Master 2 Pure and Applied Mathematics Université de Nice 2018-2019

Partial differential equations and spectral theory



Introduction

This course will be an introduction to spectral methods in linear partial differential equations. Many
of the partial differential equations coming from physics have a similar form. Consider for instance the
heat equation

3tu = AU, (1)
the wave equation
0*u = Au, (2)
or the Schrodinger equation
i = (—A 4 V)u, (3)

where V € C*°(R™; R).

In these equations, the left-hand side is rather simple, involving one or two derivatives in time of wu,
while the right-hand side involves a differential operator applied to u. A good way of finding solutions
to equations having such a structure is to use separation of variables, namely, to look for solutions of the
form

u(t,z) = v(t)w(x). (4)

For example, if one looks for a solution of (1) of the form (4), then an easy computation shows that there
must exist A € R such that we have

v =M (5)
Aw = lw, (6)

so that u(t, z) = eMw(x).

Solving equation (5) is easy for any A, but solving equation (6) is not always trivial: the lambdas for
which solutions exist will depend on the space of functions with which we are working. For instance, if
we work in R", we may want to restrict ourselves to functions that are L2, or if we work in a domain €2,
we may want to consider only functions that vanish at the boundary of (...

At first glance, the separation of variables may look like a naive method, giving only very special
solutions of equations like (1), (2) or (3). This is not the case: we will show that, working in well-chosen
functional spaces, any initial condition may be ”decomposed” as a linear combination of eigenfunctions.
For instance, in R?, any function can be decomposed into plane waves, which are eigenfunctions of the
Laplacian: this is the point of Fourier transform, which we now recall.

Review of Fourier transform

The Schwartz space and its dual

If @ € N” is a multi-index, with |a| := a1 + ag + ... + o, and if z € R", we write 2 = 2] 252...20~. If

u € Cl*I(R™), we also write
lal
0%u(z) = 0% u(z)

o Ox(*...0xp"

Definition 0.1. The Schwartz space is

S(R™) := {u € C®(R"); sup |z*8%u(z)| < oo for all a, B € N"}.
TER™




For any a, 8 € N, we define the seminorm |- |, 3 on S by

|t|a,s = sup |:L‘°‘8ﬁu(:z:)|.
xER™

Definition and properties of the Fourier Transform

If uw € S(R™), we define its Fourier transform Fu : R™ — C by

Thanks to Plancherel’s formula, F and F~! can be uniquely defined as unitary operators from L?(R")
to L?(R™). By duality, the Fourier transform can also be extended to S’(R9).
The Fourier transform has the following properties:

How to use these lecture notes

The sections of these lecture notes are divided in three categories:



e The essential ones are indicated by a ©. You should master them all perfectly, and, if you don’t
understand something about them, send me an e-mail at maxime.ingremeau@unice.fr.

e The complementary ones are indicated by &. They are important, and you should know them for
the exam, but you can skip them at first reading, because they are not essential for the rest of the
course.

e The hardest ones are indicated by #, and you don’t need to know them perfectly for the exam.
However, you should read them at some point, because they contain interesting results and per-
spectives, and because they contain enlightning applications of the results of the other sections.
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Chapter 1

Spectral theory for elliptic equations
in bounded domains

1.1 Sobolev spaces (V)

Some good introductory references on Sobolev spaces are [1] and [3] (and many others). For Sobolev
spaces in Lipschitz domains, there are fewer references (one can see, for instance, [2]).

Definition of Sobolev spaces
Let Q be an open subset of R". For any k € N, we define the spaces H*(Q) as follows:
H*(Q) := {f € L*(Q) such that Yo € N, |a| < k, we have 0°f € L*(Q)}.

In this definition, the derivatives are taken in the sense of distributions. For instance, f € H'(Q) if and
only if there exists g1, ..., g, € L?(£2) such that for any ¢ € C2°(Q), we have

/fc’)icp=—/gi<p Vi=1,..,n.
Q Q

The spaces H*(2) can be equipped with the scalar product

) ey = /ﬂ Y /Q o° f7g.

1<[al<k

Equipped with this scalar product, H*(Q) is a separable Hilbert space. The associated norm is

£l = Ifllzeey + D 10*fllree)-

as1<]al<k

Sobolev embeddings when {2 = R"

Here, C{(R?) is the set of functions in C*(R?) which are bounded, as well as all its derivatives of
order < /.



Regularity of O Let j € N. We say that a function f is C%! if it is differentiable j times, and its j-th
derivatives are Lipschitz continuous.

Most of the domains we will consider will be smooth (that is to say, 9Q will be a smooth submanifold
of R™). However, we also want to consider Lipschitz domains so as to treat the case of polygons, which
appear naturally in numerical simulations, and in some theoretical questions.

Extending functions

Traces on the boundary If Q C R? is a Lipschitz domain, then its boundary dQ can be naturally
endowed with a measure.

We denote by C2°(Q) the set of smooth functions in 2 whose support is strictly included in .

From Theorem 1.3, we deduce the following proposition.

Proposition 1.1. Let Q C R™ be a C*' domain. Then H(Q) = Ker o*).
In particular, if Q is a Lipschitz domain, and if f € C(Q) N HY(Q). Then f € H(Y) if and only
if f vanishes on 0S).




