ON NEIGHBORHOODS OF EMBEDDED COMPLEX TORI
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ABSTRACT. The goal of the article is to show that an n-dimensional complex
torus embedded in a complex manifold of dimensional n+d, with a split tangent
bundle, has neighborhood biholomorphic a neighborhood of the zero section
in its normal bundle, provided the latter has (locally constant) Hermitian
transition functions and satisfies a non-resonant Diophantine condition.

In memory of Jean-Pierre Demailly

1. INTRODUCTION
In this paper we show the following

Theorem 1.1. Let C be an n-dimensional complex torus embedded in a complex
manifold M of dimensional n 4+ d. Assume that Tc M, the restriction of TM on
C, splits as TC & N¢. Suppose that the normal bundle of C' in M admits transi-
tion functions that are Hermitian matrices and satisfy a non-resonant Diophantine
condition (see Deﬁnition. Then a neighborhood of C in M is biholomorphic to
a neighborhood of the zero section in the normal bundle.

We first describe the organization of the proof of our main theorem.

A complex torus C' can be identified with the quotient of C™ by a lattice A
spanned by the standard unit vectors eq,...,e, in C" and n additional vectors
e, ..., el in C", where Imef,...,Ime] are linearly independent vectors in R". Let
A’ be the lattice in the cylinder C = R™/Z™ +iR™ spanned by €], ..., e, mod Z".
There are two coverings for the torus C' = C"/A = C/A’: the universal covering
m: C" — C and the covering by cylinder, 75 : C — C that extends to a covering M
over M. In section two we recall some facts about factors of automorphy for vector
bundles on C' via the covering by C™. In section three, we study the flat vector
bundles on C. The pull back of the flat vector bundle N¢ to the cylinder C is the
normal bundle Ng of C in M. We show that N & is always the holomorphically triv-

ial vector bundle C' x C<. By “vertical coordinates”, we mean “coordinates on C?”,
the normal component of the normal bundle N, while “horizontal coordinates”
mean the tangential components of N¢.
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Since C is a Stein manifold, a theorem of Siu [Siu77] says that a neighborhood of
C in M is biholomorphic to a neighborhood of the zero section in its normal bundle,
which is trivial as mentioned above. We show that the holomorphic classification of
neighborhoods M of C' with flat N¢ is equivalent to the holomorphic classification
of the family of the deck transformations of coverings M of M in a neighborhood
of C. These deck transformations are “higher-order” (in the vertical coordinates)
perturbations 71, ..., 7, of 71,...,7,, where the latter are the deck transformations
of the covering of No over No. In order to find a biholomorphism between a
neighborhood of C in M and a neighborhood of its zero section in N¢, it is sufficient
to find a biholomorphism that conjugates {71,...,7,} to {F1,..., T}

There are two useful features. First, since the fundamental group of C' is abelian,
the deck transformations 7i,...,7, commute pairwise. Second, we can also in-
troduce suitable coordinates on C' so that the ”horizontal” components of deck
transformations have diagonal linear parts. In such a way the classification of
neighborhoods of C' is reduced to a more attainable classification of deck trans-
formations. While the full theory for this classification is out the scope of this
paper, we study the case when N¢ admits Hermitian transition functions. Since
a Hermitian transition matrix must be locally constant, we call such an No Her-
mitian flat. The convergence proof for Theorem is given in section four. It
relies on a Newton rapid convergence scheme adapted to our situation based on
an appropriate Diophantine condition among the lattice and the normal bundle.
At step k of the iteration scheme, let d; be the error of the deck transformations

{Tl(k), .. ,Ty(lk)} defined on domain D) to 7y,...,7, in suitable norms. By an ap-
propriate transformation ®*), we conjugate to a new set of deck transformations
{Tl(k+1), e ,7'7(Lk+1)} of which the error to the linear ones is now d;4+; on a slightly

smaller domain D®*+1) . Using our Diophantine conditions, related to the lattice
A and the normal bundle, we show that the sequence ®*) o ... o &) converges
to a holomorphic transformation ® on an open domain D(>) where we linearize
{Tla""Tn}'

We now describe closely related previous results. Our work is motivated by
work of Arnold and Ilyashnko-Pyartli. Our main theorem was proved in [Arn76]
when C is an elliptic curve (n = 1) and N¢ has rank one (d = 1). II’'yashenko-
Pyartli [IP79] extended Arnold’s result to the case when the torus is the product of
elliptic curves together with a normal bundle which is a direct sum of line bundles,
while Theorem deals with general complex tori. We also assume that N¢ is
non-resonant, a condition that is weaker than the non-resonant condition used by
II’'yashenko-Pyartli. Our small-divisor condition is also weaker. Of course, the
study of neighborhood of embedded compact complex manifolds has a long history.
Also, see some recent work [Hwal9l [Koi21l [LTTI9]. We refer to [GS22] for some
references and a different approach to this range of questions.

Acknowledgments. This work benefits from helpful discussions with Jean-
Pierre Demailly. Part of work was finished when X. G. was supported by CNRS
and UCA for a visiting position at UCA.

2. VECTOR BUNDLES ON TORI AND FACTORS OF AUTOMORPHY

In this section, we identify vector bundles on a complex torus with factors of
automorphy. The latter gives us a useful alternative definition of vector bundles on
a higher dimensional complex torus C' and the isomorphisms of two vector bundles.
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General references for line bundle on complex tori are [BLO4, [Deb05l Men1l] and

[GHY4, p. 307).

Let A be a 2n-dimensional lattice in C™. We may assume that A is defined by
2n vectors ey, ..., en, €}, ..., e, of C", where e; = (0,...,0,1,0,...,0) with 1 being
at the i-th place, e = (€] 1,...,¢€;,) and the matrix

Imr .= (Im€;7j)1§i7jgn = (egj)lgi,jgn

is invertible [BLO4, exerc. 2, p. 21]. The compact complex manifold C := C"/A is
called an (n-dimensional) complex torus. Unless the lattice is equivalent to another
one defined by a diagonal matrix ¢/, C' is not biholomorphic to a product of one-
dimensional tori. Let w : C™ — C be the universal cover of C. Its group I' of deck
transformations consists of translations

Th:z—z+ )\, AEA

Note that T is abelian and is isomorphic to Z?". T is also isomorphic to 71(C, 0)
since C" is a universal covering of C.

Next, we consider equivalence relations for holomorphic vectors bundles on C
and C", following the realization proof of Theorem 3.2 in [[enll]. Let E be a
vector bundle of rank d over C'. The pull-back bundle #*E on C" is trivial and
has global coordinates £. Let {U;} be an open covering of C' so that coordinates
& =(&1,---, &) of E are well-defined (injective) on U;. Then we have

(2.1) € = h;&(m),

where h; is a non-singular holomorphic matrix on 7~ (U;). The transition functions
gr; satisfy

(2.2) grj(m) = by thy,  on 7w (U) N (U;).

For any z, A, we know that both 7(z + X) and 7(z) are in the same U; for some j.
Then we have

§(z+N) = hy(z + N&(m(2) = hj(z + Mh;(2)7E(2).
We can define

(2.3) PN 2) = hy(z + Nhy(2)7, =z € 771 (U))

as the latter is independent of the choice of j by . Therefore,
(2.4) E0+2) = p(\2)E(=), (A 2) € GL(d,O),
(2.5) p: A xC" — GL(d,C).

Here p is called a factor of automorphy. We can verify that

(2.6) P(A+ i, 2) = p(A, i+ 2)p(p, 2).

