Chapter 14

On /-adic iterated integrals V: linear
independence, properties of /-adic
polylogarithms, /-adic sheaves

Zdzistaw Wojtkowiak

Abstract In a series of papers we have introduced and studied ¢-adic polylogarithms
and /-adic iterated integrals which are analogues of the classical complex polyloga-
rithms and iterated integrals in ¢-adic Galois realizations.

In this note we shall show that in the generic case ¢-adic iterated integrals are linearly
independent over Q. In particular they are non trivial. This result can be viewed as
analogous of the statement that the classical iterated integrals from O to z of se-
quences of one forms % and Z‘i—zl are linearly independent over Q.

We also study ramification properties of /-adic polylogarithms and the minimal quo-
tient subgroup of the absolute Galois group Gk of a number field K on which ¢-adic
polylogarithms are defined. In the final sections of the paper we study ¢-adic sheaves
and their relations with /-adic polylogarithms. We show that if an /-adic sheaf has
the same monodromy representation as the classical complex polylogarithms then
the action of Gk in stalks is given by ¢-adic polylogarithms.
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14.1 Introduction

In this paper we study properties of ¢-adic iterated integrals and ¢-adic polyloga-
rithms introduced in [Wo04] and [Wo05a]. We describe briefly the main results of
the paper, though in the introduction we do not present them in full generality.

Let K be a number field with algebraic closure K. Throughout this paper we fix
an embedding K C C. Let z € K\ {0, 1} or let z be a tangential point of

Zdzistaw Wojtkowiak

Université de Nice-Sophia Antipolis, Département de Mathématiques, Laboratoire Jean Alexandre
Dieudonné, U.R.A. au C.N.R.S., No 168, Parc Valrose - B.PN° 71, 06108 Nice Cedex 2, France
e-mail: wojtkow @unice.fr



2 Zdzistaw Wojtkowiak
Pg\{0,1,00}

defined over K, and let ¥ be an ¢-adic path from 01 to z on IP’}E \ {0,1,00}. For any
0 € Gk = Gal(K/K) we set

flo) =y a(y) € 7 (PL\{0,1,00},00)pro s-

Here and later our convention of composing a path & from y to z with a path § from
x to y will be that & - B is defined as a path from x to z.

Let V be an algebraic variety defined over K and let v be a K-point or a tangential
point defined over K. By the comparison homomorphism

m(V(C),v) — ﬂiét Vg, V)pro—é

any element of 71 (V(C),v) determines canonically an element of 7{'(Vig,v)pro—s,
and we shall use the same notation for an element of 7; (V(C),v) and its image. In
particular, we have the comparison homomorphism

—

— £ _
m (U,01) — 7' (SpecK((2)),01) pro—r,

where U C C\ {0} is a punctured infinitesimal neighbourhood of 0 and Spec K((z))
is an algebraic infinitesimal punctured neighbourhood of 0 in IP’}?. Hence a loop

around 0 in C\ {0} determines canonically an element of 7¢'(Spec K ((z)), 01 ). Sim-
ilarly we have the comparison map from the torsor of paths from v to z on V(C) to
the torsor of /-adic paths from v to z on V.

Informally, we define /-adic iterated integrals from 01 to z as functions
Ib(z) = lp(2)y : Gk — Qu

given by coefficients of fy( ) indexed by elements b in a Hall basis % of the free
Lie algebra Lie(X,Y) on two generators X and Y. Let %, be the set of elements of
degree n in 4. Let

Hn C Gy

—

be the subgroup of Ggy,.., defined by the condition that all /,(z) and ,(10) vanish

on H, forall b € J;,, %i.
Our first result concerns linear independence of /-adic iterated integrals.

Theorem 1. Assume that z € K\ {0,1} is not a root of any equation of the form
7P (1—2)9 = 1, where p and q are integers such that p*+q> > 0. Then the functions

Ip(z) = Hy— Q¢
for b € B, are linearly independent over Q.

Our next results concerns /-adic polylogarithms. Hence we recall here their def-
inition (see [Wo05a, Definition 11.0.1.]). Let x and y be the standard generators
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of ' (Pg \ {0, 1,00}70_1))pr0,g (see for example [Wo05a, Picture 1 on page 126]).
Let Q{{X,Y}} be the Q-algebra of non-commutative formal power series in non-
commutative variables X and Y. Let

ﬂft(]}”}? \ {O, 1,°°}7O-1>)pr07[ - Qé{{X7Y}}

be a continuous multiplicative embedding of nf‘(P}? \ {0, l,oo},()_l) )pro—¢ into the
Qq-algebra of non-commutative formal power series Q{{X,Y }} given by

E(x) = exp(X),

E(y) = exp(Y).

The ¢-adic polylogarithms /,,(z) and the ¢-adic logarithm [(z) are defined as func-
tions on o € Gk by the coefficients of the following expansion

logE(fy(0)) = 1(2)(0)X + ¥ L(2) (G)Y X" ...,
n=1

where only relevent terms on the right hand side are written. The ¢-adic polylog-
—

arithms /,(z) and /(z) depend on a choice of a path y from 01 to z. If we want to

indicate the dependence on a path y we shall write /,(z)y and /(z)y. The function

l(z): Gk — Qy

takes its values in Z,; and agrees with the Kummer character k(z) associated to z
(see [Wo05b, Proposition 14.1.0.]).

Our second result concerns the minimal quotient of Gk, on which the ¢-adic
polylogarithms /,,(z) are defined and their ramification properties. For z € K\ {0, 1}
we consider the fields K (tis-) and K (u=,z'/*"). Let

M(K (=2 )) 5

/1—z2

be the maximal pro-¢ abelian extension of K (f=,z'/*") that is unramified outside /
and 1 —z.

Theorem 2. Assume that z € K\ {0,1} is not a root of any equation of the form
¥ (1—z)9 = 1, where p and q are integers such that p* +q* > 0. Then we have:

(1) The {-adic polylogarithm
I(z): Gk — Q

factors through the group
Gal(M (K (=, 2"7))i5_/K).

(2) The (-adic polylogarithm 1,(z) ramifies only at prime factors of the fractional
ideals
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(0), (2), (1 =2).

(3) The (-adic polylogarithm 1,,(z) determines a non-trivial element in the group

Hom (Gal(M (K (k.2 ) i /K (ue=,2")), Q).

Our third result connects ¢-adic polylogarithms to non-abelian Iwasawa theory
though we are not sure if our terminology of non-abelian Iwasawa theory is not an
exaggeration, since the result is quite elementary. Let us set

G = Gal(M(K (=, 2"/ )5 /K (e, 2))

and N
® = Gal(K (-, 2'/) /K).

The Galois group ¢ is a ®¢-module, hence it is also a Z[[®]]-module. Therefore
Hom(¥,Qy) is also a Z[[®]]-module. If f € Hom(¥,Qy) and u € Z[[®P]] then we
denote by f* the element f acted (multiplied) by L.

Let x : Gk — Z; denote the (-adic cyclotomic character. Observe that y and /(z)
are continuous functions on @, hence we can integrate them against the measure U.

Theorem 3. Ler z belong to K\ {0,1}. Then we have

( L %x’"*k(@du) ln-(2)

m—1

(@) = ( [, 2" @an)in(@)+ &

for any p € Z,[[®).

In the final sections of the paper we study ¢-adic sheaves. We shall show that if
an (-adic sheaf has the same monodromy representation as the classical complex
polylogarithm then the Galois action in stalks is given by the /-adic polylogarithms.

We say a few words about our terminology and our notation. The functions /,(z),
1(z) and I, (z) appear exactly at the same place in our studies as the classical complex
polylogarithms, the logarithm and iterated integrals when calculating sections of the
universal prounipotent connection on P! (C) minus a finite number of points. More-
over the equation /(xy) = I(x) +I(y), the fact that I(z) : Gk — Z(1) is a cocycle,
functional equations of /,(z) and /,(z), the fact that /,(&) is a cocycle for & a root of
unity, the precise value of 12,1(K))) are proved using geometry (see [Wo05a], [Wo05b]
and [Wo09]). Geometry is also used to calculate them explicitely (see [NWO02] for /-
adic polylogarithms and our work in progress for arbitrary ¢-adic iterated integrals).

