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Abstract

One hopes that the Q-algebra of periods of mixed Tate motives over
SpecZ is generated by values of iterated integrals on P*(C) \ {0,1, 00} of
b o o

sequences of one-forms dz—z and % from 01 to 10. These numbers are also
called multiple zeta values. In this note, assuming motivic formalism, we
give a proof, that the Q-algebra of periods of mixed Tate motives over
SpecZ is generated by linear combinations with rational coefficients of



iterated integrals on P'(C) \ {0,1, —1,00} of sequences of one-forms dz—z7

Zd_zl and z‘ffl from 01 to 10, which are unramified everywhere. The main

subject of the paper is however the [-adic Galois analogue of the above
result. We shall also discuss some other examples in the l-adic Galois
setting.

0 Introduction

One hopes that the Q-algebra of periods of mixed Tate motives over SpecZ
is generated by values of iterated integrals on P'(C) \ {0,1, 00} of sequences of

one-forms % and -4

b ~% from 01 to 10. These numbers are also called multiple zeta

values. In modern times these numbers first appeared in the Deligne paper [4].

In more explicit form they appeared in the article of Zagier (see [22]), though
they were already studied by Euler (see [9]).

In this note we give a brief proof, assuming motivic formalism, that the Q-

algebra of periods of mixed Tate motives over SpecZ is generated by linear com-

binations with rational coefficients of iterated integrals on P1(C)\ {0,1, -1, 00}

of sequences of one-forms %, del and Z‘izl from 01 to 10, which are un-

ramified everywhere. We explain what it means for a linear combination of
such iterated integrals to be unramified everywhere. We give also a criterion
when a linear combination with rational coefficients of iterated integrals on

PY(C)\ {0,1,—1,00} of sequences of one-forms %, 9= and Z‘izl from 01 to 10
is unramified everywhere. Such a result may be useful even if finally one shows
that iterated integrals on P!(C) \ {0,1,00} of sequences of one-forms % and

dz
P

7 from (ﬁ to fo generate the QQ-algebra of mixed Tate motives over SpecZ.

These results have their analogues in [-adic Galois realizations. In fact we
shall study I-adic situation first and in more details. The [-adic situation is
easier conceptually, because the Galois group G of a number field K and its
various weighted Tate Q;-completions replace the motivic fundamental group
of the category of mixed Tate motives over Spec Ok g, which is perhaps still a
conjectural object.

Let S be a finite set of finite places of K. We shall consider weighted Tate
representations of m§'(Spec Ok s; SpecK) in finite dimensional Q;-vector spaces.
The universal proalgebraic group over Q; by which such representations factorize
we shall denote by G(Og,s;1).

The kernel of the projection G(Ok s;1) — Gy, we denote by U(Ok s;1). The
associated graded Lie algebra of U(Ok,s;1) with respect of the weight filtration
we denote by L(Og s;1).

We assume that S contains all finite places of K lying over (). Then the
group G(Ok,g;1) is isomorphic to the conjectural motivic fundamental group of
the Tannakian category of mixed Tate motives over SpecOf g tensored with Q
(see [10] and [11]).



Hain and Matsumoto also considered the case when S does not contain all
finite places of K lying over (I). However the construction of the corresponding
universal group is decidedly more complicated in this case and we do not un-
derstand it well. We shall present in this paper a simpler, more explicit version
though only for weighted Tate representations and only on the level of graded
Lie algebras. The construction is described briefly below.

Let S be a finite set of finite places of K. Every non trivial [-adic weighted
Tate representation of Gk is ramified at all finite places of K which lie over (I).
Therefore we must consider the weighted Tate Q;-completion of w§* (Spec Ok suqii} i ; SpecK),
where {[| I}k is the set of all finite places of K lying over (I). This has an effect
that the Lie algebra L(Og suqi)i} ;1) has more generators in degree 1 than the
corresponding Lie algebra of the Tannakian category of mixed Tate motives over
Spec Ok, 5. To get rid of these additional generators in degree 1 we shall define
a homogeneous Lie ideal ([ | I) s of L(Og suqii} ;1) and then the quotient Lie
algebra

Li(Ok,s) = L(Ok suquy: D/(H Dk.s -

We shall show that the Lie algebra L;(Ok.g) is also graded, i.e.

Li(Ok,s) = P Li(Ok,s):-
=1

and that it has a correct number of generators.
Let us define
(Li(Ok,5))® = @2 Hom(L;(Ok,s)i, Qi)

We shall call (L;(Og,s))° the dual of L;(Ok,s).
The vector space (L;(Ok,s))° is an l-adic analogue of the generators of the
Q-algebra of periods of mixed Tate motives over Spec Ok s.

Thara in [12] and Deligne in [4] studied the action of the Galois group Gg

on 7T1(IP(]@ \ {0,1, c0}; O_i) The pair (P \ {0,1, 00}, O_i) has good reduction ev-
erywhere. Hence after passing to associated graded Lie algebras we get a Lie
algebra representation

1
L(Z[Y]; 1) — Der*Lie(X,Y)
which factors through
(0.1) Li(Z) — Der*Lie(X,Y).

It is not known, at least to the author of this article, if the last morphism is
injective. (This question was studied very much by Thara and his students.)
Hence we do not know if the vector space L;(Z) is generated by the coefficients



of the representation (0.1). This is the l-adic analogue of the problem about the
multiple zeta values stated at the beginning of the section.

In [16] we have studied the action of Gig on 71 (IPg \ {0, 1, —1, 00}; (Tl) After

the standard embedding of (]P’é—32 \{0,1,—1,00}; (ﬁ) into the Q;-algebra of non-
commutative formal power series Q;{{X, Yo, Y1}} and passing to the associated
graded Lie algebra we get a Lie algebra representation

1

o L(Z[Q—Z]J) — Der*Lie(X, Yy, Y1),
where Der*Lie(X, Y, Y1) is the Lie algebra of special derivations of the free Lie
algebra Lie(X, Yy, Y1). The Lie ideal (I | [)qg,(2) is contained in the kernel of ‘I)O_i'

Hence we get a morphism

1
@ Li(Zl5)) — Der* Lie(X, Yo, 11).

Theorem 15.5.3 from [16] can be interpreted in the following way.

Theorem A. The vector space (L;(Z[5]))° is generated by the coefficients of
the representation (I)(ﬁ'

We shall show that the natural map

Li(Z[3)) — Li(Z),

induced by the inclusion Z C Z[%], is a surjective morphism of Lie algebras. Let

I(Z[3] : Z) Dbe its kernel.

We say that f € (L;(Z[3]))° is unramified everywhere if f(I(Z[1] : Z)) = 0. Our
next result is then the immediate consequence of Theorem A.

Corollary B. The vector space (L;(Z))° is generated by these linear combina-
tions of coefficients of the representation (I)(ﬁ’ which are unramified everywhere.

The result mentioned at the beginning of the section is the Hodge-de Rham
analogue of Corollary B.

We shall also consider the following situation. Let L be a finite Galois
extension of K. We assume that a pair (Vz,v) or a triple (Vr,z,v) is defined
over L. Then we get a representation of Gy, on 71 (Vi ;v) or m(Vg;z,v). We shall
define what it means that a coefficient of a such representation is defined over
K.

Then, working in Hodge—de Rham realization and assuming motivic formal-
ism, one can show that the Q-algebra of periods of mixed Tate motives over
Spec Z[%] is generated by linear combinations with rational coefficients of iter-

ated integrals on P}(C) \ ({0, 00} U u3) of sequences of one-forms %, Zd_zl , Zfz&) ,

Zﬁ% (&= e%) from (ﬁ to 17), which are defined over Q. However in this paper
3
we shall show only an [-adic analogue of that result.



Remark. A pair (P! \ {0, 1,00},0%) ramifies only at (3), hence periods of a

mixed Tate motive associated with 71 (P*(C)\ {0, 1, 00}; 03) are periods of mixed
Tate motives over SpecZ[3]. However one can easily show that in this way we
shall not get all such periods.

o

The final aim is to show that the vector space (L;(Ok s))° is generated by
linear combinations of coefficients, which are unramified outside S and defined
over K of representations of GG, - for various L finite Galois extensions of K -
on fundamental groups or on torsors of paths of a projective line minus a finite
number of points or perhaps some other algebraic varieties. This will imply
(by the very definition) that all mixed Tate representations of L;(Ok g) are of
geometric origin. We are however very far from this aim.

Then we must pass from Lie algebra representations of L;(Ok,s) to the
representation of the corresponding group in order to show that any mixed Tate
representation of Gk is of geometric origin. This part of the problem is not
studied here.

The results of this paper where presented in a seminar talk in Lille in May
2009 and then at the end of my lectures at the summer school at Galatasaray
University in Istanbul in June 2009.

In the first version of this paper some results of section 2 (in particular
Proposition 2.3) were proved under the assumption that [ does not divide the
order of Gal(L/K) and that K (p~)NL = K. After the suggestion of the referee
we removed these restrictive assumptions.

While finishing this paper the author has a delegation in CNRS in Lille at the
Laboratoire, Paul Painlevé and he would like to thank very much the director,
Professor Jean D’Almeida for accepting him in the Painleve Laboratory. Thanks
are also due to Professor J.-C. Douai who helped me to get this delegation.