In particular, if all p(X, z) = p(\) are independent of z, then p(A) is an abelian
group.

The above construction from a vector bundle E on C to a factor of automorphy
can be reversed. Namely, given —, define the vector bundle F on C' as the

quotient vector space of C" x C® via the equivalence relation

(2.7) (2,€) ~ (z+ A p(N,2)§), 2z€C™ £eCl AeA
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We denote the projection from the cylinder C' := R"/Z" +iR" = C"/Z" onto C by
7. Therefore, we can define w*éE on the cylinder C by the equivalence relation

(2.8) (2,6) ~ (z+ X\ p(\,2)€), zeC" eeCh NeZ"

Of course, global coordinates é , p, and g are not uniquely determined by E.
However, their equivalence classes are determined. Two vector bundles E, E are
isomorphic if their corresponding transitions g, ;i satisfy g;x = hj_1 g;khi where
h; are non-singular holomorphic matrices. Replacing global coordinates {C by l/é
where v: C" — GL(n,d) is holomorphic, we can verify that

(2.9) vIA+ 2)p(\ 2)v(2) 7 = p(), 2)

is also a factor of automorphy. Define two factors of automorphy p, p to be equiv-
alent if (2.9) holds. Therefore, the classification of holomorphic vector bundles is
identified with the classification of factors of automorphy.

3. FLAT VECTOR BUNDLES

In this section, we will show that the pull-back of a flat vector bundle E on C
to the cylinder C' = C"/Z" is always trivial.

When FE is flat, we can choose global coordinates as follows. We know that 7*FE
is also flat and we can choose its global flat basis, or global flat coordinates é by
using analytic continuation on C™ and pulling back flat local coordinates of E. In
other words, in h; are locally constants while &; are locally flat coordinates.
Then p(), z) depend only on )\, in which case we write p(\) for p(), z). As remarked
above, p(A) is abelian. When FE is unitary (flat), by the same reasoning 7*F is
unitary and we can choose h; and p(\) to be unitary.

A d x d Jordan block Jy(A) is a matrix of the form Al + Ny, where I is the
d x d identity matrix and Ny is the d x d matrix with all entries being 0, except all
the (i,i + 1)-th entries being 1. A matrix T commutes with J if and only if

T = Td(a) = agly + Z alNé
i>0
Note that N} = 0 for i > d. Following [Gan98, p. 218], we call the above T" as well
as the following two types of matrices, reqular upper triangular matrices w.r.t. J:

Ty (¢
A=(0,Ts(a)), or B= ( dé“ )>,
where 0 denotes in A (resp. B) a 0 matrix of d rows (resp. d’' columns). Given a
Jordan matrix

J = diag(Ja, (M); -+ Ja, (\g))-

the matrices that commute with .J are precisely the block matrices

X = (Xocﬁ)mxm

where X3 = 0if Ay # Ag, while X, is a regular upper triangular (d,, x dg) matrix
if Ao = Ag. Such a matrix X is said to be a reqular upper triangular matriz w.r.t.
J

From the structure of matrices commuting with a Jordan matrix, we can verify
the following two results.



Proposition 3.1. Let Ay,..., A, be 2 X 2 matrices commuting pairwise. Then
there is a non-singular matriz S such that all ST*A;S are Jordan matrices.

Example 3.2. The 3 x 3 matrices M3 + N3, uls + N3 commute, but they cannot
be transformed into the Jordan normal forms simultaneously.

The following results on logarithms are likely classical. However, we cannot find
a reference. Therefore, we give proofs emphasizing commutativity of logarithms of
matrices.

We start with the following.

Lemma 3.3. Let Aq,..., A, be pairwise commuting matrices. Then there is a
non-singular matriz S such that

ST 1AS ( aﬁ)1<aﬁ<s— A]7 1§]§m
where Ay is a Jordan matriz and all Aj are upper triangular matrices.

Proof. We may assume that A; is a Jordan matrix J = diag(Jg, (A1), .., Ja.(Xs)).
Then
Aj = (Xp)1<ap<s

are regular w.r.t J. Note that pairwise commuting non-singular matrices have non-
trivial common eigenspaces. The eigenspace of J are spanned ey, ...,eq with
dy =1land d; = d; +---d;—1+1. To simplify the indices, we may assume that e; is
an eigenvector of all A;. Then the first column of A; is aje; with a; # 0. The new
matrices AJ, obtained by removing all first rows and first columns, still commute
pairwise. In particular all A are regular to the new Jordan matrix J = A;. By
induction on d, we can find a non-singular matrix S which is regular to J so that
all §— 1A]S are upper-triangular. Let S = dlag(LS). Now S~ = diag(1,571).
We can check that all Aj := S71A;S are upper triangular. Then Ay, J have the
same entries, with only one possible exception

A2 = s11d12.

If Amg =% 0, dilating the first coordinate can transform Al into the original J,
while Aj remain upper-triangular. If s15J15 = 0, then J12 must be 0, i.e. fll =J,
because one cannot transform a Jordan matrix, A; = J, into a new Jordan matrix,
Ay, by reducing an entry 1 to 0 and keeping other entries unchanged. O

The above simultaneous normalization of upper-triangular matrices allows us to
define the logarithms. The construction of logarithms of non-singular matrices can
be found in [Gan98 p. 239]. Here we need to find a definition that is suitable to
determine the commutativity of the logarithm of pairwise commuting non-singular
matrices.

Recall that for a dxd matrix A, the generalized eigenspace F)(A) with eigenvalue
A is the kernel of (A — AI)?, while C? is the direct sum of all Ey(A). A matrix
B that commutes with A leaves each E)(A) invariant, i.e. B(E)(4)) C Ex(4).
Thus if Ay,..., A, commute pairwise, we can decompose C¢ as a direct sum of
liner subspaces V; such that each V; is invariant by A; and admits exactly one
eigenvalue of A;. Thus to define In A;, we will assume that each A; has a single
eigenvalue on C? if we wish.



Given a non-singular matrix A, a logarithm of A is a matrix In A satisfying
InA
e =A

where the exponential matrix e? = 37 % is always well-defined. However, In A is
not unique.
For a non-singular upper triangular matrix

(31) A=Xi+a, a:= (aij)lgi’jgd, Qj5=0 Vi > g,

we have a* = 0 for k > d. Using the identity eZ+¢ = eBeC for two commuting
matrices B, C, we see that e 4 = A for

. (—Afla)k
(3.2) nA:=(nA)I;— ) —
k>0
with 0 < Imln(.) < 27. For a non-singular Jordan matrix, we can define

Indiag(Ja, (A1), - -, Ja,, (Am)) = diag(In Ja, (A1), ..., InJa,. (Am)).

m m

Note that In A, = In Mg if and only if A, = Ag. Since matrices that commute with a
fixed matrix is closed under multiplication by a scalar, addition and multiplication.
It is thus clear that if A is an upper triangular matrix that is regular to a non-
singular Jordan matrix J = diag(Ja, (A1), ..., Ja.(As)), then In A remains regular
to J. Equivalently and more importantly, In A is regular to the Jordan normal form
of In J, which is

diag(Jg, (In A1), ..., Jg, (InAs)).