14.1.1 Notation

The tensor product (—) ®z, Q¢ on Z¢-modules we shall denote by (—) ® Qy.
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14.2 The projective line minus 0, c and n-th roots of unity

In this section we recall some elementary results concerning Galois actions on fun-
damental groups in the special case of

Poguy \ ({0, Utt).

see [Wo05b] and [DWO04]. Let us fix a rational prime ¢. Let K be a number field
containing the group U, of n-th roots of unity. We abbreviate

V =P\ ({000} Upta)

and denote by
—
m (Vg,01)

the pro-¢ completion of the étale fundamental group of Vi based at 01.

First we describe how to choose generators of ; (V,g,()_l) ). We fix the primitive

n-th root of unity
2mi

)

using the fixed embedding K C C. Let 8 be the standard path from 01 to 10. Let x

be a loop around O in the counterclockwise direction based at 01 in an infinitesimal
neighbourhood of 0 and such that the integral along x of the one-form dz/z is 27i.

& = exp(

n

Let y(, be a loop around 1 based at 10 in an infinitesimal neighbourhood of 1 defined
—

in the analogous way. Let s; be a path from 0—1> to 0&K in an infinitesimal neibourhood
of 0 as in [WoO5b, Picture 2, page 20]. Let r;, : V — V be the automorphism given
by

and set
[ Bty,-B for k =0,
k= S Tex(yo) s for 0 <k <n.
Then the elements
X, Y0,V15- -5 Yn—1

are free generators of m; (Vg, _1>) Observe that

_ ; for j+k <n,
s )= { 2 / (14.1)

x! Yjyk-x for j+k>n.

Let z be either a K-rational point z € V(K) or a tangential point defined over K. Let
—
7Y be an ¢-adic path from 01 to z on V. For every o € G, the element

fo)=y"-0(y)
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is a pro-¢ word in the generators of 71 (V, _1>), hence we shall write

(o) = fy(0)(x, 50, Y1)

Observe that ry . (7) - s¢ is a path from 01 to &Kz and by (14.1)

f’k.*()’)'sk(c) = Sk_1 "'k,*(y_l) O (res(y)-sx) = Sk_l T (fy(0)) sk f5, (0)

k(x(o)-1)

:f'J/(G)(xaykayk+la"'ayn—lvxilyoxa"'7-x71yk71x)'-x n . (142)
Let _
E : m(Vg,01) - Q{{X,Yo,...,Y,—1}}

be the continuous multiplicative embedding of 7 (Vlg,()_l> ) into the Q-algebra of
non-commutative formal power series Q/{{X,Yy,...,Y,—1}} given by

E(x) = exp(X),

E(y;) = exp(Y;)
for 0 < j <n.Let
_
71 (Vg;z,01)

be the right m; (Vg, 01 )-torsor of ¢-adic paths from 01 to z. The map
§—y'.é§
defines a bijection as right torsors
ty + m(Vgiz,01) — m (Vg,01).
Composing ty with the embedding E we get an embedding
—
EY M (Vk;Z,Ol) - @f{{X7Y07 N O }}

— —
The Galois group Gg acts on 71 (Vg,01) and on 7y (Vg;z,01) compatible with the
torsor structure. Hence we get two Galois representations

951 : Gk — Aut(Qu{{X.Yo,....Ya 1 }}),

vy : Gx — GL(Q{{X,Yo,....Yau1}})

deduced from the action of Gk on 7y (V, 01 ) via the embedding E and on the torsor
of paths (V,g;z,()_l> ) via the embedding E, respectively (see [Wo04, section 4] and
also [Wo07, section 1]).

Before going farther we fix the following notation. The set of Lie polynomials
in Qu{{X,Yo,...,Ys—1}} we denote by
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Lie(X,Yo, ce ,Ynfl).

It is a free Lie algebra on n+ 1 generators X,Yy,...,Y,—1. The set of formal Lie
power series in Q/{{X,Yy,...,Y,—1}} we denote by

L(X,Yo,...,Y0—1).
We denote by
L

the closed Lie ideal of L(X, Y, ...,Y,—1) generated by Lie brackets with two or more
Y’s. We shall use the following inductively defined short hand notation

(m) _ Yk ifm=0
Y, X7} {[[Yk,X<’”‘1>],X} for m > 0.

In an algebra the operator of the left (resp. right) multiplication by a we denote by
L, (resp. Ry).

We recall the definition of ¢-adic iterated integrals from [Wo04]. Let % be
a Hall base of the free Lie algebra Lie(X,Yy,...,Y,—1) on n+ 1 free generators
X, Yy,...,Y,—1 and let A, be the set of elements of degree m in ZB. For b € % we
define ¢-adic iterated integrals

Ip(z) = Gi(upe) = Qo

as follows. For 6 € Gg(,..) the expression (logyy(c))(1) is a Lie element, hence

M)

(logyy(o Z Iy(z

beA

More naively, for ¢ € Gx we define functions

lip(z) : Gg — Qy

by the equality
logAy(0) = Y liy(z (14.3)
be#
where
Ay(0) :=E(fy(0)). (14.4)

If n =1 and Y =Y} then the formula from the introduction defining ¢-adic poly-
logarithms has the form

logAy(6) = 1(z)(0)X + Zz )Y, X" D] mod 1.

With the representations ¢g; and yy there are associated the filtrations
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—
{Gp = Gn(V,01) }ypen
N
{Hm = Hm(V;Z»()l)}mEN
of Gk (see [Wo04], Section 3, pp. 122-124). We recall that

Ip(z)(0) =0 and ,(§¥)(c) =0
forO<k<nandforallbe ., % |’

Hy = {0 € G (ue)

If b € #,, and 6 € Hy, then [,(z)(0) = lip(2)(0).
Let L be a Lie algebra. The Lie ideals of the lower central series are defined

recursively by
L ifm=1
myr __
r L‘{ [T 1L,L] form > 1.

Proposition 4. For ¢ € H,,(V; z, 01 ) we have
(logyy(0))(1) =logAy(0) = Ay(0) — 1 mod I 'L(X,Yy,...,Y—1). (14.5)
Proof. Tt follows from [Wo04, Lemma 1.0.2.] that
Vy(0) =La,(c) © 95 (0).

After taking logarithm and applying the Baker-Campbell-Hausdorff formula we get
the first congruence of the proposition. The second congruence is clear. a

Let us set
Y = }”k7*(’)/) < Sk (146)

Our next result is a consequence of the formula (14.2).
Proposition 5. Let ¢ € Hm(V;z,O_l)). Then
log(Ay (0)(X,Yy,.... Y1) =log(Ay(0)(X, Yk, .... Y1, Y0,... . Y1)
modulo T L(X, Yo, ..., Y, 1).
Proof. The proof is the same as the proof of Lemma 15.2.1 in [Wo05b]. ad

Corollary 6. (1) Let m > 1 and let ¢ € Hm(V;z,O_f). Then we have
n—1
10g(Ay(0)(X  Yo,....Ya1)) = ¥ In(E72)(0) ¥, X" ]
k=0

modulo T 'L(X,Yo,...,Y, 1) +b.
(2) Let 6 € Gg(ye.)- Then we have

n—1
log(Ay(0)(X,Y,.... Y1) = 1(z)(0)X + Y 1(1 - E*2)(0)Yk
k=0
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modulo T*L(X, Yy, ..., Y, 1).

Proof. The corollary follows from the very definition of ¢-adic polylogarithms and
from Proposition 5. a

Now we shall define polylogarithmic quotients of the representations ¢g; and
yy. Let .7 be a closed ideal of Q/{{X,Yp,...,Y,_1}} generated by monomials with
any two Y’s and by monomials ¥; X for 0 <k <n—1. We set

Pol(X,Yy,.... Y1) = Q{{X,Yo,...,Yo1}}/ 7.

Observe that the classes _ '
X' and X',

with i =0,1,... and 0 < k < n— 1 form a topological base of Pol(X,Yy,...,Y,_1).
We denote by
.QY(G) S PO](X,Y(), ... 7Yn—1)

the image of the power series Ay(0) € Q/{{X,Y,...,Y,—1}}.
Proposition 7. (1) The representation @5; induces a representation
(po—f : Gk —>Aut(POl(X,Yo,...,Yn_l)).

given by

k

#yi(0)0) = 2(0)+ (o) (o)~ 1) X'

fork=0,1,....n—1.
(2) The representation Yy induces a representation
l,l_/y : GK - GL(POI(X7Y0, e 7Yn_l))

given by the formula

(3) For n =1 we have
lo2(8(0)) = 1()(0)X + L (=1~ h(2)y ()X %

Proof. (1) It follows from [WoO5b], Proposition 15.1.7 that ¢ (¥ ) C .#. Hence
¢5; induces a representation on the quotient space. The explicit formulae also follow
from [Wo05b], Proposition 15.1.7.