Parts of this paper were written during our visits in Max-Planck-Institut fiir
Mathematik in Bonn and during the visit in Isaac Newton Institute for Mathe-
matical Sciences in Cambridge during the program ”Non-Abelian Fundamental
Groups in Arithmetic Geometry”. We would like to thank very much both these
institutes for support.

1 Weighted Tate completions of Galois groups

Let K be a number field and let S a finite set of finite places of K. Let Ok g
be the ring of S-integers in K, i.e.

Ok.s ;:{% | a,be Ok, b pfor allp ¢ S).

Let us fix a rational prime I. We denote by {[| I}k the set of finite places of K
lying over the prime ideal (1) of Z.



We introduce here some standard notation concerning Lie algebras that we
shall use frequently.

Let L be a Lie algebra. The Lie subalgebras I'" L of the lower central series
of L are defined recursively by I'*L := L, T"*'L := "L, L], n=1,2,3,... . If
L is graded then L® = L/[L, L], T"L and L/T"L are also graded.

Let G(Ok su{i|i} ;1) be the weighted Tate Q;-completion of the étale funda-
mental group w$*(Spec Ok sufii}y; Speck). The group G(Ok suqiiy«;l) is an
affine, proalgebraic group over Q; equipped with the homomorphism

7' (Spec Ok suqy i SpecK) — G(Ok suqi 1) (Qu)

with a Zariski dense image, such that any weighted Tate finite dimensional Q;-
representation of m§* (Spec Ok suqiiy i ; SpecK) factors through GOk, sufi|iyi; 1)
We point out that weighted Tate finite dimensional Q;-representations of
5" (Spec Ok suqi)iy 3 SpecK) provide weighted Tate finite dimensional Q- rep-
resentations of G unramified outside S U {I | [}k and vice versa.

There is an exact sequence

1 = UOk suqiiye;l) — GOk suqiygil) — Gm — 1.

The kernel U(Og,suqii},;!) is a prounipotent proalgebraic affine group over
Q; equipped with the weight filtration {W_2;U(Ok suqiiy ;1) fien (see [10] and
[11].)

Let us define

L(Ox sufiiy ;i = Weaill (O suquiy 3 1)/ W-2(i4 1)U (Ok suqiiy x5 1)
and -
L(Ox suqiiy ;1) = @L(OK,SU{[|Z}K§Z)1‘~
i=1
The Lie algebra L(Og sufiii«;!) is a free Lie algebra. In degree 1 there are

functorial isomorphisms

(1.1.a)
Hom(L (O suquy s 01 Qi) = H (SpecOx suqiny s Q1)) = O oy © Q

and

(1.1.) L(OK,SU{[U}K; 1)y =~ HOIn(OIX(’SU{[”}K; Q).

In degree i > 1 there are functorial isomorphisms

(L.lc) Hom ((L(Ok sugny i D))is Qi) = H' (G re; Qu(3)).-

(see [10] Theorem 7.2.).

Let us assume that a pair (V,v) is defined over K and has good reduction
outside S. The representation of Gx on the pro-l quotient of 7$*(Vi;v) is



unramified outside S U {l | [}k and if it is non-trivial, it is ramified at all
finite places of K, which lie over (I). This has an effect that the Lie algebra
L(Ok suqijiy ;1) has more generators in degree 1 than the corresponding Lie
algebra of the Tannakian category of mixed Tate motives over SpecOk s.

We shall show below how to kill these additional generators corresponding
to finite places of K lying over (), which are not in S.

Let u € OIX(,SU{I\I}K and let x(u) : Gg — Z; be the Kummer character of u.
The representation

1 0
6150 — (suo) xio)) €O

is an [-adic weighted Tate representation of G rr unramified outside S U{l | I}k,
i.e. it is an [-adic weighted Tate representation of m§*(Spec Ok suqi} s SpecK).
By (1.1.a) the Kummer character x(u) we can view also as a homomorphism

w(u) @ L(Ok suqiiy: D1 — Qi

Let us set

(U D5 = ﬂ (Ker(k(u) : L(Ok,suiyg: D1 — Q).

uEOIX(yS

Let ([ | I)k,s be the Lie ideal of L(Og suqiiy;!) generated by elements of
(I Dxk,s-

Definition 1.2. We set
Li(Ok,s) = L(Ok suquiye: /(U D k,s-
Observe that Li(Og suqiing) = L(Ok sufiiye; 1)

Proposition 1.3.
i) The Lie algebra L;(Ok,g) is graded.

ii) For i greater than 1 there are functorial isomorphisms
Hom ((Ly(Ox.5)™)is Q) ~ H' (Grc; Qu(3)).
ili) In degree 1 there is a functorial isomorphism

Hom(L;(Ok,s)1; Q1) = Ok ¢ @ Q.

iv) The Lie algebra L;(Of s) is free, freely generated by ny = dim@((’);(’s ®Q)
elements in degree 1 and by n; = dimg, (H'(Gk;Q;(i)) elements in degree
1> 1.



Proof. The Lie ideal ([ | I)k s of the Lie algebra L(Ok su{iji} ;1) is generated
by elements of degree 1, hence it is homogeneous. Therefore the quotient Lie
algebra L;(Ok s) has a natural grading induced from that of L(Og sufii}x;!)-

Let us choose uy, ..., u, € Ok g (p =dimOy ®Q) such that u; ®1, ..., u,®

lis abase of O ¢®Q. Let 21,...,2, € O sufiiy Pesuch that uy @1, up®
1,21 ®1,...,24®11is a base of (OIX(’SU{[”}K)@Q. Let a1,...,qap,B1,..., 04 be
the base of L(Ok suqiji} ;1)1 dual to the Kummer characters (uy), ..., r(up),

k(z1),...,k(zy). Then B1,..., B, generate the Lie ideal (I | I)k g. The points
ii), iii) and iv) follow now immediately from the fact that the Lie algebra
L(Ok suqiiy ;1) is free, freely generated by the elements a, ..., ap, B1,.. ., 04
in degree 1 and by n; generators in degrees ¢ > 1 ( see [10] Theorem 7.2.) and
from the functorial isomorphisms (1.1.a) and (1.1.c). O

Definition 1.4. Let L = @;°, L; be a graded Lie algebra over a field k such
that dimZL; < oo for every i. We define

L° := @ Hom(L;, k).
i=1

We call L° the dual of L. The vector space L° is graded and

(Lo)i = (Li)o = Hom(Li, k)

The Lie bracket [, ] of the Lie algebra L induces a morphism
d:L° — [°® L°,

whose image is contained in the subspace of L° ® L® generated by all anti-
symmetric tensors of the form a ® b — b ® a.

Definition 1.5. The Q;-vector space (L;(Ok, s))® we shall call the vector space
of coefficients on L;(Ok,s).

Remark 1.5.1. We consider the Q;-vector space (L;(Ok,s))® as an analogue
of generators of the (Q-algebra of periods of mixed Tate motives over SpecOk s.

The morphism
d: (Li(Ok.s))° = (Li(Ok.5))° @ (Li(Oxk 5))°
induced by the Lie bracket of L;(Ok, s) we denote by do,. 5. We set
L(Ok,s5;1) == ker(doy ).
Observe that

L(Og,s:1) ={f € (Li(Ok.5))° | F(I*Li(Ok,s)) =0} = (Li(Ok,5)*")°.



The vector space L(Og s;!) inherits grading from (L;(Ok,s))® and we have

oo

L(Ok s;l) = @ L(Ok s;1);.

i=1

It follows from Proposition 1.3 that there are natural isomorphisms

(1.5.a) L(Ok,s31); = ker(do, ¢ )i ~ H (Gg; Qu(i)) for i>1
and
(15b) ,C(OK,S;I)l = ker(d@K7S)1 = (LZ(OK’S)l)O ~ OIX(,S X Ql.

We finish this section with the study of the dual of the Lie bracket of the
Lie algebra L;(Ok s). To simplify the notation we denote do, s by d. The

operators
n+1

d™ : (Li(0Ok.5))* — Q)(Li(Ok.s))°

i=1
are defined recursively by dV) := d, d"t) = (d® (@1 1d(L,(0x 5))°)) ©
d™, n=1,2,3,... . The linear maps
Pros1: O L(Ok.s) — Li(Ok.s)

are defined recursively by pri(u1) := u1, prot1(u1 @ Ua ® ... @ Up @ Upi1) 1=
[pro(ur @ ua ® ... @ Up ), Unt1], n=1,2,3,....

Lemma 1.6. We have:
i) (anJrl)<> =d™.
ii) f € (Li(Ok.s))® vanishes on "1 (L;(Ok.s)) if and only if d"™ (f) = 0.

iii) Let f € (Li(Ok.s))° be such that d*+D(f) = 0. Then d®(f) € @ L(Ok.s;1).