Sobolev embeddings in compact domains Recall that a linear operator T" between two Banach
spaces F and F' is compact if the image of any bounded set of E by T is a compact set of F for the
strong topology.

Note that the embedding of H'(Q) in L?(Q) is always compact. In particular, if (u,) converges
weakly to u in H(Q), then (u,,) converges strongly to u in L?(£).

Proposition 1.2 (Poincaré’s inequality). Let Q C R™ be an open set bounded in one direction.
Then there exists C > 0 such that for any f € HE(Q), we have

fuesc [ivse.

This proposition implies that, on Hg (), the norm || f||z1 () and the norm || fll g1 () = [V fllz2 @)
are equivalent.

1.2 Elliptic equations (Q)

Let Q be a bounded Lipschitz domain, and let V' € C(). Consider the Dirichlet problem

—Au+Vu=f in
{ u=20 on Of). (1.1)

A classical (or strong) solution of (1.1) is a function u € C?(Q) satisfying the first PDE pointwise,
and the Dirichlet condition on the boundary. This implies that f € C(£2). However, we will want to
consider (1.1) for less regular f, typically for f € L?(Q). To do so, we need to consider weak solutions
of (1.1).

Note that, if u is a strong solution of (1.1), then it is also a weak solution of (1.1). Furthermore, if
u € C?(Q) is a weak solution of (1.1), then u is a strong solution of (1.1).

Remark 1.1. The notion of weak solution of (1.1) still makes sense when V- € L>(Q)), and when f is
in the topological dual of Hg .

We will also consider the Neumann problem

—Au+Vu=f in 0
Opu =10 on Of).



Proposition 1.3. Let Q be a Lipschitz domain, let V € C(Q), V >0, and let f € L*(Q).
1. The problem (1.1) admits a unique weak solution.

2. Suppose furthermore that there exists ¢ > 0 such that V' > c. Then the problem (1.2) admits
a unique weak solution.

Proof. 1. Consider the symmetric bilinear map

B(u,v):/Vu-V<p+/Vucp.
Q Q
We have
B(u,u) < [ [Vul* + [V [ [ul® < Cllullip a) < C'llulltyq)
Q Q 0

for some C,C’ > 0, by Poincaré’s inequality . On the other hand, we have
Bluw) > [ [VuP = ullny oy

Therefore, B defines a scalar product on H¢ which is equivalent to the usual one. Now, u fQ fu
defines a continuous linear map on HE(Q), by Poincaré’s inequality. By Riesz representation theorem,
there exists a unique v € H{j () such that for all u € Hg (), we have B(u,v) = [, uf. The result follows
for the Dirichlet problem.

2. The proof is similar for the Neumann problem, by considering the same bilinear map, but acting
on H'(2). The assumption that V > ¢ > 0 is used to say that

Blu,u) > / Vul? + / uf? > ¢l -
Q Q
O

Note that the second part of the proposition is false when V' = 0. For instance, when f = 0, any
constant function is a solution to the Neumann problem, so we do not have uniqueness.

Elliptic regularity

Before proving the theorem, let us recall the Niremberg translation method. If g is a function on R™
and if h € R™, we write

(Thg)(x) := g(x + h)

Thg — G
Dro= =

Note that we have
Di(9192) = (Drg1)mhg2 + 91Dngo.



Let w is an open set of R%. If f, g € L?(w), and if fg = 0 in a neighbourhood of size h of dw, we have

/thg \hI/f Thg — |h|/fg
W T - |h|/fg (1.4)

- /w Dy f

Lemma 1.1. Let Q C R, w @ Q be open sets. Suppose that g € LP()), and that there exists a
constant C' > 0 such that for all h € R™ with |h| small enough, we have

| DrgllL2 ) < C.

Then we have g € HY(w), and |Vg|., < Cn.

Proof of the lemma. We want to bound the quantity [[Vgl|z2(w) = Supgyecs(w) [ 4V
By the assumption and Hélder’s inequality, we have [ (Dpu)e < Cllel|p2(w).
Now, let ¢ € C°(w). We extend it by zero in Q. For h small enough, we have

CllellLzw) = /Q(DhUW

= [ w(p-se).

Taking h = te;, where e; is the j-th vector in the canonical basis of R", and let ¢ — 0. We obtain that
Judj¢ < Cll¢l|L2(w)- The result follows. O

Lemma 1.2. There exists C > 0 such that for all ¢ € H'(Q2), we have

[Drellze < ClIVe| e

Proof. The proof is left as an exercise. O

Proof of the theorem. First of all, let us consider the case when V = 0.
Let x € C° (), with x > 0 and x =1 on w. Using (1.4), we have for |h| small enough

/Q FD_n (x> Dyu) = /Q (= Au)D_y (x> Dyu)
= > / (8;u)9;D_p, (x> Dyu)

1<j<n

Z / X |8 Dhu| + 2x0;x (Dpu) (Dy0; u)]

1<j<n

Using the inequality ab < ea® + Z—s, valid for any a,b € R, ¢ > 0, we deduce that
2 1 2
[ 20D (Do) < = [ losDuaf’ + 2 [ 1,3 Dua
Q Q Q

