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Abstract

In this paper we are studying Lie algebras associated with Galois
representations on the fundamental groups of Pé \ ({0,00} U pgn) and

BY\ ({0, 00} U pizn ).

0 Introduction

The Galois group Gal(Q/Q(u,)) acts on the étale fundamental group ﬂft(IP(l@ \

({0, 00} Upin }; (Tl) One of the most interesting problems is to describe the image

of Gal(Q/Q(iy,)) in the group of automorphisms of ﬂft(ﬂ% \ ({0, 00} Upin}; (Tl)
To simplify the situation one usually considers pro-I quotient of 7m; and then an
infinitesimal version of the problem (see [1] and [6]).

Let Lie(X,Yy,...,Y,_1) be a free Lie algebra over Q; on n+1 free generators
X,Yo,...,Y,_1. We equipped it with the Thara bracket {,} and we denote the
resulting Lie algebra by Lie(X, Yo, ..., Y0 1){3-

In the infinitesimal version of the problem we get a representation of the Lie
algebra LieGal(Q/Q(u1,)) (whatever it means) into the Lie algebra Lie(X, Yy, ...

Yo 1)(y



So as the first step to understand the Galois action on 7, we are studying the
Lie algebra Lie(X,Yp,...,Y,_1){y. The results of section 2 are very elemen-
tary and very likely well known. We do not even know how to describe the
abelianization of Lie(X, Yo, ..., Y, 1){ ;.

In sections 1 and 3 are collected some general facts about Galois actions on
fundamental groups of the projective line minus a finite number of points taken
from previous papers of the author.

In the last two sections we are studying the infinitesimal version of Galois ac-
tions on fundamental groups of P\ ({0, 0c0}Upzn ) and Pg \ ({0, 00} Upige ). In the
case of 2" we extend slightly our previous result (see [11, Corollary 15.6.3.]). We
show that the Lie subalgebra of LieGal(Q/Q(u~)) in Lie(X, Yy, ..., Yan_1){
genated by all elements in degree greater than 1 and 3/4 of generators in degree
1 is free.

We prove also the analogous result for 3™.

Acknowledgment. This research was inspired by the talk given by P.Deligne
in Schloss Ringberg (see [2]). Parts of this paper were written during our visit
in Max-Planck-Institut fiir Mathematik in Bonn. We would like to thank very
much MPT for support.

1 Galois action on m

In this section we review some results and constructions from our previous
papers (see [9], [10], [11], [12] and [13])..

Let K be a number field. Let ay,...,a, € K. Let us set V := P}(\
{a1,...,an,0}. Let v and z be K-points of V or tangential K-points of V.
Let [ be a fixed prime. We denote by 71 (Vi;v) the maximal pro-I quotient of
the étale fundamental group of Vi based at v and by 7(Vg; z,v) the m (Vig;v)-
torsor of l-adic paths from v to z. Let v; be a tangential K-point on Vz at a;

for i =1,...,n. Let s; € m(Vg;v;) be a generator of the inertia group of a
place over a; and let v; € (Vg5 v4,v).
We set

A1
Ti =% S 7

for i =1,...,n. The elements z1,...,x, are free generators of w1 (Vi;v).
Let v be a path from v to z. For any o € G we set

fr(o) =71 a(y) € m(Viiv)

Proposition 1.1. The action of Gk on m (Vi;v) is given by the formulas

(@) = s (0) "L 2X 5 (0)

fori=1,...,n.



Let Q{{X1,...,Xn}} be a Q;-algebra of formal power series on non com-
muting variables X1, ..., X,. We define a continuous multiplicative embedding

E:m(Vigiv) — Q{{X1,..., Xn}}

setting k(x;) = exp(X;) for i =1,...,n.
Let set
Ay (0) = k(i (0)):
The action of Gx on 71 (Vi;v) induces the action of Gx on Q{{X1,...,X,}},
hence we get the representation

oyt Gg — AutQ{{X1,..., X, }}

such that
po(Xi) = Ay (0) 71 - (x(0)X3) - As (0)
fori=1,...,n.
Let ty : 71(Vg; 2,v) — m1(Vg;v) be given by t,(0) =+~ " - . Composing ¢,
with k£ we get an embedding of 7(Vg; z,v) into Q{{X1,...,X,}}. Hence the
action of Gg on m(Vg;z,v) induces the representation

y : Gg — GLQi{{X1,.... Xn}})
such that for any w € Q{{X1,...,Xn}}

¥y (0)(w) = Ay(0) - (pu(0)(w)).