Proof. The point i) is clear and ii) follows from i). It rests to show the point
iii). It follows from ii) that f vanishes on T**2L;(Ok s) hence it factors by
Li(Ok.s)/T**2L;(Ok,s). The map d®) f = f o priy, is then equal to the
composition of the following two maps

L L(Ok 5) — R LI(Ok 5)™ — T* L (Ok 5)/TF 2L (Ok 5)
and
M L(Ok,s) /T2 Ly(Ok,s) — Ll(oK,S)/Fk+2Ll(OK,S)LQL

The isomorphism £(O s;1) ~ (Li(Ok,s)*)° implies that d®) (f) € @' L(Ok s31).
g



2 Functorial properties of weighted Tate com-
pletions

Let K be a number field and let L be a finite extension of K. Let S be a set of
finite places of K and let T be a set of finite places of L containing all places
lying over elements of S. The inclusion of fields K C L induces the inclusion of
rings

(2.1) Ok sutiyx <= O, oy,
The morphism of rings (2.1) induces a morphism of groups
ﬂ'ft(SpecOLTU{w}L; SpecL) — ﬂft(SpecOKSU{w}K;Speck).

Therefore we get morphisms of affine proalgebraic groups over Q;

L, TU{I|l
ot HOnruuy i) — GOk sun )

and
L,Tu{I|l
T sotie s UOL U D) — U0k, sy 3 )-

Passing to associated graded Lie algebras we get a morphism of graded Lie
algebras
L,Tu{1)l
L(WK,SEE[‘\lii;Z) tL(Opruqinys 1) — L(Ok suqun«il)-

Lemma 2.1. For each i > 1 we have the following commutative diagram

L(Og supngil)e — L(Opruquy,; )i

HY(K;Qu(i)) —  HYL; Qi(4)).
In degree 1 there is the following commutative diagram

(L(Ok,suqing: 1) — (L(OprugyLiD1)°©

Ok sotine ®Q  —  Of roqny, @ Q.

Proof. The lemma follows from the existence of the functorial isomorphisms
(1.1.a) and (1.1.c) and from the functoriality of weighted Tate completions. [

Lemma 2.2. The morphism of graded Lie algebras

L,TU{I]l
L(WK’SE{{[HZ; 1) L(Or 1o, D) — L(Ok sugui i 1)

10



maps the Lie ideal ([ | I)z 7 of L(Op rugiy, ;1) into the Lie ideal ([ | I)k s of
L(Ox sugiiy 1)

Proof. The Lie ideal ([ | [)1, 7 is generated by all elements z € L(Or rugiiy, ;)1
satisfying #(u)(z) = 0 for all u € Of ;.. We have O ¢ C O ;.. Hence it follows

from the second part of Lemma 2.1 that H(u)(L(wlL(gtgl‘g;,l)(z)) = 0 for all

u € Ok g Hence L(wfggimﬁi; 1)(z) belongs to the set (I | )k s of generators
of the Lie ideal (I | l)k,s. O
It follows from Lemma 2.2 that L(ﬁégiglﬁ}}:f{ ;1) induces

Ll(wi’g) : Ll(OL,T) — LI(OK,S’)~

Proposition 2.3. We have:

i) The morphism
Li(ris) : Li(OLr) — Li(Ok.s)

is a surjective morphism of graded Lie algebras.

ii) For each i > 1 there is the following commutative diagram

L(Og,s:l)i —  L(Orp7:l);

HYK; Qi) — H'Y(L;Qu(2)).
iii) In degree 1 there is the following commutative diagram

(Li(Ok,8)1)° — (Li(Orr)1)°

- |

Proof. By the very definition the ideals (I | [)x s and ([ | [}, r are generated
by elements of degree 1. Hence it follows from Lemma 2.2 that Ll(ﬂf(’g) :
Li(Orr) — Li(Ok,s) is a morphism of graded Lie algebras.

The points ii) and iii) follow from Lemma 2.1.

It rests to show that the morphism of graded Lie algebras LZ(WIL(’E) : Li(Opr) —
Li(Ok,s) is surjective. The inclusion of number fields K C L induces injective
morphisms in Galois cohomology

HY(Gr; Qu(i)) — H'(Gr; Qu(i))

11



for i > 1. Tt follows from this fact and from the parts ii) and iii) of the propo-
sition already proved that the map

L(Ok,s;l) = L(Op.131)
is injective. Hence the homomorphism
Li(Op 7)™ — Li(Ok.5)™
is surjective. Therefore the morphism of graded Lie algebras
Li(me’s) s Li(Orr) = Li(Ocs)

is surjective. O
Definition 2.4. We define

I(OL’T : OK,S) = ke?"(Ll(’in(’g) : LZ(OL,T) — Ll(OK,S))~

Proposition 2.5. We have:
i) The Lie ideal I(Op 1 : Ok g) is generated by homogeneous elements.
ii) The quotient Lie algebra L;(Or,1)/1(Or 1 : Ok,s) is a graded Lie algebra.
iii) The induced morphism
Li(Or1)/ IO : Ok.s5) = Li(Ok,s)
is an isomorphism of graded Lie algebras.

Proof. The morphism Ll(ﬂé’g) : Li(Opr) — Li(Ok.g) is a surjective mor-

phism of graded Lie algebras. Therefore ker(Ll(wIL(’g)) =IO : Ogys) is

a graded Lie ideal. Hence one can choose homogeneous set of generators of
I(OLr : Ok,g). Therefore the points ii) and iii) are clear. O

The surjective morphism of graded Lie algebras
Ll(WIL{,g)l 1 Li(Or,r) — Li(Ok,s)
induces an injective map of graded vector spaces
Hff? 1 Li(Ok.s)° — Li(OL7)°.
Hence we get the following description of coefficients on L;(Ok g).

Corollary 2.6. The map Hf; induces an isomorphism

(Li(Ok.,5))° = {f € (Li(Or7))° | fI(OL7 : Ok 5)) = 0}.

12



We indicate two important special cases.

Let S and S; be finite disjoint sets of finite places of K. The inclusion of rings

OK’S — OK,SUS1
induces the surjective morphism of graded Lie algebras

ﬂ_}lg:gu& 5Ll(0K,SU51) — Ll(oK,S).

Definition 2.7. Let .S and 57 be finite disjoint sets of finite places of K. We say
that f € (LZ(OIQSU&))Q is unramified outside Sy if f(I(OK,Susl : OK,S)) =0.

Corollary 2.6 in this special case can be formulated in the following suggestive
form.

Corollary 2.8. The vector space of coefficients on L;(Og,s) is the subspace of
the vector space of coefficients on L;(Ok sus, ) consisting of elements which are
unramified outside S;.

The following observation will be useful.
Lemma 2.9. The Lie ideal I(Ok sus, : Ok,s) is generated by elements of
degree 1.

The second important case is the following one. Let K be a number field
and let S be a set of finite places of K. Let L be a finite Galois extension of K
and let T be a set of finite places of L lying over elements of S. The inclusion
of rings of algebraic integers

Ok,s — Orr
induces the surjective morphism of graded Lie algebras
Ll(’fr}%’g) : Ll(OL,T) — LI(OKS).

Definition 2.10. We say that f € (L;(Or r))° is defined over K if f(I(Op,r :
Ok,s)) =0.

In this special case we reformulate Corollary 2.6 in the following way.

Corollary 2.11. The vector space of coefficients on L;(Ok,s) is the subspace
of the vector space of coefficients on L;(Or ) consisting of elements which are
defined over K.

3 Geometric coefficients

Let ai,...,a, € K and let V :=PL \ {a1,...,a,,00}. Let v and 2 be K-points
of V' or tangential points defined over K. Let S be a finite set of finite places
of K. Let [ be a fixed rational prime.

13



We denote by 71 (Viz;v) the pro-l completion of the étale fundamental group
of Vi based at v and by m(Vg; z,v) the m (Vi; v)-torsor of pro-l paths from v
to z.

The Galois group Gk acts on m (Vg;v) and on m(Vg; z,v). After the stan-
dard embedding of 7;(Vg;v) into the Q;-algebra Q;{{X1,...,X,}} of formal
power series in non-commuting variables we get two Galois representations

Py =PV - Gg — Aut(@l{{Xla s 7Xn}})

and
1pz,v = 1pV,z,v : GK — GL(QI{{XI; ce aXn}})

deduced from actions of Gk on m; and on the m-torsor (see [14], section 4).

Let us assume that a pair (V,v) and a triple (V] z, v) have good reduction out-
side S. Then the representations ¢y, and v, ., factor through the weighted
Tate Q-completion G(Og sufiiy,;!) of 77 (Spec OKSU{[”}K;Specf() because
the representations ¢y, and 9y, ., are weighted Tate (Q;-representations un-
ramified outside S U {[ | [}k (see [18] Proposition 1.0.3). Passing to associated
graded Lie algebras with respect to the weight filtrations we get morphisms of
graded Lie algebras

grw Liep, : L(Ok sugiiyg; 1) — Der* Lie(Xy,. .., Xy)
and
grw Liey. » : L(Ok sugiiy ;1) — Lie(Xq,. .. , Xn)xDer*Lie(X1, ..., Xp),

where Der* Lie(Xy, ..., X,) is the Lie algebra of special derivations of Lie(X7, ..., X,)
(see the definition of the Lie algebra Der*Lie(X,...,X,) and the semi-direct
product Lie(X1, ..., X,)%Der*Lie(Xy,. .., X,) in [14], p.134).