SE/X2}6thu}2+g/ Dhu|2.
Q € Jo

Therefore, we deduce that there exists C' > 0 such that

/X2|thu|2 SC/ \Dhu|2+C/ |fD_p, (x*Dyu)|
Q Q Q

10



Using Lemma 1.2 several times and noting that ||Vu(|z2(q) = || fll£2(q), we have that
/X2|thu|2 < C/ |Dhu|2+C’)/ fD_h(X2)T_h(Dhu)‘ +C‘/fX2DhD_hu
Q Q Q Q
<c [ 19uP + 20| [ 7S D-h(0T(Dy)| + Cl L DTl
Q Q
< C/Q [Dnul* + C'|| fll 2 xDnull 2 () + Cllfll 2 llxDa Vil 2

C
< Ol fllze0) + Clfllz@lIVul ) + eCelxDrVul ) + L If 72 0)-
Taking € small enough, we deduce that

IxDnVullz2 ) < C"[| fll22(@)

for some C"" > 0. The proof of (1.3) then follows from Lemma 1.1 when V' = 0. When V # 0, (1.3)
follows from the result when V = 0, by replacing f by f — Vu.
The second part of the statement is proven by an easy induction. O

O

Proof. Admitted. One can see [1, 6.3.2] for a proof.

1.3 Spectral theory for compact self-adjoint operators (Q)

Let H be a separable Hilbert space. Recall that a continuous linear operator T : H — H is called
e compact if for any A C H closed, T(A) is a compact subset of H;
e self-adjoint if, for all v,w € H, we have

(Tv,w) = (v, Tw);

o positive if (Tw,v) > 0 for all v € H.

Note that if a compact self-adjoint operator is positive, then all its eigenvalues are positive.




Proof. Let us write

. (v, Tv)
V. S P
vilVect(up,...,up_1)
and show that pp = Ag.
Let us choose a Hilbert basis of eigenvectors (vg) as in Theorem 1.8, and define V}, := Vect(vy, ..., vg).

If v € Vi, we may write v = Zle @;v;, So that
k
<U7TU> _ Zi:l |ai|2/\i
2 k
[[o]] S a2

Since, for any uy, .., ux € H, we may find v € Vi N Vect(uy, ..., up) ", v # 0 we deduce that s, > .
Now, taking u; = vy, ... ug—1 = vg_1, we have that

> Ak

v, Tv
fk < sup <—2>
vEH,v#0 ||'U||
vlVy_q
But any v € ‘H perpendicular to V;_; can be written as v = ;:’; @;v;, so that
(v, Tv) _ g loaAi
5 = s P} < )\k-
Il D iz |
We deduce that i < Ak, and hence, pr = Ag. O

1.4 Diagonalisation of the Dirichlet and Neumann Laplacian in
a bounded domain (Q)

Actually, using Theorem 1.7, we can show that if the domain 2 is regular enough, the functions ¢y
and ¥ will be strong solutions of their elliptic equations.

The set {)\Zp/ N,i € N} is called the spectrum of the Dirichlet/Neumann Laplacian. We will see a

more general definition of the spectrum of an operator in the next chapter.

Proof. 1. If f € L*(Q), let Tf be the unique solution in Hg () to the equation —A(T'f) = f, given by
Proposition 1.3. The operator T is then bounded. Now, let ¢ denote the compact embedding of H}(Q)
into L2(Q). The operator T := (.T') : L%(2) — L2() is then a compact operator.

Let us check that T is self-adjoint. Let f,g € L2(£2). We have

/(Tf) g = / (VTf)-VTg since Tg is a weak solution
Q Q

= / (Tg) - f since Tf is a weak solution.
Q

12



The operator T is thus self-adjoint. Therefore, by Theorem 1.8, there exists a non-increasing sequence
of numbers (uy)r>1 going to zero, and an orthonormal basis (¢k)r>1 of L?(2), such that Toy = ukp,.

Now, we have
/fo:-/XATﬁTf:/ﬁvTﬂzza
Q Q Q

We deduce from this that the uy are all > 0. Furthermore, if f # 0, then fQ fTf >0, so that the u,
are all strictly positive.
From the equation T'¢y = uppy, we deduce that

1
—Ap = —@k.
uy,

We thus set )\kD = ﬁ The functions @y, are in C*°(Q), by Theorem 1.7. This concludes the proof of
the first point.

2. The proof of the second point is similar, by taking T'f to be the unique weak solution of (—A +
1)(Tf) = f. Note that we have A\Y = 0, because constant functions 1 satisfy —A = 0, and the correct
boundary conditions. OJ

Example 1.1 (The Dirichlet Laplacian in a rectangle). Let Q = (0,a) x (0,b). We look for solutions of

—Ap = Ap in Q
p=0 on 0N.

of the form o(x,y) = f(x)g(y). We thus have

—f"(x)g(y) = f(x)g"(y) = Af(x)g(y),

@) ")

so that we must formally have —\ = o) )

Therefore, we look for f and g such that f"(zx) = M f(x), f(0) = f(a) = 0, ¢"(z) = Aag(z),
g(0) = g(b) =0, and then take A = A1 + \s.

We must therefore have f(x) = sin <””>, g(y) = sin (m>, n,p € N.