(2) We recall that y(0) = Ly, (c) © ¢5;(0) (see [Wo04], Section 4), hence the
existence of ¥, and the explicit formula. Assertion (3) follows from the definition
of ¢-adic polylogarithms. O
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For @ € Q; we denote by 7(at) the automorphism of the Q-algebra Pol(X,Y)
such that
t(a)X)=o-X

1(o)Y)=0a-Y

and continuous with respect to the topology defined by the powers of the augmen-
tation ideal. For n = 1 we have a very simple description of @g;.

Corollary 8. [fn =1 then ¢5;(c) = 7(x(0)).

14.3 Linear independence of /-adic iterated integrals

In this section we shall prove linear independence of ¢-adic polylogarithms in a
generic situation. We use the notation of Section 14.2.
If ay,...,a; belong to K* we denote by

(ay...,ar)=(a; | 1<i<n)
the subgroup of K* generated by ay,...,ax.
Theorem 9. Suppose that 7 € K is not a root of any equation
@ []-&H% =1,
k=0
where p and qy. are integers not all equal zero. Suppose that
(Z1=EFz | 0<k<n—1)NU=EF | 1<k<n—1)C .
Then the homomorphisms
1o(2) © Hn(V32,00)/Hpi1(Vi2,00) — Qo
for b € B, are linearly independent over Q.
Proof. It follows from the formula
Vy(0) = Ly, (6) © ¥5;(0)

(see [Wo04, page 131]) that the morphism

Wy © Gk — GL(Q{{X,Yo,...,Ys1}})

induces the morphism of associated graded Lie algebras
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_
> H,(V;z,01 . .

'}’m : "1(72_))®Q[—>L16(X,Y0,...,Yn,1)>4Der(Lle(X,Yo,...,Yn,l)).

© m=1Hm+l(V;Za01)

It follows from [Wo05b, Lemma 15.2.5.] that the image of ‘PZ i is contained in
Lie(X,Yy,..., Yy—1) % Der%nLie(X,Yg,...,Yn,l)

(see [Wo05b, Definition 15.2.4.] for the definition of the right hand factor). The Lie
algebra of special derivations

Derz/nLie(X, Yo,y Yn1)

is isomorphic as a vector space to Lie(X, Yy, ...,Y,—1) divided by a vector subspace
generated by Y. The Lie bracket of the Lie algebra of special derivations induces
a new bracket denoted by { } on Lie(X,Yp,...,¥,_1). The obtained Lie algebra we

denote by
Lie(X,Yo,...,Yn_l){}

(see [Wo05b, page 24 and Lemma 15.2.8.]). To simplify the notation let us set
Lie, := Lie(X,Yp,...,Y,—1) @ Lie(X, Yo, ..., Y, 1))

Hence, finally, the morphism v, : Gx — GL(Q/{{X,Yy,...,Y,—1}}) induces the
morphism of graded Lie algebras

o —
leO_f : @ 7_>®Qg — Llen

For 6 € H,,(V;z, 01 ) the morphism W¥_ i s given by the formula

| 5i(0)]

(see [Wo07, section 1, page 194]). Hence, it follows from Corollary 6 (2) that the
morphism ‘PZ g in degree 1 is given by

m+1 (7 3,
degm:(log/\y(c),log/\ﬁ(c)) mod I'"*!(Lie,),

¥ 5i(0)] = (10 +Zgoz<1 — &) (oM, Y (1 -ETF) (o).

% degl o

The elements z and 1 — £ ¥z, for 0 < k < n are linearly independent in K* ® Q,
and the intersection

(1—E* | 1<k<n—1)0QN({1-E* | 0<k<n—1)2Q

is trivial in K* ® Q. By Kummer theory we find T € H; = K(~) and o} € H; for
0 < k < n such that
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5 ()]

oy

=(X,0) and [‘P H(O'k)} = (% 0)

deg1 2,01 deg1

for 0 < k < n. We conclude that the image of 'I’Z o contains the first factor of I}:n.

For m > 1 and for o € Hm(V;z,(ﬁ) we have

logAy(0) = Y I(z)(c)b mod ™LX, Yo,..., Y1)
beRBy

Hence, it follows that the functions
—
Ip(z) : Hu(Vk;z,01) — Qp
are linearly independent over Q. a

Theorem 1 of Section 14.1 follows immediately from Theorem 9.

Corollary 10. The (-adic polylogarithms

— —
In(§%2) + Hu(V:2,01)/Hyi1(Vi2,01) — Q
fork=0,1,... n—1 are linearly independent over Q.

Proof. Corollary 10 follows immediately from Theorem 9 and Corollary 6 (1) of
Section 14.2. O

Remark 11. Theorem 9 is an analogue of the statement, as far as we know unproven,

that the iterated integrals indexed by elements of %, as in [Wo91] of sequences of
—

length m of 1-forms % and Z:jék for 0 < k <n—1 along a fixed path y from 01 to a

z satisfying the assumption of Theorem 9, are linearly independent over Q.

14.4 Ramification properties of /-adic polylogarithms

Let as above K be a number field and z either a rational or a tangential point of
P'\ {0, 1,00}

defined over K. Let y be an ¢-adic path on Pk \ {0, 1,0} from 0l toz.

For an algebraic extension L/K and z € K, we denote the maximal pro-£ (resp.
maximal abelian pro-{) extension of L that is unramified outside ¢ and all prime
factors of the fractional ideal (z) by

M(L);, (resp. M(L)Z’; ).

The triple (P% \ {0, 1,00},170_1}) has good reduction outside the prime ideals
which are factors of the fractional ideals (z) or (1 —z). Therefore the action of Gg
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on the torsor of ¢-adic paths
N
71 (Pg \{0,1,00}:2,01)
—
from 01 to z factors through

Gal(M (K (=) ¢,2(1-2)/K)-

Hence the /-adic polylogarithm /,,(z), : Gg — Qy factors as a map
In(2)y + Gal(M(K (1)) (1-2)/K) — Q-
Let us consider the tower of fields K C K(u"") C K(ue=,z/%").

Proposition 12. The (-adic polylogarithm 1,,(z)y factors through
Gal (M (K (=, 2" ) _./K).

Proof. We consider the polylogarithmic quotient W, : Gk — GL(Pol(X,Y)) as in
Proposition 7 and restrict to

GK( o Z1/67) C Gg.

He

By Proposition 7 (1) we have @;(0) = id for 6 € Gg(y..), so that

M=)
#(0) = La o) € GLPOI(X. ¥))

by Proposition 7 (2). By Proposition 7 (3) for o € G Ko 21/6°) WE have

Mg,

(=" (2 (0)X" 1Y

s

log(2y(0)) =

n=1

and
2/(0)=exp (L (-1 h@y(@)X"¥) = 14+ X (-1 @) y(o)x" Y.
n=1 n=1

Observe that the subgroup in GL(Pol(X,Y)) of automorphisms of the form Ly,
where Q =1+Y " c, X n=1y is abelian. Hence we deduce a factorization

Wy + Gal(M(K (e 2/ 1) /K) — GL(Pol(X. Y)).
Therefore the ¢-adic polylogarithm /,,(z)y factors through the Galois group
Gal(M(K(.UEw721”&))?2(17@/[{)-

The functions /,,(z)y are given explicitely by Kummer characters associated to
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o0 —1 .
M n., ;jm— n
H (1 752’&1/[ )1 /e ,

i=0

see [NWO02]. In fact, the /,,(z)y factor through Gal(M (K (g, zl/zw))%_z/K), since

1-¢&, z!/*" = 1 modulo any prime dividing a prime factor that occurs in (z). O
Corollary 13. The (-adic polylogarithm I, (z)y restricted to the Galois group

Gal (M (K (1=, 21N/ K (e, 2))
is a homomorphism.

Proof. In the proof of Proposition 12 we have already seen that the representation
Jy restricted to GK< g 21/E°) is abelian. ad

Combining Proposition 12, Corollary 10 and 13 we get Theorem 2 of Section 14.1.