Let {l| I} be the set of finite places of K lying over the prime ideal (I) of Z.

The representations ¢, and 1), are weighted Tate representations. If the
pair (V,v) (resp. the triple (V,z,v)) has good reduction outside a finite set
S of finite places of K then the representation ¢, (resp. 1.,) is unramified
outside S U {l | I}k, hence it factors through the weighted Tate Q;-completion
G(Ok, sufi|iyx ;1) of m1(SpecOk suqiiy; Speck) (see [4] and [5]).

Let L(Ok sugiiy«; 1) be the associated graded Lie algebra with respect to
the weight filtration of the affine prounipotent proalgebraic group

U(Ok suqiiy ;1) = ker(G(Ok sufiiy ;1) — Gm)-

1

The representations ¢, and 1, induce morphisms of graded Lie algebras

q)v : L(OK,SU{[H}K; l) — Der(Ql{{Xh N ,Xn}})

and
V.o L(Og suqiiy e 1) — End(Q{{X1,...,Xn})

respectively.

In degree 1 the Lie algebra L(Og suqi)i};!) has more generators than the
corresponding Lie algebra of the motivic fundamental group of mixed Tate mo-
tives over SpecOk s. These additional generators are mapped to zero by mor-
phisms @, and ¥, , (see [13, Lemma 3.1.1 and Theorem 3.1]). Hence we can



define the quotient Lie algebra L;(Ok,s), which has the correct number of gen-
erators and through which ®, and ¥, , factor. It can be also done in a more
general setting using the notion of cristiline representations (see [4]).

Finally we recall the definition of [-adic polylogarithms from [10].

Let v be a path on P%D \ {0,1, 00} from 0l to a K-point of PL \ {0,1, 0}
or to a tangential point defined over K. After the standard embedding of

1 (}P’é \ {0,1, oo};O_i) into Q;{{X,Y}} we get a power series

Ay (o) € Qu{{X, Y}

Let I be an ideal of Q;{{X,Y }} generated by monomials with two or more
Y’s. The l-adic polylogarithms {(z) and [,,(z) are defined by the following for-
mula

log Ay(0) = 1(2)4(0)X + Y In(2)4()[V; X V] mod I,.
n=1

The distribution relations satisfied by I-adic polylogarithms are shown in [10].
They will be used in the last two sections.

2 Lie algebras

We denote by Lie(X,Yp,...,Y,—1) the free Lie algebra over a field K on free
generators X,Yp,...,Y,_1. The Lie bracket we denote by [,].
Let A= A(X,Yy,...,Y,—1) € Lie(X,Yy,...,Y,—_1). We define a derivation

Dy Lie(X,Yy, ..., Yy 1) — Lie(X, Yo, ...,V 1)
by the formulas
Da(X)=0 and Ds(Y;) =[Y;, AX,Y;, Y1, ..., Yign_1)]
fori=0,1,...,n— 1. The sum a + b is calculated modulo n. Observe that
(2.1) DyoDp—DpoDa= DiaBl4+DA\(B)—Dr(A)

We denote by Der(Lie(X,Yy,...,Y,—1)) the Lie algebra of all derivations of
Lie(X,Yy,...,Y,—1). It follows from (2.1) that

Dery, ,, (Lie(X, Yy, ..., Yn-1)) := {Da € Der(Lie(X,Yy,...,Ys-1)) | A € Lie(X,Yp,...,Yn-1)}

is a Lie subalgebra of Der(Lie(X,Yy,...,Yn_1)).
Let (a) be a one-dimensional vector subspace of Lie(X,Yp,...,Y,_1) gener-
ated by a. The map

Lie(X, Yy, ..., Y 1)/(Yo) — Der} ), (Lie(X, Yo, ..., Yo 1)), A Da



is an isomorphism of vector spaces.
We define a new bracket { , }, called the Thara bracket (see [7]), on Lie(X, Yo, ..., Y,-1)/(Yo)
by the formula

(2.2) {A,B} :=[A,B] + DA(B) — D(A).