Proposition 3.4. Let Aq,..., A, be pairwise commuting d X d matrices. Then
there is a mon-singular matriz S such that A; := S™'A;S are block diagonal ma-
trices of the form

(33) Aj = diag(flmm yoos 7Aj,dk)

where all Aj,di are upper triangular d; x d; matrices, and each Aj,di has only one
eigenvalue \j ;. Assume further that all A; are non-singular. Then

(3.4) InA; = Sdiag(ln A 4,,...,In4;4,)S™1, 1<j<m
commute pairwise and e = A;, where In A; 4, are defined by (3.1)-(3.2).
Proof. Note that for pairwise commuting matrices Aq,..., A4,,, we have a decom-
position C¢ = @221 Vi where each A; preserves V; and has only one eigenvalue
Aji- Their restrictions of Ay,..., Ay, on V; remain commutative pairwise. Let
dimV; = d;,dy = 0,d;, — dj = d;. By Lemma we can find a basis

622_1+1, ey 62;_1+di
for V; such that Ailv,,..., An|v, are upper triangular matrices. Using the new

basis e}, ..., e we can find the matrix S for the decomposition . Therefore,
Ai ;... Am,q;, commute pairwise.

Assume now that all \; ; are non-zero. It remains to show that In fll,di, ...,In Am,di
commute pairwise. Write

Aji=Njila; + Wi
where W;; are upper triangular matrices and Wjdl = 0. By a straightforward
computation, we have

[Wjﬂ', Wj/ﬂ'] = [Ajﬂ', Aj’,i} == 0



Therefore, ijl commutes with Wfll for any k, £. Consequently, the finite sum
A 3 AWk
Ay =l Ajla, — ) %
k>0

commutes with In flj/’i. Therefore, In Ay,...,In A,, in 1) commute pairwise. [

Lemma 3.5. Let Ay,..., A, be non-singular upper triangular d x d matrices.
Suppose that Aq,..., A, commute pairwise. There exists a linear mapping w —
7*(w) = v(z)w in C¢, entire in z € C" such that v(z) € GL4(C), v(0) = Id and
v(ej) = Aj forj=1,...,n. Furthermore, v(z + ') = v(z)v(2’) for all z,2' € C™.
Proof. By Proposition we define pairwise commuting matrices In Aq,...,In A4,
such that 47 = A;. Then the Lie brackets of the vector fields for 1 = In 4w, j =
1,...,n vanish and their flows gp§- (w) commute pairwise. Note that

<p?(w) =w, <pjl(w) =iy = Ajw.
Define
vt (w) = @1t - ().
We conclude 5°9% (w) = 5°% (w), that is v(z + 2') = v(2)v(2"). O
By Proposition we define In p(ey), ..., In p(e2,) and they commute pairwise.
We now define In p() for all A = Zfil mje; € A as follows

2n 2n
Inp ijej ::ij In p(e;).
j=1 j=1

Thus the matrices In p(\) for A € A commute pairwise.

Proposition 3.6. Let E be a flat vector bundle on C. Then 7T*5E admits a factor
of automorphy p satisfying p(e;) = Id for j = 1,...,n; in particularly, W%E 18
holomorphically trivial.

Proof. Let d be the rank of E. Let A; = p(e;)~! for j =1,...,n. With v(e;) = A;
and v(0) = Idg, we first see that

PO 2) = 0z + Np(\o(z) !

satisfies p(e;,0) = Idg. We want to show that (A, z) depends only on A. Fix
A= Zle mje; € A. By definition, the matrix In p(A) commutes with each In p(e;),
j =1,...,2n. Thus the flow ¢} of w = Inp(A\)w commutes with the flows of
w=1Inp(ej)w, j =1,...,2n. As in the proof of the previous lemma, we know that

¢4 (w) is linear in w and entire in ¢ € C. For z € C" and w € CY, let 9*(w) be as
defined in the previous lemma. Thus we have

PAD* (w) = 77} ().
Taking derivatives in w and plugging in t = 1, we get
exp(In p(N))v(2) = v(=) exp(ln p(\)).

Since exp(lnp(N)) = p(N), we have p(A\)v(z) = v(z)p(A) for all X € A, z € C™.
Considering z = z1e1+ - - - + zpen, € A, we have v(z+ \) = v(z)v(N). Hence, p(\, z)
is independent of z.



We have achieved p(A\) = v(z + A\)p(2)v(2)~! and p(e;) = Idy for j =1,...,n.
Therefore, W%E is trivial, by the equivalence relation 1) O

It is known that there are Stein manifolds with non-trivial vector bundle [FR6S].
Furthermore, we conclude the section by emphasizing that the triviality 7*|5E
relies on the extra assumption that it is a pull-back bundle. The following result is
likely known, but we include a short proof for completeness.

Proposition 3.7. The set of holomorphic equivalence classes of flat holomorphic
line bundles on C can be identified with H*(C',C*). The latter is non-trivial.

Proof. Each element {c;} in H'(C,C*) is clearly an element in H*(C,0*). We
want to show that if {c;i},{¢jx} € HY(C,C*) represent the same element in
HY(C,0%), then they are also the same in H'(C,C*). Indeed, we can cover C
by convex open sets U;, Us, Us, Uy such that Uy NU; N Uz N Us is non empty. Thus
{U;} is a Leray covering. If &, = hjc;jihy ', where each h; is a non-vanishing holo-
morphic function on U;. Take p in all U;. We get ¢ = cjcjicy, - for ¢j = hj(p).
Note that H 1(5’, C*) is non-trivial. Otherwise, the exact sequences 0 — Z —
C—C* - 0and 0 — H(C,Z) — H°(C,C) — H°(C,C*) — 0 would imply that
HY(C,Z) = H*(C,C), a contradiction. O

4. EQUIVALENCE OF NEIGHBORHOODS AND COMMUTING DECK
TRANSFORMATIONS

In this section, we will discuss how the classification of neighhorhoods U of a
compact complex manifold C is related to the classification of deck transformations
of a holomorphic covering U — U, where U, U are chosen carefully and U contain C'*
that covers C. When C* is additionally Stein, we can choose U to be a neighborhood
of C* in its normal bundle N¢« (17) by applying a result of Siu. After preliminary
results in Lemma and Lemma we will return to our previous study where
C is a complex torus, and its covering of C' is the Stein manifold C* = C, and
N¢(M) is Hermitian flat. We then prove the main result of this paper by using a
KAM rapid iteration scheme.

Let us start with ¢ : C' < M, a holomorphic embedding of a compact complex
manifold C. We shall still denote +(C) by C. Let U be a neighborhood of C' in
M such that U admits a smooth, possibly non-holomorphic, deformation or strong
retract C' [Mun00, p. 361]; namely there is a smooth mapping R: U x [0,1] = U
such that R(-,0) = Id on U, R(-,t) = Id on C, and R(-,1)(U) = C. Thus,
w1 (U, z0) = m1(C,x0) for zg € C (see [Mun00, p. 361]). When M is N¢, we can
find a holomorphic deformation retraction from a suitable neighborhood of its the
zero section onto C, by using a Hermitian metric on N¢.

Let X be a complex manifold and X be a universal covering of X. Then the
group of deck transformations of the covering is identified with 71 (X, z¢). The set
of equivalence classes of coverings of X is identified with the conjugate classes of
subgroups of m (X, zg); see [Mun00, Thm. 79.4, p. 492]. Furthermore, m (X, xo)
acts transitively and freely on each fiber of the covering and X is the quotient of
X by 7T1(X7 .’Eo).