14.5 Iwasawa action on /-adic polylogarithms

We keep the notation of Section 14.4. Let us consider the tower of fields
K C K (=) © K (=, 2/7) € MK (=2 7))5
with Galois groups
4 = Gal(M(K (=2 /N /K (=27

Z(1) = Gal(K (ue=,2"") /K (=)
I' = Gal(K(ue~)/K)

where Gal (K (u=,z'/*") /K (=) = Zy(1) as a I'-module. We set
@ = Gal(K (2" ") /K) = Zi(1) x T

and want to understand the action of @ and of Z,[[®]] on 4. By Corollary 13, the
£-adic polylogarithms /,(z)y induce elements of Hom(%,Qy). As our first step to un-
derstand ¢ we shall study the Z[[®]]-module generated by I,(z), in Hom(¥¢,Qy).

We recall that @ acts on ¢ on the left in the following way. Let 6 € ®and T € 4.
Let 6 € Gal(M(K(ﬂ[w,Zl/éw))z‘bliz/K) be a lifting of ¢. Then the formula

°r1:=6-7-6!

defines the action of @ on &. The right action of @ on Hom(¥,Qy) is given by

fo()=f(6-1-67").
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Lemma 14. For any o, T € Gg we have in Qu{{X,Y}}

Aoy = Ay(00) - 5 (o) (Ay (1)) - g5 (e 7 (Ag(@) )
Proof. This follows from [Wo04], Proposition 1.0.7 and Corollary 1.0.8. a

We define the product x on the Lie algebra of formal Lie power series L(X,Y) by
the Baker-Campbell-Hausdorff formula

AxB:=log(e - B).

Proposition 15. The action of 6 € ® on 1,,(z)y € Hom(¥,Qy) is given by

(=1(@)y(o))*

(ln(2)y)° = 2(0)" - In(2)y + Z 2(0)" Lk (2)y.

Proof. Let T € 4 and let & and 7 be liftings of ¢ and 7 to Gal(K/K). It follows
from Lemma 14 that

logAy(6-7-6 ') =10gAy(6) * 05 (6) (logAy (7)) (¢5: (6 - T- 67 ') (—logAy(5))).

Hence we get modulo 7, that

oo

Z Y. X0-] = ( X+Zl &)y, x "~ ”]) (95(6)1(1)(T)X+

n=1

¥ 2(8)" L@ @F. X)) (~1(2)(5)X - Zz )1, X 17).
n=1
Observe that /(z)(6) and x (&) depend only on o. Hence we replace them by /(z) (o)

and y (o). We get the formula of the proposition by calculating the right hand side
of the congruence and comparing coefficients at [V, X (”_1)]. a

Corollary 16. Let . € Z[[®P]]. Then (I,,(z)y)* equals

([ 2eran) -t y+mzl( /q,(”k L") by 42y

Proof. This generalization of Proposition 15 is straightforward. a

Observe that we have just proved Theorem 3 from Section 14.1.

14.6 Profinite sheaves

The ¢-adic polylogarithms and ¢-adic iterated integrals studied in [Wo04], [Wo05a],
[Wo05b] and in [NWO2] arise from actions of Galois groups on ¢-adic paths
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m (}P’}Q— {ai,...,an};z,v).

On the other side in [BD94], [BL94] and in various other papers motivic polylog-
arithmic sheaves are studied. Their ¢-adic realizations are inverse systems of locally
constant sheaves of Z/¢"7Z-modules in étale topology. Each stalk is equipped with a
Galois representation. The relation between parallel transport and the Galois repre-
sentations in stalks is given by the formula

O; O Dy :G(p)*OGS7 (147)

where p, (resp. o(p).) is the parallel transport along the path p (resp. ¢(p)) from s
to ¢, Oy (resp. o;) is the action of ¢ € G in the stalk over s (resp. over ) and 6 (p)
is the image of p by ¢ in the torsor of paths from s to 7.

The formula (14.7) is fundamental to relate ¢-adic polylogarithms introduced in
[Wo05a] with polylogarithmic sheaves, which we discuss next.

Let S be a smooth quasi-projective, geometrically connected algebraic variety
over K. We denote by S the étale site associated to S. We denote by IT; (Sg) the
fundamental groupoid on S (see [SGA1] Exp V).

Definition 17. A locally constant sheaf of finite sets on S is a functor
IT; (S¢) — ( category of finite sets )

Let a : Spec(K) — S be a geometric point of S with values in K. The cate-
gory IT| (Se) is equivalent to the category with one object and automorphism group
nf‘(S ,d). Hence a locally constant sheaf .% of finite sets on S is a finite discrete set
Z4, the stalk of .# in @, equipped with a continuous action of ﬂft(S ,4).

Let S have a K-point s : Spec(K) — S and let § : Spec(K) — Sg, and by abuse of
notation also § : Spec(K) — S, be the corresponding geometric point of Sg or S. The
structure map pr : S — Spec(K) induces the projection

pr, : mY(S,5) — mi(Spec(K),Spec(K)) = Gg
that is canonically split by
5. 1 Gg — (S, 3).
Therefore we have a semidirect product
7(S,5) = 75" (Sg, 5) % G,

and for a locally constant sheaf .% both groups nf‘(S,g,s') and Gk act on Z;. If s
and ¢ are two K-points of S then the relation between actions of Gk on .%; and %
is given by the formula (14.7).

Definition 18. A profinite sheaf on S is a projective system of locally constant
sheaves of finite sets on Sg;.
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The category of finite sets we can replace by the category of finite groups, finite
abelian groups, finite /-groups, finite ¢-sets, finite Z,-modules, finite Z-algebras
and so on. Then we speak about a profinite sheaf of groups, abelian groups, and so
on. A classical smooth ¢-adic sheaf provides an example of a profinite sheaf.

Let & = {%;}ic/ be a profinite sheaf on S. Then

is the stalk of the profinite sheaf .% over §. The group nf‘(S,s‘) acts continuously on
Z;5. Hence we get two representations:

ps : mY(Sg,5) — Aut(F),
called the monodromy representation in the stalk over § and
G]( — Aut(gz j),

the Galois representation in the stalk over 5. The relation between Galois represen-
tations in the stalks over § and 7, where ¢ is another K-point of S, are given by the
formula

Ogop. = 0(p)«° s, (14.8)

where p, (resp. o(p).) is the parallel transport along the path p (resp. o(p)) from §
to 7, o5 (resp. o) is the action of 6 € Gk in the stalk over § (resp. over 7) and o(p)
is the image of p by o in the torsor of paths from § to 7.

It is clear from (14.8) that the Galois representation in the stalk over § together
with the cocycle 6 +— p~!- o (p) determines uniquely the Galois representation in
the stalk over 7. Let us write (14.8) in the form

p.'ocrop.=(p'-a(p)),oo0;
Therefore it is crucial to calculate the element
fr(0):=p~"-a(p) € ni'(Sk.9).

We started to study f,,(o) in the series of papers on {-adic iterated integrals.
For the next proposition we introduce the following notation

Fs5(Gk) :=={T7" - o(T) € n{'(Sg,5) | T € n{"(Sg.5), 0 € Gk}

Proposition 19. Let us assume that Fg,g(GK) topologically and normally generates
7 (Sg,3). Let F be a profinite sheaf on S such that the monodromy representation

P T (Sg,5) — Aut(F)

is non-trivial. Then the Galois representation Gx — Aut(.F5) in the stalk F5 is also
non-trivial.
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Proof. For T € nf'(Sg,5) and 6 € Gx formula (14.8) leads to
T, 'oosoT,o(0s) ' = (T o(T))..

If o; = id for all o € Gk then the set FSJ—(GK) lies in the kernel of p;. But the set
Fsﬁs—(Gk) topologically and normally generates nf‘(S %,5). Hence o5 cannot be the
identity for all o € Gg. ad

14.7 On profinite sheaves related to bundles of fundamental
groups

In this section we shall study examples of profinite sheaves for which the mon-
odromy representation determines Galois representations in the stalks. The notation
and assumptions are as in Section 14.6. We recall only that 7, (Sg,5) is the pro-£
completion of 7 (Sg, 3).