It follows from (2.1) that the bracket {, } satisfies the Jacobi identity. Hence the
vector space Lie(X,Yp,...,Y,—1)/(Yo) equipped with {, } is a Lie algebra, which
we shall denote by Lie(X,Yp,...,Y,_1);}. Observe that the one-dimensional
vector subspace (X) is a Lie ideal of Lie(X,Yp,...,Y,_1)¢}. Hence

Lie(X,Yo, .. .,Ynfl){ } = <X> b (Lie(X, Yo, ... 7Yn,1){ })/<X>

as Lie algebras.
If p is a prime number greater than 3 then the Lie algebra (Lie(X, Yo, ..., Y, 1) })/(X)
is not free (see [13, Proposition 8.1]).
The main method to show that a family of elements of the Lie algebra
Lie(X,Yo,...,Yn 1)} generate a free Lie subalgebra of Lie(X,Yp,..., Y, 1){}
is to show that the Lie bracket {,} on these elements modulo some vector
subspace reduces to the standard Lie bracket [,] of Lie(X,Yy,...,Y,_1) (see [2]
and [3]). Hence first we shall study some useful Lie ideals and Lie subalgebras
of Lie(X,Yy,..., Yo 1) and Lie(X, Yo, ..., Yn 1)(}-

We denote by I, the Lie ideal of Lie(X, Yy, ..., Y,_1) generated by Lie brack-
ets in generators X,Yp,...,Y,_1, which contain at least r elements (possible
with repetitions) of the set {Yp,...,Y,_1}.

It is clear that I,; C I.. The filtration {I,},en of Lie(X,Yp,..., Y1) is
called the depth filtration. Observe that

n—1 oo

(2.3) Lie(X,Yy,..., Yo 1)/I = (X) & D (v, X ¥

i=0 k=0

as vector spaces. Observe that in Lie(X,Yp, ..., Y,_1)/I2, [Y;, X®)] and [V}, X D]
commute and [[V;, X(®)], X] = [v;, X ++1)],

It is clear that I, is also a Lie ideal of Lie(X,Yp,...,Y,1){}. The quotient
Lie algebra

n—1

Lie(X,Yy,...,Yo1)(y/I2 = (X) & D EP([vi, XF))) /(o)
=0 k=0

is commutative. We do not know if the natural surjection
Lie(X,Yo, ..., Yno1)(y/T?Lie(X, Yy, ..., Y1)y — Lie(X, Yo, ..., Yao1)( /12

is an isomorphism.

Let S be a subset of {0,1,...,n —1}. Let r > 2. We denote by I,.(S)
the Lie ideal of Lie(X,Yp,...,Y,—_1) generated by Lie brackets in generators



X,Yo,...,Y,_1, which contain at least r elements (possible with repetitions) of
the set {Yo,Y1,...,Y,_1} and at least one of these elements is Y with s € S
and at least one of these elements is Y; with ¢ ¢ S.

It is clear that I,11(S) C I.(S) for any » > 2. Hence we have a filtration
{I;(S)}r>2 of Lie(X,Yp,...,Y,_1) by Lie ideals. Notice that I.(5) is not a Lie
ideal of Lie(X,Yp,...,Yn 1){}-

Let A(S) be a Lie subalgebra of Lie(X,Yp,...,Y,_1) generated by elements
X and Y, with s € S. We set

I(A(S)) := I, N A(S).

We identify the set {0,1,...,n— 1} with Z/n. If S C {0,1,...,n — 1} then the
subsets S+ S :={a+be€Z/n|abe S}tand -5 :={—-a €Z/n|ac S} are
well defined.

Lemma 2.4. Let S be a subset of {0,1,...,n — 1} such that (S+S)NS = 0.
Let r,7y > 2 and p,p1 > 1. Let w € I.(S), w1 € I,,(S) and a € I,(A(S)),
a1 € I, (A(S)). Then

[w,wi] € Lyr, (S), Dw(wi) € Lryry (), la,w] € Ii5(S), Da(w) € Ly p(5),

Dy(a) € Ir4p(S5), Da(a1) € Ipip, (5).

