bounded analytic maps
on S such that (??). If they both satisfy (2) then

exp(Cri00)Y) 0 Vorag) = Vog) = 0¥ gg 00 = cexp(CoyY) o Ug 00
= exp(—CQSY) o ‘llo(QS)v

hence (2): Cyqq) = —Cag. Similarly for (17) and (5°). O

The point (2) of Theorem ?? means that the normalizing cochain is fully de-
termined by the outer normalizing cochain consisting of the normalizing transfor-
mations associated to the outer Lavaurs domains.

Let us label the outer Lavaurs domain in a counterclockwise cyclic order as

0 2kp—1
Qg,..., 057",
and the outer intersections as (see Figure 77)
0 2kp—1 J J J—1
Vg,..., Vg , Vg SNy .

Definition 6.43 (Outer cocycle). On the outer intersections Vg, J € Zop, we have
transition maps between the normalizing transformations

o(=1)
Py = Voo (Vo) (6.109)
which commute with the model map:
7/1‘/5' o eXp(Xmod) = eXp(Xmod) o 1/)‘/5
By (1) of Theorem ?7?, they satisfy

(b) Yan(vg) = B3tma © Yy © Frnoet A=(),%).
(¢) Y_1(vg) = TPmod © Yy © (Usbmod)o(_l), oA = —1I.
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The collection of these transition maps is defined up to conjugation by a cochain

of flow maps {exp(Coy (h)Y),...,exp(Cezep-1(h)Y)}, where Cq; are bounded
S S

analytic on S:

1/1;/5 = exp(C’QJé_l(h)Y) o wvg oexp(—Cq; (R)Y). (6.105)

j

S

We call the equivalence class of the collection {wvg, e wv2kp—1} by this conjugacy
S

an outer cocycle associated to the sector S.

Remark 6.44. It is natural to ask that the conjugating cochain {exp(CQg (h)Y)}
should also be subject to conditions (1’)-(3’) of Theorem ??. One can show that
if two collections of transition maps {wvg} and {1#?/ g}, associated to two normal-
izing cochains {\If%} and {\Ilgws} satisfying conditions (1)-(3) of Theorem ?7, are
conjugated, then the conjugating cochain {exp(CQg(h)Y)} is unique and satisfies
the conditions (17)-(%’).

Definition 6.45 (Centralizer of the model). Let Z°*(X0q) be the group of ana-
lytic (o, A)-equivariant transformations preserving X,0q = h*Y . By Theorem ?7?,
it is a subgroup of the multiplicative group of transformations £ — eﬁa’"f,
T € ZLgsyokp, and agrees with the group of analytic o-equivariant transformations
preserving ¢moq. Note that if A2 # I then r must be even for ¢” to commute with

A.

Each element e+ ¢” of the group 27 (X 0q) acts on the whole collection
of the Lavaurs domains by a mutation: sending a Lavaurs domain €)g over sector
TG 2rme
S to a Lavaurs domain Y, = e2+kr g"(Qg) over sector S = e2s+kr S. Its action
on the collection of outer cocycles is the following
— T T T. 1
Yyy =0 wem(vs) oo (6.106)
Theorem 6.46 (Analytic classification).  Two o-reversible germs ¢, ¢’ = A& +
h.o.t. with a first integral h from the same model class are:

1. analytically equivalent by a o-equivariant transformation that is tangent to the
wdentity if and only if for every sector S their associated outer cocycles are
equal.

2. analytically equivalent by a o-equivariant transformation if and only if there
exists an element of the centralizer Z7™ (X ,0q) such that the collection of outer
cocycles of ¢ is equal to the 1mage of that of ¢' by the action (7).

The proof will be given in Section ?77.
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6.3.2 Fourier representation of a cocycle.

For an outer domain Qfg let the coordinate t be as in Lemma ?7, i.e. one that
vanishes at the outer pole & = oo, which is the same one for all the outer domains,
and let T(,; defined by

S

toV T,

Qg — T

be the Fatou coordinate for ¢°F, Tj,; o ¢°P = T(,; + h®. Define S, (t,h) by
S S S

o(—1)
t+ 5‘/7 (t h) QJ 10 <Tﬂfg> =to q/JVg o to(*l)j (6.107)

where 1),,; is the transition map (??). Then 3, (¢, h) = B,,; (t+h°, h) is h*-periodic
S S S
and therefore can be expressed by its Fourier series

Bys(t,h) Zﬁw h)e he. (6.108)

neL

Since S, (t, h) has at most a moderate growth when ¢t — oo in t(Vg), the above sum
S

is only either over n € Z>g or over n € Z<p, depending whether the equilibrium

to which the intersection domain VJ is attached is attractive (Im(7%) — +o0) or

repulsive (Im(;5) — —o0).