For 6 € Gk we denote by o the induced automorphisms of 7{'(Sg,5) and of
7 (Sg,5). We have the surjective map 7' (Sg,$) — 71 (Sg,3). If T € 7' (Sg,35) we
denote also by 7 its image in 7 (Sg,5).
Proposition 20. Let S and s be as in Section 14.6. We assume that w1 (Sg,3) is a free
noncommutative pro-{ group. Let 5 be a profinite sheaf of {-groups on S whose

stalk over § is the group (Ps)s = w1 (Sk,§) with the monodromy representation

ps i (Sg.5) — Aut(m(Sg.5))
given by ps(T)(w) =T -w-T~!. Then for any 6 € G and any w € m(Sg,5) we
have

os(w) =o(w).
Proof. Let o € Gk, T € m'(Sg,5) and w € 7 (Sg, 5). The formula (14.8) implies
os(T-w-T™) =0o(T) o5(w)-o(T)".

Let us take T such that its image in ; (Sg, §) is w. Then

os(w) = o(w) - os(w)-o(w) L.
The assumption that 7 (Sg, 5) is a free pro-¢ group implies that o5(w) = & (w)1(OW),
where 1(o,w) € Zy. Let wi,wy € m(Sg,5) be two arbitrary noncommuting ele-
ments. Then

Os(w1-w2) = G (wy -wa2) 1MW) — (G (wy) - &(wp))N(EW12)

and
os(w1) - Os(wa) = & (wy) 1T . g () 1OW2)
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Hence we get
(G (w1)- 0 (w))1@W1%2) — (3 )1(OW1) . G (yp,)1(42)

for two noncommuting elements 6 (w1 ), (w2 ) in the free pro-¢ group m; (S%,5) and
for n(o,wi-wy) #0,n(c,w;) #0and (o, wz) # 0. This implies that (o, w) =1
for all & and w. o

Proposition 21. Let S and s be as above. Let & be a profinite sheaf on S X S whose
stalk over (5,5) is P (55 = M1 (Sg,5) considered as a set. We assume that the mono-
dromy representation

P(ss) @ ' (Sg,5) x M5\ (Sg,5) — Bijections(mi (S, 5))

is given by pis5(T1,Ta)(w) =Ty -w- T,"'. We assume also that the center of the

group m(Sg,5) is 1. Then for any 6 € Gk and any w € 7y (Sg,5) we have

Proof. The formula (14.8) implies
o(T1) 09 (W) 0() ' =055 (T w- T, ). (14.9)
Letustake 71 = 7> =T and w = 1. Then we get
o(T) - 055(1)-0(T) " = 055/(1).

Hence o(;5 (1) lies in the center of 7 (Sg,§) and 0(55 (1) = 1. Let us take T = w =
1 in the formula (14.9). Then we get 6(T1) = O(55(T1) for any T € m1(Sg,5). O

14.8 Polylogarithmic profinite sheaves and /-adic polylogarithms

We shall show that if a profinite sheaf of Z;-modules on Pk \ {0, 1,0} has the same
monodromy representation as the classical complex polylogarithm then the Galois
representation in the stalk over z € (IP’}< \ {0, l,oo}) (K) is given by the ¢-adic poly-
logarithms evaluated at z.

We start by recalling a result about the monodromy of classical complex poly-
logarithms. The constant vector bundle with fibre Pol(X,Y)

P!(C)\ {0, 1,0} x Pol(X,¥) — P!(C)\ {0, 1,0}
is endowed with the connection V = d — @ defined by the 1-form

1 1
7%)(7&

T 2mi g 2miz—1
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The space of horizontal sections A : P'(C)\ {0, 1,00} — Pol(X,Y) is the solution
space of the differential equation

1 dz 1 dz
AAGZ) — (— 20X+ ——QY)-A(z) =0.
(@)= (7 ®X+ 27— 1 ®Y) AW
One checks that
. 1 1 k-1
Aa(z).:exp(ﬁlog( 2)X +2—log Y—i—Z sz XY

is locally a horizontal section. The functions log(z), log(1 —z) and Li;(z) are calcu-
—
lated along a path ¢ from O1 to z.

Let x and y be the standard generators of 7y (P!(C)\ {0, 1,0}, 01 ). To calculate
the monodromy of Ag: ( ) we integrate along the paths o - x and o -y. The mono-
dromy transformatlon of Ag; (2) is given by

x 1 Agi(2) = Ag; (2) -exp(X)
y 1 Agi(2) = Agi(2) - (1+Y).
The group 7; (P!(C) \ {0, 1,0}, z) is freely generated by

“%=q-x-a' and *y=oa-y-o

~1
The monodromy representation of (Pol(X,Y),V) in z
p. : m(P'(C)\{0,1,e0},2) — GL(Pol(X,¥))

is given by
pz(ax) = Rexp(X)

pz(a)’) =Rity.

For a word w(%x,%*y) in ®*x and %y we thus find
Pz (W(ax7a)7>) = Rw(exp(X),lJrY) = RE(W)'

Now we shall study the ¢-adic situation. Let zo be a K-point of P&\ {0, 1,00}. We
start with the description of the action of Gg on

9| (P}?\{Oa 17°°}7Z0)'

Let y be a path from z to 0_1> and let p be the standard path from 01 to 10. We recall
that x and y are the standard generators of m; (Pg \ {0, 1,0}, Ol) Then

Xy =7 "xy and y,=7y 'y
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are free generators of the pro-¢ group 7y (P \ {0,1,00},79). The following lemma
is a standard exercice.

Lemma 22. The action of Gk on T (}P’}? \ {0, 1,00},z0) is given by the formulae

Let z be another K-point of P \ {0, 1,0}. Let § be a path from z to zo. Let us set

Y, :=7-6.
The following equalities can be found in [Wo04].
fr5(0) =87 fy(0)-8- f5(c) and fs-1(0)' =8 f5(c)-87".  (14.10)
Hence we get
8 fr5(0) 8 =fy(0) f5-1(0)7" (14.11)
The group m; (Pll( \ {0, 1,0},z) is freely generated by the elements

71.

x> =% -x-Y¥% and yzzzjfglvc-)/Z

as a pro-£ group. We use the following exponential embedings.

Egi + m(PR\{0,1,00},01) — Qi{{X,¥}}

Eg5;(x):=exp(X) and Eg(y) :=exp(Y),

Ey (P \{0,1,00},20) — Qe{{X,Y}}
E(xz) :=exp(X) and E;(y,) =exp(Y),
E; : m(Pg\{0,1,0},2) — Q{{X,Y}}

E (x;):=exp(X) and E.(y;):=exp(Y).

In other words we have trivialized the bundle of fundamental groups along the path
Y- The action of Gg on Q{{X,Y}} considered over a K-point s is deduced from
the action of Gg on 7 (Pg \ {0,1,e0},s) so it depends on s

Using the embeddings E,, for a € {O—f,Zo,Z}, we can define the A-series as

A5(0) = E(f5(0)) and  Ay(0) := Ey(fy(0)).

The composition of an embedding E, with the quotient map Q{{X,Y }} — Pol(X,Y)
we denote by E,. We recall that the images of A-series by the quotient map are Q-
series. For example we have

Q5-1(0) = Ez(f5-1(0)).
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Because of the trivialization of the bundle of fundamental groups we can compare
various A-series. It follows from (14.10) and (14.11) that

Ay5(0) = Ay(0) - As(0),

(As-1(0)) "' = As(0)

~1
Ay5(0) =Ay(0) - (As-1(0)) . (14.12)
These equalities imply the analogous equalities for 2-series.

Theorem 23. Let 7 be a K-point of Py \ {0, 1,0}, and let P be a profinite sheaf of
Zy-algebras over Pk \ {0, 1,0} such that

(i) P, ®@Q=Pol(X,Y) as a Qp-algebra, and
(ii)  the monodromy representation of &2 on the stalk over 7 tensored by Q

pZo : 7'[,'?(]}»}z \ {07 17°°}7Z0) — GL(POI(X,Y))

is given by the formula
Pz (W) = LE"ZO(w)~

Let 7 be another K-point of Pk \ {0, 1,e0}. Let 8 be a path from z to zo and let & be
—
a path from 01 to z. Then

8,00.0(8,)7" = La,(¢) °Rp(c) 0 T(2(0)),

where B : Gk — Pol(X,Y) satisfies B(c - 61) = (7(x(0))(B(01))) - B(6) and

log(Qa(G)) =1(z2)q(0)X + (_l)iilli(z)a(G)XFlY.