“a b
By the theory of Fourier series, the functions (sin ("”) sin <’%)) N form an orthogonal basis
n,pe

of L*(9).
Therefore, the Dirichlet spectrum of —A in § is

{2y + (B)%npen),

and the multiplicity of each eigenvalue is the number of different choices of (n,p) € N? giving the same
etgenvalue.

Adapting the proof of Theorem 1.9, we obtain the following characterization of the Dirichlet and
Neumann eigenvalues:

13



1.5 Dependence of the eigenvalues on the domain (&)

In this section, if Q& C R? is a Lipschitz domain, we will denote by A,(Q2) and u(f2) the Dirich-
let/Neumann eigenvalues given in Theorem 1.10, to emphasize their dependence on the domain €.

Lemma 1.3. Let Q,Q be Lipschitz domains with Q C Q'. Then, for every k € N, we have

Ae(€) < Ak(9).

Proof. We use the max-min formula, extending functions in H{ () to functions in Hg (€'). O

Note that no such monotonicity holds for Neumann eigenvalues. However, we have the following
result.

Lemma 1.4. Let Q) C R¢ be a Lipschitz domain, and let Q1, Qs C Q be Lipschitz domains such
that Q = Q1 UQs, and Q1 NQy = 0. Then for any k € N, we have

AV (01 U Q) <AV (Q).

Proof. With the hypotheses we made, we have L?(Q) = L?(; U Qy), and HY(Q) C H'(Q; U Q). We
therefore have

2
A (QUQ) = sup 7HVU!L2(Q)
W €L (@1UR2) S @002 020 [V 72 )
IVol|7
< sup inf R YA (1)

2
2 vEHL(Q),v#0 v
U uk—1€L2(82) VLVect(uy e ug_1) H ||L2(Q)

Putting together Lemmas 1.3 and 1.4, we have that for any k € N
AN (01 UQ) < AN(Q) < A2(Q) < M P(Q, UQy).

We end this discussion with a continuity result for the Dirichlet eigenfunctions.

Proposition 1.4. Let (Q;);en be an increasing sequence of Lipschitz domains of R%, and suppose
that @ = U32,Q; is a Lipschitz domain. Then for any k € N,

M (Q) — A2 (Q).

This result is particularly important from a numerical point of view. In practice, a domain {2 is
approximated by simpler shapes, for instance, polygons. This proposition says that, from a spectral
point of view, the approximation will be good if the polygons are all included in €.

Proof. Lemma 1.3 tells us that, for any k € N, A\P(Q) < AP(Q;). Take k € N, £ > 0, and let us show
that there exists jo € N such that for all j > jo, AP(Q;) < AP(Q) +e.

Let uy,...,ux € HE(Q) denote the mutually orthogonal first k eigenvalues of the Dirichlet Laplacian
on Q, with eigenvalues AP (Q), ..., AP(Q), and U = Vect(uy, ..., uy). We have, for any u € U,

IVull 22y < AR (Q)ull 220
Using the density of C2°(Q) in H}(Q), we can approximate the functions wui,...,u; by functions
v1, ..., v € C°(Q) such that vy, ..., vy are linearly independent, and [|[Vvl|r2(y < (AL (Q) + €) vl 2(0)

for all v € Vect(vy,...,vx). Let K be a compact set containing all the supports of the vy, ...,vx. By
assumption, there exists jo such that for all j > jo, K C ;.

14



Now, let j > jo, and let wy, ..., w_1 € L?(€2;). There exists a function v € Vect(vy, ..., vs;) which is
orthogonal to wy, ..., wg_1 in L?(£2;). Therefore, we have

IV0l|72q,
inf _” ”2/3 () <AP(Q) +e,
vEHA(Q,),v#£0 v
vJ_Veect(Owliu,wk_l) Lz(QJ)
and we may conclude the proof using the max-min principle. 0

1.6 Weyl’s law (&)

Let © C R? be a Lipschitz domain, and let

NN =tk e N APV (@) < AL

The aim of this section is to prove the following result.

Note that Weyl’s law also holds for Neumann eigenvalues, but the proof is harder. Weyl’s law was
proven by Hermann Weyl in 1911. It can be considered as the first result of semiclassical analysis, i.e.,
result about the behaviour of (A(2),¢x) as k — oco. Although most results in semiclassical analysis
involve complicated properties of the open set  (for instance, involving the billiard dynamics in ),
Weyl’s law involves only the volume of €2, and its dimension. Refinements of Weyl’s law exist in certain
cases, involving the area of 0f).

Proof. Step 1: Weyl’s law holds for a rectangular box
This step is proven by recurrence on the dimension. The result is trivial when d = 1. Let d > 2.
Let Q = Hle(o, a;). We have seen that the Dirichlet spectrum of 2 is made of the numbers

{g (7rji>2;m, ey € N},

K2

while the Neumann spectrum is made of the same numbers, but where the n; are also allowed to take
value 0. Therefore, if we write

D) == {(21,...,74) € [O,oo)d;z (7”“)2 <A},

a;
i=1 v

we have

NE () = ED(N) NN
A () = #D() N (VU {0},

If (n1,...,nq) € D(A)NNZ then the unit cube [n; — 1;n1] X ... X [ng — 1, ng] is included in D()\). There
are exactly NV ()) such cubes, which are all disjoint. Therefore, we have

Vol(D(X)) > NG’ (N).
On the other hand, we have

D()\) C U [nl,nl + 1] X ... X [nd,nd + 1],
(n1,...,nd)E’D()\)ﬂ(NU{O})d

so that
Vol(D(A)) < NG (V).