Lemma 6.47. The Fourier coefficients ﬁ‘(/?(h) of a cocycle are bounded analytic

on S (i.e. bounded analytic on S* := S~ {0} and conlinuous on S).

Proof. Follows from the analyticity of the construction over the sector S (cf.

Proposition 77.) O
The effect of conjugation (??) of the cocycle on ﬁvso, ey By2kp-t I8t
S
5,1 0,1) = Byt — Co (1), 1) + Copgoa () ~ Cg (B), (6.109)

in particular
©)py — 50 _ .
By (h) = B) (1) + Cya () = oy ().

Since t o Prmoqg =t + %, the rotational symmetry (??) means that

(B) Bynqyay(t+ 20 h) = By (t.h), A= (3,%),
(©) By (=t = Iheh) = ~Bys(t.h), oA=-1I.

Remark 6.48. Following Martinet & Ramis [?], in the coordinate z = e7=t the
outer cocycle maps



can be interpreted as a parametric family of analytic germs of diffeomorphisms
of (CP',0), resp. (CP', o0), called horn maps, that serve as gluing maps of a
string of 2kp spheres CP! identified at their points 0, resp. oo. The inner cocycle
defines another symmetric string of 2kp spheres. The spheres in the two strings
are for h # 0 further identified through gate maps (which are the period shifts

2mi

t — t+v,(h) of Lemma ?? acting as z — 2 ens (M) to give a global representation
of the orbit space of ¢°P, albeit one that can be fairly complicated.
6.3.3 Proof of Theorem ?7.

Proposition 6.49. The group Ziq,s(¢P) of bounded analytic diffeomorphisms on
Bs = [1,cs Br that are tangent to identity and commute with ¢°P is either:

- continuous, if and only if ¢°P = exp(X) is embeddable in the flow of a vector
field X analytic on a neighborhood of 0 € C2, in which case

Ziq,5(¢0°P) = {exp(h"°C'(h)X) : C(h) bounded analytic on S},
or

- discrete and equal to
Zia,5(0P) ={O©°™" : m e Z},

where © s an analytic germ on a full neighborhood of 0 € C? such that
P°P = O°" for some n € Z~y.

The subgroup Z, o(¢°P) of o-equivariant diffeomorphisms tangent to identity is
trivial.
Proof. Let F € Ziq,5(¢°P), F o ¢ = ¢°P o F. Given the Fatou coordinate T,; for
. S
¢°P on an outer Lavaurs domain Qfg, then Tﬂj o F' is also a Fatou coordinate for
S

¢°P on Qfg with at most moderate growth, so by Proposition 77,
TQ{; ol = TQ?S + CQg (h), (6.110)

for some C,; (h) bounded analytic on S. Similarly on a neighboring Lavaurs
S

domain Qg_l, so on the intersection Vg C qu N Q{g_l we have by (?7), (?7?) and
(77)
By (t,h) = By (t = Coy h) + Cyr(h) = Coy ().

2milC(h)
e hS =

This means that C

le(h) — ng(m =: C'(h) is such that B‘(/g(h)

for all [, i.e.

~ cither 5&. = 0 for all € Z ~ {0}, meaning that 1, ,; = id,
S S
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- or C(h) = h*™ for some m, n relatively prime, and 6‘(2 =0foralll € Z~nZ,
S

meaning that wvsj commutes with exp(%Xmod).

And this has to be true for all j =0,...,2kp — 1.
In the first case, if 1/1‘/1- = id for all j, then the Lavaurs vector fields X,; (?7)

glue up together as one analytlc vector field Xg on Bg, such that ¢° = eXp(X S)-
If S is another sector with a nontrivial intersection SN S, then on this intersection
the Lavaurs vector fields XQ{ associated to domains of S must agree with Xg

S
due to their uniqueness, and therefore they glue up to Xg = Xg. In the end this
means that there is just one analytic Lavaurs vector field X on a full neighborhood
of 0 € C2%, such that ¢°? = exp(X).