Theorem 3.1. Let aj, ..., a,4+1 be K-points of P, and let V := P\ {a1, ..., ans1}-
Let z and v be K-points of V or tangential points defined over K. Let us as-
sume that the pair (V,v) (resp. the triple (V] z,v)) has good reduction outside

S. Then the morphism of graded Lie algebras

grw Liepv,y : L(Ok sufiiy ;1) — Der*Lie(Xy, ..., Xy)

(vesp. grw Lievv,z o : L(Ok suquiyeil) — Lie(Xy, ..., Xp)xDer*Lie(Xy,. .., X))

deduced from the action of Gx on m (Vi;v) (resp. on w(Vg;z,v)) factors
through the Lie algebra L;(Ok.s).

Proof. Let us assume that a pair (V,v) (resp. a triple (V,z,v)) has good
reduction outside S. We shall show in the next lemma that then the morphism
grw Liepy,, (vesp. grw Liey, . ,) in degree 1 is given by Kummer characters
of elements belonging to OIX(’S. This implies that the morphism vanishes on
('] 1) k,s, hence it vanishes on (I | {) x 5. Hence the theorem follows immediately.
O
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Lemma 3.1.1. Let us assume that a pair (V,v) (resp. a triple (V, z,v)) has good
reduction outside S. Then the morphism gry Liepy,, (resp. grw Lieyy, , ,) in
degree 1 is given by the Kummer characters of elements belonging to le(’ g

Proof. For simplicity we shall consider only a pair (V,v), where v is a K-
point. The definition of good reduction at a finite place p depends only on
the isomorphism class of (V,v) over K (see [17], definition 17.5), hence we can
assume that a; =0, as =1 and a,4+1 = oc.

The morphism gry Liepy,, is given in degree 1 by the Kummer characters
K(G=E) fori # kand i,k € {1,2,...,n} (see [17], 17.10.a). Let S(V,v) be a set
of finite places p of K such that there exists a pair (i, k) satisfying ¢ # k and such
that p valuation of §=* is different from 0. Then clearly = € OIXQ SV
for all pair (i, k) with 7 # k.

For the pair (V,v) the notion of good reduction at p and strong good reduc-
tion at p coincide (see [17], Definitions 17.4, 17.5 and Corollary 17.18). It follows
from Lemma 17.15 in [17] that p ¢ S implies p ¢ S(V,v). Hence S(V,v) C S.
Therefore == € Ok ¢ for all pairs (i, k) with i # k. O

We shall denote by
Li(py) : Li(Ok,s) — Der*Lie(Xy,...,X,)

(resp. by Li(t..,) : Li(Ok.s) — Lie(X1,..., X,)xDer* Lie(X,...,X,) )
the morphism induced by

grw Liepy,, : L(Ok sugiiy ;1) — Der* Lie(Xy, ..., Xy,)

(vesp. by grwLiepy,., : L(Ok supy 3 l) — Lie(Xq, ..., Xy)xDer* Lie(Xy, . ..

Let (X;) be a one dimensional vector subspace of Lie(X7, ..., X,,) generated
by X;. The Lie algebra Der*Lie(X, ..., X,) is isomorphic as a vector space to
the direct sum @, Lie(X1,...,X,)/(X;) (see [14], p.138). The Lie bracket
of Der*Lie(Xy,...,X,) induces the new Lie bracket, denoted by {, }, on the
direct sum. The vector space @, Lie(X1,...,X,)/(X;) equipped with the
Lie bracket {,} we shall denote by (., Lie(X1,...,X,)/(Xi);{}). Passing
to dual vector spaces and substituting Der* Lie(Xy,...,X,) by
(B, Lie(Xy,...,X,)/{X;);{}) we get morphisms

0’ == (Li(p0)) EDLzeXl,--- )X D) = (Li(Ok.s))°

and

U = (Ly(t.))° ¢ (Lie(Xy, ..., X @Lzexl,..., /XD D) = (Li(Ok.5))°

15



Definition 3.2. We set
Geom C’oefféK‘S(V,v) = Image (®")

and
Geom C’oeff(ng‘S (V, z,v) := Image (T*").

The vector subspace Geom Coeff(l9K s (V,v) (resp. Geom Coeff(l9K +(V;2,0)) of
(L1(Ok,5))° we shall call the vector space of geometric coefficients on L;(Ok,s)
coming from (V,v) (resp. (V,z,v)).

Let us fix a Hall base B of the free Lie algebra Lie(Xi,...,X,). If e € B
then e* denotes the dual linear form in Lie(Xy,...,X,)® with respect to the
base B. Let

Priy : @Lie(xl, LX) (X)) — Lie(Xq,..., Xn)/(Xs,)

be the projection on the ig-th component. Let
p: Lie(Xq, ..., X,)X(EP Lie(X1, ..., Xn)/(Xi)) — Lie(X1,. .., Xy)

be the projection on the first factor.
We set

(3.3) {z,v}er :=€"0opo Li(¢, ) = ¥*V(e* o p).

Let e € B be different from X;. Let a; be any tangential point defined over
K at a;. Then we have

(3.4) {c?i,v}e* =e" opr;o Li(p,) = ¥ (e o pry).

The geometric coeflicients {z, v}« considered here are the l-adic iterated in-
tegrals from [14]. We use here the notation {z, v}.+ because it is more convenient
for our study.

I ¢ € (Lie(Xy,..., Xo)X(@iL, Lie(Xy,..., X X;))) then W=¥(¢h) =
o Li(¢;,) is a linear combination of symbols (3. 3) and ( A).

Elements of (L;(Ok,s))® which belong to Geom Coeff(ng . (V,v) are of geomet-
ric origin, hence they are motivic. For few rings of algebraic integers one can
show that

(3.5) (Li(Ok,s))® = Geom Coef fo,. . (V;v)

for a convenable choice of a pair (V,v). In the next sections we shall indicate
these examples. They follow easily from our paper [16]. The Hodge-de Rham
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side for the ring Z[%} was presented by P. Deligne on the conference in Schloss
Ringberg ( see [5]). The talk delivered by P. Deligne on this conference mo-
tivated our study in [16]. The result of Deligne is in his recent preprint ( see

).

One cannot expect to show the equality (3.5) for all rings Ok g. Examples
in Zagier paper [21] suggests a way to follow.

Let K be a number field and let L be a finite extension of K. Let S be
a finite set of finite places of K and let T be a finite set of finite places of L
containing all places lying over elements of S. The inclusion of rings

Ok,s — Opr
induces the surjective morphism
Li(rgs) : Li(Opr) = Li(Ok.s),

whose kernel we have denoted by I(Op 1 : Ok,s).

Definition 3.6. Let g € (L;(Ok,s))°. We say that g is geometric if there exists
f € (Li(Or 1))° such that

i) fis a geometric coefficient coming from some pair (V,v) or triple (V, z, v);
i) f(I(OL7:Ok,s)) =0;
) g0 Lu(rkD) = 1

We shall usually denote f and g by the same letter f.

Let Op r be a subring of Ok g. Corollary 2.6, which we recall here in the
form

(Li(OF,Rr))* ={f € (Li(Ok,s))° | f(I(Ok,s:OFr)) =0},
implies that for subrings Op g of the ring Ok g satisfying (3.5) we have

(Li(Orr))® = {f € Geom Coef [, ,(V,v) | f(I(Ok.s : Opr)) = 0}.

Examples of such rings we shall also discuss in the next sections. In particular
we shall show that

(L))" = {f € Geom Coef flyy (P \ {0,1,00},00) | f(I(Z[5]:2)) =0},

Hence we shall show that all elements of (LI(Z))<> are geometric in the sense of
Definition 3.6.

We hope that for any ring Ok g, all coefficients on L;(Ok g) are geometric
in the sense of Definition 3.6.
Remark 3.7. In [18] we were studying related questions. Starting from the
torsor of paths F(Pé \ 0,1,00};&p,01) we have constructed all coefficient on
LI(Z[%]). However we have not proved that they are geometric in the sense of
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Defition 3.6. In the moment of publishing [18] we were thinking that it was
obvious. But this is not the case.

Remark 3.8. The geometric coefficients {z, v}« coming from (V, z,v) are I-
adic Galois analogues of iterated integrals from v to z on P1(C)\ {ay,...,a,,00}
of sequences of one-forms Zﬁi 5 zf‘z ~. Geometric coefficients in the sense of
Definition 3.6 correspond to linear combinations of such iterated integrals. For
example Lin(gfj) for 1 < k < p—1 are periods of a mixed Tate motive over

SpecQ(pp), but Zz: Lin(g}’,f) is a period of a mixed Tate motive over SpecQ.

4 From P'\{0,1,—1,00} to periods of mixed Tate
motives over SpecZ

Let V :=Pg \ {0,1,—~1,00}. In [16], 15.5 we have studied the Galois represen-
tation

(4.0) ¢s Go— Aut(m (Vy; (Tl))

Observe that the pair (V, (Tl) has good reduction outside the prime ideal (2) of
Z (see [18], Definition 2.0). Hence the representation (4.0) is unramified outside
prime ideals (2) and () (see [17], Corollary 17.17). After the standard embed-

—

ding of 71 (Vg;01) into the Q;-algebra of formal power series in non-commuting
variables Q;{{X, Yy, Y1}} (see [16], 15.2) we get a representation

(4.1) ¢: + G — Aut(Qu{{X, Yo, Y1}}).