15



Finally, note that

NYN) = NE ) <iNEN{(21, .. mq) € [o,oo)d;z( ‘)2 <\3ie{l,..d},z; =0},

i=1

which is the cardinal of a union of d intersections of (d — 1)- dimensional ellipsoids with N?~!. By the
recurrence hypothesis, this is O(A4~1).
Therefore, we have

Vol(D(\)) < N (A) < NE(N) + 0N\~ < Vol(D(N)) + 0(A41).

Therefore we have

d
NG ) ~ NE ) ~ V(D) = 32 g T o

which concludes the first step.
Step 2: Weyl’s law holds for finite unions of rectangular boxes

Let Oy, ..., 2, be disjoint open rectangular boxes, and suppose that there exists €2 a Lipschitz open
set such that Q = Qq U...UQ,,. Let us show that Weyl’s law holds for 2. We have

NEN) + o+ MR ) Now.va,))

\d/2 N /2

NP (A

< )ild/(z) by Lemma 1.3
NG (V)

- )\d/2
N A

- W by Lemma 1.4

CNEN) A+ NN

= \d/2 ’

and we conclude this step by taking the limit A — oo, using the previous step, and noting that Vol(Q) =
Vol(£21) + ... + Vol(Qp,).

Step 3: End of the proof

For any € > 0, we find two open sets . and Q. as in the previous step, such that . C Q C Q., and
Vol(QL\Q,) < e.

Using the monotonicity properties of the eigenvalues, we have

NEO) _ NEN <M§’;(A) <M€i(A)
/2 — a\d/2 —  )d/2  — )\d/2

Now, by the previous step, we may find A such that for all A > )., we have

NED) _ wa wa
X > (27r)dVol(Qg) —e> WVOI(Q) — 2

N]Y ()‘) Wy Wy

Tz = SVol(QL) + & < WVOI(Q) + 2.

We therefore have, for A large enough,

wq Ng(/\) wWq

WVOMQ) -2 < X < (27T)dV01(Q) + 2e,

which concludes the proof of the theorem. O
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Chapter 2

Operators in Hilbert spaces

In this chapter, we fix a separable Hilbert space H, and we will denote by Id the identity operator on H.

2.1 Operators and Adjoints ()

Most of the time, we will consider operators T' such that D(T') is dense in H. Note that a bounded
linear operator such that D(T) is dense in H can be uniquely extended to a continuous operator.

2.1.1 Closable operators (O)
Let T be a linear operator in H. We denote by

Gr(T) :={(v,Tv);veDT)} CHxH

its graph.
If Ty, T are operators on H we will write

Tl C T2 if GI’(Tl) - GI’(TQ)

We then say that T is an extension of T7.

The following lemma, whose proof is trivial, gives a criterion for an operator to be closed.



Lemma 2.1. Let T be a linear operator in H. T is closed if and only if, for any sequence
xn € D(T) such that

T, —xrE€H
Tx, —yEH,

we have x € D(T) and Tx = y.

Example 2.1. By the closed graph theorem, an operator T with D(T) = H is closed if and only if it is
bounded.

Example 2.2 (Multiplication operators). Let H = L*(R?), and take f € LS (R?). We define M; by

D(My) = {g € L*(RY)|(fg) € L*(R")}, Myg = fg.

Then My is a closed operator. Indeed, let g, € D(My) with g, — ¢ and fg, — h. Up to extracting a
subsequence, we may suppose that g, (x) — g(x) almost everywhere. Therefore, f(x)gn(x) — f(9)g(x)
almost everywhere. We must therefore have fg = h € L*(R%), so that g € D(My).

Example 2.3. Let H = L*(R), Ty f = f', with D(T1) = C=°(R), and Ta(f) = f', with D(Tz) = H'(R).
Let us show that Ty = Ts.

Let us show that Ty is closed. Let f, € H'(R) be such that f, — f in L*(R), and f, — g in
L?(R). One then easily shows that we must have f € HY(R), and f' = g. Therefore, Ty is closed.

We have Ty C Ty, which shows that Ty is closable. Now, let (f,g) € Gr(Tv), that is to say, f €
HY(R),g = f'. Since C°(R) is dense in H'(R), we may find a sequence f,, € D(T}) such that f, — f
in L*>(R) and f! — g in L*(R). This shows that Ty = Ts.

Example 2.4. Let H = L*(R), and let g(z) = 6_12, so that g € H. We define an operator T by
D(T) = C°(R) N LA(R), and Tf = f(0)g. Let us show that T is not closable.

Take f € D(T), f # 0. We may find two sequences fy,gn € D(T) such that f, and g, converge to
f, but f,(0) =1 for all n, while g,(0) = 0 for all n. We therefore have Tg, = 0, but Tf, = g. If the
operator were closable, the two limits would have to be equal.