Proof. It is clear that [w,w;] and D,,(wy) belong to I, (S) as well as that
[a, w] and Dg(w) belong to I1,(S).

Let 5,51 € S. Observe that Dy, (Ys) = [Y,Ys4s,]. The element s € S
and s+ s; ¢ S by the assumption that (S +5) NS = 0. Hence it follows that
Dy (a) € I,4p(S) and Dy(a1) € Ipyip, (S). O

Corollary 2.5. The assumptions are the same as in Lemma 2.4. Then
{a,w} = [a, w] + Dy(w) — Dy (a) € I4,(5),

{w, w1} = [w,w1] + Dy(w1) = Dy, (w) € Lrgr, (5)

and
{a,a1} = [a,a1] mod 14y, (S).

Let V(S) be a vector subspace of Lie(X,Yy,...,Y,_1) generated by Lie
brackets in X, Y, ...,Y,,—1 which contain at least one Y with s € S. V(S) is
clearly a Lie ideal of Lie(X,Yp,...,Y,—1).

Proposition 2.6. Let S be a subset of {0, 1,...,n—1} such that (S+S5)NS = 0.
Then

i) V(S) is a Lie subalgebra of Lie(X,Yp,...,Yn 1)1



ii) For any r > 2, I.(S) C V(5).

iii) I,.(S) is a Lie ideal of V'(S) considered as a Lie subalgebra of Lie(X, Yo, ..., Y1)}
and {I,.(5),V(S)} C I,11(S5).

Proof. Let a = a(Y5...) and b = b(Y5, ...) belong to V(S). Then {a, b} = [a,b] +
D, (b)—Dy(a) € V(S), hence V(5) is a Lie subalgebra of Lie(X, Yy, ..., Y1)
It is clear that I,.(S) C V(S). If a € V(S) and w € I,.(S) then [a,w] € L 41(
Dy (w) € I 4+1(S). The assumption (S+S5)NS = () implies that D,,(a) € L41(
Hence {a,w} € I,41(S) C I,.(S). O

{}r
S)s
S)

Let £ be a Lie algebra over a field K. Let Z = {z; € L | i € N} be a linearly
independent subset of £. We denote by £(Z) a Lie subalgebra of £ generated
by the subset Z.

Let Lie(Z; | i € N) be a free Lie algebra over K on symbols Z;, i € N. We
denote by Hallbasis(Z; | i € N) the set of basic Lie elements of Lie(Z; | i € N)
formed from the sequence Z1, Zs, ..., Z,, ... following the rules described in [§]
on pages 322-327. The set Hallbasis(Z; | i € N) is a basis of the vector space
Lie(Z; | i € N) (see [8, Theorem 5.8.]).

Let P : Lie(Z; | i € N) — L be a morphism of Lie algebras given by
P(Z;) = z; for i € N. Observe that the image of P is the Lie algebra £(Z). We
denote by HB(Z) . the image of the set Hallbasis(Z; | i € N) by the morphism
P.

Lemma 2.7. The Lie subalgebra £(Z) of L is free, freely generated by the
subset Z of £ if and only if the set HB(Z), is linearly independent over K.

Proof. If the Lie algebra L(Z) is free, freely generated by the subset Z of £
then it follows from [8, Theorem 5.8.] that the subset HB(Z). of L is linearly
independent.

If the subset HB(Z) of L is linearly independent then the morphism of Lie
algebras PLie(Z; | i € N) — L(Z) is an isomorphism. Hence the Lie algebra
L(Z) is free, freely generated by Z. O

In the next proposition we indicate how to construct various free Lie subal-
gebras of the Lie algebra Lie(X,Yy,...,Yn 1)}

Proposition 2.8. Let S C {0,1,...,n — 1} be such that (S +S)NS =0. Let
z¥ € Lie(X,Yp,..., Y1)y for s € Sand k =1,2,... be such that

(2.8.1) 28 = vy, X*=V] mod L.