In the second case, if ’QZJVg commutes with exp(%Xmod) for each index j, then the
different maps ©,; = exp(L XQJ )= \IJ;(;D oexp(L Xpoq) © \If% glue up together
to a single map @5 defined on BS, such that OF" = ¢°P and O™ = F'. Now again,
if S is another sector with nontrivial intersection SN.S, then on this intersection the
Fatou coordinates on the domains associated to S satisfy TQJL 00 = TQJL + %hs,

S S

which means that also the outer cocycle 1; commutes with eXp(%Xmod), and
S

that @Qé = exp(%XQé) agrees for all j defining a single map ©g on Bg, and

©g = Og on By s In the end this means that the different ©g glue up to a single

analytic © on a full neighborhood of 0 € C2, such that ©°" = ¢°P.
The triviality of o-equivariant elements follows from Lemma 77. O

Proof of Theorem ?7. Assume first that ¢ and ¢’ = G°("Do¢oG are equivalent by
means of a o-equivariant analytic transformation G. Let Gy be the linear part of
G. Then Gy must commute with both o and A (which is the linear part of both ¢,
¢'), and also to preserve the vector field Xy0q: in fact since both the infinitesimal

generators of ¢°P and ¢'°P are formally conjugated to some X, = h* T fﬂ PE then

also G Xy is formally conjugted to an, and smce Gy is linear and G§{ Xy is “of
the same form” as an, then by Theorem ?? G{ X, = an, and therefore also
G{Xmod = Xmod := h*cPE. Hence Gy € 29" (X poq). Therefore if {Qg — ¥}
is a normalizing cochain for ¢, U, 0 ¢°F = ¢°F | o Uq satisfying the conditions
(1)-(3) of Theorem ?7, then {Qg + ¥ (qy) o G} is a normalizing cochain for ¢’
which obviously gives rise to the same cocycle as {Qg — ¥q,} except on domains
transported by Go. And if {Qg +— Vg, } is another normalizing cochain for ¢’ as
in Theorem ??, then Gy o ¥ 0Go ‘11’950(71)(6) = ¢+ mod P¢ commutes with
b = exp(h*Y), and by Theorem ?7?, Gglo\I/QSoGo\Ifbso(fl) = exp (Cay(h)Y)
for some Cqg (h) bounded analytic on S. Therefore the two cocycles are conjugated.
Conversely, let ¢°P, ¢'°P be two germs with the same model exp(h®Y’), and
assume the outer cocycles {¢Vso, e ,'QZJVSQIcp—l} and {@Z){/SO, . ,¢§/2kp,1} associated

to the normalizing cochains of Theorem ?7 are conjugated by (?7). Then the
corrected normalizing cochain {Qg — exp(—Caq(h)Y)oWq } for ¢"7 also satisfies
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the conditions of Theorem ??, and defines the same cocycle as {Qg — Uq}.
Similarly for the action of an element of ZU’A(XmOd). So we can assume that

the two cocycles are equal and vy, = @D{/S for all intersections Vg. Then the

composition Gy (&) = \115(5_1) o UG (§) of the two normalizing cochains glue up

together on the union of the outer domains, and by the o-symmetry also on the
union of the inner domains, and by the condition (3) of Theorem ?? the two
agree also on the gate intersections. Therefore the cochain {Qg — Gqg} glues
up together to a single bounded analytic o-equivariant transformation Gg on Bg,
tangent to identity, and such that Gg o ¢'P = ¢°? o Gg. Now if Gg and Gg
are two such conjugating transformations above two different sectors S, S with a
nontrivial intersection, then Fyg 55 = =Ggo G °=1) defined on B gng 18 o-equivariant
and commutes with ¢°P, so accordlng to Proposmon 77 it is equal to identity.
Hence all the transformations G g over different sectors .S glue up to a single analytic
o-equivariant transformation G on a full neighborhood of 0 € C2. O

6.3.4 Sectorial realization of the formal invariant j(h).

By choosing to work in a model class (Definition ?7?) we have forgotten about the
formal invariant f(h) in the formal case (b) (in the formal case (c) fi(h) = 0).
Let us show that we can not only recover this formal invariant from each one of
the classifying cocycles, but moreover we also obtain its sectorial realization pug(h)
over each of the (cuspidal) sectors S.

For an outer Lavaurs domain Q{q let a gate path v; be the oriented path between
the two (possibly equal) equilibria to which the domain is attached, formed by a
part of the positively oriented boundary Q]S that lies in the gate intersection domain

of Qfg (if Qfg is sepal then 4/ is defined to be trivial, i.e. constant path consisting
of the equilibrium only). Let o)y =to W, —t be asin (??) and let X,; be the
S S S

associated Lavaurs vector field (?7?), then define
) 1 -1 _ -1 ,
Mgy, (h) = / (hSXQJ WX ean) = | Bag BT = [aQJS]W, (6.111)
i Vi
be an integral over the gate path, independent of the choice of the Fatou coordinate.