It follows from the universal properties of the weighted Tate Q;-completion that
the morphism (4.1) factors through

. Q(Z[%]; ) = Aut(Q{{X,Yo,Y1}}).

Passing to associated graded Lie algebras we get a morphism of graded Lie
algebras studied in [16], 15.5,

9007.

(4.2 grwLiegs; : LIzl — (Lie(X. Yo, Y1), 1)

It follows from Theorem 3.1 that the morphism (4.2) induces a morphism of
graded Lie algebras

(43) Lilg;) : i(ZL35]) — (Lie(X, Yo, Y0, ().

Proposition 4.4. The morphism of graded Lie algebras

Lileg;) : Li(Zl3]) — (Lie(X, Yo, Y1), ()
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deduced from the action of Gg on m (IP’}@ \ {0,1,-1,00}; O_i) is injective.
Proof. The proposition follows from [16], Theorem 15.5.3. Below we give a
more detailed proof.

We recall that {G;(V,01)},en is a filtration of Gg associated with the repre-
sentation (4.0) (see [14], section 3). The pair (V,01) has good reduction outside
the prime ideal (2) of Z. Hence the natural morphism of graded Lie algebras

oo

(4.4.1) LI 1:1) — @GV, 01/ (V,01)) © @

i=1
is surjective (see [17], Proposition 19.1). Moreover the natural morphism

oo

(4.4.2) PGiv, 01)/Gis1(V,01)) @ Q — (Lie(X, Yo, ¥1),{ })

i=1

is injective (see [17], Proposition 19.2). The morphism (4.2) is the composition
of morphisms (4.4.1) and (4.4.2). It follows from Theorem 3.1 that the morphism
(4.2) induces a morphism (4.3) Hence the morphism (4.3) induces a surjective
morphism of graded Lie algebras

oo

(143 L(ZL3]) — @GV 01)[Gen (V,01) 0 @

The graded Lie algebra L;(Z[1]) is free, freely generated by elements dual
to k(2) and lap41(—1) for n > 0. It follows from [16], Theorem 15.5.3 that
the elements dual to x(2) and lzp41(—1) for n > 0 are generators of a free

Lie subalgebra of @;’il(Gi(V,(ﬁ)/Gi+1(V,(Tl)) ® Q. Therefore the morphism
(4.4.3) is an isomorphism. This implies that the morphism

Lilpg;) : LiZ[3)) — (Lie(X, Yo, 1), (1)

is injective. O
The immediate consequence of Proposition 4.4 is the following corollary.
Corollary 4.5. All coefficients on L;(Z[$]) are geometrical, more precisely

(LZI)° = GeomCoef fhyy (Bh\ {01, 1,00}, 01).

We recall that the morphism of graded Lie algebras
1
L(xg)  LiZl5) — Li@)

induced by the inclusion of rings Z < Z[3] is surjective by Proposition 2.3 and
its kernel is by the very definition the Lie ideal I(Z[3] : Z).
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Corollary 4.6. We have

(L(2))° = {f € GeomCocf flyy) (B4 \ 0,1, ~1,00},01) | F(IZ[3]: 7)) =0},

i.e. the vector space of coefficients on L;(Z) is equal to the vector subspace

of GeomCoeffé[l] (P§\0,1, -1, 00}, O_i) consisting of all coefficients unramified
2

everywhere.
Proof. The corollary follows from Corollary 4.5 and Corollary 2.6. O

Remark 4.6.1. The corresponding statement in Hodge-de Rham realization
says that all periods of mixed Tate motives over SpecZ are unramified every-
where Q-linear combinations of iterated integrals on P*(C) \ {0,1, —1, 00} from

— —
: dz _dz dz
01 to 10 in one forms 7%, - and 7.

It will be proved in section 7.

Now we shall look more carefully at geometric coefficients to see which are
unramified everywhere.

The Lie algebra LZ(Z[%]) is free, freely generated by one generator z; in each
odd degree. The Lie ideal I(Z[%] : Z) is generated by the generator in degree 1.
This generator z; can be chosen to be dual to the Kummer character x(2), i.e.

K(2)(z1) = L.

Let us choose a Hall base B of the free Lie algebra Lie(X,Yy,Y1). Then
the geometric coefficients, elements of the Q;-vector space GeomCoef fé[l] (I%\
2

{0,1,-1, 00}, O—i) are of the form {1—(37 O—i}e and {1—(), O—i}w, where ¢ = Zle n;el
and e, e; € B.
Proposition 4.7. Let e € B be a Lie bracket in X and Yy only. Then the

coefficient {10,01}.~ is unramified everywhere.

Proof. Let j : P!\ {0,1,—1,00} — P!\ {0,1,00} be the inclusion. Then j
induces . —
Je : m(Pg \ {0, 1, =1,00};01) — m (Bg \ {0, 1,00};01).

After the standard embeddings of the fundamental groups into the Q;-algebras
of non-commutative formal power series Q;{{X,Yy,Y1}} and Q{{X,Y}} we
get a morphism of Q;-algebras

Je  QU{X, Yo, Y1} — Qu{{X,Y}}

induced by the morphism of fundamental groups such that j.(X) = (X), j«(Yo) =

Then we ha,Ve {107 Ol}e(X,YO)* = {10, OI}E(X,Y)*Oj* = {](10)7](01)}6(X,Y)* =
{10,01}¢(x,y)- (see [15] (10.0.6)). The pair (P'\{0,1,00},01) is unramified ev-
erywhere, hence the coefficient {fO7 O—i}e(xyyo)* belonging to GeomCoeffé[l] (Ph\

2

{0,1,-1, 00}, O—i) is unramified everywhere. O
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There are however coefficients in the Q;-vector space GeomCoe f fé[ 1 }(Pl \
2

{0,1,—1,00},01) which contain ¥; and which also are unramified everywhere.
These coeflicients are of course the most interesting in view of Corollary 4.6 as
we perhaps still do not know if the inclusion

GeomCoef f4(B"\ {0,1,00},01) C (Ly(Z))°
is the equality. For example we have the following result.

Proposition 4.8. We have

- — 1f2n71 - —

{10,01}[Y17X(n—1)]x - 2717_1 . {10701}[Y07X(n—1)]*.

Proof. It follows immediately from the definition of coefficients {1_(3,0_1}6
and the definition of l-adic polylogarithms (see [15], Definition 11.0.1) that

{10,01}[}/0’)((71—1)]* - ln(l)
It follows from [16], Lemma 15.3.1 that {10,011}y, xm-n}« = ln(=1). The

proposition now follows from the distribution relation 2"~1(l,(—=1) + 1,,(1)) =
(1) (see [15] Corollary 11.2.3). O

Below we shall give an inductive procedure to decide which coefficients are
unramified everywhere. Let us denote for simplicity

1 1 =
Lo=LEZ[GL,  Li=LEZ[GkD; and Loy = @E
Lemma 4.9. We have

i) £; =Q for i odd and L; = 0 for i even;
il) £y is generated by the Kummer character x(2);

ili) Logy1 is generated by lapi1(—1) for k& > 0.

Proof. It follows from (1.5.b) that £1 = (Li(Z[3]))$ ~ Z[3]* ® Q; ~ Q. Hence
L, is generated by the Kummer character x(2).

For i > 1 it follows from (1.5.a) that £; ~ H'(Gg;Qi(i)). The group
HY(Gg;Qu(i)) = 0 for i even and H'(Gg;Q,(i)) ~ Q, for i odd by the re-
sult of Soulé (see [13] ) combined with the theorem of A. Borel (see [2]). The
cohomology group H'(Gg; Q;(2k + 1)) is generated by a Soulé class, which is a
rational multiple of log41(—1). O

If e € B then degy, e denotes degree of e with respect to Y;. We define
degye := degy, e + degy,e.

Lemma 4.10. Let p € GeomC’oeffé[l](IP’1 \{0,1, -1, 00}, (Tl) be homogeneous
2
of degree k.
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i) If k =1 then dp = 0 and ¢ is a Q;-multiple of x(2). Hence if ¢ # 0 then
© ramifies at (2).

ii) If £ > 1 and dyp = 0 the @ is unramified everywhere.

iii) If k > 1and ¢ = Y i~ a;ef, where e; € B and degyef = 1 for each i then
dy = 0 and ¢ is unramified everywhere.

Proof. In degree 1 there are the following geometric coefficients {f(), (Tl} x =0,

{17),(?1}3/0 = 0 and {R),(ﬁ}yl = k(2) — the Kummer character of 2, which
ramifies at (2).

If degp = k > 1 and dp = 0 then ¢ is a Q;-multiple of [;(—1) by Lemma
4.9 iii). Hence ¢ is unramified everywhere by Propositions 4.8 and 4.7.