Lemma 4.1. Let C be a compact complex manifold. Let w: C* — C be a holo-
morphic covering and w(z§) = xo. Suppose that (M,C) (resp. (M’,C)) is a holo-
morphic neighborhood of C. There is a neighborhood U in M (resp. U’ in M') of



9

C and a holomorphic neighborhood U (resp. i]v’) of C* such that p: U — U (resp
p: U — U') is an extended covering of the covering m: C* — C and C (resp. C*)
is a smooth strong retract of U, U’ (resp. U, U’) Consequently,

m(U,z5)) = m(C*,25), (U, 2o) = m(C, o).

Suppose that (M, C) is biholomorphic to (M',C). Then U,U’,U, U’ can be so cho-
sen that there is covering transformation sending U onto U’ and ﬁfcmg C’* point-
wise. Conversely, if there is a convering transformation sending U onto U’ fizing
C* pointwise, then (U,C),(U’,C) are holomorphically equivalent.

Proof. Since w: C* — C' is a covering map, according to [Vic94l Thm. 4.9], it
extends to a covering map p : U — U such that U contains C* and plox = 7.
Suppose that R is a strong retraction of U onto C. We can lift R(z,-): [0,1] = U
to a continuous mapping R(%,-): [0,1] — U such that R(%,0) = % and pR( )=
R(p(%),.) for all Z € U. One can verify that R is a strong retraction of U onto C*.
Suppose that a biholomorphic map f sends (M, C) onto (M’, C) fixing C point-
wise. We may assume that f is a biholomorphic mapping from U onto U’. Then
we can lift the mapping fr: U — U’ to obtain a desired covering biholomorphism
F, since (fﬂ)*ﬂl(U,zE) = w1 (C*,xf). Conversely, a covering biholomorphism
from U onto U’ fixing C* pointwise clearly induces a biholomorphism from U onto
U’ fixing C' pointwise. O

With the covering, we can identity (M, C) with (M, C*)/~ where § ~ p if and
only if p, p are in the same stack of the covering .

Applying the above to (N¢, C) and a covering w|c+: C* — C, we have a covering
T ]’\E — N¢ such that

C* C ZfV\g, Wl(]f\f\axg) =m(C*,x5), m(Ne,zo) =m1(C, ).

To simplify the notation, we denote U, U by M, M respectively. Thus we have
commuting diagrams for the coverings:

Jf\fz — " — M
7l e 4 P
N C — M

The set of deck transformations of p (resp. #) will be denoted by {71,..., 7} (resp.
{F1, oy Tn}). U m: U — U is a covering map, Deck(U) denotes the set of deck
transformations.

Lemma 4.2. Let C,C*, M be as in Lemma 1] Suppose that C* is a Stein man-
ifold. Let wi be an open set of ]’\E such that 7t(w*) contains C. Then there is
an open subset w* of wf such that 7w* contains C and (M, C) is holomorphically
equivalent to the quotient space of w* by Deck(ﬁg),

Proof. By a result of Siu [Siu77, Cor. 1], we find a biholomorphism L from a
holomorphic strong retraction neighborhood of C* in M, still denoted by M into
N+ (M) and a biholomorphism L’ from a strong retraction neighborhood of C* in

Ng, still denoted by NE into Ng» (Kf;) Furthermore, L, L' fix C* pointwise. We
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have
pem1(Now (M), ) = po L7 my (M, ) = m1(C o) = m (L1 M, zf)
= (L) (m (Ne, ).

Both 7o L'~1: NC*(ZVC/)) — M and po L™ ': Ng-(M) — M are coverings and the
above identifications show that the lifts of the two coverings yield a biholomorphism
between neighborhoods of C* in M and N¢- (Nc) fixing C* pointwise. O

Here, z = (21, ..., 2n) belongs to the fundamental domain

theje(C”:te[O,l)zn ,  Engg =T, 1=1,...,n.

Thus h belongs to the fundamental domain €y defined
0:={(e2™C M) Cewo), QF ={(|lz1]s-- -, 12a]): 2 € Qo)
Thus € is a Reinhardt domain, being {(v1 Ry, ...,v,R,): [y =1: R€ Qf}. We

have
Of = {(e_Q”Rl,...,e_%R Zt Im;,t € [0,1)" }

=1

For € > 0, define a (Reinhardt) neighborhood Q. of Qg by

2n
thej: te0, 1) x (—e, 14+e)" 3, Q= {(e*™, . ™) ¢ € w}.

For any ¢-tuple of indices in {n + 1,...,2n}, we set
(4.1)

Wit = thej: ty € (—e,e)k—ne{j,....0uhte € (—e,14+¢€),k—né&{j,...

(4.2)

Qirde = thej: tr—1€(—ee),k—ne{j,...,5}tk € (—¢,€),k—né&{j,...

Note that @J1-+7¢ and wf1J¢ are subset of w,, and wl~" = {Zjil tiej € weit €
[0,1)™ x (—€,€)"}. Then

(4.3) le Je .— Q.N m 1Q ={(e 2micy '..627”2(,1): Ce wgl...je}’

@a) @R 0,0 [Tt = (e ¢ i)
k=1
are connected non-empty Reinhardt domains. Moreover, Q4™ 1= N2 ™ and
pty y SEO >0%%0

QY™ = NesoL ™ are diffeomorphic to the real torus (S')". We remark that T;T;
maps Q¥ into Q. for i # j, while T} o T; does not map Q?T into Q. .

ajé}

JJe}

)
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With A, = {z € C: |z] < r}, we also define
(4.5) Wer =we x A Q= Q x AL

Throughout the paper, a mapping (2',v') = 9°(z,v) from w,, into C**¢ that
commutes with z; — z; + 1 for j = 1,...,n will be identified with a well-defined
mapping (h',v) = ¢ (h,v) from Q. into C"*¢ where z, h and 2/, h’ are related as
in . A function on we , that has period 1 in all z; is identified with a function
on Q). . We shall use these identifications as we wish.

Proposition 4.3. Let C be the complex torus and mg: C = C/Z™ — C be the
covering. Let (M, C) be a neighborhood of C. Assume that N¢ is flat.

(i) Then one can take wey r, = we, X AL such that (M, C) is biholomorphic to

the quotient of wey ro by T, ..., 70. Let 7; be the mapping defined on Qe r,
corresponding to TJQ. Then Ty, ...,T, commute pairwise wherever they are
defined, i.e.

775 (h,v) = 7Ti(h,v) Yi#j
fO?” (hvf)) € Q€017“0 n Ti_lgéoﬁ“o N Tj_lQEO,To'

(i) Let (M,C) be another such neighborhood having the corresponding genera-
tors Ti,...,Tn of deck transformations defined on Q¢ 7,. Then (M,C) and
(M, C) are holomorphically equivalent if and only if there is a biholomor-
phic mapping F from Q. into Q¢ 7 for some positive €, 7, €, T such that

F7j(h,v) =7;F(h,v), j=1,...,n,
wherever both sides are defined, i.e. (h,v) € Qg,fﬁfj_lﬁwﬂQwﬁF*lQe,r.

Proof. We now apply Lemma in which C* is replaced by C =R" JZ™ + iR™
is a Stein manifold. Assume that N¢ is flat. Then according to Proposition [3.6]

Né(lvv) = NG(M) = m5(Nc) is the trivial vector bundle C x C% with coordinates
(h,v), while C x {0} is defined by v = 0. 0

Set

Pr = {Ztilmri: te (—e,l—!—e)"},
i=1
Qf ={(e ", .. e ) RePH}.

