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Abstract

The aim of this article is twofold: First we study holomorphic germs of
parabolic di�eomorphisms of (C2, 0) that are reversed by a holomorphic re-
�ection and posses an analytic �rst integral with non-degenerate critical point
at the origin. We �nd a canonical formal normal form and provide a complete
analytic classi�cation (in formal generic cases) in terms of a collection of func-
tional invariants. Their restriction to an irreductible component of the zero
locus of the �rst integral reduces to the Birkho��Écalle�Voronin modulus of
the 1-dimensional restricted parabolic germ.

We then generalize this classi�cation also to germs of anti-holomorphic
di�eomorphisms of (C2, 0) whose square iterate is of the above form.

Related to it, we solve the problem of both formal and analytic clas-
si�cation of germs of real analytic surfaces in C2 with non-degenerate CR
singularities of exceptional hyperbolic type, under the assumption that the
surface is holomorphically �at, i.e. that it can be locally holomorphically
embedded in a real hypersurface of C2.

1 Introduction

Early works on iterations of germs of holomorphic maps of (C, 0) of the form
ϕ : z 7→ e2iπαz + h.o.t.(z) in a neighborhood of the origin, the �xed point, can be
traced back to Leau [?] in the 19th century. The structure of orbits of points near
the origin under iteration exhibits quite di�erent features depending on whether α
is an irrational number or a rational one. In the �rst case, one either encounters
Siegel discs on which the dynamics is holomorphically linearizable: conjugate to
z′ 7→ e2iπαz′ by a germ of holomorphic change of coordinate z′ = ψ(z) at the
origin [?, ?, ?], or otherwise, if the dynamics is non-linearizable, one encounters
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complicated invariant sets known as �hedgehogs� [?]. On the other hand, parabolic
dynamic concerns the case of a rational α = q

p , meaning that ϕ◦p(z) = z+h.o.t.(z)
is tangent to identity. Its main feature is the organization of orbits of ϕ◦p into in-
variant petals attached to the origin. Furthermore, such germ is formally equivalent
to a polynomial normal form of the form ϕnf : z

′ 7→ e
2iπ q

p z′ + az′kp+1 + bz′2kp+1,
for some k ≥ 1 and a ̸= 0, b ∈ C. It is well known that normalizing trans-
formations conjugating ϕ to such a normal form ϕnf are usually divergent power
series of Gevrey type. Nevertheless, G.D. Birkho� [?] and T. Kimura [?] proved
the existence of sectorial normalizations, that is of a �nite �cochain� of local bi-
holomorphisms {Ψi}i∈Z2kp

, de�ned on some covering of a neighborhood of the
origin by 2kp sectors (petals) {Ωi}i∈Z2kp

, and conjugating ϕ to its normal form,
ϕnf ◦ Ψi = Ψi+2kq ◦ ϕ. This is the starting point of the holomorphic classi�cation
problem, solved �rst partially by G.D. Birkho� [?], and later independently by
J. Écalle [?, ?] and S.M. Voronin [?] (see also [?, ?, ?]). Its aim is to describe the
equivalence classes of biholomorphisms which are holomorphically conjugate with
each other on a neighborhood of the origin. In the one-dimensional parabolic case,
the classifying space, called Birkho��Écalle�Voronin moduli space, is an in�nite-
dimensional space consisting of cocycles: 2kp-tuples of equivalence classes of the
transition maps {Ψi−1 ◦Ψ◦−1

i } over the intersection sectors Ωi ∩ Ωi−1.
The vector �eld counterpart of this theory was devised by J. Martinet and

J.-P. Ramis [?, ?] for 2-dimensional vector �elds (corresponding to a saddle�node
and to a resonant saddle respectively) and generalized by the second author to
any dimension to 1-resonant vector �elds [?]. Similar types of functional moduli
spaces have since then been discovered in several other contexts (e.g. [?, ?, ?, ?]...).
The common thread through most of these works is that the divergent behavior is
concentrated to a single variable or a single resonant monomial, and that there is
a �nite covering of a full neighborhood of the singularity by domains projecting to
onto sectors in the divergent variable.

The primary goal of this article is to obtain an analytic classi�cation of germs
of parabolic reversible di�eomorphisms of (C2, 0), that is of pairs (ϕ, τ), where ϕ
is a holomorphic di�eomorphism �xing 0, such that ϕ◦p = id+h.o.t. is tangent to
identity for some power p ≥ 1, and τ is a holomorphic re�ection reversing ϕ:

τ◦2 = id, τ ◦ ϕ ◦ τ = ϕ◦(−1).

We restrict our attention only to those germs ϕ that posses a holomorphic �rst
integral H = H ◦ ϕ of Morse type (i.e. with nondegenerate critical point) at 0.

Afterwards we extend the classi�cation also to germs of parabolic reversible
antiholomorphic di�eomorphisms of (C2, 0), that is to pairs (χ, τ) where χ is an
antiholomorphic germ, τ ◦ χ ◦ τ = χ◦(−1), and ϕ = χ◦2, τ are as above.

Following the same general approach as Birkho��Écalle�Voronin, we �rst ob-
tain a formal classi�cation by �nding canonical formal normal forms (ϕ̂nf , τ̂nf),
resp. (χ̂nf , τ̂nf), and then construct a normalizing cochain of transformations on a
certain covering of a neighborhood of the origin, which conjugate (ϕ, τ), resp.
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(χ, τ), to an analytic model (ϕmod, τmod), resp. (χmod, τmod), representing an
equivalence class slightly broader than the formal class. The peculiarity of the
normalizing cochain is due to its domains no longer being sector-like, but having
more complicated two-dimensional shapes, attached to the �xed-points divisor.
This is similar to the domains encountered in the theory of parametric unfold-
ing of 1-dimensional parabolic germs developed by C. Christopher, P. Marde²i¢,
R. Roussarie & C. Rousseau [?, ?, ?, ?, ?] and by J. Ribon [?, ?, ?] building on
the works A. Douady, P. Lavaurs [?], R. Oudekerk [?] and M. Shishikura [?] on
the parabolic bifurcation. In a striking di�erence to these works, the covering in
our case consists of an in�nite number of domains in general.

We emphasize that our result is one of the very �rst classi�cation results in
parabolic dynamics in a higher dimension. In fact, most previous studies focus
solely on the existence of parabolic curves, notion generalizing that of �petals�
(see for instance [?, ?, ?, ?]). Under our assumption on existence of Morse �rst
integral H, this follows trivially from the 1-dimensional theory by restriction to
each irreducible component of the zero level set of H.

Besides, the dynamical system interest, this work is largely motivated by the
seemingly unrelated problem of understanding the geometry and holomorphic clas-
si�cation of exceptional hyperbolic Cauchy-Riemann singularities of real analytic
surfaces in (C2, 0). These are real surfaces of the form

M : z2 =

{
γ−1z1z̄1 + z21 + z̄21 + h.o.t.(z, z̄), γ ∈ ]0,∞],

z1z̄1 + h.o.t.(z, z̄), γ = 0,

whose the tangent plane at the origin is a complex subspace of C2, but those
at neighboring points are not (except if γ = 1

2 when the set of points with a
complex tangent can form a real curve). As shown by J. Moser and S. Webster
[?], for γ ̸= 0, the moduli space of such surfaces with respect to biholomorphic
changes of the ambient space (C2, 0) is in fact isomorphic to the moduli space
of holomorphic conjugacy classes of triples (τ1, τ2, ρ) where τ1, τ2 are holomorphic
re�ections and ρ is an anti-holomorphic one such that τ1◦ρ = ρ◦τ2. This is the same
as the space of conjugacy classes of reversible antiholomorphic di�eomorphisms
(χ, τ) = (τ1 ◦ ρ, τ1). To the best of our knowledge, this article presents the very
�rst systematic investigation of the exceptional hyperbolic case, that is the case
when the multipliers λ, λ−1 de�ned by λ+ λ−1 = γ−2 − 2 are non-trivial roots of
unity. The assumption on existence of Morse �rst integral translates to a condition
on the surface M to be holomorphically �at : contained in the real hypersurface
{Re z2 = 0} of C2.
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1.1 Notations

* h.o.t.(ξ) stands for �higher order terms� in the variable ξ.

* Zl := Z/lZ ≃ {0, . . . , l − 1}.

* (Cn, 0) stands for a germ of a neighborhood of 0 in Cn.

* Diff(Cn, 0) ⊃ Diff id(Cn, 0) denote the group of germs of holomorphic di�eomor-
phisms �xing the origin in Cn and its subgroup of di�eomorphisms tangent to
the identity.

* D̂iff(Cn, 0) ⊃ D̂iff id(Cn, 0) denote the group of formal di�eomorphisms of Cn

and its subgroup of elements tangent to the identity.

* If f(ξ) =
∑

m∈N2 fmξ
m is a germ, then its complex conjugate f̄(ξ) is de�ned by

f(ξ) = f̄(ξ̄), i.e. f̄(ξ) =
∑

m∈N2 f̄mξ
m.

Likewise, if X(ξ) = X1(ξ)
∂
∂ξ1

+ X2(ξ)
∂
∂ξ2

is a vector �eld, then we denote

X(ξ) = X1(ξ)
∂
∂ξ1

+X2(ξ)
∂
∂ξ2

.

* For a vector �eld X(ξ) = X1(ξ)
∂
∂ξ1

+X2(ξ)
∂
∂ξ2

and a germ f(ξ), we denote

X.f(ξ) = X1(ξ)
∂
∂ξ1
f(ξ) +X2(ξ)

∂
∂ξ2
f(ξ)

the Lie derivative of f along X. If f = (f1, f2)
T is a vector valued function,

then X.f = (X.f1, X.f2)
T. In particular, X.ξ = (X1, X2)

T

* If X is a vector �eld, then exp(tX)(ξ) denotes the �ow map of X at time t (see
Section ??), and exp(tX)

∣∣
t=f(ξ)

is the map obtained by substituting f(ξ) for t

in the map (ξ, t) 7→ exp(tX)(ξ).

* Let Ψ : ξ 7→ ξ′ = Ψ(ξ) be a di�eomorphism, conjugating two vector �elds X(ξ)
and X ′(ξ′), that is such that X ′.ξ′

∣∣
ξ=Ψ◦(−1) = DΨ(X.ξ) = X.Ψ, then X is the

pullback of X ′

X = Ψ∗X ′,

and
exp(X) = Ψ◦(−1) ◦ exp(X ′) ◦Ψ.

* A function f : (C2, 0)→ (C, 0) is τ -invariant if f ◦ τ = f .
A map F : (C2, 0)→ (C2, 0) is τ -equivariant if F ◦ τ = τ ◦ F .
A vector �eld X is τ -equivariant if τ∗X = X.
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1.2 Recall: Birkho��Écalle�Voronin theory of parabolic di�eo-
morphisms of (C, 0)

To motivateour results, let us shortly recall some of the basics of analytic theory of
parabolic di�eomorphisms of (C, 0). For more details see [?, ?, ?, ?, ?] or [?, ?, ?].

Let ϕ(z) = λz + h.o.t.(z) ∈ Diff(C, 0) be a germ of analytic di�eomorphism
�xing the origin in C, where λ is a root of unity of some order p ≥ 1, λp = 1. Its
p-th iteration ϕ◦p(z) = z + h.o.t.(z) is a di�eomorphism tangent to the identity,
and as such it possesses a unique formal in�nitesimal generator: a formal vector
�eld X̂(z) at 0 with vanishing linear part, such that the Taylor series of ϕ◦p(z)
agrees with the formal time-1-�ow exp(X̂)(z) of X̂. The formal vector �eld X̂
can be conjugated by some formal tangent-to-identity map Ψ̂(z) = z+h.o.t.(z) to
its normal form

Xnf(z) =
c zkp

1+c µ zkp
z ∂
∂z
, k ≥ 1, c ̸= 0,

which is invariant by the rotation z 7→ λz. Consequently also the germ ϕ(z) is
formally conjugated to the normal form

ϕnf(z) = λ exp(1pXnf)(z).

As it turns out, while the formal conjugacy Ψ̂(z) is generically divergent, it is Borel
summable (of order kp) on sectors.

Theorem 1.1 (Birkho�, Kimura, Écalle, Voronin,...). The germ ϕ(z) is conju-
gated to its normal form ϕnf(z) by a cochain of bounded analytic transformations{
ΨΩj (z) = z + h.o.t.(z)

}
j∈Z2kp

on a covering by 2kp sectors (Leau�Fatou petals)

Ωj, j ∈ Z2kp,1

ΨλΩj
◦ ϕ(z) = ϕnf ◦ΨΩj (z), z ∈ Ωj .

Such normalizing cochain
{
ΨΩj (z)

}
j∈Z2kp

is unique up to left composition with

cochains
{
exp(CΩjXnf)(z)

}
j∈Z2kp

, CΩj ∈ C, of �ow maps of Xnf .

The form of these sectorial domains Ωj (Figure ??) is related to the dynamics
of Xnf : they are spanned by the real-time trajectories of the family of rotated
vector �elds eiθXnf(z), i.e. by the real curves

dz

dt
= eiθ

c zkp

1+c µ zkp
z, t ∈ R,

that stay inside some disc {|z| < δ1}, where θ is allowed to vary in some interval
]δ3, π − δ3[, for some δ1, δ3 > 0. See Figure ??.

1The sectorial covering is λ-invariant: writing λ = e
2πi q

p then for every sector Ωj the rotated
sector λΩj = Ωl, l = j + 2kq mod 2kp, belongs again to the covering.
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(a)

Ω0

Ω1Ω2

Ω3

Ω4 Ω5

(b)

Figure 1: (a) Real-time trajectories of the vector �eld eiθXnf inside a small disc.
(b) The Leau�Fatou petals Ωj , j ∈ Z2kp.

The equivalence class of the set of the 2kp transition maps

ψj = ΨΩj−1 ◦Ψ
◦(−1)
Ωj

on the intersections Ωj−1 ∩ Ωj , j ∈ Z2kp,

modulo conjugation by cochains of �ow maps
{
exp(CΩjXnf)

}
j∈Z2kp

, CΩj ∈ C,

ψj ≃ exp(CΩj−1Xnf) ◦ ψj ◦ exp(−CΩjXnf)

is then called a cocycle. It is an analytic invariant of ϕ which expresses the ob-
struction to convergence of the formal normalizing transformation. It was initially
described by G.D. Birkho� [?] and later independently rediscovered by J. Écalle
[?] and S.M. Voronin [?].

Theorem 1.2.

1. (Birkho�, Écalle, Voronin). Two germs ϕ, ϕ′ that are formally tangent-to-
identity equivalent are analytically tangent-to-identity equivalent if and only if
their cocycles

{
ψj

}
j∈Z2kp

,
{
ψ′
j

}
j∈Z2kp

agree.

2. (Écalle, Malgrange, Voronin). For each formal normal form ϕnf and each col-
lection of maps

{
ψj

}
j∈Z2kp

on the intersections sectors, that are asymptotic to

the identity and commute with ϕnf :

ϕnf ◦ ψj = ψj+2kq ◦ ϕnf ,
there exists an analytic map ϕ whose cocycle is represented by

{
ψj

}
j∈Z2kp

.

If one wants to obtain the modulus of analytic equivalence with respect to con-
jugation by general transformations in Diff(C, 0), one has to consider the cocycles
modulo an action of the group of rotations z 7→ e

2πi r
kp z, r ∈ Zkp, which preserve

Xnf .

The theory can be generalized also to analytic classi�cation of germs of anti-
holomorphic di�eomorphisms of parabolic type, see [?].
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1.3 Classi�cation of reversible parabolic di�eomorphisms

Let (ϕ, τ) be a pair of a reversible map ϕ and its reversing involution τ

τ◦2 = id, τ ◦ ϕ ◦ τ = ϕ◦(−1). (1.1)

Denoting G the group of di�eomorphisms generated by {ϕ, τ}, then

G =
{
ϕ◦n | n ∈ Z

}
∪
{
τ ◦ ϕ◦n | n ∈ Z

}
,

where each τn+1 = τ ◦ ϕ◦n is an involution reversing ϕ. For every n ∈ Z the pair
of involutions (τn, τn+1) satis�es τn ◦ τn+1 = ϕ and therefore generates G. Thus
the problem of classi�cation of reversible maps (ϕ, τ) with respect to conjugation
is equivalent to that of pairs of involutions (τn, τn+1). Since all unordered pairs
{τn, τn+1} are conjugated to each other, one may consider just the pair

(τ1, τ2) = (τ, τ ◦ ϕ).

Assumptions 1.3. We shall assume that (ϕ, τ) are holomorphic di�eomorphisms
of (C2, 0) such that ϕ ̸= τ and:

1. ϕ ∈ Diff(C2, 0) is parabolic: ϕ◦p = id+h.o.t. for some positive integer p ≥ 1
(the minimal with such property),

2. τ ∈ Diff(C2, 0) is a holomorphic re�ection (an involution whose linear part
has eigenvalues {1,−1}) which reverses ϕ,

τ◦2 = id, τ ◦ ϕ ◦ τ = ϕ◦(−1),

3. the pair (ϕ, τ) possesses an analytic �rst integral of Morse type, i.e. with
non-degenerate critical point at 0, H(0) = 0, DH(0) = 0, detD2H(0) ̸= 0,

H = H ◦ ϕ = H ◦ τ.

Up to a linear change of variables (Lemma ??) they take the form

ϕ(ξ) = Λξ+h.o.t.(ξ), τ(ξ) = σξ+h.o.t.(ξ), H(ξ) = ξ1ξ2+h.o.t.(ξ), (1.2)

where

σ =
(

0 1

1 0

)
, Λ =


(

λ 0

0 λ−1

)
, Λp = I, p ≥ 1,

−σ, Λ2 = I, p = 2.
(1.3)

The case of diagonal Λ =
(

λ 0

0 λ−1

)
arises when the involution τ2 = τ ◦ ϕ is a

holomorphic re�ection as well, while the case Λ = −σ happens when the involution
τ2 = τ ◦ ϕ is tangent to − id. We shall note that a possibility of τ2 = τ ◦ ϕ being
tangent to id is excluded by the assumption that ϕ ̸= τ , since any involution
tangent to the identity is in fact the identity.
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The di�eomorphism ϕ◦p(ξ) = ξ + h.o.t.(ξ) is tangent to the identity, and as
such it possesses a unique formal in�nitesimal generator (see Section ??): a formal
vector �eld X̂(ξ) whose formal time-1-�ow exp(X̂)(ξ) is equal to the Taylor ex-
pansion of ϕ◦p(ξ). This formal vector �eld X̂(ξ) has H(ξ) as a �rst integral, and
is reversed by τ : τ∗X̂(ξ) = −X̂(ξ). This allows to reduce the problem of formal
classi�cation of (ϕ, τ) to a formal classi�cation of such integrable reversible formal
vector �elds X̂ (Theorem ??).

Theorem 1.4 (Formal classi�cation).
Let (ϕ, τ) and H be as above satisfying Assumptions ??. Let s ≥ 0 be the multiplic-
ity of the zero level set {H(ξ) = 0} in the �xed point divisor Fix(ϕ◦p) which is of
the form {Hs(ξ)·g(ξ) = 0} for some analytic germ g(ξ), and denote kp = ord0 g(ξ)
its order of vanishing.

There exists a formal transformation ξ 7→ Ψ̂(ξ) ∈ D̂iff id(C2, 0) and a formal
di�eomorphism Ĝ ∈ D̂iff(C, 0), such that

Ψ̂ ◦ ϕ = ϕ̂nf ◦ Ψ̂, Ψ̂ ◦ τ = σ Ψ̂, Ĝ(H) = h ◦ Ψ̂,

where

ϕ̂nf(ξ) = Λ · exp(1pX̂nf)(ξ), with σ,Λ as in (??), and h = ξ1ξ2.

Here X̂nf(ξ) = Λ∗X̂nf(ξ) = −σ∗X̂nf(ξ) is one of the following vector �elds:

(o) s = +∞: X̂nf(ξ) = 0. This happens if and only if ϕ◦p = id, and there exists
such normalizing transformation Ψ̂ which is convergent.

If Λ is diagonal:

(a) k = 0, s ≥ 1 : X̂nf(ξ) = c hs
(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, c ̸= 0.

(b) k ≥ 1, s ≥ 0 : X̂nf(ξ) =
c hsP (u, h)

1 + c µ̂(h)P (u, h)

(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, c ̸= 0,

where P (u, h) is polynomial in u(ξ) := ξp1 + ξp2 of order k,

P (u, h) = uk + Pk−1(h)u
k−1 + . . .+ P0(h), P (u, 0) = uk,

and µ̂(h) =
∑+∞

n=0 µnh
n is a formal power series.

If Λ = −σ:
(c) k = k̃ + 1

2 , s ≥ 0 : X̂nf(ξ) = c hsP̃ (ũ, h)
(
ξ1+ξ2

)(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, c ̸= 0,

where P̃ (ũ, h) is polynomial in ũ(ξ) := (ξ1 + ξ2)
2 of order k̃ ≥ 0,

P̃ (ũ, h) = ũk̃ + P̃k̃−1(h)ũ
k̃−1 + . . .+ P̃0(h), P̃ (ũ, 0) = ũk̃.

▷ In the cases (a), (b), (c) the formal normalizing transformation Ψ̂ ∈ D̂iff id(C2, 0)
is unique. Furthermore, in the cases (b), (c) h ◦ Ψ̂ is convergent.
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▷ The formal equivalence class of (ϕ, τ) with respect to conjugation by the group
D̂iff id(C2, 0) contains a unique representative in the above formal normal form
(ϕ̂nf , τ̂nf).

▷ In the formal equivalence class of (ϕ, τ) with respect to conjugation in the full
group D̂iff(C2, 0) the above formal normal form (ϕ̂nf , τ̂nf) and its in�nitesimal
generator X̂nf are determined uniquely up to the action of scalar transformation
ξ 7→ ζ · ξ, ζ ∈ C∗, and also of ξ 7→ σξ in case p ∈ {1, 2} when σΛ = Λσ, by
which the constant c ̸= 0 can be further normalized.

▷ The group Z(ϕ̂nf , σ) = Z(X̂nf , σ,Λ) of formal di�eomorphisms commuting with
ϕ̂nf , σ, which is the same as the (σ,Λ)-equivariant di�eomorphisms preserving
X̂nf , is in the cases (a), (b), (c) identi�ed with some subgroup of Z2kp+4s acting

on (C2, 0) by ξ 7→ e
πir

kp+2sσrξ, r ∈ Z2kp+4s. If p > 2 then only the action with r
commute with Λ.

Remark 1.5. 1. The variables h = ξ1ξ2 and u = ξp1 + ξ
p
2 , resp. ũ = (ξ1+ ξ2)

2, are
basic (σ,Λ)-invariant functions: any formal/analytic (σ,Λ)-invariant function
can be written as a formal/analytic function of (h, u), resp. (h, ũ), (see e.g. [?,
�XII-4]).

2. The cases (o), (a) and (b)+(c), of Theorem ?? are distinguished by the position
of their �xed point divisor Fix(ϕ◦p) = {ξ ∈ (C2, 0) : ϕ◦p(ξ) = ξ} with respect
to the foliation by level sets of H(ξ):

(o) Fix(ϕ◦p) = (C2, 0),

(a) Fix(ϕ◦p) = {Hs(ξ) = 0},
(b), (c) Fix(ϕ◦p) = {Hs(ξ) · g(ξ) = 0},

where {g(ξ) = 0} is a divisor transverse to the foliation intersecting each level
set {H(ξ) = const} at 2kp points (counted with multiplicity).

In the case (a) of Theorem ??, there exist analytic germs that are formally
equivalent to the normal form but not analytically (Theorem ??). In fact, there
are topological obstructions to convergence. However, somewhat surprisingly, there
are also interesting examples where the conjugacy is analytic (Example ?? below).

The cases (b) and (c) of Theorem ?? carry close analogy with the Birkho��
Écalle�Voronin theory of parabolic di�eomorphisms in dimension 1. While the
formal normalizing transformation is generically divergent, the obstructions to
convergence are of a purely analytic nature and can be expressed in terms of an
in�nite-dimensional functional modulus (Theorem ?? below).

The formal invariant µ̂(h) in Theorem ?? (b), or more precisely 2πi h−sµ̂(h) is
the formal period of any formal di�erential 1-form dual to X̂nf along the �vanishing
cycles� generating the fundamental group of the leaves {h = const ̸= 0}. Corre-
spondingly, the composition

(
2πi h−sµ̂(h)

)
◦ Ψ̂ is the formal period of any formal
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(a) (b)

Figure 2: (a) Trivial invariant foliation of a 1-parameter family of di�eomorphisms
of C. (b) Invariant foliation of a di�eomorphism of (C2, 0) with a �rst integral
H(ξ) = ξ1ξ2 + h.o.t.(ξ).

di�erential 1-form dual to the in�nitesimal generator X̂ of ϕ◦p along the �van-
ishing cycles� generating the fundamental group of the leaves {H = const ̸= 0}.
(Lemma ??). At the present moment it is not known to us whether the formal
series µ̂(h) is convergent in general or under what condition.

Remark 1.6. The formal classi�cation of Theorem ?? is quite similar to the
study of 1-parameter families of holomorphic germs ϕϵ(z) unfolding a parabolic
germ ϕ0(z) = λz + h.o.t.(z), λp = 1. The formal normal form for such germs in
the case p > 1 is

ϕnf,ϵ(z) = λ exp
(
1
pXnf,ϵ

)
(z), Xnf,ϵ =


0,

c ϵsz ∂
∂z
, s > 0,

c ϵsP (zp,ϵ)
1+cµ(ϵ)zkp

z ∂
∂z
, s ≥ 0, k > 0,

with P (zp, ϵ) = zkp + Pk−1(ϵ)z
(k−1)p + . . . + P0(ϵ), P (zp, 0) = zkp. The study of

such families in the �nite codimension case s = 0 was carried independently by
C. Christopher, P. Marde²i¢, R. Roussarie & C. Rousseau [?, ?, ?, ?, ?] and by
J. Ribon [?, ?, ?].2 It leads to a modulus of analytic classi�cation that �unfolds�
the Birkho��Écalle�Voronin modulus.

A 1-parameter family of di�eomorphisms ϕϵ(z) unfolding ϕ0(z) can be thought
of as a parabolic di�eomorphism (z, ϵ) 7→

(
ϕϵ(z), ϵ

)
of (C2, 0) with a �rst integral

ϵ, and hence with a locally trivial leaf-wise invariant foliation by level curves {ϵ =
const} (Figure ??). The essential di�erence to the situation considered here is
that in our case the leaf-wise invariant foliation, given by level curves of the �rst
integral H(ξ) = ξ1ξ2 + h.o.t.(ξ), is topologically non-trivial (Figure ??).

2Prior to that, this was investigated also by J. Martinet [?], P. Lavaurs [?], R. Oudekerk [?],
M. Shishikura [?] and A. Glutsyuk [?].
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Remark 1.7. The formal classi�cation of reversible di�eomorphisms

ϕ(ξ) =
(

λ 0

0 λ−1

)
ξ + h.o.t.(ξ), τ(ξ) = σξ + h.o.t.(ξ), with λ /∈ eπiQ,

has been achieved by Moser & Webster [?] with a formal normal form

ϕnf(ξ) =
(

λ ec̃h
s

0

0 λ−1e−c̃hs

)
ξ, τnf(ξ) = σξ =

(
0 1
1 0

)
ξ, h = ξ1ξ2. (1.4)

This classi�cation has been later generalized to all elements of Diff(C2, 0) that are
formally conjugated to their inverse by O'Farrell & Zaitsev [?].

The classi�cation is analytic if |λ| ≠ 1, which in particular implies the existence
of Morse �rst integral H(ξ) of (ϕ, τ).

The following example is of a non-trivial situation in which a reversible dif-
feomorphism is analytically conjugated to its formal normal form of type (a) of
Theorem ??.

Example 1.8 (Monodromy of the Sixth Painlevé equation). The operator of a
local monodromy of Sixth Painlevé equation at either of its singular points is
one that acts on solutions by their analytic continuation along a loop around
the singularity. Considered as a map on the space of �initial conditions�, it is a
reversible holomorphic map ϕ with up to 4 �xed points (corresponding to locally
non-rami�ed solutions near the singularity), and with a �rst integral which is of
Morse at each of the �xed points. The local multipliers λ, λ−1 of ϕ near a �xed
point depend on the parameters of the equations, and for some of the parameters
they are indeed roots of unity, however, no matter what they are, the map is
always locally analytically conjugated to the formal normal form (??) with s = 1.
The normalizing map is essentially given by the Riemann�Hilbert correspondance.
More details in Section ??.

Since the formal normal form (ϕ̂nf , σ) of Theorem ?? in the case (b) is a priori
purely formal (due to the formal invariant µ̂(h)), we introduce instead a larger
model class represented by an analytic model.

De�nition 1.9 (Model). Let (ϕ̂nf , σ) be the formal normal form of Theorem ??

for (ϕ, τ), with in�nitesimal generator

X̂nf(ξ) =



0,

c hs
(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
,

c hs P (u,h)
1+c µ̂(h)P (u,h)

(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
,

c hsP̃ (ũ, h)
(
ξ1+ξ2

)(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
.
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Let us introduce a model (ϕmod, σ) for (ϕ, τ), as ϕmod = Λexp
(
1
pXmod

)
where

Xmod(ξ) =



0,

c hs
(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
,

c hsP (u, h)
(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
,

c hsP̃ (ũ, h)
(
ξ1+ξ2

)(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
.

(1.5)

with the same c and P (u, h), resp. P̃ (ũ, h), as in the formal normal form. The
model class of ϕmod is the set of all analytic ϕ with the same model, i.e. it is the
union of formal classes with over all invariants µ̂(h).

Remark 1.10. The normal form vector �eld X̂nf = hs cP
1+µ̂cP E is equivalent to

the model Xmod = hscPE by means of a (σ,Λ)-equivariant formal power-log
transformation

Ψ̂ = exp(tcPE)
∣∣
t=

µ̂(h)
2p (log ξp1−log ξp2 )

, Ψ̂∗Xmod = X̂nf .

This follows from Lemma ?? by writing µ̂(h) = E.
[ µ̂(h)

2p (log ξp1 − log ξp2)
]
.

Proposition 1.11 (Prenormalization). Let (ϕ, τ) and H be as in Theorem ?? of
formal type (b) or (c), and let (ϕ̂nf , σ) be its formal normal form and (ϕmod, σ)
its model. There exists an analytic tangent-to-identity change of coordinates, after
which τ(ξ) = σξ and ϕ(ξ) is such that h ◦ ϕ(ξ) = h(ξ) and

ξj ◦ ϕ(ξ) = ξj ◦ ϕ̂nf(ξ) mod h−sf(ξ)2ξj

= ξj ◦ ϕmod(ξ) mod h−sf(ξ)2ξj , j = 1, 2,

where f(ξ) = ξ1◦ϕ◦p(ξ)−ξ1
ξ1

generates the same ideal of CJξK as fnf(ξ) =
ξ1◦ϕ̂◦p

nf (ξ)−ξ1
ξ1

and fmod(ξ) =
ξ1◦ϕ◦p

mod(ξ)−ξ1
ξ1

, and Fix(ϕ◦p) = {f(ξ) = 0}.

The following is our analogy of Theorem ??.

Theorem 1.12 (�Sectorial� equivalence). Let (ϕ, σ) of formal type (b) or (c) be in
the prenormal form of Proposition ??, and let (ϕmod, σ) be its model. There exists
a countable collection of cuspidal sectors3 covering a disc {|h(ξ)| < δ2} for some
δ2 > 0, and for each given sector S a (σ,Λ)-invariant family4 of 4kp �Lavaurs
domains� {Ωj

S}j=1,...,4kp covering together the set BS ∖ Fix(ϕ◦pmod)

BS = {ξ ∈ C2 : |ξ| < δ1, h(ξ) ∈ S} (1.6)

3See Figure ?? and De�nition ??.
4If ΩS is a domain in the family, then its images σ(ΩS) and Λ(ΩS) are also in the family.
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(see Figure ??), a family of bounded analytic transformations {Ψ
Ωj

S
}j=1,...,4kp de-

�ned on the Lavaurs domains Ωj
S, such that

Ψ
Λ(Ωj

S)
◦ ϕ = ϕmod ◦ΨΩj

S
, Ψ

σ(Ωj
S)
◦ σ = σ ◦Ψ

Ωj
S
, h ◦Ψ

Ωj
S
= h,

for all j and S. We call the family {Ψ
Ωj

S
}j=1,...,4kp a normalizing cochain. Such

normalizing cochain is unique up to left composition with cochains of �ow maps{
exp

(
h−sC

Ωj
S
(h)Xmod

)}
j=1,...4kp

, (1.7)

where the C
Ωj

S
(h) are bounded analytic functions on S.

The form of the domains Ωj
S in the covering of Theorem ?? is determined by the

dynamics of the model vector �eld Xmod (??). The set BS (??) has two �essential�
boundary components: �outer� one at {|ξ1| = δ1} and �inner� one {|ξ2| = δ1},
and the 4kp domains Ωj

S are correspondingly grouped into two sets: 2kp cyclically
ordered outer domains (touching the �outer� boundary) and 2kp cyclically ordered
inner domains (touching the �inner� boundary), see Figure ??.

We express the modulus of analytic classi�cation as a countable collection of
�cocycles� of transition maps on certain intersections of the covering. Namely,
to each cuspidal sector S in the h-plane and its associated normalizing cochain
{Ψ

Ωj
S
}j=1,...4kp on the 4kp Lavaurs domains {Ωj

S}, we associate a set of transition

maps on the intersections of two subsequent outer/inner domains:{
ψj,i
S := Ψ

Ωj
S
◦Ψ◦(−1)

Ωi
S

}
i,j
, de�ned on Ωi

S ∩ Ωj
S ,

preserving Xmod and possessing a (σ,Λ)-equivariance property. The equivalence
class of the set of transition maps modulo conjugation by cochains of �ow maps
(??)

ψj,i
S ≃ exp(C

Ωj
S
(h)Xmod) ◦ ψj,i

S ◦ exp(−CΩi
S
(h)Xmod),

is then called a cocycle.

Theorem 1.13 (Analytic classi�cation). Let ϕ, ϕ′ = Λξ+h.o.t. be two analytic σ-
reversible germs of formal type (b) or (c) of Theorem ?? in the prenormal form of
Proposition ??, both with the same model ϕmod (??). The following are equivalent:

1. (ϕ, σ) and (ϕ′, σ) are analytically conjugated by an element of Diff id(C2, 0).

2. (ϕ, σ) and (ϕ′, σ) are analytically conjugated by an element of

Diffh
id(C2, 0) = {ψ ∈ Diff id(C2, 0), h ◦ ψ = h}.

3. For every cuspidal sector S of Theorem ?? their associated cocycles {ψj,i
S },

{ψ′j,i
S } agree.
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h :

Figure 3: Example of the domains of Theorem ?? in the case p = 3, k = 1, s = 0,
for a model Xmod = i(u3+h)

(
ξ1

∂
∂ξ1
−ξ2 ∂

∂ξ2

)
. In the center of the �gure: a covering

of a small disc {|h| < δ2} by a collection of cuspidal sectors S (in pink). For each
sector S and h ∈ S, the leaf Bh = {h = const}∩{|ξ| < δ1}, which in the coordinate
ξ1 has the form of an annulus, is covered by 4kp Lavaurs domains Ωj

S,h = Ωj
S ∩Bh

attached to the �xed points Fix(ϕ◦p)∩Bh. When h belongs to several sectors S the
associated coverings di�er. The zero level set {h = 0} consists of two irreducible
components, the �gure shows the covering of only one of them.

4. For some cuspidal sector S of Theorem ?? their associated cocycles {ψj,i
S },

{ψ′j,i
S } agree.

In order to obtain the modulus of analytic equivalence with respect to conju-
gation by general transformations in Diff(C2, 0), one has to further consider the
action on the cocycles of the group

Zσ,Λ(Xmod) = {ψ ∈ Diff(C2, 0) : ψ = σψ ◦ σ = Λ−1ψ ◦ Λ, ψ∗Xmod = Xmod},

which by Theorem ?? is a subgroup of the group {ξ 7→ e
πir

kp+2sσrξ, r ∈ Z2kp+4s},
details are left to Section ??.

Remark 1.14. The restriction of ϕ to either irreducible component of the zero
level set {h(ξ) = 0} is a parabolic di�eomorphism of (C, 0) whose Birkho��Écalle�
Voronin modulus agrees with the corresponding restriction of the classifying cocycle
{ψj,i

S } for each of the cuspidal sectors S in the h-plane. In particular, this implies
that the modulus is indeed in�nite-dimensional (see Example ??).
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1.4 Antiholomorphic parabolic reversible di�eomorphisms
and Moser�Webster tripples of involutions

Let (χ, τ) be a pair of an antiholomorphic di�eomorphism χ (i.e. ξ 7→ χ(ξ) belongs
to Diff(C2, 0)), and a holomorphic involution τ ∈ Diff(C2, 0) such that

τ◦2 = id, τ ◦ χ ◦ τ = χ◦(−1). (1.8)

Then ρ = τ ◦ χ is an antiholomorphic involution reversing χ,

ρ◦2 = id, ρ ◦ χ ◦ ρ = χ◦(−1),

and the problem of classi�cation of pairs (χ, τ) with respect to holomorphic con-
jugation is equivalent to that of classi�cation of pairs of a holomorphic and anti-
holomorphic involution (τ, ρ), or of Moser�Webster tripples of involutions

(τ1, τ2, ρ) = (τ, τ ◦ χ◦2, τ ◦ χ), (1.9)

where two holomorphic involutions τ1, τ2 are intertwined by a third antiholomor-
phic involution ρ:

τ1 ◦ ρ = ρ ◦ τ2. (1.10)

Assume that the reversible holomorphic di�eomorphism (ϕ, τ) = (χ◦2, τ) sat-
is�es Assumptions ??: it is parabolic, χ◦2p ∈ Diff id(C2, 0) for some p ≥ 1, and
has a �rst integral H = H ◦ χ◦2 = H ◦ τ of Morse type. Up to a linear change of
coordinate (Lemma ??), (χ, τ) and H take the form:

χ(ξ) = Λ
1
2σξ + h.o.t.(ξ), τ(ξ) = σξ + h.o.t.(ξ), H(ξ) = ξ1ξ2 + h.o.t.(ξ),

(1.11)
where

σ =
(

0 1
1 0

)
, Λ =

(
λ 0

0 λ−1

)
= Λ

−1
.