Proposition 6.50. Given a sector S and the associated cocham of normalizing
transformations, let 1; (h) be the gate integrals (77), and let ﬁ ( ) be the con-
S

stant terms in the Fourier representation of the cocycle (77). Then

2kp—1 2kp—1

i D oy () =gk D By)(h) = us(h). (6.112)
j=0 j=0

Clearly this sum pg(h) is an invariant of the cocycle with respect to the conjugation

(77).
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By the A-symmetry of the cocycle (1?), in the formal case (b)

N+2k—1 N+2k—1
0
D SEUSIOESTEDY ﬁ‘(/sj)(h):%us(h) for any N € Zoyy, (6.113)
j=N j=N

while in the formal case (c) pus(h) = 0.
Proof. We have t + Qg1 = to \11915_1 =to wvsj o \I/% = (t+ ﬁv_sf o t)- o ‘I/% =
t+ Qg + ng o(t+ Oz%), hence ng o(t+ Ozvsj) = Qg1 — Qg . Evaluating at the

limit at the equilibrium a;(h) to which the intersection Vg is attached we obtain
0
,8( ) = an_l(aj) — aQé (aj). (6.114)

At the same time 7, = ag;(aj11) — agi(aj). Summing over j € Zoy, gives
S S S
(27). O

Proposition 6.51. The function pg(h) is asymptotic to the formal invariant
fi(h) = S°F% wh! on the sector S, i.e. for all N € Z>

N

lus(h) = mhl| = O(NTY), hes.
=0

Proof. By (2?) and (??) ps(h) = 2= 2kp 1f E.aq, E_l. By Proposition 7?7
each Lavaurs vector field XQj is asymptotlc to the formal infinitesimal generator
X = 1’5‘}fRE of ¢°P, i.e. each E. gy (&) is asymptotic to R(f) =Y rm&™, ie
for every n € Z-~y, E.aQS — jn )R(g) = O([¢]™1) uniformly on each €, where

j(”)R(f) denotes the n-jet of R(f) with respect to te variable £. By definition
fi(h) = 35 ri ikt (cf. ?77), which by residue theorem means that

L]

as on each leaf {h = const # 0} the path Z%p 1’yj is homotopic to a simple
positive loop around 0 (Proposition ?7). Therefore

kp—1

ns(h) — 7™ (k) = mz / (Bag; —i™RE)E = O(f"™).

and the statement follows. O
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6.3.5 Canonical normalizing cochains
For each (cuspidal) sector S the vector field

cP(u,h) Y
Xrg:=h? ’ E=hr’ , hes, 6.115
S s WP ) T ps(hY logéy (6.115)

with pg(h) (7?), can be thought of as a sort of sectorial realization on Bg of the
formal normal form Xoe = h* - b0 B of Theorem ?? (with ji(h) = 0 in the
formal case (c)), to which it is asymptotic by Proposition ??. This means that we

have a sectorial realization
nt,s = Aexp(; Xns)

of the formal normal form éf;nf = Aexp(%an) of Theorem ??. Therefore we can
now also construct a cochain of normalizing transformations for ¢ towards this
sectorial normal form. The great advantage of such normalizing cochain over the
one of Theorem 7?7 is that it can be chosen in a completely canonical way as
we shall see in Theorem ?? below. Moreover it turns out that this new canonical
normalizing cochain is in fact asymptotic to the formal normalizing transformation
of Theorem ?? and therefore it can be viewed as its sectorial realization.

As h* [ (Xf's — X by = ns(h) [E7Y, where [E~' = Llog (&), ** which
means that the map

Fs(€) = exp(tY)(€)) & (6.116)

t=g s (h) log (£1)
is such that (cf. Lemma ?77)
an,S = F,;’(Xmod)-

Note that 3 log (%) is multi-valued on each leaf {h = const}, and so is Fg (?7),
therefore we shall denote Fog the restriction of its branch to each domain {2g.

Given a normalizing cochain {Qg — Wq.} as in Theorem ?? over a sector
S, and some functional cochain {Qg — Cqg(h)} as in Theorem ?7?, then the
transformation cochain {Qg \PQS}:

g, = Fé(sfl) 0exp(Cag(h)Y) o Vg, (6.117)
is normalizing for ¢°P with respect to the sectorial normal form 925;1;, g = exp(Xyrs),
\TJQS 0 ¢°P = exp(Xptg) © \i}QS.