If degy-e = 1 then e = [Yp, X*~V] or e = [V1, X*~D]. In both cases it is
clear that d(e*) = 0. O

Proposition 4.11. Let ¢ € GeomCoeffé[l](]P’1 \ {0, 1, —Loo},(ﬁ) be homo-
2
geneous of degree greater than 1.

i) If d*+1p = 0 then d®p € @F_, L.

ii) Let us assume that d**1 ¢y = 0. Then ¢ is unramified everywhere if and
only if d*) o € ®F_, L+ and dYP)¢ is unramified everywhere for 0 < j < k,
ie. d9p e @!_ (Li(Z))° for 0 < j < k.

iii) Let ¢ = > 1", ni{ﬂ),(ﬁ}ez, where e¢; € B and degye; < k + 1 for each
i=1,2,...,m. Then d*t1(p) = 0.

Proof. Let us write d®)¢ in the form ), ; Bt ®a;®37, where 8} € ®;_, (L(Z[}]))°,

o; € (L(Z[}]))° and B? € ®f;f(Ll(Z[%]))o. We can assume that elements
Bl®B2, i € I are linearly independent. Observe that the condition dF+tDp =0
implies that ((®f:1id)®d®(®f;fid))Od(k)gp = 0. Hence we get da; =0for¢ € I.
Therefore a; € £ for i € I. We have chosen s arbitrary, hence d®)p € @F_, L.
Now we shall prove the part ii) of the proposition. If d¥) ¢ € ®z:1 (Li(Z))® for
0<j<kandd®ye ®F_, L~ then ¢ vanishes on all Lie brackets containing
z1 of length d for 2 < d < k+ 1. The linear form ¢ has degree greater than 1,
hence it vanishes on z;. The assumption d**Y¢y = 0 implies that ¢ vanishes
on I'**2L,(Z[3]). Hence ¢ vanishes on the Lie ideal I(Z[3] : Z). Therefore ¢ is
unramified everywhere. The implication in the opposite direction is clear. The
part iii) of the proposition is also clear. O
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5 Py, \ ({0,00} Ups) and periods of mixed Tate
motives over SpecZ[;] and SpecZ|us]

In this section and the next one we present more examples when (L;(Og,s))®
is given by geometric coefficients though without detailed proofs.

Let U = I%(ua) \ ({0,00} U pg). In [16] we have also studied the Galois
representation

<pU’0—i t Gous) — Aut(m(ﬂ% \ ({0, 00} U u3); 01)).

The pair (U, O_i) has good reduction outside the prime ideal (1 —&3) of Og(uy),
where &3 is a primitive 3rd root of 1. Observe that we have the equality of ideals
(1 — &3)? = (3). Hence we get a morphism of graded Lie algebras

L ]J) — (Li@(X,}/(),Y17Y2)7{ })

(5.0) ngLz'egoU’O—i : L(Z[/.I{g][g

It follows from Theorem 3.1 that the morphism (5.0) induces

(5.) Ll 57) : I@lps][5]) — (Lie(X, Yo, Y1, %3), { )

Proposition 5.2. The morphism of graded Lie algebras

Lo, ) - LiZlsll5) — (Lie(X, Yo, ¥1,¥2), { }).

deduced from the action of Ggy,,) on m1(Ug; (Tl) is injective.
Proof. The proposition follows from [16], Theorem 15.4.7. O

Corollary 5.3. All coefficients on L;(Z[us3][5]) are geometrical. More precisely
we have

(Lu(Zlps][51))° = GeomCoe fy, 1 Bl \ (10,00} U i), 01)

Proof. The result follows immediately from Proposition 5.2. O

The rings of algebraic S-integers Z[us), Z[%] and Z are subrings of the ring
Z[p3)[3]. The following result follows immediately from Corollaries 2.6 and 5.3.

Corollary 5.4. We have:
i) The vector space (L;(Z[us3]))® is equal to the vector subspace of these

elements of GeomCoeffé[#S][l](]P’(b(ua) \ ({0,000} U ug),(ﬁ), which are un-
3
ramified everywhere, i.e.

(Lu(Zlps]))° = {f € GeomCoef fh 1121 (Pl \ (0. 00}0ss), 01) | F(I(Zlus][5] - Zls))
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ii) The vector space (L;(Z[3]))° is equal to the vector subspace of
GeomC’oeffé[ua][ (Pg(pu) \ ({0,003 U Mg),()—i) consisting of coefficients
which are deﬁned over Q, i.e.

(L(2[3)

3

iii) The vector space (L;(Z))® is equal to the vector subspace of these elements

of GeomCoeffé[MS][l](]P’é(m) \ ({0,00} U ug),(ﬁ), which are defined over
3
Q and unramified everywhere, i.e.

(Li(Z))° ={f€ GeomC’oeffZ[#

1
3

6 IP’l o \({0,00} U pg) and ]P’1 o\ ({0,000} Ups) and
perlods of mixed Tate motlves over SpecZli],

SpecZus], SpecZ[v/2][3], SpecZ[v/—=2|[5], SpecZ|/2]

and SpecZ[y/ —2]

Let us set W = IP’I(M) \ ({0,00} U pg) and Z = Py, o\ ({0,00} U ps). The

pair (W, 01) (resp. (Z 01)) has good reduction outside the prime ideal (1 —1) of
Zlpa) (resp. (1 —e™5") of Z[us]) lying over (2). Hence it follows from Theorem
3.1 and from [16], Corollary 15.6.4 and Proposition 15.6.5 that morphisms of
graded Lie algebras

Liy 1)+ L@l 5)) — (Lie(X, Yo, Y1, Y2, ¥, { 1)

and

Lig, 5)  Ti(Elps][]) — (Lie(X, Yo, Yi,..., Vi), {})

Z,01
deduced from the action of Ggy,,) (resp. Gouy)) on m1(Pg \ ({0,00} U pua); (Tl)
(resp. (}P’}@ \ {0,00} U ug);(ﬁ)) are injective. Hence we get the following
theorem.

Theorem 6.1. All coefficients on L;(Z[u4][3]) and on L;(Z[us][1]) are geomet-
rical, more precisely

(Li(Z]pa ][1])) = GeomCoef fy, 11 (B, \ (10,00} U j1a),01)

2

l
2

and

(Lu(Zls] 3]))° = GeomCoef fly, o, (Bl \ ({0, 00} U ps), 1),

1
(5]
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The rings of algebraic S-integers Zu4], Z[%] and Z are subrings of Z[u4][3],
while Z{ps], ZVAI[L), Z[V3), 2y 23], Zlv/—3) and also Z{ug][3], Ziu), ZI3]

and Z are subrings of Z[us][3]. Hence we get the following result.

Corollary 6.2.
i) The vector space (L;(Z[u4]))® is equal to the vector subspace of
GeomCoeffé[M][l] (PQIQ(M) \ ({0, 00} U p1q), (Tl) consisting of the coefficients
2
which are unramified everywhere, i.e.

(Lu(Zlpal))* = {f € GeomCocf fh 1121 (P \ (0. 00}0ms), 01) | F(I(Zluall3] - Zlpa)) = 0).

ii) The vector space (L;(Z[ug]))® is equal to the vector subspace of

GeomC’oeffé[Hs][%] (Pé(us) \ ({0, 00} U pusg),01) consisting of the coefficients

which are unramified everywhere.

iii) The vector space (L;(Z[v2][1]))° is equal to the vector subspace of

GeomC’oeffé[#S][%] (}P’(b(#s) \
which are defined over Q(\/i

{0,00} U Mg),(ﬁ) consisting of coefficients

o~

iv) The vector space (L;(Z[v/2]))° is equal to the vector subspace of
GeomC’oeffé[ug][%](P(b(M) \ ({0,00} U pug),01) consisting of coefficients
which are unramified everywhere and defined over Q(v/2).

v) The vector space (Li(Z[v/—=2][3]))® is equal to the vector subspace of
GeomCoeffé[#g][%](Pé(us) \ ({0,000} U usg),01) consisting of coefficients
which are defined over Q(v/—2).

vi) The vector space (L;(Z[v/—2]))° is equal to the vector subspace of

GeomCoeffé[#g][%](Pé(us) \ ({0,000} U usg),01) consisting of coefficients

which are unramified everywhere and defined over Q(v/—2).

7 Periods of mixed Tate motives, Hodge—De Rham
side

Assuming the motivic formalism as in [1], we shall show here the result an-

nounced at the beginning of th paper.

Theorem 7.1. The Q-algebra of periods of mixed Tate motives over SpecZ is
generated by these linear combinations with Q-coefficients of iterated integrals
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on P(C) \ {0,1,—1,00} of sequences of one forms ‘i—z, del

d d
and 75 from 01 to
10, which are unramified everywhere.

Before giving the proof of the theorem we recall some facts about mixed
Tate motives.