Since ϕ = χ◦2 is a holomorphic di�eomorphism of (C2, 0) reversed by both τ
and ρ, the classi�cation of pairs (χ, τ) is a priori a re�nement of that of holomorphic
pairs (ϕ, τ) with an additional antiholomorphic symmetry.

Theorem 1.15. Two pairs (χ, τ), (χ′, τ ′) (??) with (χ◦2, τ), (χ′◦2, τ ′) satisfying
Assumptions ?? are:

1. Analytically (resp. formally) conjugated by a tangent-to-identity transforma-
tion if and only if (χ◦2, τ), (χ′◦2, τ ′) are.

2. Analytically (resp. formally) conjugated by a general transformation if and
only if (χ◦2, τ), (χ′◦2, τ ′) are analytically conjugated by a transformation with
real linear part.
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So by virtue of Theorem ??, the formal normal form (ϕ̂nf , τ̂nf) of Theorem ??

for (χ◦2, τ), provides in fact also a formal normal form (χ̂nf , τ̂nf), namely

χ̂nf(ξ) = σρ̂nf , ρ̂nf = exp(− 1
2pX̂nf)(Λ

− 1
2 ξ̄), τ̂nf(ξ) = σξ, (1.12)

where X̂nf is as in Theorem ?? (o)�(b), and satis�es X̂nf = −(Λ
1
2 )∗X̂nf , see The-

orem ??.
However we �nd it more convenient to linearize the antiholomorphic involution

ρ = τ ◦ χ instead of τ , which leads to a more symmetric formal normal form for
the Moser�Webster triple (??).

Theorem 1.16 (Formal classi�cation). Let (χ, τ) and H be as above, with (χ◦2, τ)
satisfying Assumptions ??. Let s ≥ 0 be the multiplicity of the zero level set
{H(ξ) = 0} in the �xed point divisor Fix(χ◦2p) which is of the form {Hs(ξ) ·g(ξ) =
0} for some analytic germ g(ξ), and denote kp = ord0 g(ξ) its order of vanishing.

Then (χ, τ) is formally conjugated to the following normal form (χ̂′
nf , τ̂

′
nf):

χ̂′
nf = τ̂ ′nf ◦ ρ′nf , τ̂ ′nf(ξ) = exp( 1

2pX̂
′
nf)(Λ

1
2σξ), ρ′nf(ξ) = ξ̄, (1.13)

where Λ
1
2 =

(
λ

1
2 0

0 λ− 1
2

)
, and where

X̂ ′
nf(ξ) = −X̂ ′

nf(ξ) = −(σΛ
1
2 )∗X̂ ′

nf(ξ) = Λ∗X̂ ′
nf(ξ)

is one of the following vector �elds

(o) X̂ ′
nf(ξ) = 0, i.e.

τ̂ ′nf(ξ) = Λ
1
2σξ is a linear map.

The group Z(τ̂ ′nf , ρ′nf) = Z(σΛ
1
2 , ρ′nf) of formal σΛ

1
2 , ρ′nf-equivariant di�eomor-

phisms consists of maps ξ 7→ ζ(h, u′) · ξ, where ζ(h, u′) = ζ̄(h, u′), ζ(0, 0) ̸= 0.

This case happens if and only if χ◦2p = id, and the conjugation is convergent.

(a) X̂ ′
nf(ξ) = ±2ip hs

(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, s ≥ 1, i.e.

τ̂ ′nf(ξ) = Λ
1
2 e±ihsJσξ, where J =

(
1 0
0 −1

)
.

The group Z(τ̂ ′nf , ρ′nf) = Z(X̂ ′
nf , σΛ

1
2 , ρ′nf) of formal di�eomorphisms commut-

ing with τ̂ ′nf , ρ
′
nf , which are the same as σΛ

1
2 , ρ′nf-equivariant di�eomorphisms

preserving X̂ ′
nf , is generated by the involution ξ 7→ −ξ.

(b) X̂ ′
nf(ξ) = hs

c P ′(u′, h)

1 + c µ̂(h)P ′(u′, h)

(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, s ≥ 0,

where P ′(u′, h) is an analytic polynomial in u′(ξ) = ξp1 + λ
p
2 ξp2 (note that λ

p
2 =

±1),

P ′(u′, h) = u′k + Pk−1(h)u
′k−1 + . . .+ P ′

0(h), P ′(u′, 0) = u′k, k > 0,
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µ̂(h) =
∑+∞

n=0 µnh
n is a formal power series, and

c = ±2ip, P ′(u′, h) = P ′(u′, h), µ̂(h) = −µ̂(h),

are unique up to a change(
c, µ̂(h), P ′(u′, h)

)
7→
(
(−1)kpc, µ̂(h), (−1)kpP ′(−u′, h)

)
.

The group Z(τ̂ ′nf , ρ′nf) = Z(X̂ ′
nf , σΛ

1
2 , ρ′nf) of formal di�eomorphisms commut-

ing with τ̂ ′nf , ρ
′
nf , which are the same as σΛ

1
2 , ρ′nf-equivariant di�eomorphisms

preserving X̂ ′
nf , is either trivial or generated by the involution ξ 7→ −ξ; in

particular if kp is odd then it is trivial.

The associated Moser�Webster triple of involutions (τ̂ ′1,nf , τ̂
′
2,nf , ρ

′
nf) = (τ̂ ′nf , ρ

′
nf ◦

τ̂ ′nf ◦ ρ′nf , ρ′nf) takes the form:

τ̂ ′1,nf(ξ) = exp( 1
2pX̂

′
nf)(Λ

1
2σξ), τ̂ ′2,nf(ξ) = σΛ

1
2 exp( 1

2pX̂
′
nf)(ξ), ρ′nf(ξ) = ξ̄.

(1.14)

Remark 1.17. The variables h = ξ1ξ2 and u′ = ξp1+λ
p
2 ξp2 are basic Λ

1
2σ-invariant

functions satisfying h ◦ ρ′nf(ξ) = h(ξ), u′ ◦ ρ′nf(ξ) = u′(ξ).

In the case (a) of Theorem ??, there exist analytic germs that are formally
equivalent to the normal form but in general not analytically (Theorem ??), and
there are topological obstructions to convergence.

In the case (b) of Theorem ??, the model (De�nition ??) associated to the
normal form (??)

χmod(ξ) = σρmod(ξ), ρmod(ξ) = exp(− 1
2pXmod)(Λ

1
2 ξ), τmod(ξ) = σξ,

is such that

Xmod = −ρ∗0Xmod = −(Λ 1
2 )∗Xmod, where ρ0(ξ) = Λ

1
2 ξ.

Now in the Theorem ?? on sectorial normalization of ϕ = χ◦2 to the model ϕmod =
Λexp(1pXmod) = (σρmod)

◦2 by means of a cochain {Φ
Ωj

S
}j=1,...,4kp, such cochain

also exists that furthermore satis�es

Ψ
ρ0(Ω

j
S)
◦ ρ = ρmod ◦ΨΩj

S
,

which is equivalent to
Ψ

σρ0(Ω
j
S)
◦ χ = χmod ◦ΨΩj

S
,

(note that if the Lavaurs domain Ωj
S is de�ned over a sector S, then ρ0(Ω

j
S) is

de�ned over S.) By Theorem ??, the analytic classi�cation is achieved in terms of
the same functional modulus as in Theorem ??.

Example ?? below shows that the moduli space in the formal case (b) is indeed
in�nite-dimensional.
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Example 1.18. Let z 7→ f(z) = λ
1
2 z + h.o.t.(z) be any holomorphic di�eomor-

phism of (C, 0) that is reversed by the complex conjugation z 7→ z̄, i.e. f̄(z) =
f◦(−1)(z). Let

ψ(ξ) =

(
λ

1
4
f̄(ξ1)

f(ξ2)
ξ2, λ

− 1
4
f(ξ2)

f̄(ξ1)
ξ1

)
.

We have (ξ1ξ2) ◦ ψ = ξ1ξ2 and ψ(ξ) = σψ(σξ). Therefore,

τ1(ξ) = σψ ◦ σ ◦ ψ◦(−1) ◦ σ(ξ), τ2(ξ) = ψ ◦ σ ◦ ψ◦(−1)(ξ), ρ(ξ) = ξ,

is a Moser�Webster triple, for which the restriction of ϕ = τ1 ◦ τ2 to {ξ2 = 0}
is the di�eomorphism ϕ0 : ξ1 7→ f◦4(ξ1). The space of analytic moduli of such
di�eomorphisms ϕ0 inside the Birkho��Écalle�Voronin moduli space is de�ned by
some symmetry conditions (see [?, ?, ?, ?]), nevertheless it is in�nite-dimensional.
Therefore also the analytic moduli space of Moser�Webster triples of formal type
(b) of Theorem ?? (with s = 0 and k ∈ 4Z>0) is in�nite-dimensional.

1.5 Non-degenerate CR-singularities of surfaces in C2

Let us consider a germ of real analytic surface M in (C2, 0)

M : z2 = F (z1, z̄1), z ∈ (C2, 0), (1.15)

that is a higher order perturbation of the quadric

Qγ :

{
z2 = γ−1z1z̄1 + z21 + z̄21 , for γ ∈ ]0,∞],

z2 = z1z̄1, for γ = 0.
(1.16)

When γ ̸= 1
2 then such surface M is totally real outside of the origin: its real

tangent space TzM ⊂ C2 has no non-trivial complex subspace, meaning that
TzM ⊕ iTzM = C2 for z ̸= 0, but not at z = 0, where the tangent T0M = iT0M is
a complex subspace of C2. In another words, M exhibits a CR-singularity at the
origin. The problem of interest is that of formal and analytic classi�cation of such
germsM ⊂ (C2, 0) with respect to holomorphic changes of the complex coordinate

z 7→ f(z), (1.17)

that preserve the CR singularity. This problem has a long history going back to
the works of E. Bishop [?] and J. Moser, S. Webster [?]. The type of the quadric
(??) depends on the value of the Bishop invariant γ � one commonly distinguishes:

γ ∈ [0, 12 [ : elliptic case,

γ = 1
2 : parabolic case,

γ ∈ ]12 ,∞] : hyperbolic case.

A hyperbolic case is called exceptional if the roots λ, λ−1 of

λ+ λ−1 = γ−2 − 2 (1.18)
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are complex roots of unity.
The basic premise of the seminal work of J. Moser & S. Webster [?] is that

for all γ ∈ ]0,∞] the moduli space of analytic equivalence classes of surfaces (??)
is isomorphic to the moduli space of certain Moser�Webster triples of involutions
(τ1, τ2, ρ) (??). To understand this correspondence, we need to complexify the
surface.

Let

M : z2 = F (z1, w1), w2 = F̄ (w1, z1), (z, w) ∈ (C4, 0), (1.19)

be the complexi�cation of M , and let

ρM : (z, w) 7→ (w̄, z̄)

be the induced antiholomorphic involution acting onM. Then

M =M∩ Fix(ρM).

The transformation rule (??) becomes

(z, w) 7→
(
f(z), f(w)

)
,

which splits between the two variables z and w and commutes with ρM.
If γ ̸= 0, then the

π1, π2 :M→ (C2, 0), π1 : (z, w) 7→ z, π2 : (z, w) 7→ w,

are two-sheeted branched covering maps. Associated to them is a pair of holomor-
phic involutions τM1 , τM2 ofM, that change the sheet of the projections5

πj ◦ τMj = πj , j = 1, 2.

They are the deck transformations of covering maps, and are intertwined by ρM

τM2 = ρM ◦ τM1 ◦ ρM.

In the coordinates (z1, w1) onM the triple of involutions (τM1 , τM2 , ρM) is identi-
�ed with a Moser�Webster triple of involutions (τ1, τ2, ρ) of (C2, 0), of the form

τ1 :
( z1
w1

)
7→
(

z1

−γ−1z1−w1+h.o.t.

)
, τ2 :

( z1
w1

)
7→
(

−z1−γ−1w1+h.o.t.
w1

)
, (1.20)

and ρ :
( z1
w1

)
7→
(

w1

z1

)
. The composition

ϕ := τ1 ◦ τ2 = χ◦2, where χ = τ1 ◦ ρ,

is a germ of analytic di�eomorphism of (C2, 0), the linear part of which has eigen-
values λ and λ−1 related to γ by (??).

5Our naming here of τM
1 , τM

2 is the opposite than in [?].
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De�nition 1.19. A Moser�Webster triple of involutions (τ1, τ2, ρ) consist of a pair
of holomorphic re�ections τ1, τ2 ∈ Diff(C2, 0) and of an antiholomorphic involution
ρ such that

τ◦21 = τ◦22 = ρ◦2 = id, τ2 = ρ ◦ τ1 ◦ ρ.
Theorem 1.20 (Moser, Webster [?]). Two germs of surfaces (??) with the same
Bishop invariant γ ̸= 0 are analytically equivalent if and only if their associated
Moser�Webster triples of involutions are analytically conjugated. Furthermore if
γ ̸= 1

2 , then there is a bijective correspondence: Germs of surfaces
(M, 0) with

γ ∈ ]0,+∞]∖ { 12}

/ Biholomorphic
equivalence



←→

 Moser�Webster
triples (τ1, τ2, ρ)
with λ, λ−1

/ Conjugation
in Diff(C2, 0)



Analytic classi�cation in the elliptic case with γ ∈ ]0, 12 [ , corresponding to
λ ∈ R>0 ∖ {1}, was achieved in the original study by J. Moser & S. Webster
[?]. Using the correspondence of Theorem ??, they showed that in this case the
formal classi�cation agrees with the analytic one, and that each such surface is
analytically equivalent to one of the following normal forms

Mnf : z2 =
(
λ

1
2 eϵ(−ℜz2)s + λ−

1
2 e−ϵ(−ℜz2)s

)
z1z̄1 + z21 + z̄21 , (1.21)

with

ϵ =

{
0, s = +∞,
±1, s ≥ 1,

associated to the Moser�Webster tripple

τ1,nf(ξ) = ϕ
◦( 1

2
)

nf (σξ), τ2,nf = σϕ
◦( 1

2
)

nf (ξ), ρnf(ξ) = σξ,

where

ϕ
◦ 1
2

nf (ξ) =

(
λ

1
2 eϵ(ξ1ξ2)

s
0

0 λ− 1
2 e−ϵ(ξ1ξ2)

s

)
ξ, σ =

(
0 1

1 0

)
. (1.22)

The surface (??) is also analytically equivalent to [?, p.289]

z2 =

z1z̄1 + γ (z21 + z̄21), s = +∞

z1z̄1 +
(
γ ± (Re z2)

s
)
(z21 + z̄21), s ≥ 1.

(1.23)

A complete classi�cation in the limit elliptic case γ = 0 was later obtained
by X. Huang & W. Yin [?], who constructed an in�nite-dimensional space of for-
mal normal forms, and proved that formally equivalent surfaces are analytically
equivalent.

The parabolic case γ = 1
2 , corresponding to λ = 1, is slightly di�erent as

there might be a whole curve of CR-singularities in M , but the Moser�Webster
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correspondence does nevertheless extend to this case. Here the classi�cation was
described by P. Ahern & X. Gong [?] in terms of a functional modulus (cocycle)
related to S.M. Voronin's classi�cation of germs of di�eomorphisms with unipotent
linear part [?].

In the non-exceptional hyperbolic case, γ > 1
2 with λ /∈ eπiQ, the formal classi-

�cation was also provided by J. Moser & S. Webster [?] with formal normal form
(??) except this time with

ϵ =

{
0, s = +∞,
±i, s ≥ 1,

, and ρ(ξ) = ξ,

which is also equivalent to (??). However, the normalizing transformations in
this case exhibit a small divisor problem and are in general divergent [?, ?, ?,
?]. In the case when M is formally equivalent to the quadric Qγ and λ satis�es
a Diophantine condition, or more generally a Brjuno type condition, then the
existence of a convergent normalizing transformation was established by X. Gong
and L. Stolovitch [?, ?]. In the case when M is not formally equivalent to the
quadric Qγ a KAM-like phenomena arise for all non-exceptional λ [?, ?], where an
analytic conjugacy can be achieved between certain real analytic curves in M and
the hyperbolas {z2 = ω =

(
λ

1
2 e±iωs

+λ−
1
2 e∓iωs)

z1z̄1+z
2
1+ z̄

2
1}, ω ∈ (R, 0), in (??)

under a Diophantine type condition on the value of λ
1
2 e±iωs

.
In this paper we are interested in the exceptional hyperbolic case, that is

when γ ∈ ]12 ,∞] and λ, λ−1 (??) are non-trivial complex roots of unity of order p:

λp = 1 with p ≥ 2. (1.24)

In this case ϕ◦p = (τ1 ◦ τ2)◦p = id+h.o.t. and the dynamics of ϕ is of resonant
parabolic type. Nothing seems to have been known about normal forms, and
formal or analytic classi�cation in this situation. We will work under an additional
assumption that M is holomorphically �at, meaning that it is contained in
some Levi �at analytic real hypersurface of C2. Up to a biholomorphic change of
coordinate (??), one can assume that this hypersurface is {Im z2 = 0}, i.e. that

M : Re z2 = F (z1, z̄1), Im z2 = 0. (1.25)

This means that M is foliated by the family of real curves {Re z2 = const} ∩M .
The assumption of holomorphic �atness is equivalent to the existence of an analytic
�rst integral H for the pair of involutions (τ1, τ2)

H(z1, w1) = γ−1z1w1 + z21 + w2
1 + h.o.t., H ◦ τ1 = H ◦ τ2 = H, (1.26)

which has a Morse point at 0 (Proposition ??). In fact, if M is in the form (??)
then H(z1, w1) := F (z1, w1) = F̄ (w1, z1) is such �rst integral.

In the elliptic case, every surface M is holomorphically �at. This follows from
the holomorphic conjugacy to the Moser�Webster normal form (??) for 0 < γ < 1

2
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[?, Theorem 1], and for γ = 0 from the work of Huang & Krantz [?]. On the other
hand in the hyperbolic case there are surfaces M with any 1

2 < γ ≤ ∞ which
are not holomorphically �at. Examples of such surfaces have been constructed by
J. Moser & S. Webster [?], E. Bedford [?], X. Gong [?], and others. Furthermore, it
has been known that holomorphic �atness alone is not enough to assure existence
of convergent transformation to a formal normal in the hyperbolic case [?]. In
fact, X. Gong [?, Theorem 1.3], [?, Theorem 1.1] and [?, Theorem 1.2] shows that
for each non-exceptional γ ∈ ]12 ,∞[ and s ≥ 1 there exists a holomorphically �at
surface (??) which is formally but not analytically equivalent to (??). We will
show that this is also true for exceptional γ ∈ ]12 ,∞].

Theorem 1.21. For any γ ∈ ]12 ,∞] and every s ≥ 1, there exists a holomorphically
�at manifold M that is formally equivalent to the Moser�Webster normal form
(??), but not analytically.

On the other hand, it has also been known [?, Theorem 1.1], and is easy to
show, that

Proposition 1.22. If a manifold M is formally equivalent to the quadric Qγ with
exceptional γ ∈ ]12 ,∞], then it is analytically equivalent to it. In particular, it is
holomorphically �at.

In view of Theorem ??, the formal classi�cation of holomorphically �at surfaces
M of exceptional hyperbolic type is achieved in an implicit way by Theorem ??.
In particular, the triple of involutions (τ̂ ′1,nf , τ̂

′
2,nf , ρ

′
nf) (??) in formal normal form

of the type (o), resp. (a), are associated to the quadric Qγ , resp. the surface (??)
with ϵ = ±i and s ≥ 1, see Section ??. Proposition ?? is then a consequence of
the �niteness of the group generated by (τ1, τ2, ρ) and the linearity of the normal
form (τ̂ ′1,nf , τ̂

′
2,nf , ρ

′
nf).

The formal type (b) of Theorem ?? corresponds to a whole new formal type
of surface. In this case we don't provide an explicit formal normal form of the
surface. Instead, we �nd a model surface Mmod which is a representant of a larger
model class of surfaces, corresponding to the model class of (τ1, τ2, ρ). Theorem ??

on �sectorial� conjugacy between (ϕ, τ) and its model (ϕmod, τmod) has also its
analogy as a �sectorial� conjugacy between the Moser�Webster triple (τ1, τ2, ρ)
and its model (τ ′1,mod, τ

′
2,mod, ρ

′
mod), and can be rephrased directly as a �sectorial�

equivalence between the complexi�ed surfacesM andMmod.

Theorem 1.23 (�Sectorial� equivalence). Let M be a germ of a holomorphically
�at manifold in (C2, 0) with an exceptional Bishop invariant γ,M its complexi�ca-
tion and (τM1 , τM2 , ρM) the associated Moser�Webster triple of involutions acting
onM. Let p ≥ 2 be the smallest positive integer such that λp = 1, and let

DM = Fix(τM1 ) ∪ Fix(τM2 ) ∪ Fix
(
(τM1 ◦ τM2 )◦p

)
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be a divisor inM. Assume that M is not formally equivalent to (??). Then there
exist positive reals δ1, δ2 > 0, and a countable collection of cuspidal sectors6 with
vertex at z2 = 0 covering together the disc {|z2| < δ2}, and for each such sector S:

� there is a family of 4kp domains
{
ΩM
S,j

}
j=1,...,4kp

, covering
(
M ∖ DM) ∩

{|z1|, |w1| < δ1, z2, w2 ∈ S},

� and a family of bounded analytic transformations of the form

ψΩM
S,j

(z, w) =
((
fπ1(ΩM

S,j)
(z), φ(z2)

)
,
(
gπ2(ΩM

S,j)
(w), φ(w2)

))
,

de�ned on the product domains (z, w) ∈ π1(ΩM
S,j)× π2(ΩM

S,j),
where z2 7→ φ(z2) is an analytic di�eomorphism on {|z2| < δ2},

that map M to some complexi�ed model surface Mmod (see (??) in Section ??)
and M =M∩ Fix(ρM) to Mmod =Mmod ∩ Fix(ρMmod).

As a consequence to Theorem ??, we also have:

Proposition 1.24 (Automorphism group). The group of formal automorphisms
of a holomorphically �at surface M that is not formally equivalent to Qγ, with an
exceptional Bishop invariant γ, is either trivial or isomorphic to Z2.

6See De�nition ??.
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1.6 Organization of the paper

- Section ??: We obtain a formal classi�cation of singular reversible integrable vec-
tor �elds (Theorem ??) and of parabolic reversible integrable di�eomorphisms
(Theorem ??). This is done through a construction of a formal normal form.

- Section ??: We prove Theorem ?? on formal classi�cation of antiholomorphic
parabolic reversible integrable di�eomorphisms.

- Section ??: We recall the basics of the Moser�Webster correspondence between
singular CR-surfaces M triples of involutions (τ1, τ2, ρ), and derive the form of
model surfaces.

- Section ??: In �?? we construct an explicit example of divergence in the case (a)
k = 0 (Theorem ??), a corollary of which is Theorem ??. In �?? we provide a
more detailed account of Example ?? on the monodromy of the Sixth Painlevé
equation.

- Section ??: In �?? we show existence of bounded �sectorial� holomorphic trans-
formations to a model di�eomeorphism in the formal type (b),(c) k ≥ 1. This is
done through the construction of Fatou coordinates on certain domains, called
Lavaurs domains in each level set of the �rst integral h. In these coordinates,
the di�eomorphism reads as a translation depending on h. We make sure that
the construction depends well on the level h and extends to the limit h→ 0.

In order to understand the form and topological organization of the Lavaurs
domains, one needs to understand the dynamics of the model vector �eld,
which is a rational vector �eld on each level set of h. On that purpose, we
consider its complex �ow when time evolves along real lines in some direction
θ. This amount to consider the real �ow of a family of holomorphic vector
�elds depending both on the level h and on a parameter of rotation θ. We seek
domains on each leaf {h = const} that are stable as (h, θ) varies. This is done
in �?? using theory of the real-time dynamics of rational vector �elds on CP1

which we recall. We then provide a precise, albeit a bit technical, construction
of the Lavaurs domains and prove that they cover a full neighborhood of 0 ∈ C2

(Theorem ??).

In �?? we prove Theorem ?? (Theorem ??) and describe the modulus of analytic
classi�cation in terms of a bounded cocycle Theorem ?? (Theorem ??.)

In �?? we discus certain �compatibility conditions� between the classifying co-
cycles over di�erent sectors in the h-space.
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2 Formal invariants for parabolic integrable reversible
di�eomorphisms

Main goal of this section is to prove Theorem ??.

Lemma 2.1. Let (ϕ, τ) be a pair of a reversible di�eomorphism ϕ and its reversing
re�ection τ , and H = H ◦ ϕ = H ◦ τ a �rst integral of Morse type. There exists
an analytic change of coordinates under which (ϕ, τ) and H take the form

ϕ(ξ) = Λξ + h.o.t.(ξ), τ(ξ) = σξ, H(ξ) = ξ1ξ2, (2.27)

with

σ =
(

0 1
1 0

)
, Λ =


(

λ 0

0 λ−1

)
,

−σ.

Proof. Up to a linear change of variables, one can �rst assume that τ(ξ) = σξ +
h.o.t.(ξ). The transformation Ψ = 1

2

(
id+στ

)
is tangent to the identity (hence

invertible) and such that Ψ ◦ τ = σΨ.
So we can now also assume that τ(ξ) = σξ. If ϕ(ξ) = Aξ+h.o.t.(ξ), then σAσ =

A−1, and so if u is an eigenvector of A with eigenvalue λ, then σu is an eigenvec-
tor of A with eigenvalue λ−1. Hence if λ ̸= ±1, then the linear transformation
Ψ◦(−1)(ξ) = (u, σu)ξ is σ-equivariant and such that Ψ◦ϕ◦Ψ◦(−1) = Λξ+h.o.t.(ξ).
Then also, up to a multiplicative constant, H ◦Ψ◦(−1) = ξ1ξ2 + h.o.t.(ξ). If A has
a double eigenvalue λ = ±1, then A = ±I (the case of non-diagonalizable A is
excluded by the assumption on existence of Morse �rst integral). Since H ◦σ = H,
up to a multplicative constant, H(ξ) = (ξ1 + bξ2)(ξ2 + bξ1) + h.o.t.(ξ) with b2 ̸= 1
(since detD2H(0) ̸= 0), and we use the the σ-equivariant linear transformation

Ψ(ξ) =

(
1 b
b 1

)
ξ. Finally, if A has eigenvalues {1,−1}, then A = ±σ. The case

A = σ would imply that τ2(ξ) := τ ◦ ϕ(ξ) = ξ + h.o.t.(ξ) is an involution tangent
to the identity, but there is no such involution except the identity itself (because
the map Ψ = 1

2(id+τ2) would conjugate it to the identity, Ψ ◦ τ2 = id ◦Ψ). So
A = −σ and we proceed to normalize the quadratic part of H in the same way as
in the case A = ±I.

We �nish by means of the σ-equivariant Morse lemma (Lemma ?? below with
G = ⟨σ⟩), which allows to reduce H(ξ) to its quadratic part ξ1ξ2.

Lemma 2.2 (Equivariant Morse lemma [?, chap. 17.3]).
Let H : (C2, 0) → (C, 0) be a formal/analytic germ with a non-degenerate critical
point at 0 (Morse point), that is invariant with respect to a linear action of a com-
pact group G on C2. Then H is reducible to its quadratic part by a formal/analytic
change of variables tangent to identity and commuting with G.
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2.1 Formal in�nitesimal generator

Let us recall that any formal di�eomorphism F̂ (ξ) ∈ D̂iff id(C2, 0) has a unique in-
�nitesimal generator, that is a formal vector �eld X̂(ξ), vanishing at the origin and
with a vanishing linear part, whose formal time-1-map is F̂ (ξ) [?, Theorem 3.17].

The formal time-1-�ow of X̂ is a formal di�eomorphism of (C2, 0) de�ned by

exp(X̂)(ξ) := exp(X̂).ξ =

(
exp(X̂).ξ1
exp(X̂).ξ2

)
(2.28)

where

exp(X̂).f̂ =

+∞∑
n=0

1
n!X̂

.n.f̂ , (2.29)

which is a well de�ned formal power series as the order of the n-times iterated
derivative X̂ .n.f̂ growths with n:

ord0 X̂
.n.f̂ ≥ ord0 f̂ + n(ord0 X̂.ξ − 1). (2.30)

It satis�es
f̂ ◦ exp(X̂)(ξ) = exp(X̂).f̂(ξ), (2.31)

for any formal germ f̂ ∈ CJξK, and

∂
∂t

[
f̂ ◦ exp(tX̂)

]
= X̂.f̂

∣∣
ξ=exp(tX̂)

,

[?, Chapter 3].
The zeros of X̂ are the same as the �xed points of F̂ (ξ) = exp(X̂)(ξ), more

precisely there exists a formal matrix valued function Û(ξ) = id+h.o.t. such that
X̂.ξ = Û(ξ) ·

(
F̂ (ξ) − ξ

)
. If one identi�es formal vector �elds with derivation

operators on the space of formal series CJξK, then the in�nitesimal generator X̂(ξ)
of F̂ (ξ) is the same as the operator

X̂.f̂ = log(id+Θ) =
+∞∑
n=1

(−1)n−1 1
nΘ

n(f̂), where Θ(f̂) := f̂ ◦ F̂ − f̂ , f̂ ∈ CJξK,

and Θn(f̂) =
∑n

j=0(−1)n−j
(
n
j

)
f̂ ◦ F̂ j (note that Θ is linear as operator on CJξK).

From this it follows that the map F̂ (ξ) and the vector �eld X̂(ξ) have the same
formal �rst integrals: f̂ ◦ F̂ − f̂ = 0 if and only if X̂.f̂ = 0 for f̂ ∈ CJξK,7 and
that if F̂ (ξ) commutes with another formal di�eomorphism Ĝ(ξ): F̂ ◦ Ĝ = Ĝ ◦ F̂ ,
then Ĝ preserves its in�nitesimal generator, X̂ = Ĝ∗X̂ (indeed one gets Θn(Ĝ) =[∑n

j=0(−1)n−j
(
n
j

)
F ◦j
]
◦ Ĝ = Θn(id) ◦ Ĝ from which X̂.Ĝ = X̂.ξ

∣∣
ξ=Ĝ

).

7This would no longer be true for more general formal trans-series �rst integrals containing
exponential terms.

26



Remark 2.3. If F is analytic, and ν(F ) + 1 = mini=1,2 ord0(ξi ◦ F − ξi) is the
order of tangency of F to id. Then [?] show that the formal in�nitesimal gen-
erator X̂ is of Gevrey order 1

ν(F ) , meaning that if X̂.ξi =
∑

|m|≥0 fimξ
m, then∑

|m|≥0
fim

Γ(1+
|m|
ν(F )

)
ξm is convergent.

2.2 Poincaré�Dulac formal normal form

In the following let X̂ be the formal in�nitesimal generator of ϕ◦p.

Lemma 2.4 (Jordan decomposition). There exists a formal decomposition

ϕ = ϕ̂s ◦ ϕ̂u = ϕ̂u ◦ ϕ̂s, with ϕ̂◦ps = id, ϕ̂◦pu = ϕ◦p,

where ϕ̂u(ξ) = ξ + h.o.t. ∈ D̂iff id(C2, 0) is the �unipotent� part, and ϕ̂s(ξ) =
Λξ+h.o.t. is the �semisimple� part. If ϕ is reversible by σ, then so are ϕ̂u and ϕ̂s.

Proof. Let X̂ be the formal in�nitesimal generator of ϕ◦p = exp(X̂)(ξ), and let
ϕ̂u(ξ) := exp(1pX̂)(ξ). Then ϕ̂◦pu = ϕ◦p, and ϕ̂u◦ϕ = ϕ◦ϕ̂u since X̂ = ϕ∗X̂ (because

ϕ commutes with ϕ◦p). Let ϕ̂s = ϕ ◦ ϕ̂◦(−1)
u = ϕ̂

◦(−1)
u ◦ ϕ, then ϕ̂s(ξ) = Λξ + h.o.t.

and ϕ̂◦ps = id. If ϕ̂ is reversed by σ, then so is X̂, and therefore also ϕ̂u and ϕ̂s.

Lemma 2.5. Let ϕ̂s : ξ 7→ Λξ + h.o.t. be a formal/analytic di�eomorphism such
that ϕ̂◦ps = id. Then ϕ̂s is formally/analytically linearizable. If furthermore ϕ̂s
is reversed by σ, then there exists a σ-equivariant formal/analytic transformation
linearizing ϕ̂s.

Proof. Let

Ψ̂ := 1
p

(
id+Λ−1ϕ̂s + . . .+ Λ1−pϕ̂◦(p−1)

s

)
= id+h.o.t.,

then Ψ̂◦ ϕ̂s = ΛΨ̂, i.e. Ψ̂ is a linearizing transformation for ϕ̂s. If σϕ̂s ◦σ = ϕ̂
◦(−1)
s ,

then also σΛσ = Λ−1, and one sees that σΨ̂ ◦σ = Ψ̂ since Λp = id = ϕ̂◦ps = id.

Proposition 2.6 (Poincaré�Dulac formal normal form). There exists a formal σ-
equivariant change of coordinates Ψ̂(ξ) ∈ D̂iff id(C2, 0), σΨ̂ = Ψ̂◦σ, that transforms
the map ϕ(ξ) to a Poincaré�Dulac normal form

ϕ̂ : ξ 7→ ϕ̂(ξ) = Λξ + h.o.t., ϕ̂ ◦ Λ = Λϕ̂,

which is reversible by σ, σϕ̂ ◦ σ = ϕ̂◦(−1), and which brings the �rst integral to
h(ξ) = ξ1ξ2.

Proof. Let ϕ̂ = ϕ̂s ◦ ϕ̂u be the Jordan decomposition of ϕ of Lemma ??. After
a formal σ-equivariant change of coordinates of Lemma ??, one can assume that
ϕ̂s = Λ, which means that ϕ̂ is in a Poincaré�Dulac normal form.
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Let ĥ(ξ) = ξ1ξ2 + h.o.t. be a formal σ-invariant �rst integral for ϕ̂. Then
up to replacing ĥ(ξ) by 1

p

(
ĥ + ĥ ◦ Λ + . . . + ĥ ◦ Λp−1

)
we may assume that ĥ is

(σ,Λ)-invariant. Hence by the equivariant Morse lemma (Lemma ??), there exists
a (σ,Λ)-equivariant change of variables that brings ĥ(ξ) to ξ1ξ2, while keeping ϕ̂
in a Poincaré�Dulac normal form.

If ϕ̂ is in the Poincaré�Dulac normal form, then the formal in�nitesimal gener-
ator X̂(ξ) of ϕ̂◦p(ξ) = exp(X̂)(ξ) is such that Λ∗X̂ = X̂ = −σ∗X̂ and X̂.h = 0.
The problem is that the �xed point divisor Fix(ϕ̂◦p) = {X̂ = 0} is a priory purely
formal, but we need to ensure that it is analytic. To achieve this, we will follow a
di�erent route:

� First we will analytically pre-normalize the original germ ϕ by repeating the
above Poincaré�Dulac reduction �modulo (ϕ◦p − id)� in order to obtain (σ,Λ)-
invariant analytic divisor Fix(ϕ̂◦p) (Proposition ??), after which the formal
in�nitesimal generator X̂(ξ) can be written in a prepared form (??).

� Then in a second step we will �formally remove� as many terms as possible in
the formal in�nitesimal generator X̂(ξ) of ϕ̂◦p while preserving the analytic set
Fix(ϕ̂◦p) (Proposition ??).

� And �nally, we analytically deform the divisor Fix(ϕ̂◦p) in order to further sim-
plify the form of X̂(ξ) (Theorem ??).

2.3 Prepared form

Let ϕ(ξ) be as in Lemma ??, reversed by σ and with a �rst integral h(ξ) = ξ1ξ2.
In particular, (ξ1 ◦ ϕ) · (ξ2 ◦ ϕ) = ξ1ξ2 implies that ϕ is of the form

ϕ(ξ) = Λ
(

ξ1·(1+h.o.t.)

ξ2·(1+h.o.t.)

)
. (2.32)

Assume that ϕ◦p ̸= id, i.e. X̂ ̸= 0 (otherwise ϕ would be analytically linearizable
by Lemma ??). Denote I the ideal of C{ξ} = O(C2, 0) generated by

f :=
ξ1◦ϕ◦p−ξ1

ξ1
, (2.33)

which is the same as the ideal generated by

ξ2◦ϕ◦p−ξ2

ξ2
= − ξ1◦ϕ◦p−ξ1

ξ1◦ϕ◦p
= − f

1+f
. (2.34)

Let Î denote the corresponding formal ideal in CJξK. We will denote ξI =

(
ξ1I
ξ2I

)
,

the C{ξ}-submodule of (C{ξ})2, and ξÎ its formalization.