As in Section 77 associated to this cochain there is a cocycle of transition maps
_ . _ \o(=1)
Gys = g0 (U, )" (6.118)

24Under this choice of the primitive fEfl = %log (2—;) we have (fEfl) oo =— fEil.
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which commute with ¢f ¢ on the intersection sectors. Letting
tg:=toFg=t+ %us(h) log (%)7

then we have again a Fourier representation of each cocycle {&Vj}:
S

~ ~ ~ ~ ~ ~ ~(n 2mwint
Buyotsi=tsody, —ts.  By(th) = ﬂ‘(/g)(h)e a (6.119)
neL

We shall show that we can choose the constants Cqog in (?7) in such a way so
that the constant terms B‘O/j(h) in the Fourier representation (??) are null for all
S

J € Zoyp. Such cochain {Qg — \iJQS} will be uniquely determined.
Theorem 6.52 (Existence of a canonical normalizing cochain). There exists a

unique cochain of “constants” {Qs — Cag(h)} such that the outer mormalizing
cochain ‘I/QJS (&) = £+ hoot. (7?) satisfies:

(1) it conjugates ¢ to the sectorial normal form ¢ne g = Aexp(%anvg)

\ijAn(QS)oqbonngg?,Soilﬂsu n:]'?“’vpa

(2) it is o-equivariant, that is

\I’U(QS) oo = U\iJQS,

(3) if Qs and Qg share a gate intersection then

\iJQS = ‘iIQrS on the gate intersection.,

(0) has vanishing constant Fourier coefficients of the transition maps, B‘(fj)(h) =0
S

in (77).

Such normaizing cochain {Qg &QS} is unique®® and asymptotic to the unique

o-equivariant formal normalizing transformation V(&) = £ + h.o.t. that conjugates

Ppo W =Wo pyy.

Corollary 6.53. If two o-reversible analytic germs ¢(&), ¢'(£') are formally equiv-
alent by a transformation & = \il(f), then there exists a uniquely determined
o-equivariant cochain of transformations {Qg — Py} asymptotic to the formal
transformation d that conjugates ¢ to ¢'.

25Under the assumption of tangency to identity, otherwise it would be determined up to left
composition with elements of the centralizer Z7*(Xpts) = Z7*(Xmoa) (Definition ?7?).
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Proof. Tf¥q, = Fs(s_l)oexp(CQSY)o\I/QS and \TI'QS = Féso(_l)oexp(C&SY)o‘I!bs
are the normalizing cochains (??) of Theorem ?? for ¢ and ¢', then

Qg = \IIIQSO(_I) oexp ((Cay —Cq )Y )oWqy = (\TJ’QS)O(_I) oFéSO(_l) 0 Fo,o0Wq,

is a conjugating transformation between ¢ and ¢’. And since their invariants pg, ps

are asymptotic to the same formal i the composition F§ o Fg(_l) is asymptotic to
identity, therefore ®q4 is asymptotic to the composition of the formal normalizing

transformations ® = (@')0(71) o U of Theorem ?77. O

Lemma 6.54. For each equilibrium a(h) of Y}, the sum of B‘(/O;(h) over all the
intersections attached to a(h) is null. Here the sum is taken over both outer and

inner intersections, where for an inner intersection Vg, 5‘(/03) (h) == —62)‘,5)(@.

Proof. The identity (?7?) expresses 5‘(/? as the difference aqgg(a(h)) — ag (a(h)),
where (g is the Lavaurs domain on the right of Vg and Qg the one on the left.
While the determination of ¢ determines also each of the o by an additive constant,
the difference of them is independent of it as long as to, = iy, on the intersection.
Hence it doesn’t matter if it is an outer or an inner intersection. Moreover, if Qg
and QY share a gate intersection, then agy = gy - Hence when one expresses the

sum of all the (O’ in terms of a(a)’s, they all cancel out. O

Proof of Theorem ?7?. Let us show that the constants Cqg(h) in (?7) can be chosen
so that the cochain Wg satisfies both (0) and (1)-(3).

We may assume that the enumeration of the outer Lavaurs domains is such
that Q% shares a gate with some inner domain o(2%) for some I (such pair always
exist by Proposition 7?). Choosing some CQ% on 0%, then on the following outer

domains Q... ,Q?gkp ~! (in counterclockwise order) and Q?gkp = e2™7(0%), where
0 0 .
J = (é _01>, we need to take Cﬂg = CQ% +5‘(/51)(h)+, "+6‘(/s])(h)’ j=1,...,2kp,

. 27
o of (??7) such

so that C% - C’ng = B‘(/(]S])(h). Choosing the determinations F
that thezy) agree(oc))n the intersections Vg C Qfg N Q{g*l, j =1,...,2kp, we then
0 . ) .
get 6;5 = Bvsj + C’ng — C’Qg = 0, so (0) is satisfied. By Proposition 77,
ngkp = Cqy + 2mipg, while at the same time FQszp = exp(2miusY) o Fqo, which

means that Wgor, = W 18 well defined.
S
On the inner domains o(Q%),... Lo (QFP1), 0(Q27) (in clockwise order) we
need to take \I/U(Qg) = O‘\I/Qg oo in order to satisfy (2). We now choose Cay so

that on the gate intersection between the outer domain QOS and its inner neighbor
o(€2) the two transformation agree Pao = \I/U(st). If one selects the two branches
of (?7) such that FQ% = FU(QZS), then this translates to asking that C’Q% = —C’QZS.