2.1.2  Adjoints (O)

Proposition 2.1. Let T € L(H). There exists a unique operator T* € L(H), such that for all
v,w € H, we have
(Tw,w) = (v, T*w).

Proof. Let w € H. The map v — (Tv,w) is a continuous linear map from H to C. Therefore, by Riesz’s
representation theorem, there exists a unique vector, denoted by T*w, such that we have (Tv,w) =
(v, T*w) for all v € H.

Let us check that w +— T*w is linear. Let wq, w2 € H, A € C. We haven for all v € H,

(v, T*(Awy + w2)) = (Tv, Mwy + wa) = MTv,w1) + (Tv,ws) = Av, T w1) + (v, T ws).

Since this is true for all v € H, we deduce that T*(Awy + we) = AT*w; + T w3, so that T is linear.

For any w € H, we have ||T*w|| = sup |(v,T*w)| = sup [(Tv,w)| < sup ||Tv|||w]|]. Therefore, T*
lvll<1 lvll<1 loll<1

is bounded. O

If T is not a bounded operator, we define its adjoint in a similar way, as follows:

Definition 2.3. Let T be an operator in H with D(T) = H. Its adjoint is an operator T* with
domain
D(T*) :={w € H;D(T) 3 v+ (Tw,w) € C is continuous}.

By Riesz representation theorem, for any w € D(T*), there exists a unique vector w' € H such
that for all v € D(T), we have (Tv,w) = (v,w'). We then set T*w := w’', and T* is a linear
operator.
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Note that the assumption that D(T) is dense in H is essential here: otherwise, T*w would not be
uniquely defined, since we could add any vector in D(T)* to T*w. The two definitions of adjoints
coincide when T is bounded.

Define the linear map

J:HXHD (x,y) — (y,—x) € H x H.

Lemma 2.2. Let T be a linear operator with a dense domain. We have

Gr(T*) = (J(Gr(T)))*.

Proof. Let (z,y) € Gr(T™), and let (u,v) € Gr(T'). We have

<($’ y)v J(uav)>7-l><7~l = <$, U> - <ya u>
= (x,Tu) — (T*z,u) =0

Therefore, we have Gr(T*) C (J(Gr(T)))*.
Let (x,y) € (J(Gr(T)))*. For allu € D(T), we have (z, Tu) = (y,u). Therefore, the map u + (z, Tu)
is continuous, so that € D(T*), and we have y = T*z. We therefore have Gr(T*) D (J(Gr(T)))*+. O

In particular, T is always a closed operator.

[ Lemma 2.3. Let T be a closable operator with a dense domain. Then D(T*) is dense in H

Proof. Let u € D(T*)*. We thus have, for all w € D(T*)

(J(w, T*w), (0,u))yxu = (T"w,0) — (w,u) = 0.

Therefore, we have (0,u) € (J(Gr(T*))* = J((J(Gr(T*))t)+ = Gr(T*), because J is an involution,
which commutes with L. Since T is closable, we deduce that u = 0. O]

Note that we have also proved that (T%)* =T.

Proposition 2.2. Let T be a closable operator on a Hilbert space H, and let z € C. We have

ker(T* — %) = Ran(T — 2)*
Ran(T — z) = ker(T* — 2)*.

Proof. The second identity follows from the first one, by taking the orthogonal complement. Let us prove
the first point. Let v € ker(T™ —%). Since D(T™) is dense, this is equivalent to ((T™ — Z)v, w) = 0 for all
w € D(T). This is equivalent to having (v, (T — z)w) = 0 for all w € D(T'). Therefore, v € ker(T* — Z)
if and only if v € Ran(T — 2)*. O

Definition 2.4. Let T be a linear operator on H with domain D(T). T is said to be
o symmetric if for all v,w € D(T), we have
(Tv,w) = (v, Tw).
In other words, we have T C T*.

o self-adjoint if D(T)= D(T*) and T is symmetric. In other words, we have T = T*.

Example 2.5. Let My be as in Ezample 2.2. We have (EXERCISE) (My)* = M. In particular, My
is self-adjoint if and only if [ is real-valued.
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Example 2.6 (Free Laplacian in R?). Let H = L?(R%), and T be given by D(T) = H*(R?), Tf = —Af.
By integration by parts, T is symmetric.
By the Riesz representation theorem, f € D(T*) if and only if there exists g € L?>(R?) such that for

all h € H*(R?), we have
/ (—AR)f = hg.
R4 R?

In particular, we have —Af = g in the sense of distributions, so that f € H*(R?). We deduce that
D(T*) =D(T), so that T is self-adjoint.

2.2 A short introduction to quantum mechanics (#)

In classical mechanics, the motion of a particle is governed by Newton’s equation. Namely, if z(t) € R?
denotes the position of the particle at time ¢, it satisfies the equation®

d?x(t)
e f(),

where f is a force, which, in the absence of friction, takes the form f(t) = —VV(z(t)).

Abstract quantum mechanics in Hilbert spaces In quantum mechanics, a particle is no longer
considered as a point in R?, but as a vector in a Hilbert space. Actually, the state of any physical system
(a particle, a system of particles, me, the whole universe) is described by a vector v in a (separable)
Hilbert space H. More precisely, we ask that ||v]| = 1, and we consider that v and v represent the
same physical state, for any 6 € R.