Lemma 2.7. The ideals I, Î are invariant by composition with σ and ϕ.
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Proof. Let f be the generator (??) of I. Then ϕ◦p = ξ+

(
ξ1f

−ξ2
f

1+f

)
, and using the

Taylor expansion we see that f ◦ϕ◦p is also a generator of I, therefore I ◦ϕ◦p = I.
Using (??) we have

f ◦ σ =
ξ2◦ϕ◦(−p)−ξ2

ξ2
= −

(
ξ2◦ϕ◦p−ξ2

ξ2

)
◦ ϕ◦(−p) · ξ2◦ϕ

◦(−p)

ξ2
=

f

1+f
◦ ϕ◦(−p) · ξ2◦ϕ

◦(−p)

ξ2
,

and since
ξ2◦ϕ◦p

ξ2
=

1

1+f
, then

f ◦ σ =
f

1+f
◦ ϕ◦(−p) · (1 + f) ◦ ϕ◦(−p) = f ◦ ϕ◦(−p). (2.35)

Since I ◦ ϕ◦p = I, we also have I ◦ ϕ◦(−p) = I, and hence I ◦ σ = I.
Assuming Λ =

(
λ 0
0 λ−1

)
, write ξ1 ◦ ϕ = λξ1 · (1 + g(ξ)) with g(0) = 0, then

f ◦ ϕ =
(ξ1◦ϕ◦p)·(1+g◦ϕ◦p)

ξ1·(1+g)
− 1 =

(1+f)·(1+g◦ϕ◦p)

1+g
− 1

=
f ·(1+g◦ϕ◦p)+g◦ϕ◦p−g

1+g
= f · (1 +O(ξ)) ∈ I,

(2.36)

since g ◦ ϕ◦p − g = f · O(ξ) ∈ I using Taylor expansion. Hence I ◦ ϕ ⊆ I, which
also means that I = I ◦ ϕ◦p ⊆ I ◦ ϕ◦(p−1) ⊆ · · · ⊆ I ◦ ϕ ⊆ I, and hence I ◦ ϕ = I.

The case when Λ = −σ is similar, but this time

f ◦ ϕ = f · (−1 +O(ξ)) ∈ I. (2.37)

Proposition 2.8 (Prepared form of ϕ). There exists an analytic change of coor-
dinates Ψ(ξ) ∈ Diff id(C2, 0) preserving h = ξ1ξ2 and commuting with σ, such that
in the new coordinate

ϕ(ξ) = Λξ mod ΛξI, (2.38)

is linear modulo the ideal I, which now becomes (σ,Λ)-invariant: f ∈ I ⇔ f ◦Λ ∈
I ⇔ f ◦ σ ∈ I.

Proof. By de�nition ϕ◦p(ξ) = ξ mod ξI. Let

Ψ(ξ) = 1
2p

(
Λpϕ◦(−p) + . . .+ Λ1ϕ◦(−1) + Λ−1ϕ◦1 + . . .+ Λ−pϕ◦p

)
(ξ) = ξ + h.o.t.,

then Ψ ◦ σ = σ ◦Ψ, and

Λ−1Ψ ◦ ϕ−Ψ = 1
2p

(
id−Λpϕ◦(−p) + Λ−p−1ϕ◦(p+1) − Λ−1ϕ

)
∈ ξI
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since Λ−1 (ξI) ◦ ϕ = Λ−1ϕI = ξI by Lemma ?? (ϕ is of the form (??)) and hence
Λ−jΨ ◦ ϕ◦j = Ψ mod ξI, for j ∈ Z. Therefore ϕ̃(ξ) := Ψ ◦ ϕ ◦ Ψ◦(−1)(ξ) = Λξ
mod ΛξĨ, where Ĩ := I ◦ Ψ◦(−1). From ??, we have I ◦ ϕ = I so that Ĩ ◦ ϕ̃ =
I ◦ ϕ ◦Ψ◦(−1) = I ◦Ψ◦(−1) = Ĩ. Therefore, we have Ĩ = Ĩ ◦ ϕ̃ = Ĩ ◦ (Λξ) mod Ĩ,
hence, Ĩ ◦ Λ = Ĩ.

The �rst integral h̃ := h ◦ Ψ◦(−1) then satis�es h̃ = h̃ ◦ ϕ̃ = h̃ ◦ Λ mod ξ1ξ2Ĩ
since h̃ = ξ1ξ2 · (1 + . . .) and ϕ̃(ξ) = Λξ mod ΛξĨ. A further transformation

Ψ̃(ξ) :=

(
h̃(ξ)

ξ1ξ2

) 1
2

ξ takes h̃ = (ξ1ξ2) ◦ Ψ̃ to ξ1ξ2, while preserving σ and being

Λ-equivariant modulo ξĨ.

Lemma 2.9. Suppose ϕ is as in Proposition ??. Then the (σ,Λ)-invariant ideal
I is generated by some uniquely determined σ-invariant germh

sP (u, h) = hs
(
uk + Pk−1(h)u

k−1 + . . .+ P0(h)
)
, if Λ =

(
λ 0

0 λ−1

)
,

hsP̃ (ũ, h)(ξ1+ξ2) = hs
(
ũk̃ + . . .+ P̃0(h)

)
(ξ1+ξ2), if Λ = −σ,

(2.39)

where

h(ξ) := ξ1ξ2,

{
u(ξ) := ξp1 + ξp2
ũ(ξ) := (ξ1 + ξ2)

2.
(2.40)

are basic (σ,Λ)-invariant functions, and

{
Pk−1(0) = . . . = P0(0) = 0,

P̃k̃−1(0) = . . . = P̃0(0) = 0.

Proof. Let f (??) be a generator of I. Since I is invariant by σ, f ◦ σ = f · V1
for some germ V1(ξ), satisfying V1 · (V1 ◦ σ) = 1, hence V1(0)2 = 1. As f ◦ σ =
f ◦ ϕ◦(−p) (??) with ϕ◦(−p)(ξ) = ξ + h.o.t.(ξ), we see that in fact V1(0) = 1, hence
f1 =

1
2(f + f ◦ σ) = f 1+V1

2 is a σ-invariant generator of I.
Similarly, as I is invariant by Λ, f1 ◦ Λ = f1 · V2 for some germ V2(ξ), and

from (??), resp. (??), one sees that V2(0) = 1 if Λ is diagonal, resp. V2(0) = −1
for Λ = −σ. Depending on the sign of V2(0) = ±1, let f2 = 1

p

(
f1 ± f1 ◦ Λ +

. . . (±1)p−1f1 ◦ Λp−1)
)
, then f2 ◦ Λ = ±f2 and f2 ◦ σ = f2.

So if Λ is diagonal, then f2 is a (σ,Λ)-invariant, and as such it can be expressed
in a unique way as a germ of analytic function u(ξ) and h(ξ) (??), which are
functionally independent and generate the ring of (σ,Λ)-invariant functions (see
e.g. [?]). Write f2(ξ) = h(ξ)sg(u(ξ), h(ξ)), where s is maximal such that hs

divides f2, and let k be the order of g(u, 0) in u. By the Weierstrass preparation
theorem [?, chapter VII, �3, Proposition 6] with respect to the variables (u, h) we
can write g(u, h) = P (u, h)W (u, h) for a unique analytic Weierstrass polynomial
P (u, h) = uk + Pk−1(h)u

k−1 + . . .+ P0(h) and some unity W (u, h), W (0, 0) ̸= 0.
If Λ = −σ then f2 is σ-invariant and f2 ◦ Λ = −f2, which means that f2 can

be expressed as a function of (h, ξ1 + ξ2) odd in ξ1 + ξ2. So by a Weierstrass
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preparation theorem, it can be written as f2(ξ) = P (ξ1 + ξ2, h)W (ξ1 + ξ2, h) for a
unique analytic Weierstrass polynomial odd in ξ1 + ξ2

P (ξ1+ξ2, h) = (ξ1+ξ2)P̃
(
(ξ1+ξ2)

2, h
)

= (ξ1+ξ2)
2k̃+1 + P̃k̃−1(h)(ξ1+ξ2)

2k̃−1 + . . .+ P̃0(h)(ξ1+ξ2).

To unify the discussion of the two cases: Λ diagonal, and Λ = −σ, in the second
case we write (??) as

P (u, h) = uP̃ (u2, h), u = ξ1 + ξ2, (2.41)

an odd polynomial of order kp = 2k̃ + 1 in u, P (−u, h) = −P (u, h).
If X̂(ξ) is the formal in�nitesimal generator for ϕ◦p, then it can be written as

X̂(ξ) =
hsP (u, h)

Û(ξ)
E, (2.42)

where
E := ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2
, (2.43)

and Û(ξ) is a formal σ-invariant unity, Û(0) ̸= 0, Û ◦ σ = Û .
Rewriting P (u, h) and Û(ξ) as functions of the basic σ-invariants (ξ1 + ξ2, h),

then we can apply formal Weierstrass division theorem with respect to (ξ1+ ξ2, h)
to write

Û(ξ) = Q(ξ) + P (u, h)R̂(ξ), (2.44)

for a unique Q(ξ) = qpk−1(h)(ξ1+ ξ2)
pk−1+ . . .+ q0(h), q0(0) ̸= 0, and σ-invariant

R̂(ξ) ∈ CJxK.

Lemma 2.10. The function Q(ξ) above is analytic and (σ,Λ)-invariant, hence
of the form

Q(u, h) = Qk−1(h)u
k−1 + . . .+Q0(h), with Q0(0) ̸= 0.

Proof. Let us �rst show that Q is analytic. By de�nition ϕ◦p = exp(X̂)(ξ) =∑+∞
n=0

1
n!X̂

n.ξ, with X̂ = hs
P

Q
E mod hsP 2E, and one has

X̂n.ξ = hnsP (E.P )n−1Q−n
(

1 0
0 −1

)
ξ mod hsP 2ξ for all n ≥ 1,

where �mod hsP 2ξ� means modulo the CJξK-submodule

(
hsP 2ξ1CJξK
hsP 2ξ2CJξK

)
of (CJξK)2.

From this formally

(ϕ◦p(ξ)− ξ) = P

E.P

(
eh

s(E.P )Q−1 − 1
)( 1 0

0 −1

)
ξ mod hsP 2ξ. (2.45)
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This may also be rewritten as

Q−1 =
1

hsE.P
log
(
1 + hs(E.P )f̃

)
mod P, where f̃ =

(ξ1◦ϕ◦p−ξ1)

hsPξ1
, (2.46)

or Q =
hsE.P

log(1+hsfE.P )
mod P . Note that f̃ is analytic since by de�nition hsP and

(ξ1◦ϕ◦p−ξ1)

ξ1
generate the same ideal I of C{ξ}.

We have (E.P ) ◦ σ = −E.P . Indeed, we have E.P = (E.u)∂uP and E.u =
p(ξp1 − ξp2). As Q = Q ◦ σ, we can then symmetrize the expression of Q as

Q =
hsE.P

2 log(1+hsf̃E.P)
− hsE.P

2 log(1−hs(f̃◦σ)E.P)
mod P,

which can now be expressed as an analytic function of (h, ξ1 + ξ2). Therefore
we obtain Q as the remainder of the formal Weierstrass division of the term on
the right side by P (again with respect to the symmetric variables (ξ1 + ξ2, h)).
Since the formal Weierstrass division agrees with the analytic one, we see that Q
is indeed analytic.

Now let us show that Q ◦ Λ = Q. According to Proposition ??, we have
Λ−1ϕ(ξ) = ξ mod ξI, where I is generated by hsP (u, h), i.e. Λ−1ϕ(ξ) = ξ
mod hsPξ. Since h ◦ ϕ = h, we can write

Λ−1ϕ(ξ) =

 ξ1 + ξ1h
sPW

ξ2 − ξ2hsP
W

1+hsPW

 =

(
ξ1 + ξ1h

sPW
ξ2 − ξ2hsPW

)
mod h2sP 2ξ, (2.47)

where W (ξ) ∈ C{ξ} is a unity. We have X̂(ξ) =
hsP

Q
E mod hsP 2E. We know

that X̂(ξ) is invariant by ϕ(ξ), which means that X̂.ϕ = X̂.ξ
∣∣
ξ=ϕ

. On one side:

X̂.ϕ =
hsP

Q
(1 + hs(E.P )W ) Λ

(
1 0
0 −1

)
ξ mod hsP 2ξ,

on the other side, expressing P ◦ ϕ = P ◦ Λ + hsPWE.(P ◦ Λ) · mod hsP 2 by
(??), Q ◦ ϕ = Q ◦ Λ mod hsP , and ϕ = Λξ mod hsPξ, we obtain:

(X̂.ξ) ◦ ϕ =
hsP◦ϕ

Q◦ϕ

(
1 0
0 −1

)
ϕ

=
hs

Q◦Λ
(P ◦ Λ + hsPWE.(P ◦ Λ))

(
1 0
0 −1

)
Λξ mod hsP 2ξ,

=
hsP

Q◦Λ
(1 + hs(E.P )W ) Λ

(
1 0
0 −1

)
ξ mod hsP 2ξ,
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since in all cases (P ◦ Λ) ·
(

1 0
0 −1

)
Λ = P · Λ

(
1 0
0 −1

)
. Hence Q = Q ◦ Λ mod P .

Writing Q◦Λ = Q+PV then both sides of 1
2

(
Q◦Λ+Q◦Λ−1

)
= Q+ 1

2P
(
V +

V ◦ σ
)
are σ-invariant, therefore can be written as functions of (ξ1 + ξ2, h), and

by the uniqueness of the Weierstrass division by P in the variables (ξ1 + ξ2, h) we
have Q = 1

2

(
Q ◦ Λ +Q ◦ Λ−1

)
. This means that Q =

∑kp−1
j=0 qj(h)(ξ1ξ2)

j contains

only the powers j such that 1
2(λ

j + λ−j) = 1, i.e. j ∈ pZ. Hence Q = Q ◦ Λ.

Corollary 2.11. Let ϕ◦p = exp(X̂) be reversed by σ and with a �rst integral
h = ξ1ξ2, and let f := ξ1◦ϕ◦p−ξ1

ξ1
, and s ∈ Z≥0 maximal such that hs divides f .

Then

X̂ =
f log(1 +E.f)

E.f
E mod h−sf2E.

This is an analogue of a 1-dimensional formula of X. Bu� & A. Chéritat [?, �1].

Proof. If X̂ = hs PQE mod hsP 2E, then by (??) f =
P

E.P

(
eh

s(E.P )Q−1 − 1
)

mod hsP 2 = hsP (Q(0)−1+h.o.t.), and E.f =
(
eh

s(E.P )Q−1−1
)

mod hsP , hence
f log(1+E.f)

E.f = hs PQ mod hsP 2.

2.4 Analytic formal normal form

The following lemma can be found for example in [?, Proposition 2.2] or [?, Propo-
sition 5.2].

Lemma 2.12. Let X̂0, X̂1 be two formal (resp. analytic) vector �elds vanishing
at the origin of C2, and assume there is α̂(ξ) ∈ CJξK (resp. α(ξ) ∈ C{ξ}) such

that X̂1 =
X̂0

1+X̂0.α̂
. Then the formal (resp. analytic) �ow map of

Ŷ =
∂

∂t
− α̂X̂0

1 + tX̂0.α̂
(2.48)

Ψ̂◦(−1)(ξ) = ξ ◦ exp(Ŷ )
∣∣
t=0

, with inverse Ψ̂(ξ) = ξ ◦ exp(−Ŷ )
∣∣
t=1

,

conjugates X̂0 and X̂1 = Ψ̂∗X̂0. Moreover

Ψ̂(ξ) = exp(tX̂0)
∣∣
t=α̂(ξ)

. (2.49)

If furthermore α̂ = −α̂ ◦ σ = α̂ ◦ Λ, then Ψ̂(ξ) is (σ,Λ)-equivariant.

Proof. On one hand, if X̂t :=
X̂0

1+tX̂0.α̂
and Ŷ (??) are considered as formal vector

�elds in ξ, t, then [X̂t, Ŷ ] = 0, which means that the �ow of Ŷ preserves the family
X̂t: if Ψ̂s(ξ, t) := ξ ◦ exp(−sŶ )(ξ, t), Ψ̂∗

sX̂t−s = X̂t.
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Moreover the map Ψ̂t(x, t) satis�es Ŷ .Ψ̂t = 0:

∂
∂t
Ψ̂t(ξ, t) =

∂
∂s
Ψ̂s(ξ, t)

∣∣
s=t

+ ∂
∂t
Ψ̂s(ξ, t)

∣∣
s=t

= −Ŷ .ξ
∣∣
ξ=Ψ̂t

+ Ŷ .Ψ̂s

∣∣
s=t

+ α̂X̂t.Ψ̂s

∣∣
s=t

= α̂X̂t.Ψ̂t.

On the other hand, denoting Ψ̂′
t(ξ) = exp(sX̂0)(ξ)

∣∣∣
s=tα̂(ξ)

, then, using the identi-

ties
∂
∂s

exp(sX̂0)(ξ) = X̂0.ξ
∣∣∣
ξ=exp(sX̂0)(ξ)

= X̂0. exp(sX̂0)(ξ),

we have

X̂0.Ψ̂
′
t =

(
X̂0.(tα̂)

∂
∂s

exp(sX̂0)+X̂0. exp(sX̂0)
)∣∣∣

s=tα̂(ξ)
= (1+tX̂0.α̂) ·X̂0.ξ

∣∣
ξ=Ψ̂′

t
,

hence X̂t.Ψ̂
′
t = X̂0.ξ

∣∣
ξ=Ψ̂′

t
, i.e. X̂t = (Ψ̂′

t)
∗X̂0. Moreover, ∂

∂t
Ψ̂′

t = α̂ ·
(
X̂0.ξ

)∣∣
ξ=Ψ̂′

t
,

hence Ŷ .Ψ̂′
t = 0. Since Ψ̂t and Ψ̂′

t satisfy the same partial di�erential equation
with the same initial condition Ψ̂0 = Ψ̂′

0 = id, they are both equal.
In particular, this means that the formal �ow map Ψ̂(ξ) := Ψ̂1(ξ, 1) = Ψ̂′

1(ξ) is
a well de�ned formal power series in ξ.

Let ϕ be as in Proposition ??, and let X̂ be the formal in�nitesimal generator
of ϕ◦p. According to (??) and (??) it is in a prepared form

X̂(ξ) =



0,

hs

R̂(ξ)
E, R̂(0) ̸= 0, if k = 0,

hsP (u,h)

Q(u,h)+P (u,h)R̂(ξ)
E, Q(0, 0) ̸= 0, if k > 0,

(2.50)

where E is (??), where P (u, h), Q(u, h) are analytic Weierstrass polynomials as
in Lemma ?? and Lemma ??, and R̂(ξ) =

∑
m rmξ

m ∈ CJξK is some formal
σ-invariant germ. Let µ̂(h) :=

∑
j rjjh

j .

Proposition 2.13.

Suppose X̂ is as in (??). Then there exists a formal σ-equivariant change of
variables ξ 7→ Ψ̂(ξ) = ξ + h.o.t., preserving h, that brings X̂(ξ) to

X̂(ξ) =



0,

hs

µ̂(h)
E, µ̂(0) =: c−1 ̸= 0, if k = 0,

hsP (u,h)

Q(u,h)+P (u,h)µ̂(h)
E, Q(0, 0) =: c−1 ̸= 0, if k > 0

(2.51)

where E is (??), with the same analytic Weierstrass polynomials P (u, h), Q(u, h),
and 2s+ kp > 0.
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Proof. Write R̂(ξ) =
∑

m1,m2
rm1,m2ξ

m1
1 ξm2

2 , and let µ̂(h) :=
∑

m rmmh
m. Let

X̂1 =
1

R̂
E, X̂0 =

1

µ̂
E, if k = 0,

X̂1 =
P

Q+PR̂
E, X̂0 =

P

Q+Pµ̂
E, if k > 0,

then X1 =
X̂0

1+X̂0.α̂
, for E.α̂ = R̂ − µ̂, i.e. α̂ =

∑
m1 ̸=m2

rm1,m2
m1−m2

ξm1
1 ξm2

2 satis�es

α̂ ◦ σ = −α̂. By Lemma ?? there exists a formal σ-equivariant transformation Ψ̂
preserving h, such that Ψ̂∗X̂0 = X̂1. Then also Ψ̂∗(hsX̂0) = hsX̂1.

Lemma 2.14. In the case k > 0, there exists an analytic (σ,Λ)-equivariant change
of variables ξ 7→ Ψ̂(ξ) = ξ + h.o.t., preserving h, after which the vector �eld X̂ in
the form (??) is such that Q(u, 0) = c−1 ∈ C∖ {0}.

Proof. First consider the vector �elds

X1 =
P (u,0)

Q(u,0)+µ̂(0)P (u,0)
E =

uk

Q(u,0)+µ̂(0)uk
(−1)jpu ∂

∂u
,

X0 =
P (u,0)

Q(0,0)+µ̂(0)P (u,0)
E =

uk

Q(0,0)+µ̂(0)uk
(−1)jpu ∂

∂u
,

in the variable u = ξp3−j on the leaf {ξj = 0}, j = 1, 2. We then write X1 =
X0

1+X0.α

where

E.α(u) = (−1)jpu ∂
∂u
α(u) = Q(u,0)−Q(0,0)

uk = Q1(0)
uk−1 + . . .+

Qk−1(0)
u ,

hence we set α(u) := − (−1)j

puk

[
Q1(0)
(k−1)u− . . .−

Qk−1

1 uk−1
]
. The transformation u 7→

ψ(u) := u ◦ exp(−Z)
∣∣
t=1

, given by the �ow of the vector �eld

Z = ∂
∂t
− αX0

1+tX0.α
= ∂

∂t
+

Q1(0)
k−1 u+...+

Qk−1(0)
1 uk−1

(1−t)Q(0,0)+tQ(u,0)+µ̂(0)uk
u ∂
∂u
,

is analytic, and by Lemma ?? it conjugates the vector �elds X0 and X1 = ψ∗X0.
Considering the vector �eld X̂ (??), we have E = p(ξp1 − ξp2) ∂

∂u , where u =
ξp1 + ξp2 , and (ξp1 − ξp2)2 = u2 − 4hp agrees with u2 on the zero level set {h = 0},
hence u2 ∂

∂u agrees with 1
p(ξ

p
1 − ξp2)E, so we can as well replace the above vector

�eld Z in (t, u) by the (σ,Λ)-equivariant

Y =
∂

∂t
+

Q1(0)
k−1 +...+

Qk−1(0)
1 uk−2

(1−t)Q(0,0)+tQ(u,0)+µ̂(0)uk

1
p(ξ

p
1 − ξp2)E,
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in (t, ξ). Let ξ′ = Ψ(ξ) := ξ ◦exp(−Y )
∣∣
t=1

, then the transform X̂ ′ of X̂ = Ψ∗(X̂ ′)

in the variable ξ′, is such that the restriction of h−sX̂ ′ to {h = 0} agrees with X0,
Namely, its polynomial Q′(u′, h) is such that Q′(u′, 0) = c−1 =: Q(0, 0). A further
formal normalization of Proposition ??, brings X ′ to a new form (??).

Either of ξ1 or ξ2 de�nes a coordinate on each regular leaf {h = const ̸= 0}.
De�ne

X̂−1 =


h−sµ̂(h)E−1, if k = 0,(

Q(u,h)

hsP (u,h)
+ h−sµ̂(h)

)
E−1, if k > 0,

(2.52)

where
E−1 = (−1)j−1 dξj

ξj
mod dh

h , j = 1, 2,

to be a formal 1-form dual to X̂, de�ned modulo the formal forms vanishing along
the foliation.

The fundamental group of each leaf {h = const ̸= 0} is generated by a simple
loop, encircling 0 in the coordinate ξj on the leaf, in positive direction if j = 1,
or negative direction if j = 2. Choosing this loop in a way that it either doesn't
encircle any zero of P on the leaf, or encircles them all, then the �formal period�
of X̂−1 along this loop should be �equal� to 2πih−sµ̂(h). While we won't give a
precise meaning to the notion of a �formal period�, we will show that it is a formal
invariant.

Lemma 2.15. The formal meromorphic series h−sµ̂(h) is an invariant with respect
to formal transformations ξ 7→ Ψ̂(ξ) preserving the �rst integral h and orientation
(i.e. such that h ◦ Ψ̂ = h and detDΨ̂(0) = 1).

Proof. For h ̸= 0, let y = ξp1 ,
hp

y = ξp2 . Then the restriction of X̂−1 on the leaf h is

X̂−1 =


1
p h

−sµ̂(h)dyy , if k = 0,

1
p h

−s
yk−1Q(y+

hp

y , h)

ykP (y+
hp

y , h)
dy + 1

p h
−sµ̂(h)dyy , if k > 0,

where the term

yk−1Q(y+hp

y
, h)

ykP (y+hp

y
, h)

=
Qk−1(h)(h

p+y2)k−1+...+Q0(h)yk−1

(hp+y2)k+Pk−1(h)y(hp+y2)k−1+...+P0(h)yk
,

is analytic at y = 0 for each h ̸= 0 �xed. So in both cases 1
p h

−sµ̂(h) is the

formal residue of the form X̂−1 at y = 0. If ξ 7→ Ψ̂(ξ) is a formal transformation
preserving the �rst integral h and orientation, then ξ1 ◦ Ψ̂ = ξ1 · û(ξ) for some

formal series û(ξ) in ξ = (y
1
p , hy

− 1
p ) with û(0) ̸= 0, hence (y ◦ Ψ̂)n = yn · ûnp(ξ) for

every positive integer n, and log(y ◦ Ψ̂) = log y+ p log û(ξ), where log û(ξ) is again
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a formal power series in ξ = (y
1
p , hy

− 1
p ). Therefore the formal residue of d(y ◦ Ψ̂)n

is null for every integer n, and so is the formal residue of d log(y ◦ Ψ̂) − d log y,
which means that the pulled-back form Ψ̂∗X̂−1 has the same formal residue as
X̂−1 for every h ̸= 0.

Lemma 2.16. Assume Ψ̂ ∈ D̂iff id(C2, 0) preserves the �rst integral h = ξ1ξ2
and a vector �eld X̂ ̸= 0 (??) with 2s+ kp > 0. Then Ψ̂(ξ) = exp(h−sβ̂(h)X̂) for
some formal power series β̂(h). In particular, if Ψ̂ is also σ-equivariant then it is
the identity.

Proof. As h ◦ Ψ̂ = h, so the in�nitesimal generator of Ψ̂ takes the form Ĝ(ξ)E for

some Ĝ(ξ) ∈ CJξK, and commutes with X̂. This means that E. Ĝ(ξ)
P (u,h)

Q(u,h)+µ̂(h)P (u,h)

= 0,

hence Ĝ(ξ) = β̂(h) P (u,h)
Q(u,h)+µ̂(h)P (u,h) for some formal series β̂(h).

The following formal normal form is somewhat similar to the normal form of
Kostov [?] for parametric deformation of vector �elds in one variable (see also [?],
[?, paragraph 5.5] and [?, ?]). These normal forms are essentially unique � this is
an analogue of [?, Theorem 3.5].

Theorem 2.17 (Canonical formal normal for of the in�nitesimal generator).

1. Let X̂ be the vector �eld (??). Then there exists a formal (σ,Λ)-equivariant
change of variables Ψ̂(ξ) ∈ D̂iff id(C2, 0) preserving the foliation by {h = const}
which brings X̂ to the form

X̂nf(ξ) =



0,

chsE, if k = 0,

chs P (u,h)
1+cµ̂(h)P (u,h)E, if k > 0, Λ diagonal,

chs P̃ (ũ, h)(ξ1+ξ2)E, if k = k̃ + 1
2 > 0, Λ = −σ,

(2.53)

with analytic polynomial{
P (u, h) = uk + Pk−1(h)u

k−1 + . . .+ P0(h), P (u, 0) = uk, u = ξp1 + ξp2 ,

P̃ (ũ, h) = ũk̃ + P̃k̃−1(h)ũ
k̃−1 + . . .+ P̃0(h), P̃ (ũ, 0) = ũk̃, ũ = (ξ1 + ξ2)

2,

possibly di�erent than the one in Proposition ??, and µ̂(h) (same as the one
in Proposition ??), and c ∈ C ∖ {0}. Furthermore, in the cases k > 0, Ψ̂ is
holomorphic in (C2, 0).

2. Assume that two formal vector �elds of the form (??) are equivalent by means of
a formal transformation Ψ̂(ξ) ∈ D̂iff id(C2, 0) preserving the foliation by {h =
const}. Then the two vector �elds are equal.
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3. A general σ-equivariant formal transformation Ψ̂(ξ) ∈ D̂iff(C2, 0) between two
vector �elds X̂nf , X̂ ′

nf ̸= 0 (??) preserving the foliation by {h = const} is a
linear transformation Ψ̂ : ξ 7→ ζ · σϵξ, where ϵ = 0, 1, ζkp+2s = (−1)ϵ c′c .

Proposition 2.18. Let X0, X1 be two vector �elds of the form

Xt =
P (u(ξ), y)

c−1 + tZ(u(ξ), z) + µP (u(ξ), y))
E, (2.54)

depending on parameters (y, z, µ) with

P (u, y) = (1 + yk)u
k + yk−1u

k−1 + . . .+ y0, Z(u, z) = zk−1u
k−1 + . . .+ z1u,

where u(ξ) = ξp1+ξ
p
2 . Then there exists an analytic (σ,Λ)-equivariant h-preserving

transformation (ξ, y) 7→
(
ϕ(ξ, y, z), ψ(y, z)

)
independent of µ, tangent at identity

at (ξ, y) = 0, that transforms X1 to X0.

Proof. Let Xt, t ∈ C, be as above (??). We want to construct a family of trans-
formations depending analytically on t ∈ [0, 1] between X0 and Xt, de�ned by a
�ow of a vector �eld Y of the form

Y = ∂
∂t

+

k∑
j=0

ωj(t, y, z)
∂

∂yj
+

G(u(ξ), t, y, z)·v(ξ)

c−1+tZ(u(ξ), z)+µP (u(ξ), y)

1

p
E,

where v(ξ) = ξp1 − ξp2 , 1
pE = v ∂

∂u
= u ∂

∂v
, for some unknown ωj and G, such that

[Y ,Xt] = 0. This means (after multiplying the equation by (c−1 + tZ + µP )2)

−ZP + (c−1 + tZ)Ω + v2G ∂
∂u
P − v2P ∂

∂u
G− PGu = 0, (2.55)

where
Ω = ω0 + . . .+ ωku

k and v2 = u2 − 4hp.

We see that we can choose G as a polynomial of order k − 2 in u:

G = g0(t, y, z) + . . .+ gk−2(t, y, z)u
k.

Write ZP = b0(y, z)+ . . .+b2k−1(y, z)u
2k−1, then the equation (??) takes the form

of a non-homogeneous linear system for (ω, g) = (ω0, . . . , ωk, g0, . . . , gk−2):

A(t, h, y, z)

(
ω
g

)
= b(y, z),

b = (b0, . . . , b2k−1)
T. For h = 0, y = z = 0 the equation (??) is

cΩ+ (k − 1)uk+1G− uk+2 ∂
∂u
G = 0,
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hence

A(t, 0, 0, 0) =


c−1

. . .
c−1

k−1
. . .

1

 .

This means that A(t, h, y, z) is invertible for t from any compact in C if |h|, |y|, |z|
are small enough. Since b(0, 0) = 0, the constructed vector �eld Y (ξ, t, y, z) is such
that Y (0, t, 0, 0) = ∂

∂t and its �ow is well-de�ned for all |t| ≤ 1 as long as |h|, |y|, |u|
are small enough.

Proof of Theorem ??.

1. First we rescale by ξ 7→ µ̂(h)−
1
2s ξ if k = 0,

ξ 7→
(
Q0(h)
Q0(0)

)− 1
2s+kp

ξ if k > 0,
(2.56)

which changes h but preserves the Pfa�an foliation {dh = 0}. Then in the case
k > 0, we apply Lemma ?? and Proposition ?? to bring X̂ to the form c hsP

1+c µ̂ P E,
where in the case of Λ = −σ we use the convention (??).

Moreover, in the case Λ = −σ, the vector �elds X̂nf = chsP
1+cµ̂P E and Λ∗X̂nf =

chsP
1−cµ̂P E are conjugated by Λ−1ϕ̂ = id+h.o.t., hence by the point 2. of this theorem

(proven just below) X̂nf = Λ∗X̂nf , meaning that µ̂(h) = 0.

2. For k = 0 it is obvious. For k > 0, let ξ 7→ Ψ̂(ξ) = ξ′ be a formal transformation
preserving the foliation F such that Ψ̂∗X̂ ′

nf = X̂nf , where X̂nf = hs cP
1+µ̂cP E, X̂ ′

nf =

hs c′P ′

1+µ̂′c′P ′E are two vector �elds (??). Then h ◦ Ψ̂ = eâ(h)h for some â ∈ CJhK,

â(0) = 0, and the pullback of X̂ ′
nf by the transformation ξ 7→ e

1
2
â(h)ξ is a vector

�eld of the same form hs c′P ′

1+µ̂′c′P ′E except with P ′(u, h) = Pk(h)u
k + . . .+ P0(h),

Pk(h) = 1 + h.o.t.. It will be enough to show that if two vector �elds X̂nf , X̂ ′
nf

are of this more general form and Ψ̂∗X̂ ′
nf = X̂nf for some Ψ̂ preserving h = h ◦ Ψ̂,

then X̂ ′
nf = X̂nf .

By Lemma ?? we know µ̂ = µ̂′. Since σΨ̂ ◦ σ is another such transformation, by
Lemma ?? σΨ̂ ◦σ = Ψ̂ ◦ exp(h−sβ̂(h)X̂nf) for some formal power series β̂(h). The
transformation Ψ̂1 = Ψ̂ ◦ exp(12h−sβ̂(h)X̂nf) has the same properties as Ψ̂ and is

σ-equivariant on top of that. It has the form Ψ̂1(ξ) =
(

eα̂(u,h)v 0
0 e−α̂(u,h)v

)
ξ, where

v = ξp1 − ξp2 , so the transformation equation becomes

cP

1+µ̂cP
· (1 +E(α̂v)) =

cP ′

1+µ̂cP ′
◦ Ψ̂1.
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For h = 0 both vector �elds h−sX̂nf and h−sX̂ ′
nf are equal to

cuk

1+µ̂(0)cukE, and by

Lemma ?? the restriction of Ψ̂1 to h = 0 is identity, i.e. α̂(u, 0) = 0. Let us assume
that α̂(u, h) = 0 mod hn for some n ≥ 0 and show that it implies α̂(u, h) = 0
mod hn+1. We have

cP

1+µ̂cP
· (1 + uα̂+ u2 ∂

∂u
α̂) =

cP ′

1+µ̂cP ′
+ α̂u2 ∂

∂u

cP ′

1+µ̂cP ′
mod hn+1,

from which

cP

1+µ̂cP
− cP ′

1+µ̂cP ′
=

cuk+1

1+µ̂(0)cuk+1

(
(k − 1)α̂− u ∂

∂u
α̂− kα̂µ̂(0) cuk

1+µ̂(0)cuk+1

)
mod hn+1,

and

(P − P ′) = uk+1
(
(k − 1)α̂− u ∂

∂u
α̂
)
− µ̂(0)cu2k+1

(
α̂+ u ∂

∂u
α̂
)

mod hn+1.

Left side being a polynomial of order k in u means that both sides vanish modulo
hn+1. Applying a modulo hn+1 version of Lemma ??, we see that in fact α̂ = 0
mod hn+1.

3. A general transformation is a composition of its linear part and a transformation
tangent to identity. The linear part must conjugate c h−sukE and c′ h−sukE.

Proof of Theorem ??. So far we have shown the existence of a formal σ-equivariant
transformation ξ 7→ Ψ̂(ξ) that conjugates ϕ◦p to

Ψ̂ ◦ ϕ◦p ◦ Ψ̂◦(−1) = exp(X̂nf)(ξ),

where X̂nf is as in Theorem ??. Let ϕ̂nf := Ψ̂ ◦ ϕ ◦ Ψ̂◦(−1). It preserves the vector
�eld X̂nf = ϕ̂∗nfX̂nf , and since X̂nf = Λ∗X̂nf , then also X̂nf = (Λ−1ϕ̂nf)

∗X̂nf , so
by Lemma ??, Λ−1ϕ̂nf = exp(h−sβ̂(h)X̂nf) for some β̂(h), and exp(X̂nf) = ϕ̂◦pnf =

exp(ph−sβ̂(h)X̂nf) means that ϕ̂nf = Λexp
(
1
pX̂nf

)
.

Proof of Proposition ??. Proposition ?? brings the formal in�nitesimal generator
X̂ to the form (??). Afterwards the analytic transformations of Lemma ?? and
Proposition ?? and the rescaling (??) of the proof of Theorem ??, deform P (u, h)
so that the term Q(u, h) becomes c−1 = Q(0, 0). The respective prepared form
(??) means that

X̂ = X̂nf mod hsP 2E = Xmod mod hsP 2E.

And the formula (??) implies that

ϕ(ξ) = Λ
[
I + P

E.P (e
chsE.P/p − 1)

(
1 0
0 −1

) ]
ξ mod hsP 2ξ

= ϕ̂nf(ξ) mod hsP 2ξ

= ϕmod(ξ) mod hsP 2ξ.
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As a bonus we obtain also analytic classi�cation integrable reversible vector
�elds.

Theorem 2.19 (Classi�cation of integrable reversible vector �elds).
Let X(ξ) be a germ of analytic (resp. formal) vector �eld in (C2, 0), with X(0) = 0,
which is reversed by σ and has a �rst integral h = ξ1ξ2,

σ∗X = −X, X.h = 0.

Then X is conjugated by an analytic (resp. formal) tangent-to-identity transfor-
mation to one of the following vector �elds

Xnf =


0,

(c+ ahn)
(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, a ∈ C, n ≥ 1,

c hs
(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, s ≥ 1

hs c P (u,h)
1+c µ(h)P (u,h)

(
ξ1

∂
∂ξ1
− ξ2 ∂

∂ξ2

)
, s ≥ 0,

where P (u, h) = uk +Pk−1(h)u
k−1+ . . .+P0(h), u = ξ1+ ξ2, k ≥ 1, P (u, 0) = uk.

The four cases are distinguished by the type of the zero divisor of X and its
position with respect to the invariant foliation by {h = const}.