We now need to verify that the properties (1) and (8) hold, while the properties
(2) and (0) are already satisfied by our construction.
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Let us verify (1): Using (?7) and the condition (1) of Theorem ?7?, this is
equivalent to

Y).

FO(_}) o exp (C’ Q
S

_ Ape(=D) a1
Q) A(Qg)Y) = AF% oA" oexp (C’

IfA= (6\ /\91 ), then on one hand, by Proposition 7?7, CA(%) = CQ{.; + pslog A, on

the other hand we have AleA
is satisfied.

Let us verify (3): Removing from the gate graph the edge corresponding to the
gate intersection between Q% and its inner neighbor we obtain a tree by Proposi-
tion ??7. For any gate (edge) of this tree, any branch of the tree starting at this gate
has the sum of all the 8’s at its vertices null by Lemma ??, which means that the
constants Cog at the two sides of this gate are the same. And the determinations
of Fqg are chosen so that they agree along gates of the branch as well as along the
intersection sectors attached to its vertices.

Let us now prove the asymptoticity of the normalizing cochain {Qg — \i/QS}
(7?7). Let agg =to Vg, —t (?7), and let

(%) oA = exp (MS log A Y) OFQg, and the condition

agy = ts o Yo, — s = any(§) + Cog(h) — Sus(h)log (£).

This means that ¥o, = exp(th*anfys)|t:mS, and (see (77))
XQ _ Xmod _ an,S
s 1+ h_sXmOd.O(QS 1+ I’L_San,S.aQS '
Corr§spondingly, let X be the formal infinitesimal generator of ¢P = exp(X ),
let Xy = X"“id £y Pe its formal normal form, and let a(€) be the
1+hisxmod-(§ﬂ10g (5))

formal power series such that ¢ o 0 = —a and

X Xmod an

Tl b Xa-(blog (£) +a) 1+ hXud

Then the o-equivariant formal normalizing transformation \il, such that X =
U* X5, can be also expressed as W = exp(th_anf)‘t:d. We know that pug is
asymptotic to fi, hence Xy g is asymptotic to an, so all we need to prove is that
aqg is asymptotic to a.

We also know that Xq is asymptotic to X, which means that E.aqg is asymp-
totic to E.a. In the notation of the proof of Proposition ?? this means that for
any n € Zsg

E.(ag, —j™a) =0 mod J3,,

which implies that agg — jMg = cn.0g(h) mod VL for some bounded function
cn0g(h) on S.
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On the outer intersection Vg we have

3 - PO R 5o(—1) 5o(—1)
iotg = (tgoW, -1 —tgoW_; o‘llo(,. = (anj—1 — Qnj ) o U\
ng S ( S° %l s Qg) ol ( Q) Q{g) o
= Cpoitt T G0l mod Vi

2mint

with /S’VSJ otg = Y onez B‘(%)(h)e 7 on the left side. By the construction of the

Lavaurs domains,

Re ( — 27m‘n%) > 27n sin 03 l\fﬂ > Ansin 53‘5’—2]{?]75—257

for some A > 0, where s is as in Lemma ??. Since 6‘(/03 = 0, this means that the
S

left side is exponentially flat in |£], and therefore Cpit ~ Cpl, = 0 mod ‘7/2
We also have

Uo(Qg) ©0 = (fs o \TIO-(QS) - t~5) oo =—to @Qs +ig = —aqg,
which means that ¢, () (h) = —cn05(h) mod J&,- We conclude that ¢, 05 = 0

mod Jg. for all Lavaurs domains g, and for any n € Z>o. Hence e (&) is

asymptotic to a(£), which we wanted to prove. O

6.3.6 Proof of Theorem ?7.

Proof of Theorem ?7?. The proof of Theorem ?? establishes that for any sector .S,
the two pairs (¢, o) and (¢, 0) are conjugated by Gg € Difffy(Bg,0) if and only
if their outer cocycles over S agree. Let us show that this in fact implies that the
analytic conjugacy extends from Bg to a full neighborhood of 0 € C2.