Note that PF, 733' are n-dimensional parallelotopes, and QF contains (1,...,1), the
image of 0 € PF, corresponding to the real torus (S*)".
Since €2 is Reinhardt, we have

(4.6) QO QF, (99)F =), (9Q)F = {(|hl,..., |hal): h € Q).

We now apply the above general results to the case where C' is a complex torus,
C* = C and N¢ (M) is Hermitian flat.

As in [IP79], the deck transformations of (N¢, C) are generated by n biholomor-
phisms 71, ..., 7, that preserve C.

(47) %j(h, 1}) = (Tjh, ij), Mj = diag(pjyl, ce 7Mj,d)
with h, T} being defined by :
(48) h = (627riz1’ R 7627Tizn)’ Tj = diag()\j,l, ey )\j,n), )‘j,k T
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Here the invertible (d x d)-matrix M; is the factor of automorphy p(ey+;) of % Ne.
Recall that each deck transformation TJQ(Z,’U), j =1,...,n, is a holomorphic
0

map defined on @, ,. In coordinates (h,v), 7; becomes 7; defined on ﬁe,r. Since

TcM splits, it is a higher-order perturbation of 7; with
Tj (h, 0) = (Tjh, 0)

The above computation is based on the assumption that N¢o is flat. We now
assume that Ng is Hermitian and flat, i.e. the N¢ admits locally constant Her-
mitian transition matrices. Then all p(e,4;) are Hermitian and constant matri-
ces. Since they pairwise commute, they are simultaneously diagonalizable. Hence,
we can assume that M; = diag(u;1,...,pj5a). We recall from (4.8) that T; =
diag(Aj1,...,Ajn) are already diagonal.

Definition 4.4. The normal bundle N¢ is said to be non-resonant if, for each
(Q,P) € N x Z" with |Q| > 1, eachi=1,...,n, and each j = 1,...,d, there exist
in = 1n(Q, P,i) and i, :=i,(Q, P, j) that are in {1,...,n} such that

AP US =N 0 and A p® — i, 5 #0.

th

Definition 4.5. The pullback normal bundle N¢, or N¢, is said to be Diophantine
if for all (Q,P) e N® x Z" |Q| >1 and alli=1,...,n, and j=1,....d,

D
4.9 max (A u — Nei| > e
(4.9) relionmy |VEHE TS RTIQIT
D
4.10 max |Ap% — ’>7
(4.10) cellomny I T2 P QD T

We shall choose ip, (resp. i) to be the index that realizes the mazimum of (4.9)
(resp. ([4.10)).

Remark 4.6. If the right-hand sides are replaced by 0, then N¢ is non-resonant.

Proposition 4.7. The properties of being non-resonant and Diophantine is a prop-
erty of the (abelian) group and not the choice of the generators.

Proof. Recall that

)\f = (Af,lv DR} Af,n) = (627”.7771 P 7e2ﬂiTLn)'
Let G be the group generated by the 7,’s. Then, {7¢}, defines another set of
generators of G if 7 = 7" -+ 7", £ = 1,...,n where A = (a; j)1<i j<n € GL,(Z)

with det A = £1. Then, the eigenvalues of 7, are

n d
Mea= TN s =TT ws
k=1 k=1
Hence, we have
A REAE = L pSATH e (A @A byeen.

Fix P,Q and ¢. Taking the logarithm, we have as n-vectors
(4.11) (ln 5\5;1?5\21.1)2 =A (ln )\fuf)\;il)g ,  mod 2mi.

’ =1,..., n ’ =1,..., n
Since A, A™' € GL,(Z), given P,Q and 1,

(A7 ﬁ?iﬁ)é =0 mod 2mi

=1,..,n
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iff (In Afuﬁ?/\;})e

’ =1,...,n
obtain that the non-resonant condition does not depend on the choice of generators.
Given P,Q,1, if one of the /\f,uZQ/\Zil’s is not close to 1, then H(ln ;\éDﬂZQ:\Zil)g

= 0 mod 27i. Similarly, by considering In A} ﬂ?ﬂzil, we

is

bounded way from 0. On the other hand, if all /\f,u?)\z.l’s are close to 1, then

K
| In )\fu?)\zil (with ImIn in (=, 7]) is comparable to ‘/\5#?/\21‘1 —1|. Furthermore,
taking the module of (4.11]), we obtain

)

JA=Y AP @A | < [|an APEEAD|| < 1Al | nAF AT

where ||(ag)¢|| = maxy|ae]. If the latter is bounded below by W, so is

| XEAZAZ)| 0

Theorem 4.8. Let C,, be an n-dimensional complex torus, holomorphically embed-
ded into a complex manifold M, 4. Assume that ToM splits. Assume the normal
bundle N¢ has (locally constant) Hermitian transition functions. Assume that N¢
is Diophantine. Then some neighborhood of C is biholomorphic to a neighborhood
of the zero section in the normal bundle.

Remark 4.9. When C is a product of 1-dimensional tori with normal bundle which
is a direct sum of line bundles, the above result is due to Il’yashenko-Pyartli [IP79].

We have 7;(h,v) = 7;(h,v) + (7](h,v), 7} (h,v)). Here, functions
75 (h,v) = Z TJ».Q(h)UQ
QEN,|Q[>2
are holomorphic in (h,v) in a neighborhood of Q. , with values in C"*4.
Definition 4.10. Set Q, = Q. x A, Q. := Q. UU", 7(Qcr). Denote by

A (resp. ./LJ«) the set of holomorphic functions on Qe (resp. Qem)- If f € Acr
(resp. f € Acr), we set

flew:= sup  [f(o)l, Iflller:= sup  |f(h,0)l.

(hw)EQe (h,v)€

As such, each f € A, , can be expressed as a convergent Taylor-Laurent series

fhyo) = )" foph"v®

pPeczm™

for (h,v) € Qc, = Q x AL Recall that each holomorphic function on Ej; in
Lemma admits a unique Taylor-Laurent series expansion on Q" x A% when
¢’ > 0 is sufficiently small.

We can state the following, for later use :

Lemma 4.11. Fori # j, the set %jﬁm ﬂﬁ-(ﬁe,r) is a connected Reinhardt domain
containing Q1™ x A, in C"*4 when r' > 0 is sufficiently small.

4.1. Holomorphic functions on €. ,. In this section, we study elementary prop-
erties and estimate holomorphic functions f on Q..



14

Lemma 4.12. An element f(h) of A, that is a holomorphic function in a neigh-
borhood of )¢, admits a Laurent series expansion in h

(4.12) f(h)y=">" cph®.
pPezn
The series converges normally on Q.. Moreover, the Laurent coefficients

1
@) = [ FQCP= D d - A
(2m0)™ Jicu|=s1,0olnl=sn
are independent of s € QF and
(4.14) lep| < supl|f| inf s7F.
Q. set
Proof. Obviously, estimate (4.14)) follows from (4.13]). Define A(a,b) = {w € C :
a < |w| <b}. Fix h € Qc. Then || := (|ha],...,|hs|) € QF. The latter is an open
set and we have for a small positive number € = €(h),

1 / / FQdG ... dG
(2mi)"™ Joa(hil—elhnl+e)  JOA(hn|—e,hnl+e) (€1 — 1) (G — hn)

By Laurent expansion in one-variable, we get the expansion in which cp are
given by if we take r; = |h;| & € according to the sign of p; € ZF.