Proof. By the same formal reduction procedure as above with Λ = I, the only
di�erence being that we allow also the case k = 0, s = 0. In this case the vector
�eld X̂ = 1

µ(h)E (??) with 1
µ(h) = c+ ahn + h.o.t.(h) is brought to (c+ ahn)E by

some scalar transformation ξ 7→ eα(h)ξ with α(0) = 0. If X is analytic then all the
transformations are analytic.

3 Formal normal form of Moser-Webster triples of in-
volutions

Let (χ, τ), be a pair of a reversible antiholomorphic di�eomorphism χ and its
reversing re�ection τ ∈ Diff(C2, 0): a holomorphic involution whose linear part of
τ has eigenvalues {1,−1},

τ◦2 = id, τ ◦ χ ◦ τ = χ◦(−1).

Let ρ = τ ◦ χ, then ρ is an antiholomorphic involution reversing χ. Assume that
χ◦2p(ξ) = ξ + h.o.t.(ξ), p ≥ 1 being minimal such integer, and assume that H(ξ)
is a �rst integral of Morse type for (χ◦2, τ).

Lemma 3.1. Let (χ, τ) with �rst integral H be as above. There exists an analytic
change of coordinates under which they take the form

χ(ξ) = σρ(ξ), τ(ξ) = σξ, with �rst integral h(ξ) = ξ1ξ2, (3.57)

where ρ(ξ) = Λ− 1
2 ξ + h.o.t.(ξ), and Λ

1
2 =

(
λ

1
2 0

0 λ− 1
2

)
= Λ

− 1
2 .
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Proof. By Lemma ?? there exists an analytic coordinate ξ in which

τ(ξ) = σξ, χ◦2(ξ) = Λξ + h.o.t.(ξ), H(ξ) = ξ1ξ2.

Since τ1 = τ is a re�ection, then so is τ2 = ρ ◦ τ ◦ ρ, hence the case of Λ = −σ
cannot arise, so Λ =

(
λ 0

0 λ−1

)
is diagonal. If ρ(ξ) = Aξ+h.o.t.(ξ̄), then the relation

ρ◦2 = id and the form of (σρ)◦2 = χ◦2 mean that

AA = id, σAσA = Λ.

Let B = Λ
1
2A, then the above relations are equivalent to

B = Λ− 1
2B−1Λ

1
2 , Bσ = σB. (3.58)

The linear change of variables ξ = B
− 1

2 ξ′ transforms ρ : ξ 7→ Aξ + h.o.t.(ξ̄) to
ξ′ 7→= A′ξ

′
+ h.o.t.(ξ̄′) where

A′ = B
1
2AB− 1

2 = B
1
2Λ− 1

2B
1
2 .

The relation Bσ = σB means that B = eiαI+βσ for some α, β ∈ C. The relation
(??) implies that

� If Λ ̸= ±I, then α = −α, β = 0, hence B
1
2 = B

− 1
2 commutes with Λ

1
2 .

� If Λ = I, then α = −α, β = −β, hence B 1
2 = B

− 1
2 commutes with Λ

1
2 = I.

� If Λ = −I, then α = −α, β − β ∈ 2πiZ and Λ
1
2 = ±i

(
1 0
0 −1

)
, hence

B
1
2 = ±Λ− 1

2B− 1
2Λ

1
2 .

Therefore in all cases A′ = ±Λ 1
2 , but the matrix Λ

1
2 is determined only up to a

sign anyways.

Proof of Theorem ??. If (χ, τ) is of formal type (o), then it is analytically conju-
gated by a tangent-to-identity transformation to (χnf , τnf) by means the transfor-
mation (??).

Assume (χ, τ), (χ′, τ ′) are of formal type (a) or (b). Let Ψ be analytic such
that

χ′◦2 ◦Ψ = Ψ ◦ χ◦2, τ ′ ◦Ψ = Ψ ◦ τ,
and let Ψ̃ = χ′ ◦Ψ ◦ χ◦(−1). Then also

χ′◦2 ◦ Ψ̃ = Ψ̃ ◦ χ◦2, τ ′ ◦ Ψ̃ = Ψ̃ ◦ τ,

which means that Ψ◦(−1) ◦ Ψ̃ commutes with both χ◦2 and τ . If Ψ(ξ) = Aξ +
h.o.t.(ξ), then the matrix A must commute with Λ, σ, and preserve h = ξ1ξ2 up to
multiplicative constant since Ψ must map between the unique leaf-wise invariant
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foliations {H = const} and {H ′ = const}, hence A =

{
aI, if Λ ̸= ±I
aI or aσ, if Λ = ±I,

for

some a ∈ C∗. If, as assumed, the matrix A is real then ξ 7→ Aξ commutes with
ξ 7→ Λ

1
2 ξ, the linear part of χ, χ′, therefore Ψ◦(−1) ◦ Ψ̃ is tangent to identity. It

follows from Theorem ?? that the only element of D̂iff id(C2, 0) that commutes with
both χ◦2 and τ is the identity (indeed, up to a formal conjugacy one can assume
that (χ◦2, τ) are in the formal normal form (ϕnf , σ)). Hence Ψ◦(−1) ◦ Ψ̃ = id and
χ′ ◦Ψ = Ψ ◦ χ.

Theorem 3.2 (Formal normal form). The pair (χ, τ) satisfying assumption of
Theorem ?? has a formal normal form (χ̂nf , τ̂nf):

χ̂nf(ξ) = σρ̂nf , ρ̂nf = exp(− 1
2pX̂nf)(Λ

− 1
2 ξ̄), τ̂nf(ξ) = σξ, (3.59)

where X̂nf (??) is as in Theorem ?? and furthermore satis�es X̂nf = −(Λ
1
2 )∗X̂nf .

Proof. In the case (o) of Theorem ??, i.e. when χ◦2p = id, and (χ, τ) is as in
Lemma ??, one can construct a normalizing transformation by averaging over the
�nite group as

.Ψ = 1
4p

2p∑
n=1

(
χ◦n
nf ◦ χ◦(−n) + τnf ◦ χ◦n

nf ◦ χ◦(−n) ◦ τ
)
. (3.60)

Otherwise, by Theorem ??, after conjugation by a formal transformation, we
may assume that

χ̂◦2(ξ) = (σρ̂)◦2 = ϕ̂nf(ξ) = Λ exp(1pX̂nf)(ξ)

is in the formal normal form, with the formal vector �eld X̂nf ̸= 0 (??) satisfying
X̂nf = Λ∗X̂nf = −σ∗X̂nf . Let us show that

ρ̂(ξ) = Λ
1
2 exp( 1

2pX̂nf)(ξ), and X̂nf = −(Λ
1
2 )∗X̂nf ,

which is equivalent to (??). Write

ρ̂(ξ) = Λ
1
2 ψ̂(ξ), for some ψ̂(ξ) = ξ + h.o.t., (3.61)

then the identity ρ̂◦2 = id, is equivalent to

ψ̂(ξ) = Λ
1
2 ψ̂◦(−1)(Λ− 1

2 ξ). (3.62)

Since ρ̂ reverses ϕ̂nf it also reverses the in�nitesimal generator X̂nf of ϕ̂
◦p
nf , hence

by (??)

exp(−tX̂nf) = ρ̂ ◦ exp(tX̂nf) ◦ ρ̂ = Λ
1
2 ψ̂ ◦ exp(tX̂nf) ◦ (Λ

1
2 ψ̂)

= ψ̂◦(−1) ◦ Λ− 1
2 ◦ exp(tX̂nf) ◦ Λ

1
2 ◦ ψ̂, for all t ∈ R,
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which means that ψ̂∗X̂nf = −(Λ 1
2 )∗X̂nf . As u ◦ Λ 1

2 = ±u, the vector �eld

−(Λ 1
2 )∗X̂nf is also of the form (??), and by the second point of Theorem ??

−(Λ 1
2 )∗X̂nf = ψ̂∗X̂nf = X̂nf . By Lemma ?? this means that

ψ̂ = exp(h−sβ̂(h)X̂nf)

for some formal power series β̂(h). In particular, ψ̂ is Λ-equivariant and is reversed
by σ. We have also the identity

Λexp(1pX̂nf) = ϕ̂ = (σρ̂)◦2 = σΛ
1
2 ψ̂ ◦ (σΛ 1

2 ψ̂) = σψ̂◦(−1) ◦ σ ◦ Λ ◦ ψ̂ = Λψ̂◦2,

using (??), which means that ψ̂ = exp( 1
2pX̂nf).

We can now further transform the above formal normal form to bring ρ̂nf to
complex conjugation ξ 7→ ξ which will provide the normal form of Theorem ??.

Proof of Theorem ??. Let (τ̂nf , ρ̂nf) be in the normal form of Theorem ??. A
formal change of variables Ψ̂ : ξ 7→ ξ′ = Λ

1
4 exp( 1

4pX̂nf)(ξ), conjugates ρ̂nf(ξ) =

exp(− 1
2pX̂nf)(Λ

− 1
2 ξ̄) to ρ′nf(ξ

′) = ξ̄′:

Ψ̂ ◦ ρ̂nf(ξ) = Λ
1
4 exp(− 1

4pX̂nf)(Λ
− 1

2 ξ̄) = ξ̄′ = ρ′nf ◦ Ψ̂(ξ).

It conjugates X̂nf to X̂ ′
nf = (Λ− 1

4 )∗X̂nf , and the involution τ̂nf = σ to

τ̂ ′nf(ξ
′) = Λ

1
4 exp( 1

2pX̂nf)(Λ
1
4σξ′) = exp( 1

2pX̂
′
nf)(Λ

1
2σξ′).

A real dilatation ξ 7→ |c|−
1

kp+2s ξ sends |c| 7→ 2p, i.e. c = ±2ip.
By Theorem ??, Z(X̂ ′

nf , σΛ
1
2 , Λ) ⊆ {ξ 7→ e

πir
kp+2s (σΛ

1
2 )rξ, r ∈ Z2kp+4s}. But

the only element commuting with ρnf : ξ 7→ ξ are for r
kp+2s ∈ Z, i.e. either id or

ξ 7→ −(σΛ 1
2 )kpξ, but the second map can be admissible only if kp is even.

4 Surfaces and involutions

4.1 Moser�Webster correspondence

The key point of J. Moser & S. Webster's paper [?] is Theorem ?? which states
that the formal/analytic classi�cation of germs of surfaces M (??) agrees with
that of the associated triple of involutions (τ1, τ2, ρ) of (C2, 0). This deserves to be
explained here.

LetM a germ of a complex surface in (C4, 0) of the form

M : z2 = F (z1, w1), w2 = G(z1, w1), (4.63)

with F,G higher order perturbations of γ−1z1w1 + z21 + w2
1.
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Two such surfaces M, M′ are equivalent if there exist a map ψ : M → M′

which splits as ψ(z, w) =
(
f(z), g(w)

)
, i.e.

(M, 0)

(M′, 0)

(C2, 0) (C2, 0)

(C2, 0) (C2, 0)

ψ

π1 π2

π1 π2

f g

(4.64)

where π1(z, w) = z and π2(z, w) = w.
Given a germ of a complex surface (??) one associates to it a pair of involutions

(τM1 , τM2 ) acting on M, such that πj ◦ τMj = πj , j = 1, 2, which in the local
coordinate (z1, w1) is identi�ed with a pair of involutions (τ1, τ2) of (C2, 0), such
that

z1 ◦ τ1 = z1, F ◦ τ1 = F,

w1 ◦ τ2 = w1, G ◦ τ2 = G,

of the form (??).
The complex surfaceM comes from a complexi�cation of a real surfaceM (??)

if and only if
ρ ◦ (F,G) = (F,G) ◦ ρ

for the antiholomorphic involution

ρ :

(
z1
w1

)
7→
(
w̄1

z̄1

)
, (4.65)

that is if F (z1, w1) = Ḡ(w1, z1). In this case ρ conjugates τ1 with τ2 = ρ ◦ τ1 ◦ ρ,
and the intertwined triple of involutions (τ1, τ2, ρ) is called a Moser�Webster triple.

Proposition 4.1 (Moser & Webster [?]).

1. Two complex surfaces M and M′ (??) with γ−1 = γ′−1 ∈ C are equivalent by
means of a formal (resp. analytic) transformation (z′, w′) =

(
f(z), g(w)

)
, if

and only if the associated pairs of involutions (τ1, τ2) and (τ ′1, τ
′
2) are conjugated

by an element of the group D̂iff(C2, 0) (resp. Diff(C2, 0)).

There is a bijective correspondence between the formal (resp. analytic) equiva-
lence classes of the surfaces M with given γ−2 ̸= 4 and pairs of holomorphic
re�ections (τ1, τ2) with trDϕ(0, 0) = γ−2 − 2, where Dϕ(0, 0) is the matrix of
the linear part of ϕ = τ1 ◦ τ2 at the origin.

2. Two real surfacesM andM ′ (??) with γ = γ′ ∈ ]0,+∞] are equivalent by means
of a formal (resp. analytic) transformation z′ = f(z) if and only if the triples
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of involutions (τ1, τ2, ρ) and (τ ′1, τ
′
2, ρ

′) associated with the complexi�cationsM
and M′ of M and M ′ are conjugated by an element of the group D̂iff(C2, 0)
(resp. Diff(C2, 0)).

There is a bijective correspondence between the formal (resp. analytic) equiv-
alence classes of the real surfaces M with given γ ̸= 1

2 and Moser�Webster
triples (τ1, τ2, ρ), with trDϕ(0, 0) = γ−2 − 2 where Dϕ(0, 0) is the matrix of
the linear part of ϕ = τ1 ◦ τ2 at the origin.

Given the importance of this correspondence, and to keep the paper relatively
self-contained, we provide a proof based on [?]. It rests on the following simple
observations.

(i) The functions

z1 and z2 = F (z1, w1) = γ−1z1w1 + z21 + w2
1 + h.o.t.

form a functionally independent set of generators of the ring of formal/analytic
germs invariant by τ1.8 This means that any formal/analytic τ1-invariant
germ can be expressed uniquely as a formal/analytic function of (z1, z2) =(
z1, F (z1, w1)

)
. In particular, any other pair

(
Z1(z1, w1), Z2(z1, w1)

)
of gener-

ators of the ring of τ1-invariant germs is related to (z1, z2) by a formal/analytic
di�eomorphism. Similarly, (w1, w2) =

(
w1, G(z1, w1)

)
are generators of the

ring of formal/analytic τ2-invariant germs.

(ii) For any formal/analytic complex re�ection9 τ of (C2, 0), and for any non-
degenerate formal/analytic germ s : (C2, 0)→ (C, 0), such that its derivative at
the origin Ds(0, 0) is not an eigenvector for Dτ(0, 0), the pair

(
s+s◦τ, s·(s◦τ)

)
forms a functionally independent set of generators of the ring of formal/analytic
τ -invariant germs.

(iii) If T1, T2 ∈ GL2(C) are linear re�ections, T 2
1 = T 2

2 = I, such that T1T2 is

conjugated to Λ =
(

λ 0

0 λ−1

)
̸= I, then up to a conjugation T1 =

(
1 0

−γ−1 −1

)
,

T2 =
(

−1 −γ−1

0 1

)
, where γ−2 = λ+ λ−1 + 2.

Proof of Proposition ??. Let us prove only point 1, point 2 is similar.
Suppose the pair (τ1, τ2) is associated toM (??), and (τ ′1, τ

′
2) to M′. If τ ′j =

Ψ ◦ τj ◦Ψ◦(−1), j = 1, 2, are conjugated by a transformation (z′1, w
′
1) = Ψ(z1, w1),

then both
(
z1, F (z1, w1)

)
and

(
z′1 ◦ Ψ, F ′ ◦ Ψ

)
are basic τ1-invariant functions,

therefore there exist a di�eomorphism f ∈ Diff(C2, 0) such that

(z′1, F
′) ◦Ψ(z1, w1) = f

(
z1, F (z1, w1)

)
.

8In [?] such set is called a Hilbert basis of the ring.
9Involution τ whose linear part Dτ(0, 0) has eigenvalues {1,−1}.
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Similarly also
(w′

1, G
′) ◦Ψ(z1, w1) = g

(
w1, G(z1, w1)

)
,

for some g ∈ Diff(C2, 0). Then
(
(z′1, z

′
2), (w

′
1, w

′
2)
)
=
(
f(z1, z2), g(w1, w2)

)
is a

biholomorphic map betweenM andM′.
Conversely, if (z, w) 7→ (z′, w′) =

(
f(z), g(w)

)
is a biholomorphic map between

two surfacesM andM′, then its restriction toM conjugates the associated pairs
of involutions of the surfaces, (f, g) ◦ (τM1 , τM2 ) = (τM

′
1 , τM

′
2 ) ◦ (f, g). Therefore in

the local coordinates (z1, w1) onM and (z′1, w
′
1) onM′ the map

(z1, w1) 7→ (z′1, w
′
1) = Ψ(z1, w1) :=

(
z1 ◦ f(z1, F (z1, w1)), w1 ◦ g(w1, G(z1, w1))

)
conjugates (τ1, τ2) and (τ ′1, τ

′
2).

Given a pair of re�ections τ1, τ2 ∈ Diff(C2, 0), if λ+ λ−1 ̸= 2, one can assume
that τj = Tj + h.o.t., j = 1, 2, where Tj are as in the assertion ??. Then the
functions

s1(z1, w1) := λ
1
2
1 z1 + w1, s2(z1, w1) := z1 + λ

1
2
2w1, where λ

1
2
j + λ

− 1
2

j = γ−1,

satisfy the assumption of the assertion ??. Letting

z̃1 =
1

λ
1
2
1 −λ

− 1
2

1

(
s1 + s1 ◦ τ1

)
, z̃2 = −s1 · (s1 ◦ τ1),

w̃1 =
1

λ
1
2
2 −λ

− 1
2

2

(
s2 + s2 ◦ τ2

)
, w̃2 = −s2 · (s2 ◦ τ2),

then z̃1 = z1 + h.o.t.(z1, w1), w̃1 = w1 + h.o.t.(z1, w1), and z̃2, w̃2 = z21 + w2
1 +

γ−1z1w1+h.o.t.(z1, w1). This means that (z̃1, z̃2, w̃1, w̃2) de�nes a germ of a surface
M̃ in (C4, 0) of the form (??), parametrized by (z1, w1). The induced action of τ1,
resp. τ2, on M̃ �xes (z̃1, z̃2), resp. (w̃1, w̃2), and therefore it is precisely τM̃1 , resp.

τM̃2 .

Corollary 4.2 (Group of automorphisms). 1. For γ−1 ∈ C, the group of for-
mal/analytic transformations (??) that preserve the complex surfaces M (??)
is isomorphic to the group of formal/analytic di�eomorphisms commuting with
the associated pair of involutions (τ1, τ2).

2. For γ ∈ ]0,+∞], the group of formal/analytic transformations z′ = f(z) that
preserve the real surface M (??) is isomorphic to the group of formal/analytic
di�eomorphisms commuting with the associated Moser�Webster triple of invo-
lutions (τ1, τ2, ρ).

Proof. Clearly an automorphism of M of the form (??) commutes with the pair
(τM1 , τM2 ). Conversely, if Ψ ∈ Diff(C2, 0) commutes with (τ1, τ2), then the map
ψ : (z, w) 7→

(
(z1, F ), (w1, G)

)
◦ Ψ(z1, w1) commutes with (τM1 , τM2 ) and by the

assertion ?? splits as ψ(z, w) =
(
f(z), g(w)

)
.
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De�nition 4.3. A surfaceM (??) is holomorphically �at if up to a biholomorphic
change of coordinates (??) it lies in the complex hyperplane {z2 = w2}.

Holomorphic �atness of the surface is known to correspond to the existence of
a non-constant �rst integral for the pair of involutions (cf. [?, Proposition 5.2]).
More precisely:

Proposition 4.4. Let M be a surface (??) associated with a pair of involutions
(τ1, τ2). Then the following are equivalent:

1. The di�eomorphism ϕ = τ1 ◦ τ2 has an analytic �rst integral

H(z1, w1) = γ−1z1w1 + z21 + w2
1 + h.o.t.(z1, w1). (4.66)

2. The pair of involutions (τ1, τ2) has an analytic �rst integral (??).

3. The surfaceM is holomorphically �at.

If furthermore, M = {z2 = F (z1, w1), w2 = F (w1, z1)} is a complexi�cation
of a real surface M , then additionally the above are also equivalent to:

4. The pair of involutions (τ1, τ2) has an analytic �rst integral (??), such that
H = H ◦ ρ.

5. There exists an analytic function H(z) = z2 + h.o.t. : (C2, 0) → (C, 0) whose
restriction on the surface M takes real values, H :M → (R, 0).

Proof. (1) ⇒ (2): If H (??) is a �rst integral for ϕ, then H ′ = 1
2(H +H ◦ τ1) is

again of the form (??) and satis�es H ′ ◦ τ1 = H ′ = H ′ ◦ τ2.
(2) ⇒ (1): Obvious.
(2) ⇒ (3): If H (??) is a �rst integral for (τ1, τ2), then by being τ1-invariant it

takes the form H(z1, w1) = H1(z1, F (z1, w1)) for some unique H1(z) = z2 +h.o.t.,
and by being τ2-invariant H(z1, w1) = H2(w1, G(z1, w1)) for H2(w) = w2 + h.o.t..

After the change of coordinate (z, w) 7→ (z′, w′) =
(
(z1, H1(z)), (w1, H2(w))

)
the

surfaceM takes the �at formM⊂ {z′2 = w′
2}.

(3) ⇒ (2): Conversely, H(z1, w1) := F (z1, w1) = G(z1, w1) is a �rst integral
for (τ1, τ2).

(2) ⇒ (4): Let H (??) be a �rst integral for (τ1, τ2), and let H ′(z1, w1) =
1
2

(
H(z1, w1) +H ◦ ρ(z1, w1)

)
, then the restriction of H ′ to {z̄1 = w1} is such that

H ′(z1, w1) = H ′(w1, z1). Since the hyperplane {z̄1 = w1} ⊂ C2 is totally real, the
identity is true on a full neighborhood of 0 ∈ C2.

(4) ⇒ (5): Write H(z1, w1) = H1(z1, F (z1, w1)) = H2(w1, G(z1, w1)) as in �(2)
⇒ (3)�. Since now G(z1, w1) = F (w1, z1) and H(z1, w1) = H(w1, z1), then also
H2(z) = H1(z), and the restriction of H1(z) to M = M ∩ {z̄ = w} takes real
values.

(5) ⇒ (3): As in �(2) ⇒ (3)�, the transformation z 7→ z′ = (z1, H(z)), w 7→
w′ = (w1, H(w)) does the job.
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4.2 Model surfaces

The Moser�Webster triple of involutions (τ1, τ2, ρ) associated to a holomorphically
�at M have the form (??). The holomorphic transformation of Lemma ?? takes
the form

ξ = 1
2

(
A−1 + σA−1τ1

)(z1
w1

)
= A−1

(
z1
w1

)
+ h.o.t., (4.67)

where A = 1

λ
1
2−λ− 1

2

( −1 −1

λ
1
2 λ− 1

2

)
, A−1 =

(
λ− 1

2 1

−λ
1
2 −1

)
. Afterwards, the formal trans-

formations to the formal normal form (??) are tangent to the identity, while the
further transformation to the formal normal form of Theorem ?? in a variable ξ′

is of the form ξ = CΛ− 1
4 ξ′+h.o.t.(ξ′), where C ∈ R>0. Hence the resulting formal

normalizing transformation is of the form(
z1
w1

)
=

C

λ
1
2 − λ− 1

2

(
−λ− 1

4 −λ 1
4

λ
1
4 λ−

1
4

)
ξ′ + h.o.t.(ξ′), z2, w2 = −C2h+ h.o.t..

4.2.1 Normal form surface in the formal cases (o) and (a)

Proposition 4.5. Let (τ ′1,nf , τ
′
2,nf , ρ

′
nf) be the formal normal form (??) of a Moser�

Webster triple in the formal cases (o) or (a) of Theorem ??, namely

τ ′1,nf(ξ
′) =

(
α(h) ξ′2
α(h)−1ξ′1

)
, τ ′2,nf(ξ

′) =

(
α(h)−1ξ′2
α(h) ξ′1

)
, ρ′nf(ξ

′) = ξ
′
,

where

α(h) = α(h)−1 =

(o) λ
1
2 ,

(a) λ
1
2 e±ihs

.

Its associated surface takes the form

Mnf : z′2 = 2Re(α(−z′2)) z′1z̄′1 + z′21 + z̄′21 . (4.68)

The original surface holomorphically �at M (??) is equivalent to Mnf by a formal
transformation of the form z′ = f̂(z) =

(
Cz1 + h.o.t.(z), C2z2 + h.o.t.(z2)

)
, for

some C > 0.

Proof. Let

z′1 =
−α− 1

2

α−α−1

(
ξ′1 + ξ′1 ◦ τ ′1,nf

)
=

−1

α−α−1

(
α− 1

2 ξ′1 + α
1
2 ξ′2
)
,

w′
1 =

α− 1
2

α−α−1

(
ξ′2 + ξ′2 ◦ τ ′2,nf

)
=

1

α−α−1

(
α

1
2 ξ′1 + α− 1

2 ξ′2
)
,

from which,
ξ′1 = α− 1

2 z′1 + α
1
2w′

1, ξ′2 = −α
1
2 z′1 − α− 1

2w′
1,
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and let

z′2 = −α−1ξ′1 · (ξ′1 ◦ τ ′1,nf) = −h, w′
2 = −α−1ξ′2 · (ξ′2 ◦ τ ′2,nf) = −h.

Then

(
z′(ξ′)
w′(ξ′)

)
=

(
w̄′(ξ′)
z̄′(ξ′)

)
and

z′2 = w′
2 = (α+ α−1)z′1w

′
1 + z′21 + w′2

1 (4.69)

where α = α(−z′2). The Moser�Webster triple of involutions becomes

τ ′1,nf :
(

z′1

w′
1

)
7→
(

z′1

−w′
1−(α+α−1) z′1

)
, τ ′2,nf :

(
z′1

w′
1

)
7→
(

−z′1−(α+α−1)w′
1

w′
1

)
,

and ρ :
(

z′1

w′
1

)
7→
(

w̄′
1

z̄′1

)
, which is precisely the Moser�Webster triple associated to

the surface Mnf (??).

As is shown in [?], for γ ̸= +∞ it is possible to transform analytically the
surface (??) to the formal normal form (??) of Moser�Webster.

4.2.2 Model surface in the case formal (b)

Theorem ?? (b) gives a formal normal form (τ̂ ′1,nf , τ̂
′
2,nf , ρ

′
nf) (??) of the Moser�

Webster triple in terms of a normal form of its in�nitesimal generator X̂ ′
nf , but

it doesn't give an explicit expression of the involutions. Likewise, the Moser�
Webster correspondence (Proposition ??) provides only an implicit construction
of the corresponding normal form surface. Instead of �nding a formal normal
form surface Mnf whose associated Moser�Webster triple would be analytically
conjugated to (τ̂ ′1,nf , τ̂

′
2,nf , ρ

′
nf), our goal more modest: we shall derive an explicit

form of some surface Mmod in any given model class.
By De�nition ??, two Moser�Webster triples belong to the same model class if

the respective generators X̂ ′
nf of their formal normal forms agree modulo hsP ′2E,

where {hsP ′ = 0} = {X̂ ′
nf = 0} = Fix(ϕ◦pnf ). We will therefore calculate the formal

normal form surface modulo hsP ′2. Discarding in the end �mod hsP ′2� part, we
obtain another surface in the same model class.

Proposition 4.6. Consider any model Moser�Webster triple

τ ′1,mod = exp( 1
2pX

′
mod) ◦ (Λ

1
2σ), τ ′2,mod = (σΛ

1
2 ) ◦ exp( 1

2pX
′
mod), ρ′mod = ξ̄,

where X ′
mod = ±2ip hsP ′E, with P ′(u′, h) = P ′(u′, h), u′ = ξp1 + λ

p
2 ξp2 , as in

Theorem ??. It belongs to the same model class as the Moser�Webster triple of the
surface Mmod whose complexi�cation takes the form

Mmod : z2 = w2 = z21 + w2
1 + (λ

1
2 +λ−

1
2 )z1w1

− (−z2)sP̃ (z, w)
(
a (z21 + w2

1) + bz1w1

)
R̃(z, w), (4.70)
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where P̃ (z, w) = P ′(ũ(z1, w1),−z2
)
with

ũ =
(
λ−

1
4 z1 + λ

1
4w1

)p
+ (−1)pλ p

2
(
λ

1
4 z1 + λ−

1
4w1

)p
, (4.71)

a = 2λ
1
2+λ− 1

2

λ
1
2−λ− 1

2
, b = (λ

1
2+λ− 1

2 )2+4

λ
1
2−λ− 1

2
, and R̃(0, 0) = ±i.

Proof. Since h ◦ τ ′1,mod = τ ′2,mod = h and τ ′1,mod(ξ) = τ ′2,mod(ξ), one can write

τ ′1,mod(ξ) =

(
α(ξ)−1ξ2
α(ξ) ξ1

)
, τ ′2,mod(ξ) =

(
α(ξ)−1ξ2
α(ξ) ξ1

)
,

where α ◦ τ ′1,mod = α, α ◦ τ ′2,mod = α. Similarly to Section ?? let us de�ne

z1 =
−α

1
2

λ
1
2−λ− 1

2

(
ξ1 + ξ1 ◦ τ ′1,mod

)
=

−1

λ
1
2−λ− 1

2

(
α

1
2 ξ1 + α− 1

2 ξ2
)
,

w1 =
α− 1

2

λ−λ−1

(
ξ2 + ξ2 ◦ τ ′2,mod

)
=

1

λ
1
2−λ− 1

2

(
α

1
2 ξ1 + α− 1

2 ξ2
)
,

z2 = −αξ1 · (ξ1 ◦ τ ′1,mod) = −h,
w2 = −α−1ξ2 · (ξ2 ◦ τ ′2,mod) = −h.

From (??)

α(ξ) = λ
1
2
(
1 + 2hsP ′(ξ)t(ξ)

)
mod hsP ′2, t(ξ) := 1

2hsE.P ′ (e
chs

2p E.P ′
− 1),

α(ξ) = λ−
1
2
(
1 + 2hsP ′(ξ)t̄(ξ)

)
mod hsP ′2, t̄(ξ) := 1

2hsE.P ′ (e
− chs

2p E.P ′
− 1),

where t ◦ (σΛ 1
2 ) = −t. Therefore(

z1
w1

)
= ψ(ξ) =

1

λ
1
2−λ− 1

2

(
−λ− 1

4 (1+hsP ′ t̄) −λ
1
4 (1−hsP ′ t̄)

λ
1
4 (1+hsP ′t) λ− 1

4 (1−hsP ′t)

)
ξ mod hsP ′2ξ.

From which also

ξ =
(
1−λ

1
2+λ− 1

2

λ
1
2−λ− 1

2
{hsP ′(t−t)}

)(
λ− 1

4 (1−{hsP ′t}) λ
1
4 (1−{hsP ′ t̄})

−λ
1
4 (1+{hsP ′t}) −λ− 1

4 (1+{hsP ′ t̄})

)(
z1
w1

)
mod hsP ′2,

where the bracket {hsP ′t} is functions of ξ and need to be composed with ψ◦(−1).
Therefore

z2 =
(
1− 2

λ
1
2 +λ− 1

2

λ
1
2 −λ− 1

2
{hsP ′(t−t)}

)(
z21 + w2

1 + z1w1

(
λ

1
2 +λ−

1
2 + (λ

1
2−λ− 1

2 ){hsP ′(t−t)}
))

mod hsP ′2

= z21 + w2
1 + (λ

1
2 +λ−

1
2 )z1w1 − {hsP ′(t−t)}

(
2
λ

1
2 +λ− 1

2

λ
1
2 −λ− 1

2
(z21 + w2

1) +
(λ

1
2 +λ− 1

2 )2+4

λ
1
2 −λ− 1

2
z1w1

)
mod hsP ′2,
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where we still need to calculate {hsP ′(t− t)} ◦ ψ◦(−1). Let A := Dψ(0), then

A−1 =

(
λ− 1

4 λ
1
4

−λ
1
4 −λ− 1

4

)
, and denote ũ(z1, w1) = u′(ξ)

∣∣
ξ=A−1( z1

w1 )
which equals (??).

Expressing

A−1ψ(ξ)− ξ = hsP ′

λ
1
2−λ− 1

2

(
λ

1
2 t− λ− 1

2 t t− t
t− t λ−

1
2 t− λ 1

2 t

)
ξ mod (hsP ′)2

= hsP ′
[
t+t
2 I +

(λ
1
2+λ− 1

2 )(t−t)

2(λ
1
2−λ− 1

2 )
J − t−t

λ
1
2−λ− 1

2
σ
]
ξ mod (hsP ′)2,

where J =
(
1 0
0 −1

)
, we can develop

ũ ◦ ψ = u′ + ( ∂u
′

∂ξ1
, ∂u

′

∂ξ2
)
(
A−1ψ(ξ)− ξ

)
mod hsP ′2 = u′ + hsP ′r mod hsP ′2,

where

r(ξ) = p t+t
2 (ξp1 + λ

p
2 ξp2) + p (λ

1
2+λ− 1

2 )(t−t)

2(λ
1
2−λ− 1

2 )
(ξp1 − λ

p
2 ξp2)− p t−t

λ
1
2−λ− 1

2
h(ξp−2

1 + λ
p
2 ξp−2

2 ).

Therefore {hsP ′(t−t)} ◦ ψ◦(−1) = (−z2)sP̃ R̃ mod zs2P̃
2, where

P̃ = P ′∣∣
u′=ũ(z1,w1), h=−z2

, R̃ =
t− t

1 + hs ∂P
′

∂u′ r

∣∣∣
ξ=A−1( z1

w1 )
,

are obtained by composition with the linear substitution ξ = A−1 ( z1
w1 ). Finally, by

discarding the terms �mod hsP ′2� we obtain the complex model surface (??).

4.3 Proof of Theorem ??

Proof of Theorem ??. Let (τ1, τ2, ρ) be the Moser�Webster triple associated to a
holomorphically �at surface M = {z2 = F (z1, z1) = F (z1, z1)}, and let (τ ′1, τ

′
2, ρ

′)
be another Moser�Webster triple in the same model class (e.g. the model itself) and
M ′ = {z′2 = F ′(z′1, z

′
1) = F

′
(z′1, z

′
1)} its associated holomorphically �at surface.

Let {Ω 7→ ΨΩ} be a conjugating cochain between (τ1, τ2) and (τ ′1, τ
′
2)

ΨTj(Ω) ◦ τj = τ ′j ◦ΨΩ, Tj = Dτj(0, 0), j = 1, 2,

whose existence follows from Theorem ??, that maps between the �rst integrals as
F ′ ◦ΨΩ(z1, w1) = φ ◦ F (z1, w1) for some φ ∈ Diff(C, 0) independent of Ω.

The 2-sheeted projection π1 : (z, w) 7→ z provides a local τ1-invariant coor-
dinate z =

(
z1, F (z1, w1)

)
on M ∖ Fix(τM1 ). Hence, if ΩM is a simply con-

nected domain in M ∖ Fix(τM1 ) corresponding to a domain Ω in C2 ∖ Fix(τ1),
then z′1 ◦ΨΩ(z1, w1) = fπ1(ΩM)(z1, F (z1, w1)) for some function fπ1(ΩM)(z1, z2) on
π1(Ω

M), and the relation τ ′1 ◦ ΨΩ = ΨT1(Ω) ◦ τ1 means that it is well de�ned.
Similarly, w is a local τ2-invariant coordinate on M ∖ Fix(τM2 ), and w′

1 ◦ ΨΩ =
gπ2(ΩM)(w1, F (w1, z1)) for some function gπ2(ΩM)(w1, w2) on π2(ΩM), is a well de-

�ned map. The restriction of the product map
((
fπ1(ΩM), φ

)
,
(
gπ2(ΩM), φ

))
to the

set ΩM ⊂M then agrees with the lifting ψΩM : ΩM →M′ of ΨΩ : Ω→ C2.
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5 The formal type (a) k = 0

5.1 Topological obstructions to convergence

Theorem 5.1. For any λ ∈ {|λ| = 1} and s ≥ 1, there exists a Moser�Webster
triple of involutions (τ1, τ2, ρ) that is formally equivalent to

τ ′1,nf(ξ) =
(

0 α(h)

α(h)−1 0

)
ξ, τ ′2,nf(ξ) =

(
0 α(h)−1

α(h) 0

)
ξ, ρ′nf(ξ) = ξ̄, (5.72)

where
α(h) = λ

1
2 e±ihs

,

but not analytically. In particular, when λ ∈ eπiQ is a root of unity, then (??) is
the formal normal form of Theorem ?? (a).

Whenever h is such that α(h)2n = 1 for some n ∈ Z>0 then the restriction

of the germ ϕ′◦nnf = (τ ′1,nf ◦ τ ′2,nf)◦n =

(
α(h)2n 0

0 α(h)−2n

)
ξ to the corresponding leaf

{h = const} is equal to identity, that is, it satis�es the property:

(P) ϕ′nf is periodical of equal period on the whole leaf.

The set of all periodical leaves corresponds exactly to the values of h such that
1
2 arg λ±hs ∈ πQ, in particular it accumulates at the origin with 2s equidistributed

asymptotic directions e
iℓπ
s R+, ℓ = 0, . . . , 2s − 1. Any germ ϕ that is analytically

equivalent to ϕ′nf needs to have the same property.
We will construct a triple (τ1, τ2, ρ) that is formally equivalent to the above

normal form (τ ′1,nf , τ
′
2,nf , ρ

′
nf), but has no periodic leaves other than the level set

{h = 0}. The basic idea is to construct τ1, τ2 that extend on the whole C2 as
algebraic maps and consider them on the compacti�cation (CP1)2. Since each leaf
of the foliation F except of {ξ1 = 0} (resp. {ξ2 = 0}) accumulates to the point
ξ = (∞, 0) (resp. (0,∞)) in the compacti�cation, it is enough to show that the
map ϕ = τ1 ◦ τ2 has no leaves consisting of periodic points near this point other
than {ξ2 = 0} (resp. {ξ1 = 0}).