Since the cocycles over S agree, then also the sectoral invariants ug = Wy
agree. So let {Q0s — Vay}, {Qs — ¥q_} be the canonical normalizing cochains
of Theorem ?? for ¢,¢’, and let {Vg — @VS}, {Vs — 1;{,5} be the associated
transition maps (??). By the unicity, \if’QS = \TIQS o Gg for all Qg, and therefore
the transition maps agree z%/s = &VS.

Now if S is another sector with non-trivial intersection Sﬂ S # {0}, then by

the same argument, on this intersection one has pg = Mi@; 0s = Ya40Gs and

1/;{@ = zﬁvg, and therefore it is true on the whole S. Hence the conjugacy Gg
extends analytically also to S.

Repeating this argument we see that the conjugacy Gg is in fact analytic on
the union of all the domains Bg, that is, on a full neighborhood of 0 € C2. O
6.3.7 Compatibility of cocycles.

Over each sector S in the h-space the associated cocycle carries complete informa-

tion about dynamics of ¢ on Bg. On the intersection of two different sectors S and
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S’, the two cocycles have to describe the same dynamics on Bgngr, therefore cannot
be independent of each other. Our goal is to formulate a necessary compatibility
condition between them. We shall identify the cocycles with certain “pseudo-
representations” of a fundamental groupoid II;(Bgs ~ {P = 0}, Endsg) (Defini-
tion ?7) in the pseudogroup of transformations commuting with qbrofo 4> and express
the compatibility condition as a conjugacy of these “pseudo-representations”. The
basic idea is an analogy with the compatibility conditions encountered in problems
of unfolding of moduli spaces in |?, ?|, where they are formulated in terms of con-
jugacy of monodromies of linear systems [?] or of holonomies of foliations |?|. One
difference is that we shall work with fundamental groupoids in place of fundamen-
tal groups, which is a natural generalization in situations involving a (non-linear)
Stokes phenomenon. Another difference lies in the general impossibility of com-
position of transformations associated to different paths due to potential lack of
their analytic extendability, thus the name “pseudo-representation”.

Definition 6.55 (Fundamental groupoid). An end of a Lavaurs domain g, is
the intersection of the closure of Qg with the boundary of By, and is identified
with some marked point €Qs, € 0By, N 557}1 (the choice is such that it depends
continuously on h € S and respects the cyclic ordering of the inner/outer domains
and the actions of o, A).

For a given sector S in the h-space, and h € S we denote Endsgy, the set of
the ends of the 4kp associated domains Qg ;. The fundamental groupoids II; (Bj, ~
{P, = 0}, Endsgp), h € S* = S~ {0}, consisting of relative classes of paths in
By, ~{Py, = 0} with fixed endpoints in Endsg , are identified with each other over
the sector S§* as a single groupoid

I (Bg- \ {P =0}, Endss+), ~ Bs-= [[ Bn, Endss-= ][ Endsspn.
heS* heS*

The Fatou coordinates T, for ¢°P on the Lavaurs domains §2g are characterized
by two conditions

1. Fatou relation (Abel equation): T o ¢°P = Tq, + h®,

2. asymptotic condition: T, — ¢ has at most moderate growth on (.

The second condition assures its uniqueness up to addition of a constant. We will
look at what information do the cochains of Fatou coordinates carry when the
asymptotic condition is forgotten. In that case, the coordinate Tq, is determined
up to an addition of a term mgqg o Toy, where mqgy(t) = mag(t + h®) can be
any h’-periodic function. Equivalently, the normalizing cochain {Qg — Vo }
is then defined only up to left composition with any cochain of transformations
{Qs — Mgqg} commuting with qbffod = exp(Xmod)- The point is that in the
absence of the asymptotic condition the form of the domains (g no longer plays
a role, so the cochains can be thought as defined on (neighborhoods of) the ends
{eqs — Yq,}, which then allows to compare the cocycles associated to normalizing
cochains on different coverings over different sectors S.
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Definition 6.56 (Fatou pseudo-representations). The set of Lavaurs domains
{Qs} over a sector S is in bijective correspondence with the set of ends Endsg =
{eqs}. Elementary paths in 11 (Bg+ ~ {P = 0}, Endsg-~) are those that correspond
to

- either inner or outer intersections: they connect the ends of two neighboring
inner or outer Lavaurs domains and lie inside their union,
- or gate intersections: they connect the ends of two Lavaurs domains sharing

a gate intersection and lie inside their union.

Clearly, the elementary paths generate the fundamental groupoid IT; (Bg« ~ {P =
0}, Endsg).
A cocycle {Vg — 1y, } over S gives rise to a Fatou pseudo-representation t = tg

L 2l
of IT; (Bg« ~{P = 0}, Endsg~) by associating to each elementary path eq s, eqr,
corresponding to an outer/inner/gate intersection Vg C g N a transformation

t(’YVs) = stv to t(rYVS) =t+ BVS o ta

where By (t) = >, oz 6‘(/7;)(h) e is an analytic h®-periodic function on t(Vs).