We want to show that cp is independent of s € QF. Note that Q} is a connected
open set. For any two points s, § can be connected by a union of line segments in
QF which are parallel to coordinate axes in R". Using such line segments, say a line
segment [a,b] X (sa,...,s,) in QF, we know that f(¢)¢~F =11 is holomorphic in
(1 in the closure of A(a,b) when |(2| = s2,...,|(| = sn. By Cauchy theorem, the
integrals are independent of s; € [a,b] for these so,...,s,. This shows that
is independent of s.

Finally the series converges uniformly on each compact subset of .. Indeed, for
a small perturbation of h, we can choose €(h) to be independent of h. Then we can
see easily that the series converges locally uniform in h. ([

f(h) =

Recall that

Pl = {ZtiImTi ER™: te (6’1+6)n},

i=1
Of = {(e7™,.. e Re P}
Lemma 4.13. There is a constant kg > 0 that depends only on Im7y,..., ImT,

such that if P € R™ and € > €, there exists R € PX such that for all R’ € 73:7 we
have

(4.15) (R —R)-P < —kole —€)|P|.

Proof. Without loss of generality, we may assume that P is a unit vector. Let
m(z)P be the orthogonal projection from z € R™ onto the line spanned by P.

Choose R € fz_ so that 7(R) has the largest value for R € P Note that R must
be on the boundary of P and latter is contained in the half-space H defined by
7(y) < m(R) for y € R™. Hence, OH is orthogonal to P. Then for any R’ € PJ,

m(R) — m(R') = dist(R',0H) > dist(OPF,P}) > (e — €')/C.
Therefore, we obtain (R' — R) - P = —(w(R) — n(R")) < —(e —€¢)/C. O
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Remark 4.14. Since Pt is a parallelotope, we can choose R to be a vertex of PF.

In what follows, we denote the fixed constant :
(4.16) K 1= 2mKy.
Lemma 4.15 (Cauchy estimates). If f € A. ., then for all (P,Q) € Z" x N¢,

M

Q P’
rlQl max, o+

(4.17) lfa.rl <

Furthermore, if f = ZQeNd pezn forhv? € A, and 0 < § < ke, then

Csupg, . |f|
Hf”e—zi/,‘s,'re*‘S < T,7

where C' and v depends only on n and d.

Proof. According to Lemma and Cauchy estimates on polydiscs, we have for
any s € QF,

< s, o) _ supo, 1]

|fQ’P st - sPrlQl

According to Lemma and Cauchy estimates for polydiscs, we have if (h,v) €
Q then for all s € Q,

’
ee=% re—9%»

v d f h7
o)) < 2Reeat M0

1 hP d¢ A - A dGy

P
‘fQ,Ph | S (271_2)“ /<1|=317.“,|<nzsn fQ(C) CP Cl . Cn

Set s; = e 2™ |h;| = e *™ R = (Ry,...,R,) and R = (R},...,R]). By

Lemma [£.13]

(4.18) inf sup
(ICI |7"~)|Cn D:SEQj— hege_(s/

hP

CP

—27<R—R',P> < e—mS’|P\’

= ianr sup e
RePe R’eP:’ié,

where the positive constant k, defined by Lemma and (4.16)), is independent
of P, Cl,CQ. Thus

u eiﬁ&llP‘T‘Q‘eié‘Q‘ ,
er,r |f| < sup |f|e—6 K\P|e—5\Q\_

S
4.19 hPu@| <
( ) |fQ,P v |— 1l a..

Hence, setting ¢’ := §/k, we have

Csupq,_ . f|
”fHe_é/mTe_& < Z ‘nyphPUQ‘ < 5711,,
QeN4, peZn

where C and v depends only on n and d. [
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4.2. Conjugacy of the deck transformations. Let us show that there is a bi-
holomorphism ® = (h,v) + ¢(h, v) of some neighborhood Q¢ 7, fixing C' pointwise
(i.e. ®(h,0) = (h,0)) such that

Pot,=71,0P, i=1,...,n.
This reads 7; + ¢(7;) = 7 (Id + ¢) + 77 (Id + ¢), that is, for all i =1,...n
(4.20) Li(p)=12Id+ ¢) + (;(Id+ ¢) — 7 — D71.¢) = 77 (Id + ¢).
Here we define £;(¢) := ¢(7;) — D7;.¢ and (LE(¢"), LY (¢?)) := Li(¢). We have
(L"), LY (")) = (" (Tih, Miv) — Ti¢" (b, v), " (T;h, M;v) — M;¢" (h,v)) .

Since 7; are linear, then D7; = 7;. Expand the latter in Taylor-Laurent expansions
as

ICOREDY (Z(AP x Id, i)¢>g,Ph”>vQ, 9o.r €C",

QeNg \pezZn

Li@) = > ( > (A u@ x 1dg — M) %,th’) v?, GhpeC

QeNg \Pezn

Recall the notations A¢ = (Ag1,...,Aen) and e = (o1, .., fe,q). With P =
(p1,...,Pn) €EZ" and Q = (q1,...,qq) € N, we have

)\Z,ué. H)\ Hum

Lemma 4.16. Let 7; € A with 7; = 7; — F; and Fj(h,v) = O(|v|"™) with
q > 1. Suppose that 7;7; = 7;7; in a neighborhood of Q™ x {0} in C"*4. Then
,CiFj — ﬁiFi = O(|’U|2q+1).

Proof. Recall that 7;(h,v) are linear maps in h,v. Also, 7;7; sends Q x A? into
Cte. Since 7; € A’f? and 7; = 7; + O(|v]?), the continuity implies that 7;7; is
well-defined on the product domain Qz, x A%, when ¢ 7 are sufficiently small. Fix
h € ©,. By Taylor expansions in v, we obtain

7i7j(h,v) = 7% (h,v) + 5 Fj(h,v) + F; 0 #;(h,v) + O(Jv[**™).

Since 7;7; = 7j7; and 7;7; = 7;7; in a neighborhood of Q} ™ x {0}, we get L;F; =
L;F; = O(|v|?7*!) in a possibly smaller neighborhood of Q§ " x {0}. O

We will apply the following result to F; = 7; — J?(1;), where J?(7;) denotes
the 2¢-jet at 0 in the variable v. These are holomorphic on 2. .. Recall that

ng’r‘/ = Qe/m/ e 7A—7;_1(Qe/77"l) N ’f'],_l(QE/’T/)

Proposition 4.17. Assume N¢ is Diophantine. Fiz ey, 79,00 in (0,1). Let 0 <
€ <e<e,0<r <r<ry,0<d<dy, and % < €. Suppose that F; € A,
i1=1,...,n, satisfy

(421) [:i(Fj) - ,CJ(FL) =0 on QU

er'
There exist functions G € Ae_(;/,we_s such that
(422) ﬁz(G) = Fz on Qe—ts/ﬁ,re*‘;
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Furthermore, G satisfies

'

(423) ||G||e—6/rc,re*5 < m?X ”FiHE,TWa
. '’

(424) ||G © Ti”e—é/m,re s W

for some constant k,C’ that are independent of F,q,0,r,€ and v that depends only
onn and d. Furthermore, if F;(h,v) = O(|v|9"Y) for all j, then

(4.25) G(h,v) = O(v|*™), G(h,v) = J*G(h,v).
Proof. Since F; € A, we can write
Fi(h,v) = Z Z F‘i’Q’phP’UQ7
QeN |Q|>2 PeZ™

which converges normally for (h,v) € Q. ,. We emphasize that F; o p are vectors,
and its kth component is denoted by F;j o p. For each (Q,P) € N x Z", each
i =1,...,n, and each j = 1,....d, let i}, := in(Q, P,1),1, := i,(Q, P,j) be in
{1,...,n} as in Definition [£.4] Let us set