As in [1] we assume that the category o, ; of mixed Tate motives over
SpecOk s exists and has all good properties. In particular the category o . is
a tannakian category over Q. Let G(Ok g) be the motivic fundamental group
of the category o s and let U(Ok s) := ker(G(Ok,s) — Gy,). We have various
realization functors from the category o, . In particular we have the Hodge-
de Rham realization functor to the category of mixed Hodge structures over
SpecOk s;

TealH—DR :OK,S_> MHSOKYS7 M — ((MDR7VVaF)a (MB,O'aW)U:K—»C7
(CompM,a : (MB,U®67W)E>(MDR®J(C7W))U:K—>(C)-

Let V be a smooth quasi-projective algebraic variety over SpecK. Let us as-
sume that V has good reduction outside S. Let M be a mixed motive determined
by V. Then Mpr = H},z(V) equipped with weight and Hodge filtrations. For
any 0 : K C C, let V, :=V x, SpecC. Let V,(C) be the set of C-points of V.
Then Mp , = H*(V,(C); Q) equipped with weight filtration. The isomorphism
compyr,e is the comparison isomorphism H*(V,(C); Q)®C — Hj) 5(V)®.C.

From now on we assume that KX = Q and S is a finite set of finite places
of Q. Then the ring Og g = Z[--] for some m € Z. Hence we shall write Z[--]
instead of Og,s.

We have two fiber functors on with values in vector spaces over Q:
the Betty realization functor

Fp:— Vectg; M — Mp
and the de Rham realization functor
FDR — VectQ, M — MDR~

These two fiber functors are isomorphic. Let (sa7)areon € Is0® (Fpr, F) be an
isomorphism between the fiber functors Fpgr and Fg. For each M € let ays be

the composition
comp g

MDR®(CSNL@>dCMB®(C — Mpr®C.
Then « := (ap)meop i an automorphism of the fiber functor

Fpr®C :— Vecte; given by (Fpr®C)(M) = Mpr®C.

Hence o € Aut®(Fpr®C), the group of automorphisms of the fiber functor
Fpr®C. The group Aut®(Fpr®C) is the group of C-points of Gpr(Z[L]) =

1
m
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Aut®(Fpp). Observe that the group Gpr(Z[1])(C) acts on Mpr®C for any
M € and

(7.2) a(Mpr) = compy (Mp) C Mpr®C.

We denote the element a by az1y. Observe that compa(Mp) is the Betty
lattice in Mpr®C and its coordinates with respect to any base of the Q-vector
space Mppr are periods of the mixed Tate motive M.

Definition 7.3. We denote by Periods(M) the Q-algebra generated by periods
of a mixed Tate motive M.

It is clear that the Q-algebra Periods(M) does not depend on a choice of a
base of Mpg.

The element a1 € Gpr(Z[X])(C). The group scheme Gpr(Z[L]) is an
affine group scheme over Q, hence

gDR(Z[%]) = Spec(Az[ 1),

where Ay 1, is the Q-algebra of polynomial functions on Gpr(Z[;x]).
Definition 7.4. We set

Um'vPem'ods(Z[%]) ={flaz1)) €C | f e Agyay}.

1
m

The set UnivPeriods(Z[-1]) is a Q-algebra. Observe that we have a surjec-
tive morphism of Q-algebras

1
Azjr) — Um‘vPeriods(Z[E]); f = flagy).

The usual conjecture about periods is that this morphism of Q-algebras is an
isomorphism.

L
m

Periods(M) is a Q-subalgebra of the Q-algebra UnivPeriods(Z[L]).

Proposition 7.5. For any mixed Tate motive M over SpecZ[--], the Q-algebra

Proof. It follows immediately from the formula (7.2). O
Another easy observation is the following one.

Proposition 7.6. We have

Um'vPeriods(Z[l]) = | | Periods(M).
m
Me

Now we shall study relations between periods of mixed Tate motives over
different subrings of Q.
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Proposition 7.7. For any relatively prime positive integers m and n, the Q-
algebra UnivPeriods(Z[-X]) is a Q-subalgebra of the Q-algebra Univ Periods(Z]

Proof. Let M be a mixed Tate motive over SpecZ[L]. Then M is also a
mixed Tate motive over SpecZ[ —]. But in both cases 'the Betty and the De
Rham lattices in Mpr®RC are the same. Hence the proposition follows from
Proposition 7.6. O

Definition 7.8. Let m and n be relatively prime, positive integers. We say that
A € UnivPeriods(Z[-~]) is unramified outside m if A € UnivPeriods(Z[1]).

m-n

Examples 7.9. Let z € Q* be such that 1 — 2z € Q*. The triple (P! \

{0,1, 00}, z,01) has good reduction outside the set S of primes which appear in
the decomposition of the product z(1 — z) The mixed Hodge structure of the

torsor of paths 7(P1(C) \ {0,1,0}; 2, 01) is described by 1terated integrals of

sequences of one-forms f and dz from 01 to z and from 01 to 10 on P! (©)\
{0,1,00}. Hence the numbers logz log(1 — 2), Lia(2), ..., Liy(2),... belong to
UnivPeriods(Oq,s).

Let p be a prime number. The pair (P! \ {0, 1,00}, 0_];) has good reduction
outside p. Using the definition of iterated integrals starting from tangential

points (see [20]) one gets that fol{? 42 — Jogp. Hence logp € UnivPeriods(Z[%]).

Now we restrict our attention to Z and Z[%] First we present the result of
Deligne from the conference in Schlossringberg (see [5]). The result of Deligne
is also in his recent preprint (see [6]).

The mixed Hodge structure on m (IF’I( )\ {0,1,—1,00};01) is entirely de-
scribed by the formal power series A (10) belonging to C{{X, Yy, Y1}}, whose
coefficients are iterated integrals on IP’l( )\ {0,1,—1,00} of sequences of one-
forms %, Zd_zl and z‘fl from 01 to 10. Observe that the pair (P*\{0, 1, —1,00},01)
has good reduction outside (2). Hence the mixed Tate motive associated with
m1(P1(C) \ {0,1,—1,00};01) is over SpecZ[%]. The result of Deligne can be
formulated in the following way.

Theorem 7.10. The morphism

1 e
Ipr(Z[5])(C) — Aut(mi (P \ {0, 1, =1, 00};01) pr®C)
is injective.
The following corollary is an immediate consequence of the theorem.

Corollary 7.11. The Q-algebra UnivPeriods(Z[3}]) is generated by all iterated

integrals on P*(C) \ {0,1,—1,00} of sequences of one-forms 42, 22 and -4

7 z—1 z+1
from 01 to 10.
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Proof. Let us denote by Motive(r;(P(C) \ {0,1,—1,00};0_1)) the mixed
Tate motive over SpecZ[3] associated with the fundamental group 1 (P*(C) \

{0,1,—-1,00}; (ﬁ) It follows from Theorem 7.10 that
— 1
Periods(Motive(m (P'(C) \ {0,1,—1,00};01))) = Um'vPeriods(Z[i}).

By (7.2) the Betty lattice of m; (%\{0, 1,—1,00}; O_i)DR®C is given by a1 (7r1 (P(b\
{0,1, —l,oo};O—i)DR) But on the other side it is explicitely given by the for-
mal power series Ao_i(l_é) € C{{X,Yo,Y1}}. Hence it follows that the algebra

UnivPeriods(Z[3]) is generated by the coefficients of the formal power series

A (10). O

Proof of Theorem 7.1. It follows from Proposition 7.7 that UnivPeriods(Z)
is a Q-subalgebra of UnivPeriods(Z[1]). Hence it follows from Corollary 7.11
that the Q-algebra UnivPeriods(Z) is generated by certain products of sums
of some iterated integrals of sequences of one-forms 9, 4% and 2% from

z+1
01 to 10 on PY(C) \ {0,1,—1,00}. A product of iterated integrals is a sum
of iterated integrals by the formula of Chen (see [3]), which is also valid for
iterated integrals from tangential points to tangential points (see [20]). Hence
the Q-algebra UnivPeriods(Z) is generated by certain linear combinations with

z? z—1

Q-coeflicients of iterated integrals of sequences of one-forms %7 del and Z‘fl
from 01 to 10 on P}(C) \ {0,1,—1,00}. By the very definition (see Definition
7.8) such linear combinations are unramified everywhere. ]

8 Relations in the image of the Galois represen-
tations on fundamental groups

Let p be an odd prime. The pair (I%(up) \ ({0, 00} U pp), O_i) has good reduction
outside (p). The Galois group Gg(,,) acts on 71'1(IP’([1—2 \ ({0, 00} U pyp); O_i) After
the standard embedding of (IE%Q\({O7 00U ptp); O_i) into Q{{X,Y0,...,Y,—1}}
we get the Galois representation

(p(ﬁ : GQ(I‘p) — Aut (Ql{{X7 Y07 N 7vafl}})

(see [16]). It follows from Theorem 3.1 that P induces the morphism of graded
Lie algebras

L)+ L)) — Dersyy (Lie(X. Yo ... Yy1)
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(see [16], where the Lie algebra of derivations Dery, (Lie(X,Yp,...,Y,-1)) is

defined. The following result generalizes our partial results for p = 5 (see [17],
Proposition 20.5) and for p = 7 (see [7], Theorem 4.1).