The state of a system generally depends on time, and its time dependence is given by Schrddinger’s
equation, which can be written, in well-chosen units, as

d
i&v(t) = Ho(t). (2.1)
Here, H is a self-adjoint operator on H, called the (quantum) Hamiltonian.

Given a physical system, one wants to measure real numbers out of it. For instance, in classical
mechanics, one wants to measure the speed, position, energy, angular momentum... of a system of
particles.

In quantum mechanics, the quantities one can measure, called observables, are given by self-adjoint
operators. The value of an observable A measured for a state v is in general not deterministic. Namely,
if one prepares several times the same state v, and measures several times the observable A, one will not
find the same value. However, for a large number of experiments, one will on average find the value

(v, Av). (2.2)

Beware that, making a measurement on a system affects it: it is no longer in the same state after the
measurement.

Quantum mechanics for a single particle Very often, one is interested in the motion of a single
particle (for instance, an electron). A natural choice of Hilbert space is then H = L?(R?), or more
generally, H = L?(R?). A state ¢ € L?(R®) has the following physical interpretation. It does not have
a definite position as a classical particle does, but only a probabilistic position. Namely, the probability
that, when we measure the position of the particle, we find it in an open set Q C R? is given by

| rot@kas.

This corresponds to taking, in (2.2), the observable of multiplication by 1g. Note that the condition
that ||1]| = 1 ensures that the total probability is one.
The quantum Hamiltonian governing the motion of an electron is often a Schridinger operator, of

the form
H=-h’A+7V,

1Here, we choose a system of units such that the mass of the particle is equal to 1.
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for some measurable function V', called the potential, which has the same expression as in classical

mechanics.
The Schrodinger equation then takes the expression of a partial differential equation

OY(t,x)
v —AY(t, ) + V(x)p(t, x).

2.3 The resolvent and the spectrum (O)

Definition 2.5. Let T be a linear operator on H. The resolvent set of T' is the subset of C
p(T) :={z € C;(T — zId) : D(T) — H is invertible, with a bounded inverse}.

The spectrum of T is defined as
o(T) = C\p(T).

When z € o(T) is such that ker(T — z) # {0}, we say that z is an eigenvalue for T. The
multiplicity of z is then dimker(T — z). The set of eigenvalues is denoted by op,(T).

In the sequel, we will often write T'— z instead of T — zId.

Lemma 2.4. Let T be a closed operator. We then have the following equivalence.

ceom e {230

Proof. The = inclusion is obvious. Suppose that ker(T' — z) = {0} and Im(T — z) = H. The inverse of
T — z, (T — z)~! is thus defined everywhere. Since the graph of T — z is closed, the graph of (T — z)~!
is also closed. By the closed graph theorem, (7' — 2)~! is a continuous operator, so that z € p(T). O

Definition 2.6. Let Q@ C C be an open set, and let T(z) be a family of operators in L(H)
depending on z € Q. We say that the map Q > z — T(z) € L(H) is holomorphic if, for any
v1,v2 € H, the map Q3 z — (T(2)v1,va) is holomorphic.

Proposition 2.3. Let T be a linear operator. The set p(T) is open, the set o(T) is closed.
The map p(T) 3 z — Ry (z) :== (I —2)~' € L(H), called the resolvent is holomorphic. It satisfies

the identities

RT(Zl) — RT(ZQ) = (21 — ZQ)RT(Zl)RT(ZQ) (23)
RT(Zl)RT(Zg) = RT(ZQ)RT(Zl) (2.4)
%RT(Z) = RT(Z)Q. (2.5)

for all z, 21,25 € p(T).

Proof. If z,zy € p(T), we have
T—2z=(T—2)(Id — (2 — z0)Rr(20)). (2.6)

If |2 — 29| < Rr(zp), then the right-hand side is invertible, with inverse (T — 20) >_pe (2 — 20)* R%(20)),
which is a bounded operator.
Therefore, p(T') is an open set, and we have

(z — 20)" Ri(20)).

hgE

(T — Z)_l = (T - Zo)

=~
Il

0

21



This shows that p(T") 3 z — Ryp(z) € L(H) is holomorphic. Differentiating with respect to z, we obtain

d

(T -2 =(T~x2) Y (k+1)(z = 20)" Ry (20))-

k=0

Taking the value at z = 2z, we obtain (2.5).
From (2.6), we obtain that (I' — 20) ™' = (Id — (2 — 20)Rr(20))Rr(2), from which (2.3) follows.
Finally, (2.4) follows from the symmetries in (2.3). O

Proposition 2.4 (The spectrum of a bounded operator). Let T' € L(H). Then o(T) # 0, and

o(T) c{z € C;[2| < ||IT|1}-

Proof. Let z € C with [z| > ||T||. We may write (T — 2) = —z(Id — 2T'). Since ||T/z|| < 1, this operator
is invertible, with inverse

i k
(T —2)~* :_Z%. (2.7)
k=0

Let us show that the spectrum is non-empty. Suppose for contradiction that o(7T) = (). Then, by
Proposition 2.3, for any v,w € H, C > 2z +— (v, (T — z)~tw) € C is holomorphic. Furthermore, by (2.7),
it goes to zero at infinity. Therefore, by Liouville’s theorem, it must be constant equal to zero. We
therefore have Rr(z) = 0, which is absurd, since Ry (2) : H — D(T) is invertible. O

2.3.1 The spectrum of multiplication operators (V)

Let H = L?(RY), and f € L (RY), and My be defined as in Example 2.2. The essential range of f is
defined as
ess ranf := {A € C | Ve > 0,Leb{z;|f(z) — A| <&} > 0}.