Proof of Theorem ??. Let

τ1(ξ) := ϕ◦
1
2 ◦ σ(ξ), τ2(ξ) := σϕ◦

1
2 (ξ), ρ(ξ) = ξ̄,

where ϕ◦
1
2 := σψ ◦σ ◦ψ◦(−1), and where ψ is an analytic germ such that h ◦ψ = h

and ψ̄ = σψ ◦ σ, which will then mean that ρ ◦ τ1 ◦ ρ = τ2 = σ ◦ τ1 ◦ σ.
Namely, let us take

ψ(ξ) :=

 α− 1
2+ahsξ1

1+āhsα− 1
2 ξ2

ξ1

α
1
2+āhsξ2

1+ahsα
1
2 ξ1

ξ2

 , a ∈ C.
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Then ψ(ξ) =

(
α(h)−

1
2 0

0 α(h)
1
2

)
ξ mod hsJ · ξ, where J is the ideal of analytic

functions vanishing at ξ = 0. Hence ϕ(ξ) =

(
α(h)2 0

0 α−2(h)

)
ξ mod hsJ · ξ. If λ

is a root of unity, then ϕ(ξ) is of formal type (a) of Theorems ?? and ??: indeed
ξ1◦ϕ−ξ1

ξ1
= α(h)2p − 1 mod hsJ = ±2iphs mod hsJ hence k = 0. This means

that the Moser�Webster triple (τ1, τ2, ρ) is formally equivalent to (??). If |λ| = 1
but λ is not a root of unity then the same follows from the proof of [?, Theorem
3.4].

Near the point ξ = (∞, 0), the restriction of ψ to each leaf h = const ̸= 0 acts
on the local coordinate ξ−1

1 = ξ2
h as

ψ : ξ−1
1 7→ ξ−2

1

1 + āα− 1
2hs+1ξ−1

1

ahs + α− 1
2 ξ−1

1

=
1

ahs
ξ−2
1 +O(ξ−3

1 ),

and it follows that

ϕ◦
1
2 = ψ̄ ◦ ψ◦(−1) : ξ

− 1
2

1 7→ a

ā
ξ
− 1

2
1 +O(ξ−1

1 )

is analytic in ξ
− 1

2
1 near ξ

− 1
2

1 = 0. Choosing a ∈ C such that 1
2πi log

a
ā is irrational

then no iterate of ϕ◦
1
2 is equal to identity on any leaf except of the local leaf

{h = 0} = {ξ2 = 0}, on which ϕ◦
1
2

∣∣
{h=0} : ξ

−1
1 7→ λ−

1
2 ξ−1

1 . Hence, ϕ does not have

the property (P).

5.2 Example of convergence: Monodromy of the Sixth Painlevé
equation

Here we provide a more detailed account of Example ??.
Following the works of Okamoto, the Sixth Painlevé equation can be expressed

in the form of a non-autonomous Hamiltonian system

dq
dt =

∂
∂p
H(q, p, t;κ), dp

dt = − ∂
∂q
H(q, p, t;κ),

depending on some parameter κ ∈ C4. The solutions de�ne a singular foliation in
the (q, p, t)-space, transverse to the �bration (q, p, t) 7→ t away from the singular
�bers t = 0, 1,∞. All the solutions are endlessly meromorphically continuable
(this is the Painlevé property), and Okamoto has shown that the foliation allows a
semi-compacti�cationM(κ) �bered over the t-space CP1, in which all non-vertical
leaves are coverings of CP1 ∖ {0, 1,∞}. As a consequence each loop in π1(CP1 ∖
{0, 1,∞}, t0), gives rise to a Poincaré return map, a.k.a. nonlinear monodromy
map, acting as a symplectic isomorphism of the �ber Mt0(κ) above t0 (called
Okamoto's space of initial conditions).

It is well known (see e.g. [?]) that by the Riemann�Hilbert correspondence,
the Okamoto's space of initial condition Mt0(κ) is isomorphic to the minimal
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desingularization of the cubic surface Rt0(θ) = {x ∈ C3 : F (x, θ) = 0},

F (x, θ) = x1x2x3 + x21 + x22 + x23 − θ1x1 − θ2x2 − θ3x3 + θ4,

where θ = θ(κ) ∈ C4, known as the character variety (of representations π1(CP1∖
{0, 1,∞, t0}) → SL2(C)). Under this correspondence, the nonlinear monodromy
map associated to a simple loop around either of the singularities takes the form

ϕij : xi 7→ xi − Fi + xkFj ,

xj 7→ xj − Fj ,

xk 7→ xk,

where Fi(x, θ) =
∂
∂xi
F (x, θ), and can be expressed as a composition of two involu-

tions ϕij = τi ◦ τj ,

τi : xi 7→ xi − Fi, τj : xi 7→ xi,

xj 7→ xj , xj 7→ xj − Fj ,

xk 7→ xk, xk 7→ xk,

{i, j, k} = {1, 2, 3}, both preserving xk. The pair (τi, τj) has up to 4 �xed points
x∗ on the surface Rt0(θ), the solutions of Fi(x

∗, θ) = Fj(x
∗, θ) = 0 = F (x∗, θ),

which are non-singular points of Rt0(θ) under the condition that Fk(x
∗, θ) ̸= 0.

Let α(xk) =
(
αi(xk), αj(xk), αk(xk)

)
αi(xk) =

θjxk − 2θi
x2k − 4

, αj(xk) =
θixk − 2θj
x2k − 4

, αk(xk) = xk

be the solutions of Fi(α(xk), θ) = Fj(α(xk), θ) = 0, then x∗ = α(x∗k) where

(x∗k
2 − 4)(x∗k

2 − θkx∗k + θ4) + θ2i + θ2j − θiθjx∗k = 0.

In the local coordinates (yi, yj) =
(
xi−αi(xk), xj −αj(xk)

)
near the point x∗ the

surface Rt0(θ) takes the form

0 = F (x, θ)− xiFi(α(xk), θ)− xjFj(α(xk), θ) = yiyjxk + y2i + y2j + F (α(xk), θ),

and the two involutions become

τi : yi 7→ −yi − yjxk, τj : yi 7→ yi,

yj 7→ yj , yj 7→ −yj − yixk,
with �rst integral

h = yiyjxk+y
2
i+y

2
j = −F (α(xk), θ) = −Fk(x

∗, θ)·(xk−x∗k)+O
(
(xk−x∗k)2

)
. (5.73)

Both τi, τj are linear maps depending on xk, therefore if x∗k ̸= ±2 then the pair
(ϕij , τi) is analytically conjugated by a linear change of variable to the formal
normal form (ϕnf , τnf) (??). By comparing the traces of ϕnf and ϕij

λec̃h
s
+ λ−1e−c̃hs

= −2 + x2k = −2 +
(
x∗k − h

Fk(x∗,θ) +O(h2)
)2
,

55



using (??), namely this means that

s = 1, λ+ λ−1 = −2 + x∗k
2, (λ− λ−1) c̃ =

−2x∗
k

Fk(x∗) .

Depending on the parameter θ(κ) and the point x∗ ̸= ±2, the multiplier λ ̸= 1
may or may not be a root of unity, but the local analytic conjugacy of the pair
(ϕij , τi), and therefore of the corresponding nonlinear monodromy of Painlevé VI,
to the normal form (ϕnf , τnf) (??) exists in any case as long as the condition
(x∗k

2 − 4)Fk(x
∗) ̸= 0 is satis�ed.

6 Analytic classi�cation in the case k > 0

The rest of the paper is devoted to a description of the modulus of analytic clas-
si�cation in the formal cases (b) and (c) of Theorem ??.

Rather than working within each formal equivalence class, we will work in the
largermodel class (De�nition ??) consisting in the case (b) of the union of the for-
mal classes over all possible invariants µ̂(h). The reason for such approach is that

instead of working with the a priori purely formal normal form X̂nf = hs
cP

1+µ̂cP
E

we will work with the analytic model Xmod = hscPE. Conveniently, also the
description of the dynamics of Xmod upon which the domains of normalization of
Theorem ?? will be constructed in Section ?? is slightly more simple than that of
X̂nf (that is if X̂nf was convergent).

6.1 Construction of normalizing transformations to a model

Let ϕ(ξ) = Λξ + h.o.t., τ(ξ) = σξ = ( 0 1
1 0 ) ξ and h(ξ) = ξ1ξ2 be in the prenor-

mal form of Proposition ??. Assume that ϕ is of the formal type (b) or (c) of
Theorem ??, and let ϕ̂nf = Λexp(1pX̂nf) with

X̂nf =
chsP (u, h)

1 + µ̂(h)cP (u, h)
E, where

{
(b) µ̂(h) ∈ CJhK,
(c) µ̂(h) = 0,

and {
(b) P (u, h) = uk + Pk−1(h)u

k−1 + . . .+ P0(h), u = ξp1 + ξp2 ,

(c) P (u, h) = u2k̃+1 + P̃k̃−1(h)u
2k̃−1 + . . .+ P̃0(h)u, u = ξ1 + ξ2,

be the formal normal form, and let ϕmod = Λexp(1pXmod) with

Xmod := chsP (u, h)E = hsY , Y := cP (u, h)E. (6.74)

be the associated model (De�nition ??). Denoting X̂ (??) the formal in�nitesimal
generator of ϕ◦p = exp(X̂), then since ϕ is in the prenormal form

X̂ = chsP (u, h)E mod hsP (u, h)2E,
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and
ϕ◦p = exp(chsP (u, h)E) mod hsP (u, h)2ξ, (6.75)

which by Corollary ?? is equivalent to

f log(1 +E.f)

E.f
= chsP mod hsP 2, where f :=

ξ1 ◦ ϕ◦p − ξ1
ξ1

. (6.76)

We denote Yh the restriction of Y on the leaf {h = ξ1ξ2 = const}. In the local
coordinate ξ1 on the leaf it can be written as

Yh = c Ph(ξ1) ξ1
∂
∂ξ1
, where Ph(ξ1) :=

{
(b) P (ξp1 +

hp

ξp1
, h), kp > 0

(c) P (ξ1 + h
ξ1
, h), kp = 2k̃ + 1,

(6.77)

and ξkp1 Ph(ξ1) is a polynomial in ξ1 of order 2kp. The vector �eld Yh is a rational
in ξ1 ∈ CP1, with poles at ξ1 = 0,∞ of orders kp− 1, and depends analytically on
the parameter h. For h ̸= 0 it is reversed by the involution

σ : ξ1 7→
h

ξ1
. (6.78)

Consider a neighborhood of the origin

B =
{
|ξ1|, |ξ2| < δ1, |h| < δ2

}
, (6.79)

for some δ1, δ2 > 0, with δ2 small enough so that all zeros of Yh lie inside Bh for
all |h| < δ2, where Bh = B ∩ {h = const}. In the coordinate ξ1, when h ̸= 0, Bh

is identi�ed with the annulus

Bh =
{

|h|
δ1
< |ξ1| < δ1

}
. (6.80)

The level set B0 has two irreducible components {|ξ1| < δ1} and {|ξ2| < δ1}
symmetric one to the other by the involution σ (??).

Our goal is to construct normalizing transformations ΨΩ on some rami�ed
domains Ω =

∐
hΩh in B =

∐
hBh, such that

ΨΩ ◦ ϕ◦p = ϕ◦pmod ◦ΨΩ.

We shall construct such ΨΩ leaf-by-leaf treating h as a parameter. This will be
easier to do in the rectifying coordinate of Y de�ned as follows: Let

Y −1
h =

dξ1

c ξ1 Ph(ξ1)

be a meromorphic 1-form dual to Yh on each leaf {h = const}, and let

th(ξ) =

∫
Y −1
h (6.81)
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be the a priori multivalued rectifying coordinate for Yh on {h = const}∖{Ph = 0},

Yh = ∂
∂th

and th ◦ ϕ◦pmod,h = th ◦ exp(hsYh) = th + hs,

de�ned up to addition of some constant C(h). We denote t(ξ) =
∫
Y −1 a choice

of the rectifying coordinate for Y depending analytically on h.

6.1.1 Construction of a Fatou coordinate

For each h the Riemann surface of th(ξ) is a covering surface of the punctured
leaf {h = const} ∖ {Ph = 0}, where {Ph = 0} denotes the �xed point set of Yh

(??). When endowed with the coordinate th it becomes a translation surface10

containing saddle points11 of angle 2kpπ situated over the points ξ1 = 0,∞, which
are poles of order kp of th. By restricting to Bh, the image th(Bh) acquires holes
around the saddle points corresponding to either of the complements {|ξ1| ≥ δ1}
and {|ξ2| = |h|

|ξ1| ≥ δ1} of Bh in the leaf {h = const}.
Denote ϕ◦ph , resp. ϕ◦pmod,h = exp(Xmod,h) = exp(hsYh), the restriction of ϕ◦p,

resp. ϕ◦pmod on Bh. We want to construct a normalizing transformation ΨΩh
on

some rami�ed domain12 Ωh ⊆ Bh \ {Ph = 0}, depending locally analytically on h,
such that

ϕ◦pmod,h ◦ΨΩh
= ΨΩh

◦ ϕ◦ph .

This will be obtained by constructing a Fatou coordinate TΩh
for ϕ◦ph on Ωh satis-

fying13

TΩh
◦ ϕ◦ph = TΩh

+ hs.

Then ΨΩh
will be de�ned by the identity

TΩh
= th ◦ΨΩh

.

The construction of the Fatou coordinate TΩh
is more-less the same as that

used by Voronin [?] as well as [?, ?, ?]: �rst construct a quasi-conformal conjugacy
between th ◦ ϕ◦ph and th 7→ th + hs on a strip in th(Bh), afterwards correct it to
a holomorphic one using Ahlfors�Bers theorem, and then extend it to a bigger
domain through iteration of ϕ◦ph . The shape of the domain will depend only on the
position of the strip in the surface th(Bh) with respect to its holes.

10A translation surface is a Riemann surface with an atlas whose transition maps are a�ne
translations. Equivalently, it is a Riemann surface endowed with a holomorphic abelian di�eren-
tial � in our case dth.

11A saddle point (or conical singularity) of a translation surface is a point whose neighborhood
is a topological disc of angular opening 2mπ for some m ∈ Z>0. See e.g. [?].

12More precisely, the rami�ed domain Ωh may be understood as a domain in the covering
surface of Bh ∖ {Ph = 0} on which th lives.

13Usually a Fatou coordinate is de�ned as conjugating ϕ◦p
h to translation by 1. However in

our situation, as we need to keep track of the dependency in h, it is natural to conjugate to
translation by hs. We still call it Fatou coordinate.
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De�nition 6.1.

- Let θ ∈ R. A real trajectory of the vector �eld eiθhsYh through a point ξ is the
curve t 7→ exp(teiθhsYh)(ξ), t ∈ R, which corresponds to the line th(ξ)+eiθhsR
in the coordinate th. It is the same as a the trajectory of Xmod,h = hsYh as
the complex time evolves in the direction θ.

- For a given h, an angle θ ∈ ]0, π[ is called stable relative to Bh if for all ξ ∈ Bh the
real trajectory of eiθhsYh through ξ stays in Bh for either all positive (forward
time t > 0) or all negative (backward time t < 0) time, i.e. it is not allowed to
leave Bh in both directions.

In this case the forward, resp. backward, limit of the trajectory is necessarily
one of the equilibrium points of Yh in Bh (more on this in Section ??).

De�nition 6.2. For a �xed h, small δ3 > 0 (to be precised later), and a stable
angle θ ∈ ]δ3, π − δ3[, let Γh be a real trajectory of eiθhsYh through some non-
singular point ξ∗(h) ∈ Bh, such that both Γh, ϕ

◦p(Γh) ⊂ Bh, and denote Σh ⊂ Bh

the region bounded by the two curves Γh and ϕ◦p(Γh). Let th(Σh) be its bijective
image by a branch of th in the translation surface th(Bh) (see Figure ??) � we call
it an admissible strip.

The existence of a stable θ and of an admissible strip will be proved in Sec-
tion ??. Since the curve Γh is transversal to the real �ow of the model vector �eld
Xmod,h = hsYh, the region Σh is also �transversal� to the dynamics of ϕ◦pmod,h and
therefore also to ϕ◦ph .

De�nition 6.3. Let th(Σh) be an admissible strip and let us de�ne a rami�ed
domain Ωh in Bh ∖ {Ph(ξ1) = 0} as the �saturation� of Σh through iteration of

ϕ◦ph . This is more clear in the coordinate th: Let Φh := th ◦ϕ◦ph ◦ t
◦(−1)
h , and de�ne

th(Ωh) := {t : ∃n ∈ Z, Φ◦n
h (t) ∈ th(Σh) & ∀l = 0, . . . , n, Φ◦l

h (t) ∈ th(Bh)},

see Figure ??. Then the rami�ed domain Ωh, which we call a saturated Lavaurs
domain, is de�ned as a simply connected bijective preimage of th(Ωh) in a (covering
surface) of Bh ∖ {Ph(ξ1) = 0}.

Proposition 6.4 (Existence of a Fatou coordinate). There are constants δ1, δ2, δ3 >
0 (as in (??) and De�nition ??), such that for each h ̸= 0 and a saturated Lavaurs
domain Ωh (De�nition ??):

1. On the domain Ωh there exists an analytic function TΩh
: Ωh → C that is a

Fatou coordinate for ϕ◦ph

TΩh
◦ ϕ◦ph = TΩh

+ hs, (6.82)

and such that
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Figure 4: An admissible strip th(Σh) in dark gray, and the saturated Lavaurs
domain th(Ωh) in light gray. In the medium gray is the maximal subdomain
of th(Ωh) spanned by all the lines t + eiθ

′
hsR of varying slope θ′ ∈ ]δ3, π − δ3[

contained inside th(Ωh). This is a �naive version� of the Lavaurs domain which
will be constructed later in Section ??: such subdomain is easier to understand,
doesn't depend on ϕ◦p but only on ϕ◦pmod, and the constructed conjugacy ΨΩh

will
be bounded on it.

(a) TΩh
is univalent (injective) on Ωh,

(b) limth(ξ)→±∞·eiθhs Im
(
h−sTΩh

(ξ)
)
= ±∞, where the limit is taken along

any trajectory of eiθhsYh in Ωh, corresponding to a line th ∈ t0±eiθhsR>0

in th(Ωh),

(c) TΩh
◦ t◦(−1)

h has a moderate growth14 when th → ±∞ · eiθhs along any
such line.

2. If T ′
Ωh

: Ωh → C is another analytic function satisfying (??) with either of the
properties (a), (b), (c) then T ′

Ωh
− TΩh

= C(h) is constant on the leaf.

Our proof below follows the same general strategy as [?, ?, ?, ?, ?].

Lemma 6.5. Denote

hs∆ := t ◦ ϕ◦p − t ◦ ϕ◦pmod = t ◦ ϕ◦p − t− hs, (6.83)

meaning that ϕ◦p = exp
(
(1 + s)Xmod

)∣∣
s=∆

. Then ∆(ξ) = cP (u, h)U(ξ) for some
analytic germ U(ξ), with U(0) = −µ̂(0), where µ̂(h) is the formal invariant of ϕ◦p.

14At most polynomial-like in th.
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Proof. This follows from the implicit function theorem. Let

F (t, ξ) := ξ1 ◦ exp((1 + t)Xmod)− ξ1 ◦ exp(Xmod)

= tXmod.
[ +∞∑
n=1

1
n!(1 + t+ . . .+ tn−1)X

.(n−1)
mod .ξ1

]
,

see (??). The identity (??) is equivalent to ξ1 ◦ ϕ◦p − ξ1 ◦ ϕ◦pmod = F (∆, ξ). As
Xmod = hscPE, we see that the function G(U, ξ) := 1

c2hsP 2ξ1
F (cPU, ξ) = U +

h.o.t.(U, ξ) is analytic in the variables (U, ξ). By the assumption (??), write

ξ1 ◦ ϕ◦p − ξ1 ◦ ϕ◦pmod = c2hsP 2ξ1 · r̃(ξ)

for some analytic germ r̃(ξ). Then the implicit equation G(U(ξ), ξ) = r̃(ξ) has a
unique analytic solution U(ξ) with U(0) = r̃(0).

Let X̂ = hscP
1+cP R̂

E be the formal in�nitesimal generator of ϕ◦p = exp(X̂). Then
X̂.ξ1−Xmod.ξ1

ξ1hsc2P 2 = −R̂(0) + h.o.t. = −µ̂(0) + h.o.t., and one can see that

r̃(ξ) =
ξ1 ◦ ϕ◦p − ξ1 ◦ ϕ◦pmod

ξ1hsc2P 2
=

+∞∑
n=1

1

n!

X̂ .n.ξ1 −X .n
mod.ξ1

ξ1hsc2P 2
= −µ̂(0) + h.o.t.,

therefore U(0) = r̃(0) = −µ̂(0).

Lemma 6.6. Let ξ∗, θ and Σh be as in De�nition ??, and let us choose a deter-
mination of th(ξ) (??) such that th(ξ∗(h)) = 0, and hence the left boundary line
of the admissible strip th(Σh) is th(Γh) = eiθhsR. Let th(Σ̃h) = eiθhsR+ [0, hs[ be
the semi-closed strip between the lines th(Γh) = eiθhsR on the left (included) and
th◦ϕ◦pmod,h(Γh) = hs+eiθhsR on the right (excluded). Then the map ω1 : th(Σ̃h)→
th(Σh) de�ned by

t = hs
(
r + eiθq

)
7→ ω1(t, t) = t+ rhs∆h ◦ t◦(−1), r ∈ [0, 1[, q ∈ R,

where ∆h is the restriction of (??) to {h = const}, is a smooth bijection. Moreover,
let

µ(t) :=
∂
∂t
ω1

∂
∂tω1

, then |µ ◦ th| = O(|Ph|), (6.84)

that is, for every δ3 > 0 there exist δ1, δ2 > 0 from the de�nition of B (??) such
that for every θ ∈ [δ3, π− δ3] and every admissible strip th(Σh) ⊂ th(Bh) the above
is satis�ed uniformly.

Proof. Writing h−st = r+eiθq, then q = Im(h−st)
sin θ , r = Re(h−st)−Im(h−st) cotan θ,

therefore

ω1(th, th) = th (1 +
∆h
2 (1 + i cotan θ)) + thh

−s
hs∆h

2 (1− i cotan θ),
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from which

µ ◦ th =

∂
∂th

ω1(th, th)

∂
∂th

ω1(th, th)
=

h
−s

hs

2 (1− i cotan θ)∆h

1 + 1
2(1 + i cotan θ)∆h + rhsYh.∆h

,

since ∂
∂th

= Yh. By Lemma ??, |∆h| = O(|Ph|) and |Yh.∆h| = O(|Ph|)+O(|E.Ph|),
from which |µ ◦ th| = O(|Ph|). Let us show that ω1 is a bijection th(Σ̃h) →
th(Σh). It sends segments parallel to [0, hs[ in th(Σ̃h) to segments in th(Σh) of
slope close to arg hs (if |P | is small enough then the di�erence of the angles,
which is at most arcsin |∆h|, can be assumed ≪ δ3

2 ). According to (??), the curve

th ◦ϕ◦ph ◦ t
◦(−1)
h (eiθR) is |hs∆h ◦ t◦(−1)

h |-close to hs+ eiθhsR, and it can be assumed
that the argument of its tangent is close to θ + arg hs (if |Ph|, and therefore |∆h|,
is small enough then it can be assumed the arguments di�er by ≪ δ3

2 ). It follows
that the images of two di�erent segments by ω1 don't intersect, and thus ω1 is
bijective.

Proof of Proposition ??. 1) The map t 7→ z = e
2πi
hs

t identi�es the strip th(Σ̃h)
with C∗ = CP1 ∖ {0,∞}. Let ω̃1(z) := ω1(

hs

2πi log z) be a map C∗ → th(Σh) with
a discontinuity along the spiral that is the preimage of the line eiθhsR. By (??),
its Beltrami constant

µ̃(z) :=
∂
∂z ω̃1

∂
∂z ω̃1

=
z

z
µ( hs

2πi log z), µ̃(0) = µ̃(∞) = 0,

can be (up to restricting the size of the polydisc B) assumed small enough so that
its essential supremum is ∥µ∥∞ = supt∈th(Σ̃h)

|µ| < 1. So by the Ahlfors�Bers the-

orem, there exists a unique quasi-conformal map ω̃2 : CP1 → CP1 �xing the points

0, 1,∞ such that
∂
∂z

ω̃2

∂
∂z

ω̃2
= µ̃(z) almost everywhere. Let ω2(t) =

hs

2πi log ω̃2(e
2πih−st)

be the lifting of ω̃2 by t = hs

2πi log z, and put

TΩh
:= ω2 ◦ ω◦(−1)

1 ◦ th.

Then the map ω2 ◦ ω◦(−1)
1 = hs

2πi log
(
ω̃2 ◦ ω̃◦(−1)

1

)
is then a holomorphic conjugacy

from th(Σh) to some curved strip TΩh
(Σh) bounded by TΩh

(Γh) and TΩh
(Γh)+h

s,

and is such that limt→±∞·eiθhs Re
(
2πi
hs ω2 ◦ ω◦(−1)

1 (t)
)
= ±∞. Moreover TΩh

is
such that TΩh

◦ ϕ◦ph = TΩh
+ hs on the left boundary Γh, and it has a well-de�ned

analytic continuation to the domain th(Ωh) of De�nition ?? satisfying the Fatou
relation TΩh

(ξ) = TΩh
◦ϕ◦nph (ξ)−nhs, whenever ϕ◦nph (ξ) ∈ Σh for some n ∈ Z, and

all the iterates ϕ◦lph (ξ) ∈ Bh, l ∈ [0, n] ⊂ Z.
By the construction TΩh

satis�es the properties (a), (b), (c) on Σh, and the
analytic extension to Ωh through iteration preserves them as well.

2) The map ψ : t 7→ T ′
Ωh
◦T ◦(−1)

Ωh
(t), it commutes with the translation t 7→ t+hs

and therefore extends to an analytic map on C, with ψ(t)−t periodic of period hs. If
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T ′
Ωh

is univalent on Ωh, then ψ : C→ C is univalent as well, hence ψ(t) = t+C(h).

If limt→±∞·eiθhs Re
(
2πi
hs T ′

Ωh
(t)
)
= ±∞ then also limt→±∞·eiθhs Re

(
2πi
hs ψ(t)

)
=

±∞, and ψ is a lift by z = e
2πi
hs

t of a di�eomorphism of CP1 in the z-coordinate
�xing 0 and ∞, hence of a rotation by some multiplicative constant e

2πi
hs

C(h),
meaning that ψ : t 7→ t+ C(h). If T ′

Ωh
has a moderate growth in th, then so does

ψ(t)− t which can be written as a Fourier series
∑

n∈ZCne
2πint
hs , and the moderate

growth at both t→ +eiθ∞ and t→ −eiθ∞ means that Cn = 0 for all n ̸= 0.

Proposition 6.7. The Fatou coordinate TΩh
of Proposition ?? satis�es

(i) lim
th→±∞·eiθhs

TΩh
− th − µ̂(0) log ξ1 ∈ C,

(ii) lim
th→±∞·eiθhs

∂
∂th

(
TΩh
− th

)
= 0,

both limits considered along any line th ∈ t0±eiθhsR>0 in th(Ωh) with θ ∈ ]δ3, π−
δ3[.

Proof. First let us prove (i). Let th(Σh) and th(Σ̃h) be as in Lemma ??. Denote
ťh = th + µ̂(0) log ξ1

h
1
2
and

hs∆̌h = ťh ◦ ϕ◦ph − ťh − hs = hs∆h + µ̂(0) log
ξ1 ◦ ϕ◦ph
ξ1

,

then by Lemma ?? ∆̌(ξ) = cP (ξ)Ǔ(ξ) with Ǔ(0) = 0. In the proof of Propo-
sition ??, we can replace th by ťh and ∆h by ∆̌h and thanks to the uniqueness
property we obtain the same Fatou coordinate up to a constant.

We need to calculate the limit limťh→±∞·eiθhs TΩh
− ťh. We have

TΩh
− ťh = hs

2πi log
ω̃2◦ω̃◦(−1)

1 (ťh)

ω̃
◦(−1)
1 (ťh)

+ hs

2πi log ω̃
◦(−1)
1 (ťh)− ťh

= hs

2πi log
ω̃2(žh)

žh

∣∣
žh=ω̃

◦(−1)
1 (ťh)

+ ω
◦(−1)
1 (ťh)− ťh,

(6.85)

where žh = e
2πi
hs

ťh . As |ω◦(−1)
1 (ťh) − ťh| = O(|hsPh|), this means that the limit

equals to

lim
ťh→+∞·eiθhs

(TΩh
− ťh) = lim

z→0

hs

2πi log
ω̃2(z)

z = hs

2πi log
∂
∂z
ω̃2

∣∣
z=0

,

resp.

lim
ťh→−∞·eiθhs

(TΩh
− ťh) = lim

z→∞
hs

2πi log
ω̃2(z)

z = − hs

2πi log
∂
∂y

1
ω̃2(y−1)

∣∣
y=0

.

We have µ̃(0) = µ̃(∞) = 0, we need to check that ω̃2(z) is conformal at z = 0,∞
and therefore that the derivative ∂

∂z
ω̃2(z) exists and is �nite at z = 0,∞. Let us
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look at z = 0 only. By [?, Theorem 7.1] the su�cient condition is that the integral∫∫
|z|<e−R

|µ̃(z)|
1−|µ̃(z)|

dRe(z)d Im(z)
|z|2 = (2π)2

∫∫
0<Re(th−s)<1,

Im(th−s)> R
2π

|µ(t)|
1−|µ(t)|dRe(th

−s)d Im(th−s)

is �nite for someR > 0. This is equivalent (for hs ̸= 0) to
∫
|∆̌h||Y −1

h | =
∫
|Ǔh|E−1

h

to be bounded in Σh, which is in fact satis�ed since for h ̸= 0 the point žh = 0
correspond to some singularity ξ = ah ̸= 0, and for h = 0 we have Ǔ0(0) = 0.

Let us now prove (ii). Let a(h) be the zero of Ph (??) such that ξ1 → a(h) as
th → ±∞ · eiθhs. Assume �rst that a(h) is simple. Let νa = 2πi resξ1=a(h) Y

−1
h

and let mona : ξ1 7→ a(h)+ e2πi(ξ1− a(h)) be the monodromy operator of analytic
continuation along a simple positive loop around a(h), hence th◦mona = th+νa(h)
(and also ťh◦mona = ťh+νa(h) since a(h) ̸= 0). The map T ′ := TΩh

◦mona−νa is
a Fatou coordinate for ϕ◦ph on the shifted domain mona(Ωh), which has a nonempty
intersection with Ωh on the Riemann surface of th (i.e. th(Ωh) and th(Ωh) + νa

intersect). The map t 7→ T ′ ◦ T ◦(−1)
Ωh

(t) a di�eomorphism that commutes with

the translation t 7→ t + hs, and such that limt→±∞·eiθhs T ′ ◦ T ◦(−1)
Ωh

(t) − t = 0

by (i). Therefore T ′ ◦ T ◦(−1)
Ωh

(t) − t is represented by a convergent Fourier series∑
n∈±Z>0

Cne
2πint
hs and

g(th) := TΩh
◦mona−νa − TΩh

=
∑

n∈±Z>0

Cne
2πinTΩh

hs

de�ned on a neighborhood of the ray th ∈ t0± ei(θ+s arg h)R>0 is exponentially �at
in th. The Cauchy integral

G(t) := 1
2πi

∫
t0±ei(θ+s arg h)R>0

g(r)
t−r dr,

satis�es G(t+ νa)−G(t) = g(t). Hence the function F = TΩh
− th−G ◦ th is such

that F ◦mona = F , i.e. it is univalent on a neighborhood of ξ1 = a(h). Moreover
it is bounded and therefore limth→±eiθhs∞

∂
∂th

F = 0 since ∂
∂th

= Yh vanishes at

ah. Hence

lim
th→±eiθhs∞

∂
∂th

(TΩh
− th) = lim

th→±eiθhs∞
∂
∂t
G(t)

= lim
t→±eiθhs∞

− 1
2πit2

∫
t0±ei(θ+s arg h)R>0

g(r)
(1− r

t
)2
dr = 0.

The case of a multiple zero a(h) is done similarly, except in this case several
di�erent domains Ωh are necessary to cover sectorially the neighborhood of a(h).
The argument is essentially just a variation on Ramis�Sibuya theorem (e.g. [?,
Theorem 1.3.2.1]).
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Proposition 6.8. 1. The Fatou coordinate TΩh
and the domain Ωh are indepen-

dent of a small variation of admissible θ and of the point ξ∗(h) (the two of them
determining Σh, p. ??) as long as the strip th(Σh) stays admissible, except for
an addition of some constant C0(h) ∈ C to TΩh

.

2. The Fatou coordinate TΩh
depends analytically/continuously on h as long as

the point ξ∗(h) depends analytically/continuously on h and the angle θ varies
continuously in h.

3. When h→ 0 with an asymptotic direction (i.e. so that arg(h) has a limit), and
an admissible strip th(Σh) has a limit, then the construction of the function
TΩh

extends to the limit.

In particular, in the the case s > 0 when a limit h → 0 of admissible strip is
just a line, one has ∂

∂t0
(TΩ0 − t0) =

1
1+∆0

− 1 with ∆0(ξ1) = ∆(ξ1, 0) (??), i.e.

TΩ0 − t0 − µ̂(0) log ξ1 =
∫ (

−U0
1+cP0U0

− µ̂(0)
)
dξ1
ξ1

is analytic on B0,

where U0(ξ1) = U(ξ1, 0) = −µ̂(0) + h.o.t.(ξ1) (Lemma ??).

In order to prove this proposition, we need �rst some preliminary considera-
tions.

The Fatou coordinate TΩh
conjugates ϕ◦ph to translation by hs on the admissible

strip th(Σh), which is roughly of width ∼ sin θ · |hs|. When s = 0, the construction
is uniform when h → 0. On the other hand, if s > 0, then as h → 0 the ad-
missible strip shrinks to the line t0(Γ0) = ei(θ+s arg h)R, and the translation by hs

degenerates to identity, so one can no longer extend by iteration. The remedy is
to approach h→ 0 along a sequence hn = n−

1
sh0 and consider instead the iterates

ϕ◦nphn
. The Fatou coordinate for ϕ◦nphn

is the same as the one for ϕ◦phn
(by uniqueness),

except now it is de�ned on an admissible strip of non-vanishing width ∼ sin θ · |hs0|,
and conjugates ϕ◦nphn

to translation by nhsn = hs0.

Lemma 6.9. For any given h0 let hn = n−
1
sh0 and de�ne

φn(ξ1) := ξ1 ◦ ϕ◦np(ξ1, hn
ξ1
), ξ1 ∈ Bhn .

Then the sequence of di�eomorphisms φn(ξ1) converges locally uniformly on B0 ∖
{0} to φ∞(ξ1) = exp

(
hs0(1 + ∆0)Y0

)
(ξ1) where ∆0(ξ1) = ∆(ξ1, 0) (??).

Proof. Denoting ∆hn(ξ1) = ∆(ξ1,
hn
ξ1
), we have by iteration of (??)

thn ◦ φn(ξ1) = thn + hsn

n−1∑
j=0

(
1 + ∆hn◦ ξ1 ◦ ϕ◦jp(ξ1, hn

ξ1
)
)
.

Consider the vector �eld nhsn(1 + ∆hn◦ t
◦(−1)
hn

(t)) ∂
∂t

on the translation surface

thn(Bhn). The approximation of its �ow at a time j
m by the Euler method with
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step-size 1
m is yjhn,m

(t), where y0hn,m
(t) = t and

yj+1
hn,m

(t) = yjhn,m
(t) + 1

mnh
s
n

(
1 + ∆hn◦ t

◦(−1)
hn

(yjhn,m
(t))
)
, j = 0, . . . ,m− 1.

In particular thn ◦ φn = ynhn,n
◦ thn is the time 1 approximation with step 1

n . By
well-known results on locally uniform convergence of the Euler approximation to
the actual solution (in our case the �ow of hsn(1 + ∆hn◦ t

◦(−1)
hn

(t)) ∂
∂t

on the time
interval [0, 1]), see e.g. [?, Theorems 6.2.2 & 4.5.2], and its uniform dependence
on a parameter, we have

ymhn,m
m→+∞−−−−−→ exp

(
nhsn(1 + ∆hn◦ t

◦(−1)
hn

(t)) ∂
∂t

)
n→+∞

y yn→+∞

ym0,m
m→+∞−−−−−→ exp

(
hs0(1 + ∆0◦ t◦(−1)

0 (t)) ∂
∂t

)
.

Therefore thn ◦ φn = ynhn,n
◦ thn → exp

(
hs0(1 + ∆0)

∂
∂t0

)
as n→ +∞.

Proof of Proposition ??. 1. Moving the point ξ∗(h) and varying the admissible
angle θ moves the strip th(Σh) ⊂ th(Bh) in a continuous way. Every (partial)

orbit of th ◦ϕ◦ph ◦t
◦(−1)
h in th(Bh) that hits th(Σh), will also hit the moved strip,

which means that they both give rise to the same domain th(Ωh).

2. Treating h as parameter, the coordinate th such that th(ξ∗(h)) = 0, and the
map ω1 depend analytically/continuously on h, and so does the Beltrami con-
stant µ̃. Then also the solution ω̃2 of the Beltrami equation depends analyti-
cally/continuously on h, see e.g. [?, Theorem 7.6], and therefore so does TΩh

as well. (See [?, Appendix] for a more detailed argument).