7V1,s 'YVn’S
Whenever some elementary paths eq, ¢ — €0, ¢,---,€Q, 5 — €Q, g; COI-
respond to intersections Vi g,...,V, s attached to the same simple singularity,

. L V1,8 Wn,s
then to their composition eq, ¢

composition of the transformations

eq,, ¢ is associated the corresponding

t(7V1,s e 'nyn,S) = t(7V1,s) ©...0 t(’YVn,s)

which in this case is well-defined because each By, , extends by the h®-periodicity
to a t-image of a full neighborhood of the singularity.

Two pseudo-representations t,t' are conjugated if there exists a map M that
associates to each end e = eqq € Endsg- a transformation Me,  : eqq — eqq
commuting with exp(h*Y’) that conjugates

vY(y) = My ot(y)o MY for e L.

So far the Fatou pseudo-representations are not much more than just cocycles
minus the asymptotic condition. The point is that when passing from one sector
S to another sector S’ with a non-trivial intersection S N S’, there is a natural
identification of Fndsg- and Endsg~: in fact, the ends of the zones of e?h%Y}
(p. 7?) depend continuously on 6 € |03, 7 — 3] by rotating, even for unstable
values of 6, and this correspondence is carried also to the ends of the Lavaurs
domains. Therefore we can identify the fundamental groupoids

I1;(Bg+ ~ {P =0}, Endsg+) ~ 111 (Bg«ng* ~ {P = 0}, Endsg+ng+)

6.120
Zﬂl(le* \{PIO},EndSS/*). ( )
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€1 €1

€o €o

(a) (b)

Figure 18: Schematic depiction of the topological organization of the Lavaurs
domains corresponding to Figure 7?7 and ?? for k = 1, p = 3 (see also Figure 7).
The dashed lines represent gate intersections, while the full lines represent outer
and inner intersections. The arcs of the outer and inner boundary circle represent
ends of the domains, and the red arrows represent selected paths between the ends
of the corresponding domains.

Theorem 6.57 (Compatibility condition). For two different sectors S, S with
a non-trivial intersection S N S’, the Fatou pseudo-representations vg,vg of (77?)

generated by the classifying cocycles {vs(vvy) = vy} and {tS/(nyé/) = (bVS//} are
conjugated to each other.

Proof. If the end e = eq, = eqr, of the Lavaurs domain 2g over S is identified

with the end of QY over S’, then the map e — M, := \IJQ/S, o \Ilg(gl) conjugates tg
and.py. ]

Let us illustrate this compatibility conditions on an example.

Example 6.58. Let £ = 1, and consider the case when all the equilibria are
simple, and let us look at the two neighboring sectors S, resp. S, over which the
topological organization of the Lavaurs domains is as depicted in Figure 7?7 (see
also Figure ?7). Under the identification of ends

€ = €n0 = €no €1 = €nl = €1
0 Qg Q%> 1 Qg QLo

; g 72 73 Y4
the four successive paths €qg AT eqr — CrA(L) — CAc(02) — €qo; Tesp.

9]

€qo , eqL 2, CAo(QL) 2, Co(0) , €00 which form a simple loop around the
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same simple equilibrium a(h), have pseudo-representations

t5(1) = Yy t5(52) = exp (— 1Y)

t5(73) = Aoppyz o (Ao) t5(71) = exp ((Va + 1000)Y),
resp.

ts(m) =¥y ts(72) = exp ((Va — 1000)Y)

ts(73) = oAz 0 (0A) ts(11) = exp (1Y),

where v4(h) is the dynamical residue of ¥; ' at the equilibrium a(h) (?7), (??),
and vpoo(h) is the period (?7) of Yh_1 along the path from 0 to co corresponding to
74. The whole loop also has a well defined pseudo-representation vg(y15293%1) =

t5(Y1)org(F2) org(Y3)org(Fa), resp. rs(11727374) = ts(71)ors(v2)ots(vs)ors(va).
Now the compatibility condition between the cocycles on the two sector demands
that there exists a pair of transformations M,,, M., (in our case given by M., =

Ui © \IJ;(J-_I), j =0,1), commuting with exp(Xyoq), such that:
S S

L tys 0 Moy = Moy 0 Uy,
2. d)vg o (AMy oA™Y) =M, o 1/)V527

3. v5(T1727374) © Mey = M, o ts(v1727374)-

All other conjugacy relations follow from these three by (o, A)-equivariance.
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