Then the elements z* for s € S and k € N generate freely a free Lie subalgebra
of LZG(X, Y(), ey Yn—l){ Iz

Proof. Let us set y* := [V;,X*V]. Let Z := {2* | s € S,k € N} and
Y :={y*|s €S, ke N} Observe that the subset Y of Lie(X,Yy,...,Y, 1) is



linearly independent. It follows from the congruences (2.8.1) that the subset Z
is also linearly independent.

The Lie subalgebra of Lie(X, Yy, ..., Y,_1) generated by J is free, freely gen-
erated by Y. Hence Lemma 2.7 implies that the subset HB(Y)Lie(x,vo.....v,_1)
of Lie(X,Yo,...,Y,_1) is linearly independent.

It follows from the congruences (2.8.1) that for any arrangements of brackets
of length m

(2.8.2) (b iy by = (b o) b} mod L.
Observe that
{yfr yP2} = [yh y¥2] mod Ir(S).

It follows by induction from Corollary 2.5 that for any arrangements of brackets
of length m

(2.83) (At b by = L ) wl) mod Ln(S).

The set HB(Y) Lie(x,Yo.,...,Yn_,) is linearly independent. Hence it follows from
the congruences (2.8.3) that the set HB(y)LMX’YO,_“’y%l){} is linearly inde-
pendent. Therefore it follows from the congruences (2.8.2) that the set
HB(Z)Lie(X7y0_y,,”yn_l){ , is linearly independent.

It follows from Lemma 2.7 that the elements of Z generate freely a free Lie
subalgebra of Lie(X,Yp,..., Y 1)1 O

3 Galois action on the fundamental group of the
projective line minus 0, co and the nth roots
of 1.

From now on let V := IP’(E)(M) \ ({0,00} U pty,). The generators z, o, . .., Yn—1 Of
m1(Vi; 01) we choose as in [11]. Let p be the standard path from 01 to 10 on

V- The Galois group Ggy,,) acts on 771(V@; 01). The action is described in the
next proposition.

Proposition 3.1. (see [11, Proposition 15.17]). Let o0 € Gg(,,). We have

-1

O—(x) = xX(U)v U(y()) = fp(a)(xvy(]v cee 7yn71) : 3/6((0) : fp(o—)(xvy(h e 7yn71)7

NGRS (o)

O'(yk) =T . fp(o-)(mvykh ce 7yn—17x_1y0xa ce 7x_1yk—1x)_1 ) yl)c<

— _ (x(o)—1)k
'fp(o-)(xayk,"'aynflax 1y0$,‘..,$ 1yk—1$)'$ " )



As usual we embed 71 (Vg; O_i) into the Q;-algebra Q{{X,Yo,...,Y,_1}} by
the continuous multiplicative map k such that k(z) = e* and k(y;) = .

The pair (V, O_i) has good reduction outside the prime divisors of n. Hence
we get a morphism of graded Lie algebras

1 .
(I)V,O_i . Ll(Z[unHE]) — Lze(X, 1/0, ey Yn—l){ }

2w

Let us set &, :=¢ "= . The next result follows immediately from [11, Lemma
15.3.1].

Proposition 3.2. Let k > 1 and let o € Li(Z[un][5])x- Then
n—1 ‘
5 (0) =D (& )(@)Ye, X*V) mod 1.
=0

Let o € Ly(Z[u,][1])1. Then () = S -6 (0)Yi

4 Projective line minus 0, co and the 3"th roots
of 1.

Let V:=Pg ., \ ({0,00} Upgzn). The action of Gouyn) on mi (Vs (Tl) induces

the morphism of graded Lie algebras

1 )
CDV,O_i : LZ(Z[/L?)"][E]) e LZB(X, YQ, NN 7Y3"—1){,}~

The 3-units (1—¢&4,) for 0 < i < 37" and (i,3) = 1 generate freely (Z[uzn][3])* ®
Q. Hence the elements dual to the Kummer characters [(1—&4,.) for 0 < i < %
and (i,3) = 1 generate freely L;(Z[us~][3])1. Let us set

ng) =11 — &4.)°.
For further applications we introduce the following convention

aﬁ)gn = 051) and ag}b)fi — 0'1(1).