3. In the case s = 0 this follows from the previous point. In the case when s > 0,
we consider a sequence hn as in Lemma ?? and the maps φn in place of ϕ◦ph .
Then the admissible strip for φn and the associated Beltrami function µ (??)
have both well de�ned limits as n→∞. Therefore also TΩ0 = limn→+∞ TΩhn

is
the Fatou coordinate for φ∞ = exp

(
hs0(1+∆0)

∂
∂t0

)
which is (up to a constant)

necessarily equal to TΩ0 = hs0
∫

1
1+∆0

dt0.

6.1.2 Normalizing transformation to the model

Let S be the maximal domain in the h-space over which one can choose an admis-
sible strip th(Σh) in a continuous fashion (varying its position and angle θ) and
thus construct the domain Ωh (more details about this in Section ??). We will
denote

Ω =
∐
h∈S

Ωh,
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a rami�ed domain in the ξ-space with rami�cation locus at a subset of {P (ξ) =
0} ∪ {h = 0}. Let TΩ be a Fatou coordinate for ϕ◦p on Ω constructed in Proposi-
tions ?? & ??, and let

αΩ(ξ) := TΩ(ξ)− t(ξ), ξ ∈ Ω. (6.86)

Since TΩ = t+ αΩ = exp(t ∂
∂t
)
∣∣
t=αΩ(ξ)

, the map

ΨΩ(ξ) = exp(tY )(ξ)
∣∣
t=αΩ(ξ)

, (6.87)

is analytic on Ω and such that

TΩ = t ◦ΨΩ, and ΨΩ ◦ ϕ◦p = exp(hsY ) ◦ΨΩ,

therefore it is a normalizing transformation for ϕ◦p which conjugates it to the
model ϕ◦pmod = exp(hsY ). Let us stress that in general the transformation ΨΩ is
multivalued in ξ, since the domain Ω is rami�ed.

Theorem 6.10. 1. The normalizing transformation ΨΩ (??) is analytic on Ω,
and such that ΨΩ(ξ) − ξ = O(Pξ) is bounded and tends to identity along any
complete real trajectory of eiθhsYh in Ωh.

2. If Ψ′
Ω is another analytic conjugating transformation on Ω, Ψ′

Ω◦ϕ◦p = ϕ◦pmod◦Ψ′
Ω,

that is bounded and tends to identity along some complete real trajectory of
eiθhsYh in Ωh, for each h ∈ S = h(Ω), then Ψ′

Ω = exp(CΩ(h)Y )◦ΨΩ for some
analytic CΩ(h) on S.

Proof of Theorem ??. 1) Writing TΩ =
(
t+ µ̂(0)12 log

ξ1
ξ2

)
+
(
αΩ(ξ)− µ̂(0)12 log

ξ1
ξ2

)
,

where t + µ̂(0)12 log
ξ1
ξ2

is the rectifying coordinate of the vector �eld cP
1+µ̂(0)cP E,

and where by Proposition ?? the function αΩ(ξ) − µ̂(0)12 log
ξ1
ξ2

is bounded along

any trajectory of eiθhsYh. We have

ΨΩ(ξ) = exp
(
t cP
1+µ̂(0)cP E

)
(ξ)
∣∣∣
t=αΩ(ξ)−µ̂(0)

1
2 log

ξ1
ξ2

,

and for every R > 0 there exist δ1 > 0 such that (t, ξ) 7→ exp
(
t cP
1+µ̂(0)cP E

)
(ξ) is

analytic on the polydisc |t| < R, |ξ| < δ1. Hence the result.
2) Since T ′

Ω := t ◦ Ψ′
Ω is another Fatou coordinate on t(Ω) with T ′

Ω having
a moderate growth when t → ∞ along the trajectory on both ends, then by
Proposition ?? T ′

Ω − TΩ = CΩ(h).

6.1.3 �Sectorial� holomorphic in�nitesimal generator

From Lemma ?? and (??) together with (??), we have that the vector �eld

XΩ := hs(ΨΩ)
∗Y =

hsY

1 + Y .αΩ
=

hscP

1 + cPE.αΩ
, (6.88)
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where 1 + Y .αΩ = ∂
∂tTΩ ̸= 0, is a bounded in�nitesimal generator for ϕ◦p on Ω,

called Lavaurs vector �eld,
ϕ◦p = exp

(
XΩS

)
,

and
hsX−1

Ω − Y −1 = dαΩ mod dh
h .

Since TΩ is unique up to addition of some C(h), h ∈ S, the Lavaurs vector �eld
hsXΩ (??) on Ω is uniquely de�ned.

We recall that a germ of of holomorphic di�eomorphism tangent to identity at
the origin, its �xed point, such as our ϕ◦p, has a formal in�nitesimal generator X̂
(see Section ??), albeit it may not have any in�nitesimal generator holomorphic at
the origin. The Lavaurs vector �eld de�ned above serves as holomorphic �sectorial�
in�nitesimal generator. It is de�ned uniquely on a �sectorial� Lavaurs domain and
is asymptotic to the formal in�nitesimal generator as next proposition shows. As
such, it can be seen as a �sectorial� realization of the formal in�nitesimal generator
X̂ of ϕ◦p. This is analogical to the 1-dimensional situation, where the formal
in�nitesimal generator of a parabolic di�eomorphism of (C, 0) is Borel summable
on sectors (petals) [?, ?, ?, ?].

Proposition 6.11. Let X̂ = hs cP (u,h)

1+cP (u,h)R̂(ξ)
E be the formal in�nitesimal gener-

ator of ϕ◦p, with R̂(ξ) =
∑
rmξ

m, and let XΩ (??) be the Lavaurs vector �eld.
Let Ω̃ ⊆ Ω be a subdomain on which XΩ is uniformly bounded, and assume that
0 ∈ ∂Ω̃. Then XΩ is uniformly asymptotic to X̂ on Ω̃, i.e. the function E.αΩ(ξ)
has a formal asymptotic expansion R̂(ξ) uniformly when Ω̃ ∋ ξ → 0.

Proof. For n ∈ Z>0, let j(n)X̂, resp. j(n)ϕ◦p, denote the n-jet of the formal vector
�eld X̂, resp. of the analytic di�eomorphism ϕ◦p, with respect to the variable ξ.
Then formally,

j(n)ϕ◦p = j(n) exp
(
j(n)X̂

)
(6.89)

and since both sides are analytic, and since ϕ◦p = exp(XΩ)(ξ) for ξ ∈ Ω̃, this
means that

exp(XΩ)(ξ)− exp(j(n)X̂)(ξ) ∈ ξJ n
Ω̃
,

where JΩ̃ denotes the ideal ξ1BΩ̃ + ξ2BΩ̃ of the ring BΩ̃ of bounded analytic func-
tions on Ω̃. We want to conclude that

ZΩ,n := XΩ(ξ)− j(n)X̂(ξ) ∈ J n
Ω̃
·E.

Denote Ft := exp(tXΩ) ◦ exp(−tj(n)X̂), then

∂
∂t
Ft

∣∣
ξ=F

◦(−1)
t

= XΩ.ξ − j(n)X̂. exp(tXΩ)
∣∣
ξ=exp(−tXΩ)

= XΩ.ξ − exp(−tXΩ)
∗(j(n)X̂).ξ

= exp(−tXΩ)
∗ZΩ,n.ξ,
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hence
Fr = ξ ◦ exp

(
r ∂
∂t

+ r exp(−tXΩ)
∗ZΩ,n

)∣∣
t=0

is the time-r-�ow of the non-autonomous vector �eld exp(−tXΩ)
∗ZΩ,n.

We know that ZΩ,n is a bounded multiple of hsPE, and in particular it belongs
to JΩ̃ ·E. From (??) we also know that F1(ξ) = ξ mod ξJ n

Ω̃
, and since

F1 =
∑
m=0

1
m!

(
∂
∂t

+ exp(−tXΩ)
∗ZΩ,n

)m
.ξ
∣∣∣
t=0

= ξ +ZΩ,n.ξ + . . . ,

is a convergent sum, in which if ZΩ,n ∈ J l
Ω̃
·E for some l ≥ 1 then the terms �. . .�

belong to J l+1
Ω̃
· ξ, this means that ZΩ,n ∈ J n

Ω̃
·E.

6.2 Dynamics of the vector �eld Y and the Lavaurs domains

The goal of this section is to:

- show that a stable θ and an admissible strip th(Σh) indeed exist for all |h| < δ2
for some δ2 > 0, and that the collection of Lavaurs domains Ω covers all B
(Theorem ??).

- understand the organization of these domains Ωh in Bh, and how they depend
on h and θ and the position of the strip th(Σh) in th(Bh).

The modulus of analytic classi�cation will be described afterwards in Section ??.
We will replace the saturated Lavaurs domains Ωh of Section ?? by slightly

smaller domains, called simply �Lavaurs domains� the form of which will depend
only on the dynamics of the model vector �eld hsY , and on the constants δ1, δ2, δ3
(de�ning size's constraints on |ξ1|, |h| and on the variation of the angle θ) but
not on ϕ◦p. The basic idea would be to construct these new domains so that
their th-image would be spanned by all the lines t0 + eiθhsR of varying angle θ
in th(Ωh) ⊂ th(Bh), see Figure ??. The preimage of each such line t0 + eiθhsR
is nothing else then a complete real-time trajectory of the vector �eld eiθhsYh in
Ωh ⊂ Bh, which is why we need to have some understanding of their organization.
The exact construction of the Lavaurs domains in Section ?? will be slightly more
technical in order to ensure they cover Bh in a uniform way, but the rough idea
stays the same.

So let Y = cPE be the rational vector �eld (??), and Yh = cPhE (??) its
restriction to a leaf {h = const}. In the coordinate ξ1 on a leaf with h ̸= 0, the
vector �eld Yh is rational in ξ1 ∈ CP1, with poles at ξ1 = 0,∞, and with coe�cients
Pj(h) depending analytically on h, |h| < δ2. Up to restricting δ21 ≫ δ2 > 0, we
can assume that all the 2kp zeros of Yh (counted with multiplicity) lie inside the
annulus

Bh =
{ |h|
δ1

< |ξ1| < δ1

}
for |h| < δ2,
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(a) h = 0 (b) h ̸= 0

Figure 5: (a) The real phase portrait of Y0 on the irreducible component {ξ2 = 0}
of B0, showing the 2kp �outer� sepal zones (here kp = 3). (b) The real phase
portrait of Yh near the boundary of Bh, showing the ends of 2kp �outer half-zones�
(see Section ??) and 2kp �inner half-zones� (here kp = 3). The middle part (dotted)
is where all the equilibria are situated and where the global organization of the
phase portrait is determined.

while the poles of Yh lie outside of the annulus, symmetrically in the outer and
inner components of its complement. The limit vector �eld

Y0 = pc ξ
(k+1)p
1

∂
∂ξp1

, (6.90)

on the irreducible component {ξ2 = 0, 0 ≤ |ξ1| < δ1} of B0, is obtained by the
merging of 2kp zero points (counted with multiplicity) with the pole of order kp−1
at the origin into a zero point of order kp+1. The situation on the other irreducible
component {ξ1 = 0, 0 ≤ |ξ2| < δ1} of B0 is symmetric by means of σ.

We want to understand the topological organization of the real trajectories in
the rotating family of vector �elds

eiθhsYh, θ ∈ R, (6.91)

in dependence on the parameter h and the angle θ. We will �rst consider it globally
as a family of rational vector �elds on CP1, and later look at their restriction to
Bh.

Let us recall some basis properties of the real dynamics of rational vector �elds
on CP1 (see e.g. [?, ?, ?, ?, ?, ?, ?, ?]).

6.2.1 Critical points.

Let a(h) be a zero (an equilibrium point) of Yh, and denote

νa(h) = 2πi resξ1=a(h) Y
−1
h , (6.92)
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saddle.pdf

Figure 6: The real phase portrait near a pole of order kp− 1 with 2kp ends (here
kp = 3).

the period (also called dynamical residue) of th (??) around it.
For each h, θ, the real-time-�ow curves of the vector �eld eiθhsYh de�ne a real-

analytic singular foliation on CP1, also known as the real phase portrait of eiθhsYh,
or the horizontal foliation of the meromorphic di�erential e−iθh−sY −1

h .
Near a simple equilibrium the vector �eld eiθhsYh is locally biholomorphically

equivalent to eiθhs 2πiνa
z ∂
∂z
. Its real dynamics is

- attractive if Im(e−iθh−sνa) < 0,

- repulsive if Im(e−iθh−sνa) > 0,

- center if e−iθh−sνa ∈ R,

{
odd (counter-clockwise) : e−iθh−sνa > 0,

even (clockwise) : e−iθh−sνa < 0.

Near a multiple equilibrium (parabolic point) of a multiplicity m + 1 the vec-
tor �eld is locally biholomorphically equivalent to eiθhs zm+1

1+ νa
2πi

zm
∂
∂z

(cf. e.g. [?,

Theorem 5.25]). Its real phase portrait exhibits 2m sepal zones, consisting of
asymptotically closed trajectories (i.e. those whose both positive and negative
time limit is the equilibrium), separated alternatingly by m attractive and m re-
pulsive directions (such as in Figure ??).

The vector �eld eiθhsYh (??) has two poles for h ̸= 0: an outer pole at ξ1 =∞
and an inner pole at ξ1 = 0, while for h = 0 there is one pole on each irre-
ducible component of B0. Each pole is of order kp− 1, and so the vector �eld has
2kp separatrices15 emanating from the pole, alternatingly incoming and outgoing,
separating 2kp sectors, called ends, on which the real �ow is of hyperbolic form
(Figure ??). The ends are either{

odd end ⇔ the �ow at the corner is �counter-clockwise�,

even end ⇔ the �ow at the corner is �clockwise�.

15Separatrices are trajectories having a pole in its closure and passing through it in a �nite
time. The local model for a pole of order n − 1 is 1

zn−1
∂
∂z

for n ∈ N∗. It has 2n separatrices at

0, namely zℓ(t) := e
iπℓ
n (t− t0)

1/n, t− t0 ∈ R∗
+, ℓ = 0, . . . , 2n− 1.
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(a) αω-zone (b) Sepal zone (c) Center zone (d) Annular zone

Figure 7: The di�erent kind of zones in the ξ1-coordinate.

A separatrix can be either landing at an equilibrium point, or it coincides with
another separatrix to form a homoclinic or heteroclinic connection (depending on
whether the trajectory goes back to the same pole or to a di�erent one). The time
th (??) it takes to arrive at the pole from a regular point is always �nite.

The following well known result concerns real �ow of rational vector �elds on
CP1:

Proposition 6.12. 1. A rational vector �eld on CP1 has no limit cycles: all non-
periodic trajectories are landing in the positive/negative time limit at an equi-
librium point, or they reach a pole as a separatrix. Every periodic trajectory
belongs to a maximal open domain consisting of periodic trajectories (all of the
same period), the boundary of which is formed by a union of homoclinic or
heteroclinic separatrices. (See [?, Theorem 3].)

2. Each attractive/repulsive simple equilibrium is the landing point of at least one
separatrix, and each direction separating sepals of a parabolic equilibrium is
tangent to at least one landing separatrix.

3. Counted with multiplicity, the number of zeros minus the number of poles sur-
rounded by a periodic orbit is equal 1. (This is just a Poincaré�Hopf index
theorem.)

6.2.2 Zone decomposition.

The separatrix graph is de�ned as the closure in CP1 of the union of all separatrices
of all poles. The connected components in CP1 of the complement of the separatrix
graph are called zones of eiθhsYh in CP1. In each zone all the trajectories are
homotopic by a homotopy �xing the equilibria. There are four types of zones that
can occur for a rational vector �eld according to their form in the th-coordinate
(Figure ??):

1. αω-zone: All trajectories share the same α-limit and the same ω-limit which
are either two di�erent equilibria (simple or multiple) or the same multiple
equilibrium, and the closure of the zone is not contractible by a homotopy
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(a) αω-zone (b) sepal zone
(odd)

νa

eiθhsR

(c) center zone
(odd)

ν

(d) annular zone

Figure 8: The di�erent types of zones in the th-coordinate. Generically there is
only one end of a pole on each boundary line (as in the picture), but non-generically
can be more. In (a): the gate trajectory (dashed) of the αω-zone passes through
the center-point (white point) of the transversal (dotted) joining the two ends
(black points). In (c) and (d): the dash-dotted lines are glued together forming a
cylinder. In (d): there are Z-many saddle connections/transversals on the cylinder
between the two ends (not depicted).

�xing the equilibria (Figure ??). In the th-coordinate it corresponds to an
open in�nite strip parallel to eiθhsR (Figure ??).

2. Odd/even sepal zone: All trajectories share the same α-limit and the ω-
limit which are the same multiple equilibrium, and the closure of the zone
is contractible by a homotopy �xing the equilibrium (Figure ??). In the
th-coordinate it corresponds to an open half-plane eiθhsH± (Figure ??).

3. Odd/even center zone: It consists of periodic counter-clockwise/clockwise
periodic orbits of the same period ±e−iθh−sνa > 0 around a center equilib-
rium point a � the zone has the form of a pierced disc (Figure ??). In the
th-coordinate it corresponds to a quotient of a half-plane eiθhsH± by νaZ
(Figure ??).

4. Annular zone (periodic annulus:) It consists of periodic orbits of the same
period ±e−iθh−sν > 0 (where ν is equal to the sum of the periods of the
equilibria encircled by the trajectory) � the zone has the form of an annulus
(Figure ??). In the th-coordinate it corresponds to a quotient of an open
in�nite strip parallel to νR by νZ (Figure ??).

Lemma 6.13. The images by σ : ξ1 7→ h
ξ1

and by

{
(b) Λ : ξ1 7→ λξ1,

(c) σΛ = −I : ξ1 7→ −ξ1,
of

a separatrix of eiθhsYh are again separatrices of eiθhsYh (up to an orientation).
Hence σ and Λ map zones to zones.
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phaseportrait1a.pdf

(a)

phaseportrait2a.pdf

(b)

Figure 9: Examples of the zone decomposition of a real phase portrait (separatrices
in black).
(a) Yh = i

(
ξ1 + h

ξ1
− 2
)(
ξ1 + h

ξ1
+ 1

2

)3
ξ1

∂
∂ξ1

with h = 0.95: the phase portrait
exhibits 2 center zones, 8 sepal zones and 2 αω-zones.
(b) Yh = i

((
ξ1 +

h
ξ1

)3 − 1
)
ξ1

∂
∂ξ1

with h = 0.95: all 6 zones are αω-zones.

Proof. Trivial.

Remark 6.14. While the zone decomposition of eiθhsYh is preserved by the action
of τ1 = σ, in general this is not true for τ2 = σΛexp(hsY ) unless θ ∈ πZ.

6.2.3 The rotating family and rotational stability.

De�nition 6.15. All the possible homoclinic or heteroclinic connections that ap-
pear in the rotating family eiθhsYh for some θ ∈ R are called saddle connections.
They correspond to oriented straight segments (geodesic segments) on the trans-
lation surface of th between the saddle points corresponding to the poles.

The period map is given by integration of the form dth = Y −1
h along paths

between saddles. Namely, to each saddle connection γ, one associates its period
along γ:

νγ =

∫
γ
Y −1
h ̸= 0.

The period along the symmetric saddle connection σ(γ) is the same, νσ(γ) = νγ .
(On the other hand, if ξ1 = a is an equilibrium, then the dynamical residue (??)
satis�es νσ(a) = −νa since σ reverses orientation.)

De�nition 6.16. The vector �eld eiθhsYh is called rotationally stable if it contains
no homoclinic or heteroclinic separatrix connections. We call such pair of values
(h, θ) stable.
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The idea is that homoclinic/heteroclinic connections disappear under a small
perturbation of the angle of rotation θ in (??) while landing separatrices are stable.
This means that the topological organization of the phase portrait of a rotationally
stable vector �eld doesn't change under a small change of θ.

Proposition 6.17 (Muciño-Raymundo, Valero [?]). The set of θ ∈ [0, π] for which
eiθhsYh (with �xed h) is not rotationally stable is at most countable with only
�nitely many accumulation points at exactly those θ for which eiθhsYh has an
annular zone.

In fact, for each annular zone that appears in the rotating family for some angle
θ and each pair of ends on opposite boundaries of the zone, there are Z-many saddle
connections between these ends inside the zone, and there is only a �nite number16

of other saddle connections.

In our case, there can be no more then one annular zone that appears in the
rotating family (and therefore it is necessarily invariant by Λ and σ): There needs
to be at least one pole on each boundary component of the zone and we have only
two poles, 0 and∞, hence if two di�erent zones appeared in the rotating family for
two di�erent angles θ1 ̸= θ2 mod πZ, they would have to intersect. However this
is not possible since each trajectory in the �rst annular zone is closed (periodic),
dividing CP1 into two parts, and all the trajectories of the other rotated �eld
that cross it do so with the same angle θ1 − θ2, so none of them can be closed.
Therefore, in the Proposition ?? there is at most one value of θ modulo πZ to
which the rotationally unstable angles can accumulate.

Example 6.18 (k = 1). For k = 1, the vector �eld is of the form Y = c
(
u +

P0(h)
)
E, i.e.

Yh = pc
(
ξ2p1 + P0(h)ξ

p
1 + hp

)
∂

∂ξp1
.

Here if P0(h)
2 ̸= 4hp then an annular zone always appears in the rotating family

for some value of θ (see Section ??), although it could potentially be degenerated to
a (poly)cycle. An example of the dependence of the real phase portrait of eiθhsYh

on θ is shown in Figure ??.

De�nition 6.19. The only kinds of zones that a rotationally stable vector �eld
can have are

1. sepal zones with one end17 at a pole (Figure ??),

2. αω-zones with exactly two ends (at either two distinct poles or at one same
pole) (Figure ??),

as any other kind of zone would have on its boundary either a homoclinic or a
heteroclinic connection (which goes against De�nition ??). Let us call such zones
rotationally stable.

16In our case at most kp(2kp− 1) counted without orientation.
17Recall that an end refers to one of the hyperbolic sectors at a pole, see page ??.
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(a) (b) θ = π
2 (c)

(d) (e) (f) θ = π

Figure 10: Example of separatrices in the real phase portrait of a rotating family
eiθhsYh in the case k = 1 and p = 3 (Example ??) for a �xed h > 0 and with c = i,
P0(h) > 0, according to some increasing values of θ. There is an in�nite sequence
of bifurcations at unstable values of θ ∈ [0, π] which accumulate towards the angle
0, π a the annular zone. In the �gure, a bifurcation occurs in the transition from
(a) to (c), from (c) to (d), from (d) to (e). The portrait (b) is rotationally unstable
with 3 heteroclinic separatrices, and so is (f) which exhibits an annular zone and
6 center zones.

6.2.4 Half-zone decomposition.

Rotationally stable αω-zones have 2 ends, while rotationally stable sepal zones
have only 1 end each. What can happen in a parametric family is that at a limit
some singularities merge, and an αω-zone splits into a pair of sepal zones: the
bifurcation happens near the singular locus, away from the boundary, so ends are
not a�ected. To get a uni�ed description that passes well to the limit, we shall
split each rotationally stable αω-zone into a pair of �half-zones�: each having one
end. There is a canonical way to do so.

De�nition 6.20. A rotationally stable αω-zone contains exactly one saddle con-
nection18 which joins its two ends � in the coordinate th it corresponds to the �nite

18See De�nition ??.
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segment joining the saddle points on the two boundary lines, see Figure ??. It is
called a transversal of the zone. Since the transversal has a �nite period, it has a
well de�ned midpoint (note that the transversal, and therefore also the midpoint,
is independent of a small variation of the angle θ). Following [?], the trajectory
through the midpoint is called gate. In the coordinate th, the αω-zone is an in�nite
strip and the gate divides it to two parallel strips of half the width (see Figure ??).

The gate graph of eiθhsYh for a stable θ is the closure of the union of the
unoriented gates of all αω-zones.19

De�nition 6.21. The half-zones of a rotationally stable eiθhsYh are the connected
components of the complement of the union of the separatrix graph and the gate
graph. They are either

1. a rotationally stable sepal zone (bounded by 2 separatrices), or

2. a half of a rotationally stable αω-zone cut in two halves by the gate trajectory
(bounded by 2 separatrices and the gate).

Thus each half-zone has exactly one end located at either the outer pole ξ1 =∞,
or the inner pole ξ1 = 0. Accordingly, the half-zone are called either outer or inner.

To each outer half-zone there is a symmetric by σ inner half-zone. The ter-
minology clearly depends on the choice of the coordinate ξ1 on Bh: choosing ξ2
instead would lead to opposite naming, but this is not important.

Proposition 6.22. For a stable (h, θ), h ̸= 0, the gate graph

1. is connected and homotopic to a simple non-contractible loop in the leaf {h =
const},

2. is preserved by σ : ξ1 7→ h
ξ1

(??) and by

{
(b) Λ : ξ1 7→ λξ1,

(c) σΛ = −I : ξ1 7→ −ξ1,

3. contains all the equilibria, and in the formal case (b) also all the �xed points
ξ1 = ±λn

2 h
1
2 of Λnσ =

(
0 λn

λ−n 0

)
, n ∈ Zp, which are either equilibria or

midpoints of αω-zones. .

Proof. 1) The union of the closures of the outer half-zones is a contractible neigh-
borhood of ∞, while that of inner half-zones is a contractible neighborhood of 0.
The intersection of these two neighborhoods is a simple loop consisting of gates
between outer and inner half-zones. Connectedness follows from the rotational
stability.

2) Clear.
3) In the formal case (b), the �xed point ξ1 = ±λ

n
2 h

1
2 of Λnσ cannot belong to

neither the outer nor the inner component of the complement of the gate graph,

19It is a topological graph in C∗ with vertices at the equilibria and the gates as edges.
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as these two get swapped by Λnσ, hence it lies on the gate graph. If it is not an
equilibrium, then it lies on the gate of some αω-zone invariant by Λnσ. The unique
transversal of this zone is then also mapped onto itself by Λnσ, and the �xed point
belongs to it: the transversal divides the zone into two halves which are swapped
by Λnσ. Hence it is the midpoint of the transversal. Likewise in the formal case
(c).

Corollary 6.23. For every stable (h, θ), h ̸= 0, there is always at least p of αω-
zones with one end at 0 and other end at ∞.

Proof. By point 1) of Proposition ?? the gate graph must contain at least one
gate, which then has p distinct images by Λn, n = 0, . . . , p− 1, (resp. by σΛ = −I
in the formal case (c)), which are also gates.

An advantage of working with half-zones rather then zones is that half-zones
are in a 1�1 correspondence with the ends, and as such they have a well de�ned
limit when h→ 0.

Proposition 6.24. The outer half-zones of eiθhsYh depend continuously on (h, θ)
on each connected component of

{(h, θ) : |h| < δ2, θ ∈ R/πZ, ei(θ+s arg(h))Yh is rotationally stable},

and have a limit as outer half-zones of ei(θ0+sθ̃0)Y0 when (h, θ)→ (0 · eiθ̃0 , θ0) (i.e.
when h→ 0 with an asymptotic direction, arg(h)→ θ̃0) within this connected com-
ponent. Note that the vector �eld Y0 (??) is de�ned on the irreducible component
{ξ2 = 0, |ξ1| < δ1} of B0, and as such all its half-zones are outer. A symmetric
statement by means of σ is true for the inner half-zones, which have a limit in the
other irreducible component {ξ1 = 0, |ξ2| < δ1} of B0.

Proof. The outer half-zones are delimited by separatrices of the pole at ξ1 = ∞
and by gates. Both depend continuously on (h, θ) as long as ei(θ+s arg(h))Yh is
rotationally stable: the only way separatrices can undergo a bifurcation is through
the appearance of homoclinic/heteroclinic connection.20 At the limit when h→ 0
the equilibria merge with the pole ξ1 = 0, and the gate graph degenerates to this
point as well. Note that the limit vector �eld ei(θ0+sθ̃0)Y0 is rotationally stable for
any θ0 + sθ̃0. The separatrices of ξ1 =∞ persist to the limit and so do the outer
half-zones.

Another advantage of working with half-zones is that on each of them there is
a unique determination of the �at coordinate th (??) that vanishes at the end of
the zone.

20In fact, each equilibrium possesses a neighborhood that is a trapping domain: any trajectory
of ei(θ+s arg(h))Yh for any θ that crosses its boundary will end at the equilibrium, and the boundary
of the maximal domain is a union of saddle connections [?]. This implies that landing points of
separatrices are stable by small change of θ.
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Lemma 6.25. On each half-zone there is a uniquely de�ned translation coordinate
th =

∫
Y −1
h that has a vanishing limit at its end. When two neighboring half-zones

are halves of the same αω-zone, then their coordinates di�er on the gate trajectory
by the period of the transversal21 of the zone. This system of coordinates depends
analytically on the parameter h, in particular it passes to the limit when h→ 0.

Proof. For an outer half-zone one takes th(ξ1) =
∫ ξ1
∞ Y −1

h , and for an inner half-

zone one takes th(ξ1) =
∫ ξ1
0 Y −1

h .

6.2.5 Enlargement of half-zones through stable rotation.

Let {|h| < δ2} be a small neighborhood of the origin in the h-space. It will be
useful to consider its polar blow-up, that is to identify h with |h|·ei arg h, and |h| = 0
is a circle of asymptotic directions. By Proposition ?? the set of (h, θ) for which
ei(θ+s arg(h))Yh is rotationally unstable consists of at most countably many curves
h 7→ θ(h). Lemma ?? below shows that these curves extend asymptotically at the
limit to the circle |h| = 0.

Let K be one of the at most countably many connected components of the
complementary set

{(h, θ) : |h| < δ2, θ ∈ ]δ3, π − δ3[, ei(θ+s arg(h))Yh rotationally stable}, (6.93)

where δ3 > 0 is some arbitrarily small �xed constant (cf. Lemma ??), and h is
understood as being from the polar blow-up. And let us assume that the closure
of K intersects the circle |h| = 0.

Let
S ⊆ {|h| < δ2} be the projection of K into the h-plane

by (h, θ) 7→ h (possibly a rami�ed set de�ned on the covering surface of the polar
blowup of (C, 0)). For each h ∈ S denote Kh = {θ : (h, θ) ∈ K} the associated
open interval of stable angles, hence K =

∐
h∈S{h} ×Kh.

For any (h, θ) ∈ K let Zh,θ be an outer or an inner half-zone of ei(θ+s arg(h))Yh,
depending continuously on (h, θ) ∈ K, and let

Zh =
⋃

θ∈Kh

Zh,θ, (6.94)

be their union over θ ∈ Kh, de�ned in way that it is simply connected, i.e. on
the covering surface of the pierced leaf {h = const} ∖ {P = 0} identi�ed with
C∗ ∖ {Ph = 0} in the coordinate ξ1. It is an enlargement of the half-zone Zh,θ

through stable rotation (see Figure ??). In another words, th(Zh) is the union of
the maximal strips in th(C∗ ∖ {Ph = 0}) of direction θ varying continuously with
θ ∈ Kh. For |h| = 0, put

Z0·ei arg h =
⋃

θ∈K
0·ei arg h

Z0·ei arg h,θ, Z0 =
⋃

0·ei arg h∈S

Z0·ei arg h .

21De�nition ??
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Proposition 6.26. When S ∋ h→ 0 ·eiθ̃ with an asymptotic direction, arg h→ θ̃,
then each outer domain Zh (??) tends to Z

0·eiθ̃ , which is a subdomain of Z0.

Proof. This is a consequence of the de�nition and the continuity of the zones on
(h, θ) ∈ K which extends to |h| = 0 by Lemma ?? below.

De�ne
ZS =

∐
h∈S
{h} × Zh, (6.95)

as the corresponding rami�ed domain in the whole ξ-space, i.e. a subdomain of a
covering surface of C2 ∖ ({P = 0} ∪ {h = 0}).

These domains Z represent a �global version� of the Lavaurs domains that we
want to construct and understand. In order to obtain the actual Lavaurs domains
we will later �localize� the above construction to a neighborhood B (??) of the
origin.

Remark 6.27. Let us remark that for each (h, θ) �xed the union of all the di�erent
half-zones Zh,θ of ei(θ+s arg(h))Yh covers all except of the closure of the separatrices
and of the gates (De�nition ??). This means that for a given K,S as above, and
each �xed h ∈ S, the di�erent domains Zh (??) overlap and cover together the
whole leaf {h = const}, identi�ed with C∗, except of the equilibria and of the
midpoints of αω-zones. The exclusion of the midpoints has been a bit arbitrary
consequence of our de�nition of half-zones: we could have instead de�ned the half-
zones of an αω-zones in such a way that would overlap a bit along the gate. So
the midpoints can be considered as covered as well.22

Remark 6.28. When crossing the bifurcation locus, which consists of those (h, θ)
for which eiθhsYh is rotationally unstable, the topological organization of the phase
portrait changes. This change may a�ect only some of the half-zones while other
may persist unchanged. It would be therefore natural to consider for each half-zone
its maximal �chamber� in the (h, θ)-space over which it is de�ned (i.e. over which
it evolves continuously). However, we �nd it simpler for the discussion to always
stop at the bifurcation locus for all the half-zones, whether they bifurcate or not.

6.2.6 Asymptotic behavior when h→ 0.

We recall (??), that

Yh = cp
(
(ξp1+

hp

ξp1
)k + Pk−1(h)(ξ

p
1+

hp

ξp1
)k−1 + . . .+ P0(h)

)
ξp1

∂
∂ξp1

= cp ξ−kp
1 Ph(ξ1)ξ

p
1

∂
∂ξp1

.

22Let us note that in the proof of Theorem ?? we will actually want to exclude the �xed points
ξ1 = λ

n
2 ± h

1
2 of Λnσ, n ∈ Zp, (resp. ξ1 = ±ih

1
2 of σΛ = −I in the formal case (c)), which,

unless equilibria, are midpoints by Proposition ??.
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Lemma 6.29. 1. The th-length |νγ(h)| =
∣∣∣∫γ Y −1

h

∣∣∣ of any saddle connection

γ(h) in the rotational family eiθhsYh is uniformly of order at least |h|−šk

when h→ 0, where

š = min

({
ord0 Pj(h)

(k − j) | j = 0, . . . , k − 1

}
∪
{p
2

})
.

2. For each �xed θ, the rotationally unstable values of h form at most countable
number of real curves, each approaching |h| = 0 with an asymptotic direction.

Proof. 1. The proof is the same as in [?, Lemma 4.7]. First let us note that all
the equilibria are situated in some ring

1
L |h|p−š < |ξ1|p < L|h|š for some L > 0.

Indeed, if u∗(h) = ξ1,∗(h)
p + hp

ξ1,∗(h)p
is a root of P (u, h) = uk +

∑k−1
j=0 Pj(h)u

j ,

then |u∗|k ≤
∑k−1

j=0 |Pj ||u∗|j ≤ kmaxj |Pj ||u∗|j , and there exist some C > 0 such

that |u∗| ≤ maxj |kPj |
1

k−j ≤ C|h|š on the disc {|h| < δ1}, which means that
|ξ1,∗|2p ≤ |u||ξ1,∗|p + |hp| ≤ max{2C|h|š|ξ1,∗|p, 2|h|p} and

|ξ1,∗|p ≤ max{2C|h|š,
√
2|h| p2 } ≤ |h|šmax{2C,

√
2δ

p
2
−š

2 } = |h|šL,

and similarly also |h|p
|ξ1,∗|p ≤ |h|

šL.

Any saddle connection must pass through this ring (a saddle connection be-
tween two di�erent poles 0, ∞ has no other choice than cross the ring, while a
saddle connection with poles on its both ends equal encircles at least one equilib-
rium on each side since otherwise it would be contractible in C∗ ∖ {Ph(ξ1) = 0}
which is not possible). Up to a σ-symmetry (which preserves periods up to a sign),
we may assume that the saddle connection emanates from the pole ξ1 =∞. Then
its d|ξ1|p-length inside the ring of �double the size�

1
2L |h|p−š < |ξ1|p < 2L|h|š (6.96)

is at least L|h|š, while its speed is
∣∣Yh.ξ

p
1

∣∣ = cp |P (u, h)||ξ1|p ≤ 2cp ČL|h|š(k+1),
as the maximum of |P (u, h)| in the ring (??) can be majorated by Č|h|kš for
some Č > 0, hence the th-time the saddle connection spends in (??) exceeds

1
2|cp|Č |h|

−šk.

2. The period νγ(h) (page ??) along any closed loop γ(h) of eiθhsYh can
be expressed as a sum of residues at roots of Ph (see (??)) and therefore has an
expansion in terms of a meromorphic Puiseux power series in h. Hence the set on
which νγ(h) ∈ eiθhsR has a form of a singular real analytic subvariety on a �nite
covering of (C, 0), and each branch has an asymptotic tangent at 0.

Similarly, let us show that the period νγ(h) along any heteroclinic saddle con-
nection of eiθhsYh between 0 and ∞ is of the form νγ(h) = ζ0(h) + ζ1(h) log(h)
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Figure 11: Examples of cuspidal sectors. The one in the middle has zero angular
opening contrary to the others.

where ζ0, ζ1 are meromorphic Puiseux power series. Indeed, th =
∫
Y −1
h takes the

form Rh(ξ1) +
1

2πi

∑
{Ph(aj(h))=0} νaj (h) log(ξ1 − aj(h)) where Rh(ξ1) is a rational

function of ξ1 with coe�cients Puiseux series in h, and with poles at zeros of Ph,
hence the term

[
Rh(ξ1)

]∞
ξ1=0

is a Puiseux series, while the term[
1

2πi

∑
aj

νaj (h) log(ξ1 − aj(h))
]∞
ξ1=0

=

= − 1
2πi

∑
aj

νaj (h) log(−aj(h)) + 1
2πi lim

ξ1→∞

∑
aj

νaj (h) log(ξ1 − aj(h))

= − 1
2πi

∑
aj

νaj (h) log(−aj(h)),

as limξ1→∞
∑

aj
νaj (h) log(ξ1 − aj(h)) = limξ1→∞

∑
aj
νaj (h) log(1 −

aj(h)
ξ1

) = 0

since
∑

aj
νaj (h) = 0, hence one gets a meromorphic Puiseux series possibly in

combination with log(h). Anyway, each branch of the set where νγ(h) = ζ0(h) +
ζ1(h) log(h) ∈ eiθhsR is again a real curve with tangent at 0 since ν(h) is of negative
order in h.