™~

i=1

Proof. Letus set Y= (8- o). Then y is a path from zg to 01. Leto € Gk and let
w € ;' (P \ {0, 1,00}, 7). It follows from Lemma 22 that

Ey(o(w))) = (24(0)) " (s (w)(2(0)X, x(0)Y)) - 24(0). (14.13)

It follows from (14.8) that

G2y (B (W) = Eo(0(w)) - 04(1)

Hence it follows from (14.13) that

Oz (Ez (W) = (2y(0)) ™" Ey (W) (x(0)X, x(0)Y) - 2y(0) - 0,(1).  (14.14)
Hence for any W(X,Y) € Pol(X,Y) we have

0, (W(X.17)) = (2(0)) - W(H(0)X.2(0))- (0) -0y (1. (14.15)
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We shall calculate the representation of Gk in &2, ® Q. It follows from the funda-
mental formula (14.8) that

8,060,081 =8,00(8);! 0 0y
Observe that
8.00(8).' =(8-0(85") = (f5-1(0))x = p5 (f5-1(0)) = La,_, (0)-

Hence we get
-1
0,000,008, = LQ‘571 (6) © Oz

The formula (14.15) implies that
Lo, 1(0)°0z = Loy | (0)°L(a,0))-1 °Rey(0)0, (1) © T(X(0))

= Lo, (0)(2y(0)' °Ray(0).0y(1) © T(X(0))-
By (14.12) we deduce that

Q5-1(0) - (2(0)) ™! = (2y5(0)) " = (24-1(0)) "' = Qa(0).
With B(c) = 2,(0) - 0, (1) we therefore finally get
0.00;0 5»:1 =La,(c) °Rp(s) o1(x(0)).

The equality (7- 0), = 7, 0 0, implies that B : G — Pol(X,Y) indeed satisfies the
formula of the theorem. -

Since the path « is from 01 to z, the formula for log(.Qa(G)) follows from the
very definition of /-adic polylogarithms. O

Remark 24. (1) We need one more condition to show that B = 1. We can require for

example that over 01 the Galois group Gy acts on Pol(X,Y) through To ¥.
(2) Let us set

24(0) = 1 +exp(()(@)X) + Y ~1i(2)(0)X" 'Y,
n=1

Then the matrice of Lo, (s) in the base 1,Y,XY,X%Y,X3Y,... is exactly as the ma-
trice L(z) expressing the monodromy of polylogarithms in [BD94].

(3) If £ is a root of unity, then /(£)4 vanishes for a suitable choice of a path o
and [,(&)q are cocycles, see [Wo05a, Corollary 11.0.12. and its proof]. Hence the
representation of Gx on & ® Q is an extension of Q¢(0) by [T;_; Q¢(n) if B= 1.
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14.9 Cosimplicial spaces and Galois actions

In this last section we will work more generally over a field &, still with a fixed
complex embedding k C C, but not necessarily a number field. Let V be a smooth
quasi-projective, geometrically connected algebraic variety over k and let v be a k-
point of V. The étale fundamental group ﬂ:]ét(V,-{,v) and its maximal pro-¢ quotient
71 (Vg,v) are equipped with the action of G, = Gal(k/k) induced by conjugation and
the canonical section v, as
Gr — 1t TNy Vel 6t =)y v,

x = 7{'(Spec(k), Spec(k)) = mf'(V,v) ——— Aut(n{'(Vg,v)).  (14.16)
On the other side, given an algebraic variety V and a k-point v there is a cosimplicial
algebraic variety V*®, which is a model in algebraic geometry for the loop space
based at v (see [W093] and [Wo002]). Let V(C) (resp. V*(C)) be the set of C-points
of V endowed with its natural structure as a (resp. cosimplicial) complex variety.
The de Rham cohomology group of complex differential forms

Hpr(V*(C))
is the algebra of polynomial complex valued functions on the Malcev (Q-completion
m(V(C),v)®Q.

The étale cohomology group
Ha (V7. Q)

can be interpreted as the algebra of polynomial Q-valued functions on the Q-
completion, or better on the Malcev Q;-completion, for which we have the com-
parison isomorphism

T (V(C),v)@Qp = m (Vi,v) @ Qy,

with the Malcev Qy-completion m; (V;,v) @ Q; of the pro-¢ group m;(Vg,v). The
Galois group Gy acts on Hgt(V]-:,(@g). We interpret Hgt(V}-:,Qg) as the algebra of
polynomial Q,-valued functions on 7; (V;,v) ® Qy. Therefore Gy, acts also on

T (Vi,v) @ Qy.

In this section we shall compare these two Galois actions. Our arguments will be
very sketchy in some places because of a lot of technical material.

We first fix some notation. The sheaf Ax, (resp. Ax(c)) is the constant sheaf with
values in A on the étale site X (resp. X (C)) for an algebraic variety X. With A[1] we
denote the standard simplicial model of the 1-simplex, while dA[1] is its boundary.
The n-th truncation of a cosimplicial object X* will be denoted by X[;].

Let X be a smooth quasi-projective, geometrically connected algebraic variety
over k. The inclusion of simplicial sets
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dA[l] — A[l]
induces the morphism of cosimplicial algebraic varieties
p* s XAl xoall]

Therefore for each n we get the morphism between their n-th truncations

A1)

p['n] :XM — L xoAl,

7]

For each i, the map
P xAMi=x xXixx - xAi=x x x

is the projection map on the first and the last factor.

First we shall study the Gauss-Manin connection associated to the morphism
p* - XA — x9A1] We review briefly the results from [Wo93] in a form suitable
for our study here. We apply to the map between the n-th truncations

o . VAl IA[1]
Pin) Xy = Xy

the standard construction of the Gauss-Manin connection (see [Wo093]). For each
0 <i < n the complex of sheaves .Q)‘( ap; 18 equipped with a canonical filtration

jiO- . —i i* ) .
F ‘QXA[IL- '_Image(QxA[l]i/XaAmi ®ﬁxA[1L- p ‘QxaAmi - 'QXA“L')'

Hence on X741l = X x X we have a filtered complex Rp’, ('Q;'(A[l]i)' We form the
total complex

n
TOt(RP['n],*(Q;([A]m)) = DR (25a1),)-
n i=0

The filtration on each summand on the right hand side induces a filtration on the
left hand side. Applying the spectral sequence of a finitely filtered object, we get a
spectral sequence converging to the cohomology sheaves

AT (Tot(Rp[',,]?* (-Q)'(@]m )))

on X x X, the E|-term of which reads

B} = 08y, K (TR () )

where

n
TOt(RP['n],*(Q;([i]m P ) = @RP@ (Q5ain; xoan;)-
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Farther we denote the relative de Rham complex .Q)'( Al aal] on X[ﬁ][l] by Q- in the
[] /"]

algebraic case, by ; , in the holomorphic case and by €2.. in the smooth complex

case. The differential
0.9 . gOq L
d™ : E|" —E
is the integrable Gauss-Manin connection on the relative de Rham cohomology

sheaves
%”"(Tot(Rp['n]A*.Q')) .

Let x and y be two k-points of X. The fiber of s#¢(Tot (Rp['n].*.Q')) over a point
(x,y) €X x X is
Hpe ((p}) " (x.9))-

Note that if x = y then ( p['n])_l (x,x) is the n-th truncation of the cosimplicial alge-
braic variety, which is a model in algebraic geometry for the loop space based at x
from the very beginning of the section.

Recall that we fixed an embedding k£ C C. Then we get the morphism of cosim-
plicial complex varieties

p(C)* : X(©*M — x(C)?4
and the maps between the n-th truncations

o d
P(C)[n] : X((C)ﬁ,]m —>X((C)[n]A[l]'

We do the same construction for holomorphic differentials. The holomorphic de

s on X (€)1

Rham sheaf ©: _ ,, is the resolution of the constant sheaf C .
X(C) X(©) [n]

[n]
Let us set

Tot(Rp(C)fy. o (Cypam)) = Q%Rpi((cxwmf)'

Hence we get that

1 (Tot(Rp((C)['n]y* ((CX((C)[An][l] )))

is the sheaf of the flat sections of the holomorphic Gauss-Manin connection

(d) ot = A (Tot(Rp(C)}y o L2i0r)) — Q;I(<C>z R0, 0p ! (TotRP(C)} . 2ior))-

(©)?

We shall calculate the monodromy representation of the locally constant sheaf
0 °
A (Tot(Rp((C)ML*(CX(Oagl]))).