There are the following relations between 3-units. For any 0 < i < %n,
(i,3)=1and k=n,n—1,...,2 we have

(4.0) (L—€h) - (1= ) (1 -y = (1 - €ha).
and
(4.0) (1—&h) ==& (1 - &)



Lemma 4.1. We have
n—1
@V’(ﬁ(agl)) =Y, +Y5n_; + Z(Ysski + Y3n _3x;)
k=1
for 0 <i< 2 and (i,3) = 1.
Proof. The lemma follows from Proposition 3.2 and the equalities (4.0). O
Let &k > 2. Then we have

(4.2) 351 (1 (€85) + e (€55 ) + 1 (€55237T)) = ()

for 0 < i < 37, (i,3) = 1and j = n,n—1,...,2. Hence it follows from the
distribution relation 3”(’“_1)(2?;?1 1 (€4.)) = 1i(1) that
3m—1

(4.3) 3PN Y dil(€h)) = (1= 37D (1)

i=1 (3,i)=1
for certain d; € Z.
In degree k > 1 the graded Lie algebra L;(Z[u3-][3]) has 3"~ free generators.

Let us denote by al(k) these generators. We choose them to be dual to [-adic

polylogarithms I (££,), with 0 < i < 3% and (i,3) = 1, in the sense that

2
(&) (oY) = 67,

In the next lemma we will consider an element & which is congruent modulo
I to some y, whose coefficients belong to the ring Zs). Hence we can reduce
them further modulo 3. This procedure we shall denote by mod I mod 3.

Lemma 4.4. Let £ > 2. We have

o (Uz(k)) = —[Yz‘vX(kfl)] + [Ysﬂfi,X(kfl)] mod I, mod 3

V,01
for k even and

o ﬂ(ogk)) = [V;, X* D] 4 [V3n_;, X* D] mod I, mod 3

v,01
for k odd.
Proof. The proof follows from Proposition 3.2, the equalities (4.2) and (4.3)
and the definition of the generators Jgk). O

Unfortunately we are not able to show that the morphism

1 .
¢V7(ﬁ : Ll(Z[/}/gn][g]) d Lle(X7 )/07 N 7Y3n71>{’}

10



is injective. We shall define a certain Lie subalgebra of L;(Z[us»][3]) and we
shall show that the map (I)V(ﬁ restricted to this subalgebra is injective.

Definition 4.5. Let L3 be a Lie algebra of Lj(Z[us~][3]) generated by differ-
ences
02(1) ) (1) (1)

- 0-7;+2.3n—17 O-Z‘Jrgnfl - O’i+2.3n71

for 0 < i < 23—3 and (¢,3) = 1 and by elements aﬁk) fork>1,0<j< 37 and
(4,3) =1.

Notice that L3~ is a free Lie algebra, freely generated by the elements indi-
cated in the definition.

Theorem 4.6. The morphism of graded Lie algebras

1 .
q>V,61 N LZ(Z[Mgn][gb — LZ@(X, }/07 - 7Y3"—1){,}

restricted to L3» is injective.

Proof. Let Lz~ be a Lie subalgebra of Lie(X,Yp,...,Y3n_1);; generated by
elements Zl(l) =Y, +Yan_; — Y0301 — Y3n_(i+2_3n71)’ Zg}r)yl,l =Y, 31 +
Yan_(iysmn-1y — Yigogn — Yau_(ipa.30-1) With 0 < i < 52 and (i,3) = 1 and
by elements

2= (1R, X D) 4 (Vi g, X D)

for k>1land 0 <i < % and (i,3) = 1. Let us denote by Z the set of these
elements.

Observe that if (4,3) = 1 then of the two numbers i and 3" — 4, one is
congruent to 1 modulo 3 and the other, to 2 modulo 3.

Let £ > 1. We shall write

A9 = 4 44,

where 3 = (—1)F=1[y;, X*-1] and d® = [Vu_;, X*=D] if 4 = 1 (3) and
vice versa if ¢ = 2 (3). Similarly we decompose
I

where in yz(l) appear Y,’s with « = 1 (3) and in dz(-l)7 Ys’s with 5 =2 (3). Let
Y be the set of all elements ygk).

Let 1(0,2) be a Lie ideal of Lie(X,Yp,...,Ysn_1) generated by Y;’s with
t =2 (3) and by Yp.