Proposition 8.1. Let p be an odd prime.
i) In the image of the morphism of graded Lie algebras

Lilp-): Li(Zlp M%D—>Derz/pwe(X,Yo,...,Y,H))

o)

there are linearly independent over Q; derivations 7; for 1 < i < 2= such
that
7:(Yo) = [Yo,Yi + Y]

ii) There are the following relations between commutators

p—1
N
-1
Ri : [Tk;ZTi]ZO for 1§I<:§pT
=1
and between relations )
p—1
2
> Ri=0.
i=k

Proof. The equality & (1—&07%) = —(1—¢.) implies that I[(1—-£27%) = [(1-¢))
on Ll(Z[up][%]). Elements 1 — ¢/ for 1 <4 < %_1 are linearly independent in
the Z-module Z[u,]*. Hence the point i) of the proposition follows from [16],

Lemma 15.3.2.
To show the point ii) we need to calculate the Lie bracket

in the Lie algebra of special derivations Dery , (Lie(X, Yy, ..., Y,—1)). We recall

that the Lie algebra Der, , (Lie(X, Yy, ..., Y,—1)) is isomorphic to (Lie(X, Yo, ..., Yp—1),{})
(see [16]), hence we can do the calculations in (Lie(X,Yy,...,Y,—1),{}). We

have

p—1 p 1
P p—1 p—1
(75 Y 7l :{Yk+Yp,k,Z(Y +Yoi)} =Y+ Yoo, D Yil = Vi, Y _Yil+
=1 =1 =0 =0
p—1 p—1 p—1 p—1
> Vi, Yigk]l = Vi Vil + (Yoo k,ZY +Y Vi Yiep k=Y (Yo, Yigp—i] = 0.
=0 1=0 =0 =0

The relatlon [Z b1 Tk, ZZ 7;] = 0 holds in any Lie algebra, hence we have

a relation Zk 1 Rk = 0 between the relations. O
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9 An example of a missing coefficient

We finish our paper with an example showing that one can deal with a single
coefficient. We shall use notations and results from our papers [16] and [17].

Let p be an odd prime. It follows from Proposition 1.3 that

1 1
(Li(Z[pp)[=D1)° = (Z[pp][=])* Qi
p p
Observe that the elements 1 — ;, 1< < % generate freely a free Z-module

of maximal rank in Z[pp][%]x. Hence dim(Ll(Z[up][%])l) = p%l and elements

p—1
T,...,Tp—1 dual to the Kummer characters K(1—&),..., k(1 =&? ) form
a base of L; (Z[,up][%})l. The elements T1,...,Tp_1 generate freely a free Lie

subalgebra of LZ(Z[NJp][%])-
The elements 7, . .. s Too1 from Proposition 8.1 are also dual to the Kummer

p=1
characters k(1 —¢}),..., k(1 — &2 ) by the very construction. Hence we have

. p—1
Ll(@(ﬁ)(Ti)ZTi for 1<:< 5

where Ll(gp(ﬁ) : LZ(Z[up][%]) — Dery, (Lie(X, Yo, ..., Yp—1)) is the morphism
from Proposition 8.1. However we have the relations

p=1
2
—1
[Tk;Zn] =0 for 1<k< b
i=1
Therefore in degree 2 we have
— 1
GeomCoef fiy, 1111 (B, \ ({0,003 Upsy); 01), (LZ(Z[MP][E]));
but
— 1
Geomcoeffé[#p][%] (PG, \ ({0,003 U psy);01), # (LI(Z[Hp][};]))g

for p > 3.

The obvious question is how to construct geometric coefficients in degree 2
(or periods of mixed Tate motives over SpecZ[,up][%]) in degree 2) which are
dual to Lie brackets [T;,T;] for (i < j). It is clear from Proposition 8.1 that

. . 2 l -
there is not enough coefficients in GeomC’oeffZ[“pH%] (Pgyp,) \ (10,00} Upp), 01)
if p> 3.

We consider only the simplest case p = 5. It follows from Proposition

8.1 (see also [17], Proposition 20.5) that there is a coefficient of degree 2 in
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(Li(Z[p5][£]))¢, which does not belong to Geom(}'oeffZ sl ](]P’qlz(#5 \ ({0,0}U

Us); O—i) We shall construct this mlbblng coefficient using the action of Gg(,,,) =

Go(us) on 71 ( ]P’1 \ ({0, 00} U p110) 01) The pair (P%D(um) \ ({0, 00} U i10), 01) has
good reduction out51de prime divisors of (10).

Observe that dim(Z[u10][15]*®Q) = 3. Hence dimL;(Z[uo][15])1 = 3.
There are the following relatlons in Z[p10)[15] modulo torsion

(9-1.a) (1- 510) (1- 510) (1- 510)(1 €5+22)_(1—€é) and (1—@0):2-

Hence we get

(9~1~b) (1 - 510) (1 - 510) = (1 - 5%)(1 - fg)_l

Therefore the Kummer characters [(1 — &), [(1 — ¢2) and [(2) form a base of
(Lol )% and 11 — €8), 1(1 = €2) Torm a base of (La(Z{us][L])). Let
S1,S2, N (resp. s1,s2) be the base of Lj(Z[p10]] 0]) (resp Li(Z[ps][£])1) dual
to the base I[(1 — &}), 1(1 — &2) and 1(2) (resp. (1 —&2), I(1 — £2)). Then the
morphism

1 1
1= QOO - L@ ol — Li@lus[5)

is given in degree 1 by the formulas
H(Sl) = 81, H(SQ) = S92, H(N) =0.

Hence it follows the following result.

Lemma 9.2 The Lie ideal I(Z[u10][15] : Z[ps][2]) is generated by the element
N.

Let us fix a Hall base B of the free Lie algebra Lie(X,Yp,...,Yy). If e € B we
denote by e® the dual linear form on Lie(X,Yy,...,Yy) with respect to B.
We have the following result.

Proposition 9.3. We have:
i) In degree 1 the image of the morphism

1

Ll(‘»o(ﬁ) i L (Z[MIO][IO]) - (Lie(Xv Yo, .. .,Yg),{ })

induced by the action of Gg(,,,) on m1 (P (1@ ({0, 00} Up10), O_i) is generated
byor:=Y1+Yy+Yo+Ys—Y5-Y7, 00:= Y1 = Yo+ Ya+Ys + Y3+ Y7
and n:= Y5.

ii) The Lie bracket {01,002} =
(Y1, 2Y3+Ys+2Ys]+[Ye, 2Yo+ Y 42V —[V3, 2Ya+2Y,+ V3] —[Y7, Yo+2Y5+2Y5]+

[Yo =Y+ Ya+Ys - Y1 — Yo+ Y5+ Y7, V5] +2[Ys + Y7, Y1 + Yy
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iii) Let F := [Y1,Yg]* o Ll(go(ﬁ). Then F # 0 and F vanishes on the Lie

ideal I(Z[p10][15] : Z[ps)[£]). Hence F defines a non trivial linear form of
degree 2 on L;(Z[us][3]) non vanishing on I'?Ly(Z[1]), i.e. F([s1,s2]) # 0.

Proof. Let S € Li(Z[u10][55])1- Then it follows from [16] that

1
10
Li(pz)(S) = Y11= &5)(S)Y; -

i=1
It follows from the relations (9.1.a) and (9.1.b) and the very definition of the
elements 51,52 and N of Ly(Z[p10][75))1 that oy := Ll(gpo—i)(Sl) =Y1+Y+
Yo+ Ys —Y5—Y7, 00 :=Li(p-)(S2) = —-Y1 - Yo+ Y, + Y5+ Y3+ Y7 and ) :=

01
Ll(wﬁ)(N) = Y5. The elements Si, S2 and N form a base of L;(Z[u10][15])1-

Hence o1, 04,7 generate the image of Ll(goﬁ) in degree 1.

To show the point ii) one calculates the Lie bracket {o1,02}.

Let F = [Yh}/g}* o Ll((p(ﬁ) Then .7:([51752]) = [Yl,Yg]o({G'l,Ug}) = 2.
Therefore we have F # 0.

The Lie ideal I(Zp10][55] : Z[ps][£]) has a base [S1, N], [S2, N] in degree 2.
Observe that F([S;, N]) = [Y1, Ys]°({0:,n}) = 0 because the Lie brackets [Y,, Y3]
appearing in {o;,n} contain Y5 or the diffirence a — b is 5 or —5. Therefore F
vanishes on the Lie ideal I(Z[u10][5] : Z[us][2]). Hence it follows that F defines
a linear form F on L;(Z[us][3]) such that F([s1, s2]) = 2 O

1

Corollary 9.4. Any element of (Ll(Z[,u5][g]));> for i < 2 is geometric.

Remark 9.5. There are three linearly independent over Q periods of mixed
Tate motives over SpecZ[us][] in degree 2, Liz(£}), Liz(£2) and the third one,
which we denote by Ay. One cannot get this third period Ay as an iterated

integral on P1(C) \ ({0, 00} U p5) from 01 to 10 of a sequence of length two of

one-forms 4, 42 _dz_ for k. =1,2, 3,4. One gets Ay as a linear combination

z? z—1? z—§§

with Q-coefficients of iterated integrals on P*(C) \ ({0, 00} U ui1¢) from 01 to 10
of sequences of length two of one-forms % and Zflgk for k=0,1,2,...,9.

10
Note added 9.6. The formula ii) of Proposition 8.1 was also communicated
by P. Deligne to H. Nakamura in his letter of August 31, 2009.
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