De�nition 6.30. A cuspidal sector with vertex at h = 0 is a simply connected
planar domain S bounded by two real analytic curves, each of which has an asymp-
totic tangent at the vertex, and by an arc of a �xed radius (see Figure ??). The
angular opening of the cuspidal sector is the angle between the tangent rays of the
two bounding curves at the vertex.

We shall consider the vertex as included in the cuspidal sector, 0 ∈ S. That
way the limit situation at h = 0 will be part of our description.

Let us stress that a covering of a neighborhood of 0 by a collection of cuspidal
sectors of positive angular openings may not contain any �nite subcovering. This
is strikingly di�erent from the case of usual sectorial coverings. The reason is that
there might be directions of rays who have no initial segment covered by a single
cuspidal sector from the collection.

Corollary 6.31. The domains S of Section ?? in the h-space have a form of
cuspidal sectors at the origin of a positive angular opening ≥ π−2δ3

s+s̃k for some s̃ ≥ š.
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∞ ∞

00

eiθhsR

· · ·· · ·

(a) P0(h)
2 ̸= 4hp

∞

0

eiθhsR

(b) P0(h)
2 = 4hp ̸= 0

∞

(c) h = 0

Figure 12: The translation surface of th for k = 1. The �ow is parallel to eiθhsR
(which in the �gure is vertical directed upwards). The thick lines are the separa-
trices of the saddle points corresponding to y = 0,∞ (black points) for eiθhsYh ,
determining (a) 2 αω-zones modulo translation by ν1,2Z, resp. (b) 2 sepal zones
and 1 αω-zone, resp. (c) 2 sepal zones. The dashed lines are the gates passing
through the midpoints (white points) and further dividing the real phase portrait
into (a), (b) 4 half-zones: 2 outer half-zones attached to the point ∞ and 2 inner
half-zones attached to the point 0 modulo translation by ν1,2Z, resp. (c) 2 outer
half-zones attached to the point ∞. The angle θ is unstable whenever some pair
of saddle points �0� and �∞� lie on the same line eiθhsR. In the case (a) there
are countably many unstable directions θ, accumulating to arg(h−sν1,2) mod πZ,
while in (b) there is only one unstable direction modulo πZ, and in (c) all directions
are stable.

Proof. For �xed θ the set of rotationally unstable values of h has the form of union
of curves h−sνγ(h) ∈ eiθR, where νγ(h) is the period of some saddle connection
γ, ord0 νγ(h)−1 ≥ šk by Lemma ??. Asymptotically θ = arg

(
h−sνγ(h)

)
∼
(
s +

ord0 νγ(h)
−1
)
arg(h) as |h| → 0, hence allowing θ ∈ ]δ3, π−δ3[ to vary in interval of

length π− 2δ3 translates to varying the asymptotic direction arg(h) in an interval
of length π−2δ3

s+ord0 νγ(h)−1 ≥ π−2δ3
s+s̃k where s̃k = maxγ ord0 νγ(h)

−1 ≥ šk.

6.2.7 Example ?? continued (case k = 1).

Let us look at the case k = 1, Xmod = chs
(
u+ P0(h)

)
E, in detail. We have

Yh = pc
(
y2 + P0(h)y + hp

)
∂
∂y
, where y = ξp1 ,

with equilibria at y = aj(h), j = 1, 2

aj(h) =
1
2

(
− P0(h) + (−1)j−1

√
P0(h)2 − 4hp

)
.
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While the vector �eld eiθhsYh in the coordinate y is analytic on all CP1, we still
need to treat the points y = 0,∞ as poles of order 0, that is to consider the tra-
jectory through the point as a union of one incoming and one outgoing separatrix.

The rectifying coordinate t in this case is quite simple,

th =

∫
Y −1
h =

{
1

pc(a1−a2)
log y−a1

y−a2
, a1(h) ̸= a2(h),

− 1
pc(y−a) , a1(h) = a2(h) =: a(h),

and the translation surface of th is C (Figure ??). The dynamical residue (??) at
aj(h) is

νj(h) =
(−1)j−12πi

pc(a1(h)− a2(h))
=

(−1)j−12πi

pc
√
P0(h)2 − 4hp

, a1(h) ̸= a2(h). (6.97)

For h ̸= 0 the period of a heteroclinic connection between 0 and ∞, determined
modulo νjZ, is

ν0∞(h) =

∫ 0

∞
Y −1 =

{
1

pc(a1−a2)
log a1

a2
= ν1

2πi log
a1
a2
, a1 ̸= a2,

1
pca , a1 = a2 =: a.

(6.98)

Let us look at the set of unstable (h, θ) in the case P0(h)
2 ̸= 4hp, i.e. when

a1(h) ̸= a2(h) are simple equilibria. If (h, θ) is such that νj ∈ eiθhsR, that is if
θ = arg ν1,2(h)− s arg h mod πZ, then both equilibria are simultaneously centers,
one bounded by the homoclinic saddle connection of y = ∞ (the line y = −P0

2 +

i
√
P 2
0 − 4hpR) and the other bounded by the homoclinic saddle connection of

y = 0 (which is the image of the previous one by σ : y 7→ hp

y , hence a circle in the

y-coordinate through the points 0 and −2hp

P0
on its diameter). The zone between

these two homoclinic saddle connections is an annular zone for this θ (see Figure ??
in coordinate ξ1 = y1/3). In the coordinate th (Figure ??) this annulus corresponds
to the strip bounded by two parallel lines (horizontal in Figure ??), one containing
all the saddle points �0�, the other containing all the saddle points �∞�. There is
an in�nite number of saddle connections between �0� and �∞� of di�erent unstable
directions θ, all contained inside this strip. The set of their directions accumulates
for each �xed h towards arg ν1,2(h)− s arg h mod πZ.

Now let us look at the asymptotic behavior of the set of unstable (h, θ) when
h → 0 radially (with �xed arg h). There are three kinds of situations that can
arise depending on the asymptotic behavior of the simple roots a1(h) and a2(h),
which have Puiseux series representation in h. Let

š = min
{
ord0 P0(h),

p
2

}
, s̃ = 1

2 ord0
(
P0(h)

2 − 4hp
)
,

and consider the weighted blow-up z = h−s̃p
(
y+ 1

2P0(h)
)
. It transforms hsYh into

hsYh = pchs+s̃
(
z2 −D(h)

)
∂
∂z
,
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∞
0 0

(a) P0(h)
2 ̸= 4hp

∞
0

(b) P0(h)
2 = 4hp ̸= 0

∞

(c) h = 0

Figure 13: The rotational enlargement Zh of a pair of outer half-zones (i.e. those
attached to the saddle point ∞) on the translation surface of th for k = 1. The
gray vertical lines, corresponding to a pair of separatrices and to gates for a �xed
θ can vary their direction as long as the angle θ ∈ ]δ3, π − δ3[ stays stable. The
forbidden direction hsR is horizontal in this �gure. Compare with Figure ??.
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hs+s̃

(i) š = s̃ < p
2

hs+s̃

(ii) š = s̃ = p
2

hs+s̃

(iii) š = p
2 < s̃

Figure 14: For k = 1, the values of hs+s̃ for which ei(θ+s arg h)Yh is rotationally
unstable for a �xed value of θ (�gure for P0(h) = P 0(h), c = −i, θ = π

2 ). The sec-
tors S are enlargements of the above sectors of stability by varying θ ∈ ]δ3, π− δ3[,
which asymptotically corresponds to enlargement by a rotation hs+s̃ 7→ eiθhs+s̃.

where D(h) = 1
4h

−2s̃
(
P0(h)

2 − 4hp
)
, D(0) ̸= 0. Then νj = (−1)j−1h−s̃ πi

pc
√

D(h)
,

and the direction to which the set of unstable directions accumulate for each h ̸= 0
�xed is

arg
(
h−sνj(h)

)
= π

2 − arg(c)− (s+ s̃) arg h− 1
2 argD(h) mod πZ. (6.99)

(i) If š = s̃ < p
2 , then ord0 a1(h) = š ̸= p− š = ord0 a2(h), and by (??): ν0∞(h)

ν1(h)
=

1
2πi log

a1(h)
a2(h)

∼ 2š−p
2πi log(h) tends to in�nity as h → 0, hence |ν0∞(h)| grows

faster than |ν1,2(h)|. This means that for each saddle connection νγ(h) =
ν0∞(h) mod ν1Z between 0 and ∞:

lim
|h|→0

arg
(
h−sνγ(h)

)
= lim

|h|→0
arg
(
h−sν0∞(h)

)
mod πZ

= −(s+ s̃) lim arg(h)− arg(c
√
D(0)) mod πZ.

Therefore the associated branch of the set of unstable (h, θ) has the same
asymptotic limit (0 · ei arg(h), θ) with

θ + (s+ s̃) arg(h) ∈ − arg(c)− 1
2 argD(0) mod πZ,

which is perpendicular to the limit h → 0 of the accumulation direction (??).
See Figure ??.

(ii) If š = s̃ = p
2 (p has to be even), then limh→0

a1(h)
a2(h)

∈ C∗∖{1}, which means that

both ν1,2(h) and ν0∞(h) grow with the same rate h−
p
2 when h→ 0 and asymp-

totically in the same relative position: limh→0
ν0∞(h)
ν1(h)

= limh→0
1

2πi log
a1(h)
a2(h)

∈
C∗, and the same is true for all saddle connections νγ(h) = ν0∞(h) mod ν1Z
between 0 and ∞. See Figure ??.
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(iii) If š = p
2 < s̃ (p has to be even), then limh→0

a1(h)
a2(h)

= 1, and limh→0
ν0∞(h)
ν1(h)

=

limh→0
1

2πi log
a1(h)
a2(h)

= 0, which means that |νj(h)| grows faster than |ν0∞(h)|
when h → 0. In this case, not only the set of unstable directions accumulate
to (??) for each h, but also when h → 0 radially then each particular branch
of the set of unstable (h, θ) tends asymptotically to the same radial limit

θ + (s+ s̃) arg(h) ∈ π
2 − arg(c)− 1

2 argD(0) mod πZ.

See Figure ??.

6.2.8 Local zones relative to Bh.

The same theory as we have sketched on the preceding pages can be adapted to
restriction of the vector �eld eiθhsYh to the domain Bh (??). In this case the
role of the poles ξ1 = 0 and ξ1 = ∞ is played by the two whole exterior discs
CP1 ∖Bh = {|ξ1| ≤ |h|

δ1
} ∪ {|ξ1| ≥ δ1}. Their images by th in the Riemann surface

of th are referred to as holes in the surface (Figure ??).

De�nition 6.32. The vector �eld eiθhsYh is rotationally stable relative to Bh if
no trajectory through a point ξ∗ ∈ Bh escapes Bh in both positive and negative
time. Such pair (h, θ) is then also called stable relative to Bh if no trajectory of
eiθhsYh escapes Bh in both positive and negative time (cf. De�nition ??).

Lemma 6.33. For |h| < δ2, with δ2 small enough, the vector �eld eiθhsYh is
rotationally stable relative to Bh if and only if no straight line t∗ + eiθhsR in the
Riemann surface of th intersects two di�erent holes.

Lemma 6.34. For |h| < δ2, with δ2 small enough, the vector �eld eiθhsYh has
exactly 2kp tangency points with the outer, resp. inner, boundary circle of Bh.

Proof. Let ξ1 = δ1ζ with |ζ| = 1 be a point on the outer boundary circle of Bh at
which the vector �eld eiθhsYh is tangent to the circle, and therefore perpendicular
to the radial direction of ξ1, so the equation of tangency is ei(θ+s arg h+arg c)Ph(δ1ζ) ∈
iR. This is equivalent to

ei(θ+s arg h+arg c)Ph(δ1ζ) = −e−i(θ+s arg h+arg c)Ph(δ1ζ
−1),

as ξ1 = δ1ζ
−1, which after a multiplication by ζkp becomes a polynomial equation

of order 2kp for ζ, depending analytically on (h, h), so it cannot have more then
2kp roots. At the same time we know there are at least 2kp such tangencies, since
there are 2kp separatrices which cross the boundary circle alternatingly entering
and leaving, hence there must be at least one point of tangency in between each
two separatrices.

Proof of Lemma ??. The only thing to prove is that for |h| < δ2 small enough, no
straight line t∗+eiθhsR in the Riemann surface of th intersects the same hole twice.
We know that for δ2 small, the real phase portrait of eiθhsYh near the boundary of
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Bh looks like in Figure ?? with the outer boundary of Bh intersecting the 2kp outer
ends in 2kp arcs. If a trajectory enters and leaves Bh through two di�erent arcs
then the period νγ along a curve γ consisting of the intersection of the trajectory
with Bh extended on each side towards the pole within the given end is non-null,
therefore the two ends correspond to two di�erent holes in the Riemann surface
of th, which goes against the assumptions of De�nition ??. So assume that the
trajectory slices twice through a boundary arc associated to the same end. By a
simple topological consideration this means that there would have to be at least
2 points of tangency between the arc and the vector �eld. But by Lemma ?? the
total number of tangencies between the outer boundary circle {|ξ1| = δ1} and the
vector �eld is 2kp for all h, and therefore each of the 2kp arc has exactly one such
point. Symmetrically for the inner boundary circle.

De�nition 6.35. The role of the separatrix graph is played by the set of all
trajectories of eiθhsYh that escape Bh in either positive or negative time. We call
the connected components of its complement local zones relative to Bh � they are
spanned by complete real trajectories inside Bh.

An inner/outer end of a local zone is (a neighborhood of) the point where
it touches the inner/outer boundary of Bh, i.e. one of the 2kp tangency points
between eiθhsYh and the boundary (Lemma ??). A sepal (resp. αω-) zone relative
to Bh of a rotationally stable vector �eld relative to Bh has exactly one (resp. two)
such tangencies. A local αω-zone is split to two local half-zones following the same
gate trajectory as before: if |h| is small enough then the width of the αω-zone,
which tends to in�nity as |h| → 0 (Lemma ??), is substantially larger than the
diameters of the holes, which are bounded, thus the gate trajectory of each local
αω-zone is contained in Bh and therefore in the zone.

Remark 6.36. In the construction of the Fatou coordinate on a Lavaurs domain
Ωh (page ??), we need not only a line t∗ + eiθhsR inside th(Bh), the existence of
which is assured by the relative rotationally stability (De�nition ??), but a whole
admissible strip of th(Σh) of width ∼ sin θ · hs contained in th(Bh). The size of
the holes is uniformly bounded when h → 0 and is commensurate to δ−kp

1 (since
the restriction of Y −1

h to the outer complement of Bh is uniformly bounded and
tends to Y −1

0 = dξ1
c ξkp+1

1

, and likewise on the inner complement), and their distance

tends to in�nity wit order at least |h|−šk by Lemma ??, so one can easily arrange
by changing δ1 tiny little bit that for each local zone there is always an admissible
strip as well.

6.2.9 Lavaurs domains revisited.

The naive idea of construction of the Lavaurs domains would be to follow the same
construction as in ?? of enlarging the relative half-zones through stable variation of
θ ∈ ]δ3, π−δ3[, to obtain again a collection of sectors S in the h-space, and for each
S a collection of 2kp inner and 2kp outer domains relative to Bh, which are simply
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Figure 15: The negative shade (left) and the positive shade (right) of a hole in the
coordinate th (picture with s arg h = 0 mod πZ).

connected and possibly rami�ed over the equilibrium set {P (ξ) = 0}. However,
the union of such constructed inner and outer domains associated with sectors S
may fail to cover any neighborhood B̃h ⊂ Bh of a �xed radius δ̃1 (independent
of h when S ∋ h → 0). Luckily, this issue can be remedied by extending these
domains through iteration by ϕ◦p as in De�nition ??. There is no need to extend
them beyond the boundaries of the respective �global� domains Zh of Section ??,
since the union of these domains Zh already covers C∗ = Bh (Remark ??).

But we shall proceed in the opposite way, and construct the Lavaurs domains
Ωh in two steps:

� construct a �global� domain Zh the same way as in Section ?? but with
variation of the angle θ ∈ Kh that is stable relative to Bh,

� restrict this domain Zh to Bh and remove also all the points that may po-
tentially not be accessible through the iteration by ϕ◦p from the relative
domain: in the coordinate th, these inaccessible points lie in a �shade� of the
hole corresponding to the end of Zh.

De�nition 6.37. For a hole Hh ⊂ th(CP1∖Bh), its positive, resp. negative, shade
is the set of points

⋃
t∗∈Hh

{t : −δ3 ≤ arg(h−s(t−t∗)) ≤ δ3}, resp.
⋃

t∗∈Hh
{t : −δ3 ≤

arg(h−s(t∗ − t)) ≤ δ3} (see Figure ??).

The following construction of the Lavaurs domains is best understood from
Figure ??.

De�nition 6.38 (Lavaurs domains). Given δ1, δ2, δ3 > 0, let Bh be (??) for |h| <
δ2, let K be a connected component of

{(h, θ) : |h| < δ2, θ ∈ ]δ3, π − δ3[, ei(θ+s arg(h))Yh rot. stable w.r.t. Bh}, (6.100)

and let S ⊆ {|h| < δ2} be the image of K by the projection (h, θ) 7→ h (possibly
a rami�ed set de�ned on the covering surface of C∗). For h ∈ S let Kh := {θ :
(h, θ ∈ K)} be the maximal open interval of stable angles relative to Bh. For any
(h, θ) ∈ K let Zh,θ be an outer or inner half-zone of ei(θ+s arg(h))Yh (i.e. global,
relative to C∗), depending continuously on (h, θ) ∈ K, and let

Zh =
⋃

θ∈Kh

Zh,θ. (6.101)
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(a) P0(h)
2 ̸= 4hp

∞

0

(b) P0(h)
2 = 4hp ̸= 0

∞

(c) h = 0

Figure 16: Image of a pair of outer Lavaurs domains on the translation surface of
th for k = 1. Compare with Figure ??.

By the construction, each th(Zh,θ) intersects the same unique hole Hh, correspond-
ing to the end of the zone. Depending whether the this hole is on the right or the
left of th(Zh,θ) with respect to the direction eiθhsR>0, let ΩS,h be the complement
in Zh (??) of the positive/negative shadow of the hole Hh (Figure ??). Finally, let

ΩS =
∐
h∈S

ΩS,h.

We call ΩS a Lavaurs domain.

Lemma 6.39. For δ2 small enough, each of the above Lavaurs domains ΩS of
De�nition ?? is contained inside one of the saturated Lavaurs domains of De�ni-
tion ??.

Proof. The distance between two holes (corresponding to images of the complement
of Bh in the leaf {h = const} by th) on the same sheet of the surface th(Bh) tends
to in�nity when |h| → 0 (Lemma ??) so if |h| is small enough then the th-image
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of the saturated Lavaurs domain contains an admissible strip th(Σh). Moreover,
|ϕ◦nph − th| ≤ n sup |∆|, hence if sup |∆| < sin δ3 then all the points in th(ΩS,h) are
accessible from th(Σh) through iteration.

Theorem 6.40 (Covering theorem). For any δ1, δ2, δ3 > 0 su�ciently small there
exist δ̃1, δ̃2, such that the collection of the cuspidal sectors S cover a disc {|h| < δ̃2},
and for each given sector S and for all h ∈ S the 4kp associated Lavaurs domains
ΩS,h cover together B̃h ∖ {Ph = 0}, B̃h = { |h|

δ̃1
< |ξ1| < δ̃1}, i.e. the union of the

ΩS's covers B̃S ∖ {P = 0}, B̃S :=
∐

h∈S B̃h. See Figure ??.

Proof. Whenever the sector S is non-trivial, the interval Kh of variation of θ is
non-empty for h ∈ S, and the union of the 2kp inner and 2kp outer domains Zh

(??) covers the whole leaf {h = const} ∖ {Ph = 0} (cf. Remark ??). Therefore,
the Lavaurs domains ΩS,h cover all Bh ∖ {Ph = 0} except of the points whose
image in the coordinate th lie in the intersection of the positive and the negative
shade of a hole. Each hole is contained in some disc of uniformly bounded radius
≤ R ∼ 1

kp|c|δ
−kp
1 (cf. Remark ??), and it is easy to see that the intersection of the

positive and the negative shades of the hole is therefore contained in the disc of
radius R

cos δ3
(Figure ??), which in turn lies in some bigger hole for some δ̃1 < δ1

for all |h| < δ2.
What we need to show is that the di�erent sectors S cover together some disc

{|h| < δ̃2}, i.e. that for each h there is at least one rotationally stable direction
θ relative to Bh. Since the holes have uniformly bounded radii ≤ R, and their
distance tends to in�nity with rate at least |h|−šk (Lemma ??), their e�ect on
the local zones and on the relative rotational stability is smaller the smaller |h|
is. By Proposition ?? there are two kinds of saddle connections in the rotating
family: countably many of those that lie inside an annular domain (if such annulus
appears, then in our situation it is unique), and a �nite number of other ones. In
the surface of th, the periodic annulus correspond to an in�nite strip with a periodic
series of poles on each boundary line, with a hole around each pole. If |h| is small
enough, the size of the holes is small compared to the distance between the holes,
and there are plenty of ways to choose a direction θ transverse to the strip such
that no line t∗ + eiθhsR intersects two holes, meaning that θ is stable relative to
Bh (De�nition ??): in fact the Lebesgue measure of the set of bad directions can
be made as small as one likes by restricting δ2. The �nite number of unstable
directions corresponding to the other saddle connections gives rise to an additional
set of intervals of instability relative to Bh, but again the Lebesgue measure of
them can be made small, and therefore one can always �nd an angle θ that avoids
them too.

Proposition 6.41. Let ΩS be one of the domains of Theorem ??, and ΨΩS
the

normalizing transformation (??) on ΩS. Then ΨΩS
is bounded on ΩS.

Proof. Let ΩS be one of the domains of Theorem ?? as constructed in De�nition ??,
and let Ω̃S ⊆ ΩS be the localized version of Section ?? of the domain ZS (??) of

91



Section ??, both associated to the same connected component K of (??) consisting
of those (h, θ) that are stable with respect to given neighborhood B of 0 ∈ C2. So
th(Ω̃S,h) can expressed as a union of open strips of varying angles θ ∈ Kh in the
surface th(Bh). The claim is that it is enough to show that ΨΩS

is bounded on Ω̃S .
Indeed, the width of the complement th(ΩS,h) ∖ th(Ω̃S,h) is uniformly bounded.
Therefore if s = 0, it takes only a �nite number of iterations by ϕ◦p to extend
ΨΩS

from Ω̃S to ΩS and the boundedness is preserved. If s ≥ 1, then one divides
the h-space into concentric rings and iterates on each by ϕ◦np, n ∈ Z>0, as in
Lemma ??.

So let us show that ΨΩS
is bounded on Ω̃S . Up to restricting the radius δ1 of B

a bit, one can assume that the set K is compact, and therefore so is its projection
S and each interval Kh, h ∈ S, and that th(Ω̃S,h) is also closed. Hence the compact
closure of Ω̃S in the ξ-space consist of Ω̃S and of (a part of) the divisor {P (ξ) = 0}
(note that 0 ∈ S is included by de�nition). All we need to show is that ΨΩS

extends continuously to {P (ξ) = 0} as identity. But this follows from the form of
Ω̃S and Theorem ??.

6.3 Modulus of analytic classi�cation

6.3.1 Normalizing cochains, outer cocycles and analytic classi�cation.

Constructed in the previous section, Theorem ??, we have a covering of a neigh-
borhood of 0 in the h-space by a collection of at most countably many cuspidal
sectors (shortly just sectors). Over each sector S we have a family of 2kp outer
and 2kp inner Lavaurs domains, ΩS =

∐
h∈S ΩS,h, covering together each local leaf

Bh (??), h ∈ S, and hence the domain

BS =
∐
h∈S

Bh,

in the ξ-space. This covering is (σ,Λ)-invariant: if ΩS is a domain from this
covering then so are its images Λn(ΩS) and σΛn(ΩS) for all n = 1, . . . , p.

By the results of Section ?? and Proposition ??, on each of these domains ΩS

there is a bounded normalizing transformation ΨΩS
such that

ΨΩS
◦ ϕ◦p = ϕ◦pmod ◦ΨΩ, ϕ◦pmod = exp(hsY ).

For a given sector S, and h ∈ S, a pair of neighboring Lavaurs domains ΩS,h,
Ω′
S,h (i.e. corresponding to neighboring half-zones) can have two kinds of intersec-

tions (Figure ??):

� an intersection corresponding to a separatrix, going from an equilibrium point
to outer (resp. inner) boundary, called outer intersection (resp. inner inter-
section),

� an intersection corresponding to a gate between two halves of the same αω-
zone, going from one equilibrium to another, called gate intersection.
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Figure 17: (a) Example (with k = 1, p = 3) of a covering of Bh ∖ {Ph = 0}
by the Lavaurs domains ΩS and their intersections. (b) The outer and inner
Lavaurs domains near the boundary of Bh, and the corresponding outer and inner
intersections (in red). Inside the middle ring (dotted) the organization of the
domains may be complicated; this is where the gate intersections are situated.

Theorem 6.42 (Existence of an equivariant normalizing cochain). For each of the
sectors S, on the associated covering of BS ∖{P = 0} by the 4kp Lavaurs domains
ΩS, there exists a normalizing cochain {ΩS 7→ ΨΩS

} consisting of bounded analytic
transformations such that23

(1) it conjugates ϕ and the model ϕmod = Λexp(1ph
sY )

ΨΛn(ΩS) ◦ ϕ◦n = ϕ◦nmod ◦ΨΩS
, n = 1, . . . , p,

(2) it is σ-equivariant, that is

Ψσ(ΩS) ◦ σ = σΨΩS
,

(3) if ΩS and Ω′
S share a gate intersection then

ΨΩS
= ΨΩ′

S
on the gate intersection.

This normalizing cochain is unique up to left composition with some cochain
{ΩS 7→ exp(CΩS

(h)Y )} of �ow maps of Y :

Ψ′
ΩS

= exp(CΩS
(h)Y ) ◦ΨΩS

, (6.102)

where each CΩS
is bounded analytic on S and

23Note that in (1) and (2) the way the conjugation by a normalizing cochain works is by
composition with maps associated to di�erent domains from the same covering on the two sides
of the identies.

93



(1') CΛn(ΩS) = CΩS
, n = 1, . . . , p,

(2') Cσ(ΩS) = −CΩS
,

(3') CΩS
= CΩ′

S
whenever ΩS and Ω′

S share a gate intersection.

Proof. Let us prove it in the formal case (b) when Λ =

((
λ 0
0 λ−1

))
is diagonal.

In the formal case (c) one needs to replace Λ = −σ by σΛ = −I and ϕ, ϕmod by
σϕ, σϕmod in some of the arguments.

The existence of bounded normalizing transformations ΨΩS
such that ΨΩS

◦
ϕ◦p = exp(hsY ) ◦ΨΩS

have been proved in Section ?? and in Proposition ??. Let
us show that they can be chosen so that they satisfy the conditions (1)�(3).

First of all, let us note there is no potential con�ict between the conditions (1)
and (2), since rotation by Λ maps outer domains to outer domains and inner to
inner, while σ switches between inner and outer. So we divide the domains into
their (σ,Λ)-orbits: there is 2k of them each consisting of 2p domains, and on each
orbit we ensure the conditions (1) & (2). Now we consider a graph structure on
the space of orbits where two orbits are connected by an edge if a domain in one
share a gate intersection with a domain in the other. This partitions the space of
orbits into components, which can be only of the following types:

- cycle of order 0: a single orbit whose domains are of sepal type, i.e. have no
gates,

- cycle of order 1: a single orbit whose 2p domains are organized into p pairs
sharing p gates,

- cycle of order 2: two orbits with 2p gates between the 2p domains of one
orbit and the 2p domains of the other orbit.

Let us show that the condition (3) can be satis�ed on each component in either of
the above cases.

- There is nothing to show in the case of a cycle of order 0.

- In the case of cycle of order 1, let ΩS and Ω̃S be two di�erent domains in the
same orbit sharing a gate intersection. It is impossible that Ω̃S = ΛnΩS for
some n ∈ Zp ∖ {0} since if two outer, resp. inner, domains share a gate then
they need to be of opposite parity in the cyclic ordering of outer, resp. inner,
domains (also the ends at ∞, resp. 0, of the corresponding half-zones of the
same αω-zone have opposite parities, see p. ??). Therefore Ω̃S = σΛnΩS

for some n ∈ Zp. Assuming the conditions (1) & (2), let ΨΩS
and ΨΩ̃S

=

σ exp(nph
sY )◦ΨΩS

◦ϕ◦(−n) ◦σ be the bounded normalizing transformations.

Since ΩS and Ω̃S share a gate intersection (i.e. are basically two halves
of the same domain), and ΨΩS

(ξ) = ΨΩ̃S
(ξ) mod Pξ (Theorem ??), this
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means that ΨΩ̃S
= exp(C(h)Y ) ◦ ΨΩS

for some C(h) bounded analytic on
S (by Propositions ?? and ??), which means we can simply replace ΨΩS

by exp(12CY ) ◦ ΨΩS
and ΨΩ̃S

by exp(−1
2C(h)Y ) ◦ ΨΩ̃S

= σ exp(nph
sY ) ◦

[exp(12C(h)Y ) ◦ ΨΩS
] ◦ ϕ◦(−n) ◦ σ. We make the same change on the whole

Λ-orbit which �xes the problem on all the p gate intersections.

- The case of cycle of order 2 is easy: one takes a normalizing transformation
on one of the orbits satisfying (1) & (2), and extends it by (3) to the other
orbit.

If {ΩS 7→ ΨΩS
} and {ΩS 7→ Ψ′

ΩS
} are two normalizing cochains then by Propo-

sition ?? there exists a unique cochain {ΩS 7→ CΩS
(h)} of bounded analytic maps

on S such that (??). If they both satisfy (2) then

exp(Cσ(ΩS)Y ) ◦Ψσ(ΩS) = Ψ′
σ(ΩS) = σΨ′

ΩS
◦ σ = σ exp(CΩS

Y ) ◦ΨΩS
◦ σ

= exp(−CΩS
Y ) ◦Ψσ(ΩS),

hence (2'): Cσ(ΩS) = −CΩS
. Similarly for (1') and (3').

The point (2) of Theorem ?? means that the normalizing cochain is fully de-
termined by the outer normalizing cochain consisting of the normalizing transfor-
mations associated to the outer Lavaurs domains.

Let us label the outer Lavaurs domain in a counterclockwise cyclic order as

Ω0
S , . . . ,Ω

2kp−1
S ,

and the outer intersections as (see Figure ??)

V 0
S , . . . , V

2kp−1
S , V j

S ⊆ Ωj
S ∩ Ωj−1

S .

De�nition 6.43 (Outer cocycle). On the outer intersections V j
S , j ∈ Z2p, we have

transition maps between the normalizing transformations

ψ
V j
S
= Ψ

Ωj−1
S
◦
(
Ψ

Ωj
S

)◦(−1)
, (6.103)

which commute with the model map:

ψ
V j
S
◦ exp(Xmod) = exp(Xmod) ◦ ψV j

S
.

By (1) of Theorem ??, they satisfy(b) ψΛn(VS) = ϕ◦nmod ◦ ψV j
S
◦ ϕ◦(−n)

mod , Λ =
(
λ 0
0 λ−1

)
,

(c) ψ−I(VS) = σϕmod ◦ ψV j
S
◦
(
σϕmod

)◦(−1)
, σΛ = −I.

(6.104)
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The collection of these transition maps is de�ned up to conjugation by a cochain
of �ow maps {exp(CΩ0

S
(h)Y ), . . . , exp(C

Ω2kp−1
S

(h)Y )}, where C
Ωj

S
are bounded

analytic on S:

ψ′
V j
S

= exp(C
Ωj−1

S
(h)Y ) ◦ ψ

V j
S
◦ exp(−C

Ωj
S
(h)Y ). (6.105)

We call the equivalence class of the collection {ψV 0
S
, . . . , ψ

V 2kp−1
S

} by this conjugacy
an outer cocycle associated to the sector S.

Remark 6.44. It is natural to ask that the conjugating cochain {exp(C
Ωj

S
(h)Y )}

should also be subject to conditions (1')�(3') of Theorem ??. One can show that
if two collections of transition maps {ψ

V j
S
} and {ψ′

V j
S

}, associated to two normal-

izing cochains {Ψ
Ωj

S
} and {Ψ′

Ωj
S

} satisfying conditions (1)�(3) of Theorem ??, are

conjugated, then the conjugating cochain {exp(C
Ωj

S
(h)Y )} is unique and satis�es

the conditions (1')�(3').

De�nition 6.45 (Centralizer of the model). Let Zσ,Λ(Xmod) be the group of ana-
lytic (σ,Λ)-equivariant transformations preserving Xmod = hsY . By Theorem ??,

it is a subgroup of the multiplicative group of transformations ξ 7→ e
rπi

2s+kpσrξ,
r ∈ Z4s+2kp, and agrees with the group of analytic σ-equivariant transformations
preserving ϕmod. Note that if Λ2 ̸= I then r must be even for σr to commute with
Λ.

Each element e
rπi

2s+kpσr of the group Zσ,Λ(Xmod) acts on the whole collection
of the Lavaurs domains by a mutation: sending a Lavaurs domain ΩS over sector

S to a Lavaurs domain Ω′
S′ = e

rπi
2s+kpσr(ΩS) over sector S′ = e

2rπi
2s+kpS. Its action

on the collection of outer cocycles is the following

ψVS
7→ σrψ

e
rπi

2s+kp (VS)
◦ σr. (6.106)

Theorem 6.46 (Analytic classi�cation). Two σ-reversible germs ϕ, ϕ′ = Λξ +
h.o.t. with a �rst integral h from the same model class are:

1. analytically equivalent by a σ-equivariant transformation that is tangent to the
identity if and only if for every sector S their associated outer cocycles are
equal.

2. analytically equivalent by a σ-equivariant transformation if and only if there
exists an element of the centralizer Zσ,Λ(Xmod) such that the collection of outer
cocycles of ϕ is equal to the image of that of ϕ′ by the action (??).

The proof will be given in Section ??.
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6.3.2 Fourier representation of a cocycle.

For an outer domain Ωj
S let the coordinate t be as in Lemma ??, i.e. one that

vanishes at the outer pole ξ1 =∞, which is the same one for all the outer domains,
and let T

Ωj
S
de�ned by

t ◦Ψ
Ωj

S
= T

Ωj
S

be the Fatou coordinate for ϕ◦p, T
Ωj

S
◦ ϕ◦p = T

Ωj
S
+ hs. De�ne β

V j
S
(t, h) by

t+ β
V j
S
(t, h) := T

Ωj−1
S
◦
(
T
Ωj

S

)◦(−1)
= t ◦ ψ

V j
S
◦ t◦(−1), (6.107)

where ψ
V j
S
is the transition map (??). Then β

V j
S
(t, h) = β

V j
S
(t+hs, h) is hs-periodic

and therefore can be expressed by its Fourier series

β
V j
S
(t, h) =

∑
n∈Z

β
(n)

V j
S

(h)e
2πint
hs . (6.108)

Since β
V j
S
(t, h) has at most a moderate growth when t→∞ in t(V j

S ), the above sum

is only either over n ∈ Z≥0 or over n ∈ Z≤0, depending whether the equilibrium
to which the intersection domain V j

S is attached is attractive (Im( t
hs ) → +∞) or

repulsive (Im( t
hs )→ −∞).

Lemma 6.47. The Fourier coe�cients β(n)
V j
S

(h) of a cocycle are bounded analytic

on S (i.e. bounded analytic on S∗ := S ∖ {0} and continuous on S).

Proof. Follows from the analyticity of the construction over the sector S (cf.
Proposition ??.)

The e�ect of conjugation (??) of the cocycle on βV 0
S
, . . . , β

V 2kp−1
S

is:

β′
V j
S

(t, h) = β
V j
S
(t− C

Ωj
S
(h), h) + C

Ωj−1
S

(h)− C
Ωj

S
(h), (6.109)

in particular
β′
V j
S

(0)
(h) = β

(0)

V j
S

(h) + C
Ωj−1

S
(h)− C

Ωj
S
(h).

Since t ◦ ϕmod = t+ hs

p , the rotational symmetry (??) means that(b) β
Λn(V j

S )
(t+ n

ph
s, h) = β

V j
S
(t, h), Λ =

(
λ 0
0 λ−1

)
,

(c) β−I(V j
S )
(−t− 1

2h
s, h) = −β

V j
S
(t, h), σΛ = −I.

Remark 6.48. Following Martinet & Ramis [?], in the coordinate z = e
2πi
hs

t the
outer cocycle maps

z ◦ ψ
V j
S
◦ z◦(−1) = z e

2πi
hs

∑
n β

(n)

V
j
S

(h)zn
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can be interpreted as a parametric family of analytic germs of di�eomorphisms
of (CP1, 0), resp. (CP1,∞), called horn maps, that serve as gluing maps of a
string of 2kp spheres CP1 identi�ed at their points 0, resp. ∞. The inner cocycle
de�nes another symmetric string of 2kp spheres. The spheres in the two strings
are for h ̸= 0 further identi�ed through gate maps (which are the period shifts

t 7→ t+νγ(h) of Lemma ?? acting as z 7→ z e
2πi
hs

νγ(h)) to give a global representation
of the orbit space of ϕ◦p, albeit one that can be fairly complicated.