We shall show by induction the following two statements:
A(r): for any r > 2 and any Lie bracket of length r and any r elements of Z,

z1=y1+di,...,2 =y, +d, we have

(4.6.1) {{z1,22}., 20} = [-[y1,92]-., yr] mod I(0,2),

11



B(r): a Lie bracket only with Y,’s such that o = 0 (3) does not appear in the
decomposition of {..{z1,22}.., 2 }.

For any two elements of the set Z, z =y + d and z; = y1 + d; we have
{Zv Zl} = [y7 yl} mod I(O7 2)

Observe also that a Lie bracket only with Y,’s such that & = 0 mod 3 does not
appear in the decomposition of {z, z1} in the Hall base of Lie(X, Yy, ..., Y3n_1).
Hence A(2) and B(2) are true.

Let us assume that the statements are proved for m. Let 1 < r < m and
1 < s < m. For r we denote by Z the left hand side of (4.6.1) and by Y the
right side. Therefore we can write Z =Y + D with D € I(0,2). Similarly for s
we can write Z; = Y7 + D;1. Then
(4.6.2)
{Z,Z1} = [Y+D,Y1+D1]+Dy (Y1)+Dy (D1)+Dp(Y1)+Dp(D1)—Dy, + p, (Y +D).

Observe that Dy (Y7) € 1(0,2), Dy (D;) € 1(0,2) and Dp(D;) € 1(0,2). The
assumption B(r) implies that Dp(Y7) € 1(0,2) Hence

(2,2} = [V, V4] mod I(0,2).
Therefore we have proved A(m+1). From the form of all terms in (4.6.2) it is
clear that B(m+1) is true.

The subset Y of Lie(X,Yp,...,Ysn_1) is linearly independent hence the Lie
algebra Lie(X,Yy,...,Ysn_1)(Y) is free, freely generated by ). Therefore the
set HB(Y)Lie(X,Yo,...,Ysn_,) is linearly independent. It follows from the congru-
ences (4.6.1) that the set HB(Z)Lie(X,YO".',Y37,71){ , is also linearly independent.

Observe that all this is true over any field K hence it is true over the field
Fs = Z/3.

Let us set Ci(k) = —»(az(k)) for k > 1. For k = 1 we set Ci(l) = q(al(l) -
V,01 V,01
o) =0 and = 8 B~ o) = s or 0 <

i< % and (¢,3) = 1. Lemma 4.4 implies
Ci(k) = sz) mod Iy mod 3
for k > 1. We have also
RCI)

Let ¥ be the set of all (l-(k). Let (1,...,( € X. Let 21,..., 2. € Z be such that
(; = z; mod I mod 3. Then for any Lie bracket of length r

(463) {..{Cl,CQ}..,CT} = {..{21,2’2}..,74} mod IQ mod 3.

The set HB(Z)LiE(nyoy___yyzn_1){_} is linearly independent in the Lie algebra
over Z/3, hence also over Q and Q;. Hence it follows from the congruences
(4.6.3) that the set HB(E)M@(X’YO,M’YS,_I){ , is linearly independent. Lemma
2.7 implies that the set ¥ generates freely a free Lie subalgebra. Hence the
morphism (I)v,(ﬁ restricted to L3~ is injective. O
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5 Projective line minus 0, oo and the 2"th roots
of 1.

Let V := I%(Mng \ ({0,00} U pagn ). The action of Ggu,.y on m1(Vy; (ﬁ) induces
the morphism of graded Lie algebras

1 .
@51 LiZluzn][5)) = Lie(X, Yo, Yan 1)
The Lie algebra L;(Z[p2-][2]) has 272 free generators in each degree. Genera-
tors in degree 1 are constructed in the following way.