(4.26) Gh .= Z Z 5 “"zQP RPWQ, i=1,...,n
QeN4 2<|Q|<2q PEZ Ai Mlh = iy
4w G= > Y RN ne o

QeNd 2<|Q|<2q PEZ AL zu T Hiyj
According to (4.21)), we have
(428) (>‘P Mzh )\ihyi)F’f?’L,Z‘,Q,P = ()\Z/J/m - )\m Z) ih,1,Q, P> 2 < |Q| < 2(]
Therefore, using (4.28)), the ith-component of £,,(G) reads

Fh.op
La(GH = > Y (- i) G R hre
QENd 2<|Q|<2q PEZ™ ( inHin — i)

R D D S AP

QEN4 2<|Q|<2q PEZ"
Proceeding similarly for the vertical component, we have obtained, the formal equal-
ity :
(4.29) Ln(G)=F,, m=1,...,n
Let us estimate these solutions. According to Definition and formulas —

(4.27)), we have

(4.30) H}E}X (|G?,Q,P‘7 \G”j,Q,pl) < miax |Fi,Q,P‘

Let (h,v) € Qc_5/4 re-s. According to (4.19)), we have
—sqpi+ien (P +1QD"
D

(1Pl + Q)"
D

Gl ph™v?| < max | e

27e)"
< £, e-/20P1an BTe)T
< max | e )
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Summing over P and @, we obtain
C/

”C’V”e—é/m,re*5 < maX HFi”e,rW7

for some constants C”, v that are independent of F,¢,d. Hence, G € Ac_s/y re—s-
Let us prove - Let B := 2maxg; j (| Ak, |tr J\) Then, there is a constant
D’ such that

D’ maxy, |AF ;e Q

4.31 max —MNi| Z o tAnT
(4.31) e, ’ (PI+1Qh"

D’ maxy, |\Ep Q
4.32 max NP L@ — ’ L maXg |Ag Ky |
(4.32) relienay |VEHE TR = TP QN)T

Indeed, if maxy, |)\kpug| < B, then Deﬁnitionﬁgives 1' with D’ := %. Other-
wise, if
N gy | o= max {4 | > B,

P
Mko”go |
2

then |Ag,,| < £ < . Hence, we have

A ko.uk0|

’/\ko:u‘ko )‘km ‘p‘kouko ‘Ak07i|

We have verified (| . Similarly, we can verified . Fmadly7 combining all
cases gives us, for m=1,...,n,

A muml
|)‘1h 122 )‘ih,i|
| AP+ IQI)

D" maxy, [Af |

(IP|+ Q)"

D’ '
Hence, Gy, := G o %y € Ac_s5/wre-s- We can define G e ./2(6,5/,{_’7“6—6 such that
G = GmT on 7€l . We verify that G extends to a single-valued holomorphic
function of class A . Indeed, Gﬁi_l = Gﬁj_l on ;€2 N 7;Q¢ ,, since the latter is
connected by Lemmal[d.TT)and the two functions agree with G' on 7;Q »N7 Qe »NQc
that contains a neighborhood of Q. x {0} in C**<. O

[G o #mlor| = |Go.pAL S| < max |Fy g pl
¢

< max|Fyq.p

< max |Fe,q,p

In what follows, we shall set 79 = Id and for any f € (AE,T)’H‘d and F €
(Ac )" we set

1A lller =

n n
er Y IFT o Fillew = DI o Filler
i=1 i=0

Foy =% "Fo# € Ay, Foy=F, i=1,...,n

4.3. Iteration scheme. We shall prove the main result through a Newton scheme.
Let us define sequences of positive real numbers

Op = ———=, Thtl =Tke €+l 1= €g———
(k+1)27 + ) + P
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such that
(4.33) o= Z I < 20
k>0

We assume the following conditions hold :
K

(4.34) dop < 50
In2

4. —.

( 35) b < 10

Condition (4.34) ensures that

5 10
70<—5o<6—07 so that € > 6—0, k> 0.
K K 2 2

Condition (4.35) ensures that

1 T
€797 > 7 10% 2 so that r, > 50, k>0.

Let m = 5 be fixed. We define €11 < egf) <€ and T4 < r,(f) <r,,¢{=1,...m

as follows :

0 _ L — (m)

€ = E€g——, €k+1 =€ 7,
K

() —£5 . (m)

T = TRe O, Tpy1 =Ty .

We emphasize that condition 1' ensures e,(f) > 0. Let us assume that for each

i=1,...,n, Ti(k) =7+ Ti'(k), is holomorphic and on €, ,, it satisfies

(4.36) "o, <82, 7@ (B,0) = O(fp]#+).

k) (k ij iti
( ),7—]( ) commute on Q7 C Qe ., for some positive

We further assume that 7;
€ < e, <rp. We take
Gri1 = 2qk + 1 > go2"
for g > 1 to be determined.
We will define a sequence ®*) with ®*)(h,0) = (h,0). Let us write on appro-
priate domains

o®) = 1d+¢®,  (@HF)~1 .= 1d — "),

Ti(k"_l) =3P o T,L-(k) o (fb(k))fl, i=1,...,n.
Note that there is a constant C' > 0 (depending only on the f; ;’s) such that if
€’ <€, Cr"” <r' then
Q,Z/,T” C Qe/ X Ag/7 Qe” X Ad C Q’L'Z

r el

%

Since the 7", T;k) commute on Q. x A% for some ¢ > 0 and ®*) (h,v) = (h,v) +
O(|v|?), then Ti(kﬂ), T](k+1) still commute on the same kind of domains for a possibly

smaller ¢. By Lemma we obtain :
(437) £i(7™) = £(r;™) =0(foft).

? J
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We want to find ¢(¥) so that
(4.38) Ti(k+1) =4 Ti-(k+1) — ok 4 Ti(k) o (@)1
= #i(Id — W) + 770 (1d — p*)
+ o) (#(1d — p®) + 770 (1d - 1))
is defined and bounded on Q¢ .., -

We now define ®*) by applying Proposition with these F; := —J2 (T;(k)).
Let ¢®) stands for G. Therefore, given 0 < § < meg), ¢®) is holomorphic and

bounded on Qek—i rre—s and it satisfies on Q ) 5 @) __s,

PRl Ek P ,Tk €
(4.39) Li(¢™) := ¢®)(#;) — DF.¢® = — 2 (2™ i =1 .. n.
Writing formally ®*) o U(¥) = Id and using linearity of 7;, we obtain
(4.40) u)gf)) = ¢Ef)> (Id — 1/}8“))), i=0,....n,

recalling the notation d)E? = %i_lgb(k) o 7;. According to Proposition we have

C/

(4.41) 1™ [, 2 rpes < HT'(k)IIEk,mW =

C515T

We recall that the constatn C” does not depend on k, nor on 7*).
Lemma 4.18. There is constant D > 0 (independent of k) such that, given a

positive number (i, so that § < min{D, In2, 22} satisfies
(4.42) 2RISR <

where m = 5. Then, for all0 < ¢ <m andi=0,...,n, the maps @Ef)) = Id+¢gf))

are biholomorphisms

(I’(’.C) Qeki (£+1)5

(i) © s = Q4

TRe™ en—L8 p E_%
k= 5Tk

Sy (k) . (k) . ;
with inverse \If(i) = Id — w(i) : Qek—“f)‘;,me*“H” — Qek_(ztl)s,rke,(um satis-

Jying

o) owt) =771 (@M 0 WMo 7 = Id

on Qekf(etmme,(ﬂz)s, provided qo > C(dp, ).