6.3.3 Proof of Theorem ??.

Proposition 6.49. The group Zid,S(ϕ
◦p) of bounded analytic di�eomorphisms on

BS =
∐

h∈S Bh that are tangent to identity and commute with ϕ◦p is either:

- continuous, if and only if ϕ◦p = exp(X) is embeddable in the �ow of a vector
�eld X analytic on a neighborhood of 0 ∈ C2, in which case

Zid,S(ϕ
◦p) = {exp(h−sC(h)X) : C(h) bounded analytic on S},

or

- discrete and equal to

Zid,S(ϕ
◦p) = {Θ◦m : m ∈ Z},

where Θ is an analytic germ on a full neighborhood of 0 ∈ C2 such that
ϕ◦p = Θ◦n for some n ∈ Z>0.

The subgroup Zσ
id,S(ϕ

◦p) of σ-equivariant di�eomorphisms tangent to identity is
trivial.

Proof. Let F ∈ Zid,S(ϕ
◦p), F ◦ ϕ◦p = ϕ◦p ◦F . Given the Fatou coordinate T

Ωj
S
for

ϕ◦p on an outer Lavaurs domain Ωj
S , then T

Ωj
S
◦ F is also a Fatou coordinate for

ϕ◦p on Ωj
S with at most moderate growth, so by Proposition ??,

T
Ωj

S
◦ F = T

Ωj
S
+ C

Ωj
S
(h), (6.110)

for some C
Ωj

S
(h) bounded analytic on S. Similarly on a neighboring Lavaurs

domain Ωj−1
S , so on the intersection V j

S ⊆ Ωj
S ∩ Ωj−1

S we have by (??), (??) and
(??)

β
V j
S
(t, h) = β

V j
S
(t− C

Ωj
S
, h) + C

Ωj−1
S

(h)− C
Ωj

S
(h).

This means that C
Ωj−1

S
(h) = C

Ωj
S
(h) =: C(h) is such that β(l)

V j
S

(h)e
2πilC(h)

hs = β
(l)

V j
S

(h)

for all l, i.e.

- either β(l)
V j
S

= 0 for all l ∈ Z ∖ {0}, meaning that ψ
V j
S
= id,
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- or C(h) = hsmn for somem,n relatively prime, and β(l)
V j
S

= 0 for all l ∈ Z∖nZ,

meaning that ψ
V j
S
commutes with exp( 1nXmod).

And this has to be true for all j = 0, . . . , 2kp− 1.
In the �rst case, if ψ

V j
S
= id for all j, then the Lavaurs vector �elds X

Ωj
S
(??)

glue up together as one analytic vector �eld XS on BS , such that ϕ◦p = exp(XS).
If S̃ is another sector with a nontrivial intersection S̃ ∩S, then on this intersection
the Lavaurs vector �elds X

Ω̃j

S̃

associated to domains of S̃ must agree with XS

due to their uniqueness, and therefore they glue up to XS̃ = XS . In the end this
means that there is just one analytic Lavaurs vector �eld X on a full neighborhood
of 0 ∈ C2, such that ϕ◦p = exp(X).

In the second case, if ψ
V j
S
commutes with exp( 1nXmod) for each index j, then the

di�erent maps Θ
Ωj

S
:= exp( 1nXΩj

S
) = Ψ

◦(−1)

Ωj
S

◦ exp( 1nXmod) ◦ΨΩj
S
glue up together

to a single map ΘS de�ned on BS , such that Θ◦n
S = ϕ◦p and Θ◦m

S = F . Now again,
if S̃ is another sector with nontrivial intersection S̃∩S, then on this intersection the
Fatou coordinates on the domains associated to S̃ satisfy T

Ω̃j

S̃

◦ Θ = T
Ω̃j

S̃

+ 1
nh

s,

which means that also the outer cocycle ψ
Ṽ j

S̃

commutes with exp( 1nXmod), and

that Θ
Ω̃j

S̃

:= exp( 1nXΩ̃j

S̃

) agrees for all j de�ning a single map ΘS̃ on BS̃ , and

ΘS̃ = ΘS on BS∩S̃ . In the end this means that the di�erent ΘS glue up to a single
analytic Θ on a full neighborhood of 0 ∈ C2, such that Θ◦n = ϕ◦p.

The triviality of σ-equivariant elements follows from Lemma ??.

Proof of Theorem ??. Assume �rst that ϕ and ϕ′ = G◦(−1)◦ϕ◦G are equivalent by
means of a σ-equivariant analytic transformation G. Let G0 be the linear part of
G. Then G0 must commute with both σ and Λ (which is the linear part of both ϕ,
ϕ′), and also to preserve the vector �eld Xmod: in fact since both the in�nitesimal
generators of ϕ◦p and ϕ′◦p are formally conjugated to some X̂nf = hs cP

1+µ̂cP E, then

also G∗
0X̂nf is formally conjugted to X̂nf , and since G0 is linear and G∗

0X̂nf is �of
the same form� as X̂nf , then by Theorem ?? G∗

0X̂nf = X̂nf , and therefore also
G∗

0Xmod = Xmod := hscPE. Hence G0 ∈ Zσ,Λ(Xmod). Therefore if {ΩS 7→ ΨΩS
}

is a normalizing cochain for ϕ, ΨΩS
◦ ϕ◦p = ϕ◦pmod ◦ ΨΩS

satisfying the conditions
(1)-(3) of Theorem ??, then {ΩS 7→ ΨG0(ΩS) ◦G} is a normalizing cochain for ϕ′

which obviously gives rise to the same cocycle as {ΩS 7→ ΨΩS
} except on domains

transported by G0. And if {ΩS 7→ Ψ′
ΩS
} is another normalizing cochain for ϕ′ as

in Theorem ??, then G−1
0 ◦ΨΩS

◦G ◦Ψ′
ΩS

◦(−1)(ξ) = ξ+ mod Pξ commutes with

ϕ◦pmod = exp(hsY ), and by Theorem ??, G−1
0 ◦ΨΩS

◦G◦Ψ′
ΩS

◦(−1) = exp
(
CΩS

(h)Y
)

for some CΩS
(h) bounded analytic on S. Therefore the two cocycles are conjugated.

Conversely, let ϕ◦p, ϕ′◦p be two germs with the same model exp(hsY ), and
assume the outer cocycles {ψV 0

S
, . . . , ψ

V 2kp−1
S

} and {ψ′
V 0
S
, . . . , ψ′

V 2kp−1
S

} associated
to the normalizing cochains of Theorem ?? are conjugated by (??). Then the
corrected normalizing cochain {ΩS 7→ exp(−CΩS

(h)Y )◦Ψ′
ΩS
} for ϕ′◦p also satis�es
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the conditions of Theorem ??, and de�nes the same cocycle as {ΩS 7→ ΨΩS
}.

Similarly for the action of an element of Zσ,Λ(Xmod). So we can assume that
the two cocycles are equal and ψVS

= ψ′
VS

for all intersections VS . Then the

composition GΩS
(ξ) := Ψ

◦(−1)
ΩS

◦ Ψ′
ΩS

(ξ) of the two normalizing cochains glue up
together on the union of the outer domains, and by the σ-symmetry also on the
union of the inner domains, and by the condition (3) of Theorem ?? the two
agree also on the gate intersections. Therefore the cochain {ΩS 7→ GΩS

} glues
up together to a single bounded analytic σ-equivariant transformation GS on BS ,
tangent to identity, and such that GS ◦ ϕ′◦p = ϕ◦p ◦ GS . Now if GS and GS̃

are two such conjugating transformations above two di�erent sectors S, S̃ with a
nontrivial intersection, then FS,S̃ := GS ◦G◦(−1)

S̃
de�ned on BS∩S̃ is σ-equivariant

and commutes with ϕ◦p, so according to Proposition ?? it is equal to identity.
Hence all the transformationsGS over di�erent sectors S glue up to a single analytic
σ-equivariant transformation G on a full neighborhood of 0 ∈ C2.

6.3.4 Sectorial realization of the formal invariant µ̂(h).

By choosing to work in a model class (De�nition ??) we have forgotten about the
formal invariant µ̂(h) in the formal case (b) (in the formal case (c) µ̂(h) = 0).
Let us show that we can not only recover this formal invariant from each one of
the classifying cocycles, but moreover we also obtain its sectorial realization µS(h)
over each of the (cuspidal) sectors S.

For an outer Lavaurs domain Ωj
S let a gate path γj be the oriented path between

the two (possibly equal) equilibria to which the domain is attached, formed by a
part of the positively oriented boundary Ωj

S that lies in the gate intersection domain
of Ωj

S (if Ωj
S is sepal then γj is de�ned to be trivial, i.e. constant path consisting

of the equilibrium only). Let α
Ωj

S
= t ◦Ψ

Ωj
S
− t be as in (??) and let X

Ωj
S
be the

associated Lavaurs vector �eld (??), then de�ne

η
Ωj

S
(h) :=

∫
γj

(hsX−1

Ωj
S ,h
− hsX−1

mod,h) =

∫
γj

E.α
Ωj

S ,h
E−1 =

[
α
Ωj

S

]
γj
, (6.111)

be an integral over the gate path, independent of the choice of the Fatou coordinate.

Proposition 6.50. Given a sector S and the associated cochain of normalizing
transformations, let η

Ωj
S
(h) be the gate integrals (??), and let β(0)

V j
S

(h) be the con-

stant terms in the Fourier representation of the cocycle (??). Then

1
2πi

2kp−1∑
j=0

η
Ωj

S
(h) = 1

2πi

2kp−1∑
j=0

β
(0)

V j
S

(h) := µS(h). (6.112)

Clearly this sum µS(h) is an invariant of the cocycle with respect to the conjugation
(??).
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By the Λ-symmetry of the cocycle (??), in the formal case (b)

1
2πi

N+2k−1∑
j=N

η
Ωj

S
(h) = 1

2πi

N+2k−1∑
j=N

β
(0)

V j
S

(h) = 1
pµS(h) for any N ∈ Z2kp, (6.113)

while in the formal case (c) µS(h) = 0.

Proof. We have t + α
Ωj−1

S
= t ◦ Ψ

Ωj−1
S

= t ◦ ψ
V j
S
◦ Ψ

Ωj
S
=
(
t + β

V j
S
◦ t
)
◦ Ψ

Ωj
S
=

t+α
Ωj

S
+β

V j
S
◦ (t+α

Ωj
S
), hence β

V j
S
◦ (t+α

V j
S
) = α

Ωj−1
S
−α

Ωj
S
. Evaluating at the

limit at the equilibrium aj(h) to which the intersection V j
S is attached we obtain

β
(0)

V j
S

= α
Ωj−1

S
(aj)− αΩj

S
(aj). (6.114)

At the same time η
Ωj

S
= α

Ωj
S
(aj+1) − α

Ωj
S
(aj). Summing over j ∈ Z2kp gives

(??).

Proposition 6.51. The function µS(h) is asymptotic to the formal invariant
µ̂(h) =

∑+∞
l=0 µlh

l on the sector S, i.e. for all N ∈ Z≥0

∣∣µS(h)− N∑
l=0

µlh
l
∣∣ = O(hN+1), h ∈ S.

Proof. By (??) and (??) µS(h) = 1
2πi

∑2kp−1
j=0

∫
γj
E.α

Ωj
S
E−1. By Proposition ??

each Lavaurs vector �eld X
Ωj

S
is asymptotic to the formal in�nitesimal generator

X̂ = hscP
1+cP R̂

E of ϕ◦p, i.e. each E.α
Ωj

S
(ξ) is asymptotic to R̂(ξ) =

∑
rmξ

m, i.e.

for every n ∈ Z>0, E.αΩj
S
− j(n)R̂(ξ) = O(|ξ|n+1) uniformly on each Ω, where

j(n)R̂(ξ) denotes the n-jet of R̂(ξ) with respect to te variable ξ. By de�nition
µ̂(h) =

∑+∞
l=0 rl,lh

l (cf. ??), which by residue theorem means that

1
2πi

2kp−1∑
j=0

∫
γj

j(n)R̂(ξ)E−1 =

⌊n
2
⌋∑

l=0

rl,lh
l = j(n)µ̂(h),

as on each leaf {h = const ̸= 0} the path
∑2kp−1

j=0 γj is homotopic to a simple
positive loop around 0 (Proposition ??). Therefore

µS(h)− j(n)µ̂(h) = 1
2πi

kp−1∑
j=0

∫
γj

(
E.α

Ωj
S
− j(n)R̂(ξ)

)
E−1 = O(|ξ|n+1),

and the statement follows.
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6.3.5 Canonical normalizing cochains

For each (cuspidal) sector S the vector �eld

Xnf,S := hs
cP (u, h)

1 + µS(h)cP (u, h)
E = hs

Y

1 + µS(h)Y . log ξ1
, h ∈ S, (6.115)

with µS(h) (??), can be thought of as a sort of sectorial realization on BS of the
formal normal form X̂nf = hs cP (u,h)

1+µ̂(h)cP (u,h)E of Theorem ?? (with µ̂(h) = 0 in the
formal case (c)), to which it is asymptotic by Proposition ??. This means that we
have a sectorial realization

ϕnf,S := Λ exp(1pXnf,S)

of the formal normal form ϕ̂nf = Λexp(1pX̂nf) of Theorem ??. Therefore we can
now also construct a cochain of normalizing transformations for ϕ towards this
sectorial normal form. The great advantage of such normalizing cochain over the
one of Theorem ?? is that it can be chosen in a completely canonical way as
we shall see in Theorem ?? below. Moreover it turns out that this new canonical
normalizing cochain is in fact asymptotic to the formal normalizing transformation
of Theorem ?? and therefore it can be viewed as its sectorial realization.

As hs
∫ (

X−1
nf,S − X−1

mod = µS(h)
∫
E−1, where

∫
E−1 = 1

2 log
( ξ1
ξ2

)
, 24 which

means that the map

FS(ξ) := exp(tY )(ξ)
∣∣
t=

1
2µS(h) log

( ξ1
ξ2

) (6.116)

is such that (cf. Lemma ??)

Xnf,S = F ∗
S(Xmod).

Note that 1
2 log

( ξ1
ξ2

)
is multi-valued on each leaf {h = const}, and so is FS (??),

therefore we shall denote FΩS
the restriction of its branch to each domain ΩS .

Given a normalizing cochain {ΩS 7→ ΨΩS
} as in Theorem ?? over a sector

S, and some functional cochain {ΩS 7→ CΩS
(h)} as in Theorem ??, then the

transformation cochain {ΩS 7→ Ψ̃ΩS
}:

Ψ̃ΩS
:= F

◦(−1)
ΩS

◦ exp(CΩS
(h)Y ) ◦ΨΩS

(6.117)

is normalizing for ϕ◦p with respect to the sectorial normal form ϕ◦pnf,S = exp(Xnf,S),

Ψ̃ΩS
◦ ϕ◦p = exp(Xnf,S) ◦ Ψ̃ΩS

.

As in Section ?? associated to this cochain there is a cocycle of transition maps

ψ̃
V j
S
= Ψ̃

Ωj−1
S
◦
(
Ψ̃

Ωj
S

)◦(−1)
, (6.118)

24Under this choice of the primitive
∫
E−1 = 1

2
log

(
ξ1
ξ2

)
we have

( ∫
E−1

)
◦ σ = −

∫
E−1.
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which commute with ϕ◦pnf,S on the intersection sectors. Letting

t̃S := t ◦ FS = t+ 1
2µS(h) log

( ξ1
ξ2

)
,

then we have again a Fourier representation of each cocycle {ψ̃
V j
S
}:

β̃
V j
S
◦ t̃S := t̃S ◦ ψ̃V j

S
− t̃S , β̃

V j
S
(t, h) =

∑
n∈Z

β̃
(n)

V j
S

(h)e
2πint
hs . (6.119)

We shall show that we can choose the constants CΩS
in (??) in such a way so

that the constant terms β̃0
V j
S

(h) in the Fourier representation (??) are null for all

j ∈ Z2kp. Such cochain {ΩS 7→ Ψ̃ΩS
} will be uniquely determined.

Theorem 6.52 (Existence of a canonical normalizing cochain). There exists a
unique cochain of �constants� {ΩS 7→ CΩS

(h)} such that the outer normalizing
cochain Ψ̃

Ωj
S
(ξ) = ξ + h.o.t. (??) satis�es:

(1) it conjugates ϕ to the sectorial normal form ϕnf,S = Λexp(1pXnf,S)

Ψ̃Λn(ΩS) ◦ ϕ◦n = ϕ◦nnf,S ◦ Ψ̃ΩS
, n = 1, . . . , p,

(2) it is σ-equivariant, that is

Ψ̃σ(ΩS) ◦ σ = σΨ̃ΩS
,

(3) if ΩS and Ω′
S share a gate intersection then

Ψ̃ΩS
= Ψ̃Ω′

S
on the gate intersection.,

(0) has vanishing constant Fourier coe�cients of the transition maps, β̃(0)
V j
S

(h) = 0

in (??).

Such normaizing cochain {ΩS 7→ ψ̃ΩS
} is unique25 and asymptotic to the unique

σ-equivariant formal normalizing transformation Ψ̂(ξ) = ξ+h.o.t. that conjugates
ϕ ◦ Ψ̂ = Ψ̂ ◦ ϕ̂nf .

Corollary 6.53. If two σ-reversible analytic germs ϕ(ξ), ϕ′(ξ′) are formally equiv-
alent by a transformation ξ′ = Ψ̂(ξ), then there exists a uniquely determined
σ-equivariant cochain of transformations {ΩS 7→ ΦΩS

} asymptotic to the formal
transformation Φ̂ that conjugates ϕ to ϕ′.

25Under the assumption of tangency to identity, otherwise it would be determined up to left
composition with elements of the centralizer Zσ,Λ(Xnf,S) = Zσ,Λ(Xmod) (De�nition ??).
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Proof. If Ψ̃ΩS
= F

◦(−1)
ΩS

◦exp(CΩS
Y )◦ΨΩS

and Ψ̃′
ΩS

= F ′
ΩS

◦(−1)◦exp(C ′
ΩS

Y )◦Ψ′
ΩS

are the normalizing cochains (??) of Theorem ?? for ϕ and ϕ′, then

ΦΩS
:= Ψ′

ΩS

◦(−1) ◦exp
(
(CΩS

−C ′
ΩS

)Y
)
◦ΨΩS

=
(
Ψ̃′

ΩS

)◦(−1) ◦F ′
ΩS

◦(−1) ◦FΩS
◦ Ψ̃ΩS

is a conjugating transformation between ϕ and ϕ′. And since their invariants µS , µ′S
are asymptotic to the same formal µ̂ the composition F ′

S ◦F
◦(−1)
S is asymptotic to

identity, therefore ΦΩS
is asymptotic to the composition of the formal normalizing

transformations Φ̂ =
(
Ψ̂′)◦(−1) ◦ Ψ̂ of Theorem ??.

Lemma 6.54. For each equilibrium a(h) of Yh the sum of β(0)VS
(h) over all the

intersections attached to a(h) is null. Here the sum is taken over both outer and

inner intersections, where for an inner intersection VS, β
(0)
VS

(h) := −β(0)σ(VS)
(h).

Proof. The identity (??) expresses β(0)VS
as the di�erence αΩS

(a(h)) − αΩ̃S
(a(h)),

where ΩS is the Lavaurs domain on the right of VS and Ω̃S the one on the left.
While the determination of t determines also each of the α by an additive constant,
the di�erence of them is independent of it as long as tΩS

= tΩ̃S
on the intersection.

Hence it doesn't matter if it is an outer or an inner intersection. Moreover, if ΩS

and Ω′
S share a gate intersection, then αΩS

= αΩ′
S
. Hence when one expresses the

sum of all the β(0)'s in terms of α(a)'s, they all cancel out.

Proof of Theorem ??. Let us show that the constants CΩS
(h) in (??) can be chosen

so that the cochain Ψ̃ΩS
satis�es both (0) and (1)-(3).

We may assume that the enumeration of the outer Lavaurs domains is such
that Ω0

S shares a gate with some inner domain σ(Ωl
S) for some l (such pair always

exist by Proposition ??). Choosing some CΩ0
S
on Ω0

S , then on the following outer

domains Ω1
S , . . . ,Ω

2kp−1
S (in counterclockwise order) and Ω2kp

S = e2πiJ(Ω0
S), where

J =
(

1 0
0 −1

)
, we need to take C

Ωj
S
:= CΩ0

S
+β

(0)

V 1
S
(h)+ . . .+β

(0)

V j
S

(h), j = 1, . . . , 2kp,

so that C
Ωj

S
− C

Ωj−1
S

= β
(0)

V j
S

(h). Choosing the determinations F
Ωj

S
of (??) such

that they agree on the intersections V j
S ⊆ Ωj

S ∩ Ωj−1
S , j = 1, . . . , 2kp, we then

get β′
V j
S

(0) = β
(0)

V j
S

+ C
Ωj−1

S
− C

Ωj
S

= 0, so (0) is satis�ed. By Proposition ??,

C
Ω2kp

S
= CΩ0

S
+ 2πiµS , while at the same time F

Ω2kp
S

= exp(2πiµSY ) ◦ FΩ0
S
, which

means that Ψ̃
Ω2kp

S
= Ψ̃Ω0

S
is well de�ned.

On the inner domains σ(Ω0
S), . . . , σ(Ω

2kp−1
S ), σ(Ω2kp

S ) (in clockwise order) we
need to take Ψ̃

σ(Ωj
S)

= σΨ̃
Ωj

S
◦ σ in order to satisfy (2). We now choose CΩ0

S
so

that on the gate intersection between the outer domain Ω0
S and its inner neighbor

σ(Ωl
S) the two transformation agree Ψ̃Ω0

S
= Ψ̃σ(Ωl

S)
. If one selects the two branches

of (??) such that FΩ0
S
= Fσ(Ωl

S)
, then this translates to asking that CΩ0

S
= −CΩl

S
.

We now need to verify that the properties (1) and (3) hold, while the properties
(2) and (0) are already satis�ed by our construction.
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Let us verify (1): Using (??) and the condition (1) of Theorem ??, this is
equivalent to

F
◦(−1)

Λ(Ωj
S)
◦ exp

(
C
Λ(Ωj

S)
Y
)
= ΛF

◦(−1)

Ωj
S

◦ Λ−1 ◦ exp
(
C
Ωj

S
Y
)
.

If Λ =
(
λ 0
0 λ−1

)
, then on one hand, by Proposition ??, C

Λ(Ωj
S)

= C
Ωj

S
+µS log λ, on

the other hand we have Λ−1F
Λ(Ωj

S)
◦Λ = exp

(
µS log λY

)
◦F

Ωj
S
, and the condition

is satis�ed.
Let us verify (3): Removing from the gate graph the edge corresponding to the

gate intersection between Ω0
S and its inner neighbor we obtain a tree by Proposi-

tion ??. For any gate (edge) of this tree, any branch of the tree starting at this gate
has the sum of all the β's at its vertices null by Lemma ??, which means that the
constants CΩS

at the two sides of this gate are the same. And the determinations
of FΩS

are chosen so that they agree along gates of the branch as well as along the
intersection sectors attached to its vertices.

Let us now prove the asymptoticity of the normalizing cochain {ΩS 7→ Ψ̃ΩS
}

(??). Let αΩS
= t ◦ΨΩS

− t (??), and let

aΩS
:= t̃S ◦ Ψ̃ΩS

− t̃S = αΩS
(ξ) + CΩS

(h)− 1
2µS(h) log

( ξ1
ξ2

)
.

This means that Ψ̃ΩS
= exp(th−sXnf,S)

∣∣
t=aΩS

, and (see (??))

XΩS
=

Xmod

1 + h−sXmod.αΩS

=
Xnf,S

1 + h−sXnf,S.aΩS

.

Correspondingly, let X̂ be the formal in�nitesimal generator of ϕ◦p = exp(X̂),
let X̂nf =

Xmod

1+h−sXmod.
(
1
2 µ̂ log

( ξ1
ξ2

)) be its formal normal form, and let â(ξ) be the

formal power series such that â ◦ σ = −â and

X̂ =
Xmod

1 + h−sXmod.
(
1
2 µ̂ log

( ξ1
ξ2

)
+ â
) =

X̂nf

1 + h−sX̂nf .â
.

Then the σ-equivariant formal normalizing transformation Ψ̂, such that X̂ =
Ψ̂∗X̂nf , can be also expressed as Ψ̂ = exp(th−sX̂nf)

∣∣
t=â

. We know that µS is

asymptotic to µ̂, hence Xnf,S is asymptotic to X̂nf , so all we need to prove is that
aΩS

is asymptotic to â.
We also know thatXΩS

is asymptotic to X̂, which means that E.aΩS
is asymp-

totic to E.â. In the notation of the proof of Proposition ?? this means that for
any n ∈ Z>0

E.(aΩS
− j(n)â) = 0 mod J n

ΩS
,

which implies that aΩS
− j(n)â = cn,ΩS

(h) mod J n
ΩS

for some bounded function
cn,ΩS

(h) on S.
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On the outer intersection V j
S we have

β̃
V j
S
◦ t̃S =

(
t̃S ◦ Ψ̃Ωj−1

S
− t̃S ◦ Ψ̃Ωj

S

)
◦ Ψ̃◦(−1)

Ωj
S

=
(
a
Ωj−1

S
− a

Ωj
S

)
◦ Ψ̃◦(−1)

Ωj
S

= c
n,Ωj−1

S
− c

n,Ωj
S

mod J n
V j
S

,

with β̃
V j
S
◦ t̃S =

∑
n∈Z β̃

(n)

V j
S

(h)e
2πint̃S

hs on the left side. By the construction of the

Lavaurs domains,

Re
(
− 2πin t̃S

hs

)
≥ 2πn sin δ3

|t̃S |
|h|s ≥ An sin δ3|ξ|−2kps−2s,

for some A > 0, where s is as in Lemma ??. Since β(0)
V j
S

= 0, this means that the

left side is exponentially �at in |ξ|, and therefore c
n,Ωj−1

S
− c

n,Ωj
S
= 0 mod J n

V j
S

.

We also have

aσ(ΩS) ◦ σ =
(
t̃S ◦ Ψ̃σ(ΩS) − t̃S

)
◦ σ = −t̃ ◦ Ψ̃ΩS

+ t̃S = −aΩS
,

which means that cn,σ(ΩS)(h) = −cn,ΩS
(h) mod J n

ΩS
. We conclude that cn,ΩS

= 0
mod J n

ΩS
for all Lavaurs domains ΩS , and for any n ∈ Z>0. Hence a

Ωj
S
(ξ) is

asymptotic to â(ξ), which we wanted to prove.

6.3.6 Proof of Theorem ??.

Proof of Theorem ??. The proof of Theorem ?? establishes that for any sector S,
the two pairs (ϕ, σ) and (ϕ′, σ) are conjugated by GS ∈ Diffh

id(BS , 0) if and only
if their outer cocycles over S agree. Let us show that this in fact implies that the
analytic conjugacy extends from BS to a full neighborhood of 0 ∈ C2.

Since the cocycles over S agree, then also the sectoral invariants µS = µ′S
agree. So let {ΩS 7→ Ψ̃ΩS

}, {ΩS 7→ Ψ̃′
ΩS
} be the canonical normalizing cochains

of Theorem ?? for ϕ, ϕ′, and let {VS 7→ ψ̃VS
}, {VS 7→ ψ̃′

VS
} be the associated

transition maps (??). By the unicity, Ψ̃′
ΩS

= Ψ̃ΩS
◦ GS for all ΩS , and therefore

the transition maps agree ψ̃′
VS

= ψ̃VS
.

Now if S̃ is another sector with non-trivial intersection S̃ ∩ S ̸= {0}, then by
the same argument, on this intersection one has µS̃ = µ′

S̃
, Ψ̃′

ΩS
= Ψ̃ΩS

◦ GS and

ψ̃′
VS̃

= ψ̃VS̃
, and therefore it is true on the whole S̃. Hence the conjugacy GS

extends analytically also to S̃.
Repeating this argument we see that the conjugacy GS is in fact analytic on

the union of all the domains BS , that is, on a full neighborhood of 0 ∈ C2.

6.3.7 Compatibility of cocycles.

Over each sector S in the h-space the associated cocycle carries complete informa-
tion about dynamics of ϕ on BS . On the intersection of two di�erent sectors S and
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S′, the two cocycles have to describe the same dynamics on BS∩S′ , therefore cannot
be independent of each other. Our goal is to formulate a necessary compatibility
condition between them. We shall identify the cocycles with certain �pseudo-
representations� of a fundamental groupoid Π1(BS ∖ {P = 0},EndsS) (De�ni-
tion ??) in the pseudogroup of transformations commuting with ϕ◦pmod, and express
the compatibility condition as a conjugacy of these �pseudo-representations�. The
basic idea is an analogy with the compatibility conditions encountered in problems
of unfolding of moduli spaces in [?, ?], where they are formulated in terms of con-
jugacy of monodromies of linear systems [?] or of holonomies of foliations [?]. One
di�erence is that we shall work with fundamental groupoids in place of fundamen-
tal groups, which is a natural generalization in situations involving a (non-linear)
Stokes phenomenon. Another di�erence lies in the general impossibility of com-
position of transformations associated to di�erent paths due to potential lack of
their analytic extendability, thus the name �pseudo-representation�.

De�nition 6.55 (Fundamental groupoid). An end of a Lavaurs domain ΩS,h is
the intersection of the closure of ΩS,h with the boundary of Bh, and is identi�ed
with some marked point eΩS,h

∈ ∂Bh ∩ ΩS,h (the choice is such that it depends
continuously on h ∈ S and respects the cyclic ordering of the inner/outer domains
and the actions of σ,Λ).

For a given sector S in the h-space, and h ∈ S we denote EndsS,h the set of
the ends of the 4kp associated domains ΩS,h. The fundamental groupoids Π1(Bh∖
{Ph = 0},EndsS,h), h ∈ S∗ = S ∖ {0}, consisting of relative classes of paths in
Bh∖{Ph = 0} with �xed endpoints in EndsS,h, are identi�ed with each other over
the sector S∗ as a single groupoid

Π1(BS∗ ∖ {P = 0},EndsS∗), BS∗ =
∐
h∈S∗

Bh, EndsS∗ =
∐
h∈S∗

EndsS,h.

The Fatou coordinates TΩS
for ϕ◦p on the Lavaurs domains ΩS are characterized

by two conditions

1. Fatou relation (Abel equation): TΩS
◦ ϕ◦p = TΩS

+ hs,

2. asymptotic condition: TΩS
− t has at most moderate growth on ΩS .

The second condition assures its uniqueness up to addition of a constant. We will
look at what information do the cochains of Fatou coordinates carry when the
asymptotic condition is forgotten. In that case, the coordinate TΩS

is determined
up to an addition of a term mΩS

◦ TΩS
where mΩS

(t) = mΩS
(t + hs) can be

any hs-periodic function. Equivalently, the normalizing cochain {ΩS 7→ ΨΩS
}

is then de�ned only up to left composition with any cochain of transformations
{ΩS 7→ MΩS

} commuting with ϕ◦pmod = exp(Xmod). The point is that in the
absence of the asymptotic condition the form of the domains ΩS no longer plays
a role, so the cochains can be thought as de�ned on (neighborhoods of) the ends
{eΩS

7→ ΨΩS
}, which then allows to compare the cocycles associated to normalizing

cochains on di�erent coverings over di�erent sectors S.
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De�nition 6.56 (Fatou pseudo-representations). The set of Lavaurs domains
{ΩS} over a sector S is in bijective correspondence with the set of ends EndsS =
{eΩS

}. Elementary paths in Π1(BS∗ ∖{P = 0},EndsS∗) are those that correspond
to

- either inner or outer intersections: they connect the ends of two neighboring
inner or outer Lavaurs domains and lie inside their union,

- or gate intersections: they connect the ends of two Lavaurs domains sharing
a gate intersection and lie inside their union.

Clearly, the elementary paths generate the fundamental groupoid Π1(BS∗ ∖ {P =
0},EndsS∗).

A cocycle {VS 7→ ψVS
} over S gives rise to a Fatou pseudo-representation r = rS

of Π1(BS∗∖{P = 0},EndsS∗) by associating to each elementary path eΩS

γVS−−→ eΩ′
S

corresponding to an outer/inner/gate intersection VS ⊆ ΩS ∩Ω′
S a transformation

r(γVS
) := ψVS

, t ◦ r(γVS
) = t+ βVS

◦ t,

where βVS
(t) =

∑
n∈Z β

(n)
VS

(h) e
2nπit
hs is an analytic hs-periodic function on t(VS).

Whenever some elementary paths eΩ0,S

γV1,S−−−→ eΩ1,S
, . . . , eΩn−1,S

γVn,S−−−→ eΩn,S
, cor-

respond to intersections V1,S , . . . , Vn,S attached to the same simple singularity,

then to their composition eΩ0,S

γV1,S ···γVn,S−−−−−−−−→ eΩn,S
is associated the corresponding

composition of the transformations

r(γV1,S
· · · γVn,S

) = r(γV1,S
) ◦ . . . ◦ r(γVn,S

)

which in this case is well-de�ned because each βVj,S
extends by the hs-periodicity

to a t-image of a full neighborhood of the singularity.
Two pseudo-representations r, r′ are conjugated if there exists a map M that

associates to each end e = eΩS
∈ EndsS∗ a transformation MeΩS

: eΩS
→ eΩS

commuting with exp(hsY ) that conjugates

r′(γ) =Me′ ◦ r(γ) ◦M◦(−1)
e , for e

γ−→ e′.

So far the Fatou pseudo-representations are not much more than just cocycles
minus the asymptotic condition. The point is that when passing from one sector
S to another sector S′ with a non-trivial intersection S ∩ S′, there is a natural
identi�cation of EndsS∗ and EndsS′∗ : in fact, the ends of the zones of eiθhsYh

(p. ??) depend continuously on θ ∈ ]δ3, π − δ3[ by rotating, even for unstable
values of θ, and this correspondence is carried also to the ends of the Lavaurs
domains. Therefore we can identify the fundamental groupoids

Π1(BS∗ ∖ {P = 0},EndsS∗) ≃ Π1(BS∗∩S′∗ ∖ {P = 0},EndsS∗∩S′∗)

≃ Π1(BS′∗ ∖ {P = 0},EndsS′∗).
(6.120)
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γ̃1

γ̃2

γ̃3
γ̃4

e0

e1

(a)

γ1

γ4γ3

γ2 e0

e1

(b)

Figure 18: Schematic depiction of the topological organization of the Lavaurs
domains corresponding to Figure ?? and ?? for k = 1, p = 3 (see also Figure ??).
The dashed lines represent gate intersections, while the full lines represent outer
and inner intersections. The arcs of the outer and inner boundary circle represent
ends of the domains, and the red arrows represent selected paths between the ends
of the corresponding domains.

Theorem 6.57 (Compatibility condition). For two di�erent sectors S, S′ with
a non-trivial intersection S ∩ S′, the Fatou pseudo-representations rS , rS′ of (??)
generated by the classifying cocycles {rS(γVS

) = ϕVS
} and {rS′(γV ′

S′
) = ϕV ′

S′
} are

conjugated to each other.

Proof. If the end e = eΩS
= eΩ′

S′
of the Lavaurs domain ΩS over S is identi�ed

with the end of Ω′
S′ over S′, then the map e 7→Me := ΨΩ′

S′
◦Ψ◦(−1)

ΩS
conjugates rS

and rS′ .

Let us illustrate this compatibility conditions on an example.

Example 6.58. Let k = 1, and consider the case when all the equilibria are
simple, and let us look at the two neighboring sectors S̃, resp. S, over which the
topological organization of the Lavaurs domains is as depicted in Figure ?? (see
also Figure ??). Under the identi�cation of ends

e0 = eΩ0
S̃
= eΩ0

S
, e1 = eΩ1

S̃
= eΩ1

S
,

the four successive paths eΩ0
S̃

γ̃1−→ eΩ1
S̃

γ̃2−→ eσΛ(Ω1
S̃
)

γ̃3−→ eΛσ(Ω0
S̃
)

γ̃4−→ eΩ0
S̃
, resp.

eΩ0
S

γ1−→ eΩ1
S

γ2−→ eΛσ(Ω1
S)

γ3−→ eσ(Ω0
S)

γ4−→ eΩ0
S
, which form a simple loop around the
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same simple equilibrium a(h), have pseudo-representations

rS̃(γ̃1) = ψV 1
S̃

rS̃(γ̃2) = exp
(
− ν0∞Y

)
rS̃(γ̃3) = ΛσψV 2

S̃
◦ (Λσ) rS̃(γ̃4) = exp

(
(νa + ν0∞)Y

)
,

resp.

rS(γ1) = ψV 1
S

rS(γ2) = exp
(
(νa − ν0∞)Y

)
rS(γ3) = σΛψV 2

S
◦ (σΛ) rS(γ4) = exp

(
ν0∞Y

)
,

where νa(h) is the dynamical residue of Y −1
h at the equilibrium a(h) (??), (??),

and ν0∞(h) is the period (??) of Y −1
h along the path from 0 to∞ corresponding to

γ4. The whole loop also has a well de�ned pseudo-representation rS̃(γ̃1γ̃2γ̃3γ̃4) =
rS̃(γ̃1)◦rS̃(γ̃2)◦rS̃(γ̃3)◦rS̃(γ̃4), resp. rS(γ1γ2γ3γ4) = rS(γ1)◦rS(γ2)◦rS(γ3)◦rS(γ4).
Now the compatibility condition between the cocycles on the two sector demands
that there exists a pair of transformations Me0 , Me1 (in our case given by Mej =

Ψ
Ωj

S̃

◦Ψ◦(−1)

Ωj
S

, j = 0, 1), commuting with exp(Xmod), such that:

1. ψV 1
S̃
◦Me1 =Me0 ◦ ψV 1

S
,

2. ψV 2
S̃
◦ (ΛMe0 ◦ Λ−1) =Me1 ◦ ψV 2

S
,

3. rS̃(γ̃1γ̃2γ̃3γ̃4) ◦Me0 =Me0 ◦ rS(γ1γ2γ3γ4).

All other conjugacy relations follow from these three by (σ,Λ)-equivariance.
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