The 2-units (1 — &) for 0 < i < 2"7! and (i,2) = 1 generate freely
(Z]p2»][3])* @ Q. Hence the elements dual to the Kummer characters [(1—&5.)

for 0 <i < 2"~1 and (i,2) = 1 generate freely L;(Z[usn][1])1. Let us set

1 i
o =11 - &)
for 0 <i < 2" ! and (i,2) = 1. We shall also use the convention

&) (1) (1)

Oj = Ogn_j = Ognyye

Observe that we have the following equalities

(5.1) (1—€h)-(1—€) =2 (1-&) =& (1-6)
and
(5.2) (1—&)- (1= ) = (1= &)

for 0 <i < 2! (i,2) =1 and k = n,n — 1,...,3. Proposition 3.1 and the
equalities (5.1) and (5.2) imply that

n—2

(53) @ (o) = Yit Yari+ Y (Vous + You_ges) + 2¥a01.
’ a=1

k)

Generators of Li(Z[u2»][3]) in degree k > 1 we denote by ai( and we choose

them dual to l-adic polylogarithms I (£3.), 0 < j < 2"~! and (4,2) = 1, in the
sense that _ i _
(&) (o) = 8],

The inversion relations
() + (—D)FI(67) = 0

and the distribution relations

2" —1

COLEE Z I (€5n) = L (1)
i=0

13



and , o 4
25 (1 (E5) + 1657 ) = l(€hi-n)
for j=mn,n—1,...,2 and (4,2) = 1 imply that

(5.4 & (™) =V, XF D] 4 [Yau_;, X* D] mod I, mod 2.

V,01

Definition 5.5 Let Lon be a Lie subalgebra of L;j(Z[u2»][3]) generated by dif-
ferences

1) ) €] ) 1)

(1)
Ui - O’,i+2n—1a O-,L'+2n—2 - U,i+2n—1) O-,i+2n—2 - O‘,iJ’,Qn—l

for 0 < i < 2773 and (i,2) = 1 and by the elements ng) for £ > 1 and
0<i<2"1and (5,2) = 1.

(These four elements ai(l), ag.)ﬁn,z, 0'1'(<1F)2"*2 and 092+2,,L,1 are such that in

their images by @V(ﬁ appear exactly the same Y;’s with ¢ = 0 modulo 4.)
Theorem 5.6. The morphism of graded Lie algebras

1 )
@V’(ﬁ : LZ(Z[,ugn][i]) — Lie(X,Yo,...,Yon 1)1

restricted to Lan is injective.
Proof. Let Ly» be a Lie subalgebra of Lie(X,Yp,...,Yon_1)¢) generated by
elements

2= Yi+ Yon i + Yo + Yon_9; — (Yon—1_; + Yon_gn-14; + Yon_o; + Y2;),

i

Zgli)+2n,2 = YYQ"*2—1+Y72"—2"*2+1'+}/2"*1—2i+}/2"—2"*1+2i_(YVQ"*1—i+Y2"—2"*1+i+Y2"72i+Yv2i);

1
ZZ'(+)2"*2 = }/7;4,271,—2 +}/—2n,72w,—27i+y2i+2n—1 +Y271727L—1727;_(YQn—l7i+Y2n72n—1+,L‘+Y27L722'+Y-21'),

for 0 < i < 2773 and i odd and by elements
2 = Y5, XEU] 4 [y, X))

for k> 1and 0 < i < 2" ! and i odd. Let us denote by Z the set of all these
elements.

Observe that if 7 is odd then of the two numbers i and 2™ —i, one is congruent
to 1 modulo 4 and the other, to 3 modulo 4.

Let us write

Zj(k) _ y§k) er;k)’

(0)
J
with 8 = 3 modulo 4. Let ) be the set of all elements yj(-k).

where in y; ' appear Y,’s with @ = 1 modulo 4 and in dg-l) appear only Yj3’s

14



Let 1(0,2,3) be a Lie ideal of Lie(X,Yy,...,Yon_1) generated by Y;’s with
t = € modulo 4, where € € {0,2,3}.

One proves by induction the following two statements:
A(r): for any r > 2 and any Lie bracket of length r and any r elements of Z,
z1=y1+d1,...,2 =y, + d,. we have

(5.6.1) {-{z1,22}.,20} = [.[y1, y2)--, yr] mod 1(0,2,3),

B(r): a Lie bracket only with Y,’s such that o = 0 modulo 4 does not appear
in the decomposition of {..{z1,22}.., 2, }.

One checks that A(2) and B(2) are true. The rest of the proof goes in the

same way as the proof of Theorem 4.6. (]
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