Proof. We have 1 — e~ > §/2 and % <e 9 for 0 < d<In2. Assuming § < 3, we
have § < 7 so that

. _ _ 52
dlst(Afkqu)a,8Afke_m) =ree (1 —e?) > ST

On the other hand, by (4.6, we have

dist(92,, _ esns, 00, 1) = dist(ij s ank 7%).

3

/ . . y .
Let (e=2™F =278y ¢ OF (e41)s X 69:‘ 45 Since the matrix (Im7)1<; j<n is
€h——fr k— - -

invertible, there is a constant C' (independent of k) such that

/ ~ i ~ ~ 5
™2l _ o= 2R > 07l — o7 (B=RY ) S oY R - R > 27C 71—,
K
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Let us set D := 225, Assuming § < D, we have § < D < 22D < 2m+2D),

Ck
Assume 2mT2C"§116777773 < 1. Then according to (4.41), we have, for (h,v) €
Qék—gﬂ“kﬁ’“’
3 2
(k) rsps—r—v _ O 0.0
(143) o) S OBV < o < St

o ..
< > dlSt(QEk, (1) Cer1ysr 08, _es —e5).

,TRE €k — 5 TkE

By the Cauchy inequality, we have, for (h,v) € Q. w25 o2
(4.44)
& 015#577‘71/
D&Y (h,v) .

| <
dlSt(Qek, (e+2>syrke,(z+2)5,(996ki (e+1)s ’rke,(Hl)é)

K

)
<= .
72<1/2

We can apply the contraction mapping theorem to (4.40) together with the last
inequality of 1) We find a holomorphic solution 1/)8? such that for (h,v) €

Qek_ (413)6 e~ (E+3)8

R 5
5(Corrected) (£42) Tke,<z+2)5 S 0/656 TV <

k k
(4.45)  [ef) (h,0)] < [lo%)] < oot

€ —

6 .
< om——1 dlSt(QEk_ G L LR 89%_ (e+2)s ,rke*<4+2>5)'

Hence, we have found a mapping \IJES) = Id— wgf)) such that

9 — gk
Qek—“f’)&,rke*“H)@ = ‘l/(i) (QEk_ (”f)‘s,rke*(“@“) - Qek_(etz)xs’me,“”)é.

Also, @gf)) ) \Ifgf)) = 1Id on Qek_(Hs)s,me,(Hs)é. Therefore,

(k). &
(I)(i) : QEk—(etS)é,T’ke*(“S)‘; — Qek_(z?)a’rke,(prl)é

is an (onto) biholomorphism such that (@Ef)))_l = \Ilgf)) O

Proposition 4.19. Keep conditions on 8, u in Lemma [£18] as well as conditions
,. If 6o small enough there is possibly larger u > 0 such that if for all
i=1,...,n, Ti(o) € (Aeg.ro)" T4 with \||T;(O)H|eom0 < 68, then for all k > 0 we have
the following :

o(k+1 n o(k+1
T € (A ne ) 7T = 0P,
o(k+1
(4.46) ||Ti ( )H€k+1ﬂ“k+1 < 55—&-1‘

Proof. Let us first show that 7™ := &®) o 7 o (*))=1 is well defined on
Qek—@,rke—m form>{¢>5andalli=1,...,n. Here m is fixed from Lemma
Indeed, we have

K

5 = T+ o) o (14777 W) 0 (209) 71,

(3

Since Ti.(k) is of order > 2qx_1 + 1, Schwarz inequality gives

" k A — k
1777 s oo < 17 e g Ce B0

— (2;2)5 rre—(£=2)5"
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We recall that dg satisfies (4.34) and (4.35)). Setting ¢ := i and if go large enough,
we have

max H7A_i—1 ||€07mce*(2%_1+1)5 < max HT |‘607r006 (,HUQ q0d0 <1.

According to Lemma [£.18] (£.42) and the distance estimate in (4.43), we have
(I-l— ~—1 '(k)) ° ((I)(k:))—l(Q

25 _ ) cQ £-3)8
ex— 5 rre 4 en— U520 o= (e-3)8

so that Ti(kﬂ) is defined on Qer@mke*“ for ¢ = 4 < m since (b(f)) is defined on
Qe —5/k,rpe—s/~- For the rest of the proof, we fix £ = 4. From the argument above,
we have

k+1 N . .
Ti( )(Qek746/m,rke*45/") - Tl(q)?z) (Qekfé/n,rke*‘s/“)) - Ti(Qﬂcﬂ"k) C Ti(Q€077"0)'
Hence, Ti'(kﬂ) is uniformly bounded on Q, _ 45/, rye—a0/s Wbk

k+1
||Ti.( )||Ek—45//<,rke*45 S C.

On the other hand, on Q, 45/ 15/, We have
(4.47) 20D = 2o — p®) 4 (77O (1d - p®) - 7))
+ (6@ (7 = 79 ® + 720 (1a - p)) - 60 (7))
+(6W(7) — 70 + 70).

The last term is equal to 77 — J22(r*®)) = O(jv|24:+1). We also have ¢*) —
08 = O+, 6 = O(fufo-+1). Thus

o(k+1
(4.48) 72D — O(Juf2arthy.
Improving the estimate by the Schwarz inequality, we obtain
(k+1 _
||T7, )Hek—— rre—5% < Ce qk+1§'

We have e™* < 1/x for z > 0. For § := 0 < min{D,ln?,%‘)}, let p satisfy

2m+2C/§H TV < 1, in which case assumptions of Lemma are satisfied. We
then obtain

<1

2\ #tl
Cf(sk*—:_lflequ_*_l(; S C <(k + 2) > ].

do qo2k
provided g > C(do, ). O

Finally, quite classically, since (4.44)) and (4.33)), the sequence of diffeomorphisms
{®) 0 Py_1 0--- 0Py}, converges uniformly on the open set Q%o}roeﬂ, to a diffeo-
morphism ® which satisfies

Por,=71,0P, i=1,...,n

provided gg > C'(dp, u) and HT.(O)HGO ro < 04 for some dp, pu are fixed. The condition
qo > C(do, , 7, v) can be achieved by using finitely many @y, ..., ®,,. Then initial
condition ||Ti.(0)||€0,7~0 < 4}y can be achieved easily by a dilation in the v variable.
Indeed, we apply the dllatlon in v to the original 74,..., 7, with ¢qo = 1. This allows
us to construct ®g in Proposition with £ = 0 and define ®q7;®, ! to achieve
q1 > 2. Then fborjq)al, 7 =1,...,n still commute pairwise on o X Ag, for some
¢ > 0. Applying the procedure again, this allows us to find @1, ..., ®r_; to achieve
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qr > 2% > C (6o, ). Finally using dilation we can apply the full version of Propo-
sition for all k£ to construction a new sequence of desired mapping ®q, 1, ....
Hence, the torus C' has a neighborhood in M biholomorphic to a neighborhood of
the zero section in its normal bundle N¢ since there is a biholomorphism fixing C
that conjugate the deck transformations of the covering of the latter to those of the
former.

Remark 4.20. The assumption "TcM splits” can be replaced by the condition that
for all P € Z", for all Q € N¢, |Q| =1 and for alli=1,...,n
D

max (A p® — M| > ———.
n}’ e R (TG

el
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