The de Rham complexes of smooth differentials are acyclic for direct image func-
tors. Hence there is a quasi-isomorphism
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Tot(Rp(C)}, . 2ior) = Tot(p(C)}, Q=)
Let @,...,m, € 2L.(X(C)) be closed one-forms on X(C). Let us assume that
w; ANwj11 =0 foralli. Then | @ ® ... R @, ® 1 defines an element of ﬁx(c) ®
Qi (X(C)") ® Ox(c)- Hence

10 ®..0w, @1

defines a global section of #° (Tot(p(C)['n]A*Q;gw)). We shall calculate the action
of d° := (d?’o)%»w on the section 1 ® @ ® ... ® @, ® 1. The connection d° is the
boundary homomorphism of the long exact sequence associated to the short exact
sequence
0—-F')F* - F°/F* - F°/F' 0.
We recall that the coface maps
8 i XxX"IxX 5 XxX"xX

are given by
SI(X(],XI,. . 7xn) = ()C(),. "axiflaxivxiv'“axn)
for 0 <i <n. We set

8, i= Y (—1)"i(8%)".

™

i=0

The boundary operator of the total complex is given by D = §, + (—1)"d, where d
is the exterior differential of the de Rham complex.

We denote by [, @,...,; a function defined on a contractible subset of X (C)
containing a and sending z to the iterated integral [; @, ..., ®; along any path con-
tained in this contractible subset. After calculations we get the following result.

Lemma 25. Let (a,b) € X(C) x X(C). We have

D( Z a)l,...,a),@a)i“®...®wj®(—1)”*//17a)n7...,a)j+1) =0.

0<i<j<n”’a
We denote by 7 (X (C);b,a) the right 7 (X (C), a)-torsor of paths from a to b on

X(C) and b
e T (X(C);b,a) @Q

the induced right 7; (X (C),a) ® Q-torsor. We denote by
Alge(m (X (C);b,a) Q)

the algebra of complex valued polynomial functions on 7 (X(C);b,a) ® Q. The
fiber of the sheaf .7 (Tot(p(C)? 2;..)) over (a,b) is H),((p(C)®*)~'(a,b)). The
shuffle product defines a multiplication on H%,((p(C)®*)~!(a,b)), hence the 0-th
cohomology group is a C-algebra and if a = b it is a Hopf algebra.
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The element | ® @ ® ... ® @, @ 1 in HY,((p(C)*)~'(a,b)) determines a poly-
nomial complex valued function on the torsor of rational paths 7 (X (C);b,a) @ Q,
which to a path y from a to b associates the iterated integral fy @ ...,0,. Hence we
get an isomorphism of C-algebras

Hpr ((P(C)*) ' (a,b)) = Alge(m (X(C);b,a) @ Q)

and if a = b we get an isomorphism of Hopf algebras by the work of Chen.
Observe that

limHpe((p(C)y) ™" (a,0)) = Hpr((p(C)*) ' (a,0)).

n

The same holds also for cohomology sheaves, considered by us and for the connec-
tions.
Farther we shall need the following lemma.

Lemma 26. Let X be a smooth quasi-projective, geometrically connected algebraic
variety over a field k C C. Then there is an affine smooth algebraic curve S over k
and an algebraic map f : S — X over k such that the induced map

S HI(S((C)vQ) - HI(X((C)aQ)
is surjective.

Proof. The lemma follows from the successive applications of the Lefschetz hy-
perplane theorem for quasi-projective varieties (see [GM88, pages 22 and 23]). To
assure that S and f : § — X are over k one takes successive hyperplanes over k. 0O

Proposition 27. Let X be a smooth quasi-projective, geometrically connected alge-
braic variety over a field k C C. The monodromy representation of the bundle of flat
sections of the Gauss-Manin connection

d® = (@ )4or : A°(Tot(Rp(C)224,,)) — Q) @0, ., O (TRP(C)1 D))

(©?
at a point (a,b) € X(C) x X(C)
Pap + M(X(C),a) x m (X(C),b) — Aut(Alge (i (X (C);b,a) Q)
is given by the formula
((Pas (0, BN (1) = F(B~" 7 @), (14.17)

where (a,B) € m(X(C),a) x m (X(C),b) acts on f € Alge(m (X(C);b,a) Q).
and where y € m (X(C);b,a) @ Q.

Proof. First we suppose that X is an affine smooth algebraic curve over a field k C C.
We can find smooth closed one-forms
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1
M,...,Nr € Q%“(X((C))

such that their classes form a base of Hhz(X(C)) and n; An; =0 for 1 <i,j <r.
Then all possible tensor products 1 ® 1);; ® ... ®1;, ® 1 form a base of

Hpr((P(C)*) ™ (a,b)).

Letl@w ®...® w,® 1 be one of such products. The stalk of the locally constant
sheaf

A (Tot(Rp(C)}y (Cy )

over the point (a,b) is equal HO((p(C)['n])_l(a,b)7C), which in turn we calculate

using complexes of smooth differential forms. The element | @ 0 ® ... ® @, ® 1 is

considered in the stalk of the sheaf ./#* (Tot(Rp(C)p,y.(C, Al ))) over the point
' 7]

(a,b). We prolongate | @ 0} ® ... ® ®, ® 1 to a continuous section s of the locally
constant sheaf 7 (Tot (Rp(@)['n] (CX<(C)A[]] ))) along
[n]

ok

(a,B) € m(X(C),a) x m;(X(C),b).

We have s(0) = 1@ 0 ®...® 0, ® 1. It follows from Lemma 25 that

sh= Y (/awh...,wi)@wm@...@wj@@(_])"*f(/ﬁw,l,...,w,-H)

0<i<j<n
as an element of
H((p(C)*)~!(a,b),C) = Hpr((p(C)*) " (a,b)) = Algc(m (X (C);b,a) @ Q).

Then, for any path y from a to b, we have
s =Y (/ D1, @) (/w,.H,...,wj) - (_1)"*-1'(/ Dy Dj41)
0<i<j<n 74 4 B
which by Chen’s formulae, see [Ch75], equals

s(l)(y):/ O1,... 0

B~lra

Hence the monodromy transformation along (o, ) maps the function
f(=):=5(0) € Alge(m (X(C);b,a) Q)

into the function f(B~!- —- ) € Alge (7 (X (C);b,a) ® Q). Therefore the proposi-
tion is proved for affine smooth algebraic curves over k.

Now we assume that X is a smooth quasi-projective, geometrically connected
algebraic variety over a field k C C. It follows from Lemma 26 that there is an affine
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smooth algebraic curve S over k and an algebraic map f : S — X over k such that
the induced map

Sio: HI(S((C)vQ) - HI(X((C)aQ)

is surjective.
The morphism f induces a morphism of locally constant sheaves

* 0 . 0 .
1A (TR} (€ gya1) ) — 7 (TARP(C)}. (C )

Consider first (a,b) € X(C) x X(C) which is the image of (s,7) € S(C) x S(C).

Then HO((p((C)['n])_l(a,b)) is a subalgebra of HO((p(C)['n})_l(s,t)). Hence it fol-

lows from what we have already proved for smooth affine curves that the mon-
odromy representation of the sheaf

A (Tt Rp(C)}, (€ o))

at the point (a, b) is given by the formula (14.17). But then it is given by the formula
(14.17) at any point of X(C) x X (C). O

We recall that X is a smooth quasi-projective, geometrically connected algebraic
variety over the field k with a fixed complex embedding & C C. Let us set

n
Tot (Rp[‘n]’* (Z/ZmZX[A]“,]I)) = @RPL (Z/K'"Zxﬁ[l]i),
n),éf i=0 ©

where Tot is the total complex of a bicomplex. Let us define

Riph (Z/0"Z ) = A (Tot (Rp}.(Z /ngX[Am ))) . (14.18)

[n].ét n),ét

Observe that the stalks of the sheaves in (14.18) are equipped with Galois actions.
From now on we assume that the field k is algebraically closed with a fixed
complex embedding k C C.

Lemma 28. The cohomology sheaves R p['n] . (Z/ﬁmZXAm) are sheaves of finitely
’ [n] ét
generated 7./ " Z-modules on (X x X )g.

Proof. The spectral sequence of the bicomplex
n .
_G%Rp* (Z/€"Zy at0.),
i—

converges to the cohomology sheaves in question. The E|-term reads

Ellj = I{lpj]F (Z/ngXA[I]j)
ét
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and is a constant sheaf on (X x X)g with finitely generated Z/¢"Z-modules as
stalks. As only finitely many E;-terms are nonzero, the lemma follows. a

We need to know if the sheaves

Rlp[.n] (Z/f Z A[l)

[n].ét

are locally constant and we need to calculate their monodromy representations.
Let Y be a topological space. We denote by Y, the site of local homeomorphisms
on Y. The functors R for the sites X (C);, and X (C) are defined as in (14.18) for Xg.
The morphisms of sites

£: (X xX)(C)p — (X x X)g and & : (X x X)(C)pp — (X x X)(C)

induce the comparison isomorphisms

Rph o (/" Tay) = & (RP(C)} (B Ty ) (14.19)
and
Rip(c)['n],*(Z/emzm)ﬁ”) =~ q, (Rip(c)r"]=*(Z/MMC)[“%‘L))' (14.20)

We do not know whether the sheaves in (14.19) and (14.20) are locally constant.
However we have

(B R p(C) (2" c ) ©Q0 = A (TA(RP(C . (B c ) ) €

m [n
The sheaf 7" (Tot(Rp((C)['n] *((CX((C)A“]))) is locally constant as the sheaf of flat
' 7]
sections of the integrable connection d°. Hence the sheaf
i °
V3 (Tot(Rp(C)[nL*(Zx(%m))) ®Q
is locally constant on (X x X)(C). This implies that the sheaf

A (Tot(Rp((C)['n]’*(ZX<C)A[1] ))) ®Q

[n).1h

is locally constant on (X X X)(C)y,. Therefore the sheaf
(" (Tot(Rp((C)['n])* (ZX((C)A;[]] ))) )/ Torsion

is also locally constant on (X x X)(C))y.
If o7 is locally constant sheaf of finite sets on Tj,, where T is a topological space,
then the stalk of <7 in ¢ € T can be naturally identified with <7 (T') for some finite
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covering T — T of T that trivializes 7. Moreover if T — T is a Galois covering
then the finite quotient 7, (7,#)/m; (T,t) acts on <7 (T). We apply this to calculate
the stalk

(@R"p((c)['n],* (Z/E"Z)y oy @ @5) (ab)

[n].1h

in (a,b) € (X x X)(C). By the comparison isomorphism (14.19) the same is true
for the stalk in the correspinding geometric point (a,b) and the projective system of
sheaves _

{R’p['n],*(Z/ﬂmZX[A[.] )}men-

n).ét

Moreover we get an action of 7$'(X x X, (a,b)) on

lim (R"pfn},*(Z/ﬂ’"ZXAm )) wpy @ EHa((Ph) " (@), Q). (142D)

[n],ét

It follows from the work of Chen that
H)x ((p(C)*) " '(a,b)) = Alge(m (X (C):b,a) ©Q) .

We shall use Sullivan’s polynomial differential forms with Q-coefficients, see
[Su77] page 297. The subscript SDR denotes the corresponding cohomology groups.
We get the corresponding isomorphism of Q-algebras

Hspr ((p(C)") ' (a.b)) = Algg(m (X(C):b,a) ©Q)

where Alg, denotes the algebra of polynomial functions on 71 (X (C); b,a) ® Q with
values in Q. If a = b then we get even an isomorphism of Hopf algebras. The com-
parison isomorphism leads to isomorphisms

HY ((p*) ' (a,b),Q0) 2 H((p(C)*) " (a,b),Q) @ Qy

= Hepr (p(C)*) ™' (a,b)) @ Qy

from étale via singular to de Rham cohomology, the last one calculated using Sulli-
van polynomial differential forms. We conclude a natural isomorphism

HY ((p*) " (a,b),Qr) = Algg, (11 (X (C):b,a) ® Q)

where Algg, denotes the algebra of polynomials with values in ;. On the other
side we have an isomorphisms of torsors

m(X(C):b,a) © Q= m (X;b,a) ©Qy,

where 7 (X;b,a) is the right ; (X, a)-torsor of ¢-adic paths from a to b on X and
m (X;b,a) @ Qy is the induced right m; (X, a) ® Q-torsor. Therefore we get an iso-
morphism of Qg-vector spaces
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HG (") (a:0). Q) = Algg, (m1(X:b,a) 9 Q) - (14.22)

The shuffle product on H%R is defined using codegeneracies, and can thus be
defined also on HY,. The Hopf algebra structure on H), ((p(C)*)~!(a,a)) is defined
by the maps

n
10®..00,01 - Y (100®..0001)0(10041©...00,®1),
i=0

hence one can use maps X" — X' x X"~/ to define it. Therefore the isomorphism
(14.22) is an isomorphism of (Q-algebras and if a = b it is an isomorphism of Hopf
algebras. We get that the monodromy representation on the projective limit of stalks
(14.21) for i = 0 reads

p(a,b) . ﬂfiét(X,a) X ﬂft(X,b) — Aut(AngK(ﬂl (X;b,a) ®QZ))
and is given by the formula

((Plap) (. BN =B "7 ). (14.23)

Now we suppose that X is defined over a number field K with a complex embed-
ding K C C and that a and b are two K-points of X. Then the Galois group G acts
on HY ((p*)~!(a,b),Qr), where

o . yA[l] dA[1]
Pt X =X

On the other side Gk acts on 71 (Xg;b,a), the set of isomorphisms of fiber functors
(see [SGA1] Exp V), which in this paper we call the set of /-adic paths, by

o(a)=oczoa00; .

If a = b this is the action described in (14.16).

Proposition 29. Let X be a smooth quasi-projective, geometrically connected alge-
braic variety defined over a number field K with a complex embedding K C C. Let
a and b be two K-points of X. Then the isomorphism of Q-algebras

HE ((p*) " (a,b), Q) = Algg, (m (Xg:b,a) Q)

is an isomorphism of Gx-modules, where on the left hand side Gk acts on the étale
cohomology group and on the right hand side the action of G is deduced from the
action on wy (Xg; b, a).

Proof. The projective system of sheaves

0 (] m
{0 (Tot(Rp} . (2/0"Z,,_a0))) ) bmen

[n].ét
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over Xz X Xg is equipped with Galois action in each stalk. Moreover the projective
limit tensored with Q@ is locally constant. The Galois action and parallel transport
satisfy the formula (14.8). To see this one need to do all constructions over Spec(K)
instead of Spec(K).

More naively, if f : Xg — Xg is a morphism of algebraic varieties over K, then
for any 0 € Gg we have 6o f = 0(f) o0 on Xz. Let Z — Xz X Xi be an étale
Galois covering and let f : Z — Z be a covering transformation. Let .7 be a sheaf on
(Xg X Xg)at like the sheaves considered in this paper. Then f induces f; : & (Z) —
&/ (Z) and once more one have 6 o f, = 0(f). 00 on & (Z). The map f is the
monodromy along an element of 7' (Xg x Xg, (a,b)), which induces f. The equality
oo f. = 6(f)« o0 is the formula (14.8).

For (a0, B) € n'(Xg,a) x ' (Xg,a), for 6 € Gk and for

feHg((p*) (a,a),Q0)

we have a formula for the Galois action that reads

G(aﬂ)((‘%ﬁ)*(f)) = (G(a)76(ﬁ))*(o-(a,a)(f))

= (7= (Gl (@B 1-0(@)) (14.24)

by (14.8) and (14.23).
The function y — f(B~!-v- &) is calculated using the Hopf algebra structure on
HY((p*)~"(a,a),Qy). The Galois group Gk acts on HY((p*)~!(a,a),Qy) through
Qq-isomorphisms. Therefore after applying o(, ) and setting B=1land y=1 we
get that the left hand side of (14.24) is equal f ().
If we plug B =1 and y = 1 into the right hand side we get (0(,4)(f))(0(@)).
Hence for any 6 € Gk and any a € m;(Xg,a) we have

(Gl (N)(@) = f(o~ ! (a)).

Therefore the Gx-modules HY, ((p®) ™! (a,a),Qy) and Algg, (11 (Xg,a) ® Q), where
the action of Gk on the second one comes from the action of Gg on 7;(Xg,a), are
isomorphic. We deduce also a Gk isomorphism

HY((p*) " (a,b), Q) = Algg, (m1 (Xg:b,a) ® Q)

for any pair (a,b). O
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