Proposition 2.5. We have

o(My) = ess ranf
op(My) = {X € C | Leb{w; f(z) = A} > 0}.

Proof. Let X ¢ ess ranf. Then M ,(y_y) is a bounded operator, and it is the inverse of My — A, so that
A é O'(Mf).

Conversely, let A € ess ranf. Let Q,, := {z € R%|f(z) — A\| < n~!}, which has positive measure. We
let v,, € L*(R?) be the indicator function of €2,,. We have v,, € D(My), and

102y = XyunlP = [ 170 = \Pde < Sl
so that (My — A) cannot have a bounded inverse. Therefore, A € o(Mjy).

Finally, note that A € o,,(M) if and only if there exists g € L?(R?), g # 0 such that f(z)g(z) = Ag(z)
for almost every z € R%. Therefore, g must vanish for every x with f(z) # ), so that {x; f(z) = A}
must have positive measure. Conversely, if {z; f(xz) = A} has positive measure, any function supported
on {z; f(z) = A} is an eigenfunction. O

2.3.2 The spectrum of a self-adjoint operator (O©)

Proposition 2.6. Let T be a self-adjoint operator. Then o(T) C R, and we have for all z € C\R

T =27 < . (2.8)

Sz
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Proof. Let z € C\R, and v € H. We have
(0, (T — 2)v)y = (v, Tv) — Rz(v, z) — iSz(v, 2).
Since T is self-adjoint, (v, Tv) is real. Therefore, we have
[S2]l[vl* < [{v, (T = 2)0)| < [lo]l - (T = 2)wl],
so that
(T = 2)v]| = [S2[[|v]]- (2.9)

Therefore, ker(T — z) = {0}, and Ran(T — z) = H by Proposition 2.2. Equation (2.9) also implies that
Ran(T — 2) is closed. Indeed, let y, be a sequence in Ran(T — z), converging to some y € H. There
exists z,, € H such that y, = (T — 2)(zy,). We have ||z, — 2m | < 5= |[yn — Yml|, so that (2,,) is a Cauchy
sequence. It is thus convergent, and since T is self-adjoint, 7' — z is closed, so that y € Ran(T).

By Lemma 2.4, we have z € p(T), and (2.8) follows from (2.9). O

Proposition 2.7. Let T € L(H) be a self-adjoint operator. Write

(v, Tv)
= inf 2t
ver\{0} [lv]|

(v, Tv)

M := sup 5
ver\{o} [Vl

Then o(T) C [m, M], and m,M C o(T).

Proof. We have already proved that o(T) C R. Let A > M. We have (v, (A — T)v) > (A — M)|v||?, so
that A\ — T is invertible with a bounded inverse, by the same argument as in the proof of the previous
Proposition. We therefore have o(T) C (—oo, M]. We show similarly that o(T) C [m, +00).

Let us show that M € o(T). We will then deduce that m € o(T), by replacing T by —T.

Let u,v € H. The map bilinear map (u,v) — (u, (M — T)v) is positive, so that, by the Cauchy-
Schwarz inequality, we have

[(u, (M = T)v)|* < (u, (M — T)u)(v, (M — T)v)
Taking the supremum over u € H with |ju|| = 1, we obtain
(M =Tl < |M =T (v, (M = T)v).
Now, by definition of M, there exists a sequence v,, € H with ||v,|| = 1 such that (v,,Tv,) — M,

so that ||(M — T)v,|| — 0. Therefore, M — T cannot be invertible with a bounded inverse. We deduce
that M € o(T). O

Remark 2.1. If T € L(H) and m, M are as in Proposition 2.7, then
1T} = max(|ml, [M]).
Indeed, we have |m|,|M| < ||T||. On the other hand, by Cauchy-Schwarz inequality, we have
[{u, Tv)* < [(u, Tu)||(v, Tv)].

Taking the supremum over u,v € H with ||u||, |[v]| = 1, we deduce that |T| < max(|m|,|M]).
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2.4 Criteria for self-adjointness (é&)
2.4.1 The Kato-Rellich theorem (&)

Proof. The implication 1. = 2. is easy: a self-adjoint operator cannot have non-real eigenvalues.
Let us prove that 2. => 3. Recall that by Proposition 2.2, we have ker(T* & i) = Ran(T Fi)*. It is
therefore sufficient to show that Ran(7T =+ ) is closed. Let v € H. We have

(T £ d)o)|* = |1 Twl* + Jlo]* £ i((Tv, v) = (v, Tv)) = | Tv]|* + [|v]|?,

since T is symmetric. Now, let w,, € Ran(T F i) converge to some w € H. By assumption, there exists
vy, € D(T') such that w, = (T F i)v,. By the previous equality, we deduce that v,, and Tv,, are Cauchy
sequences. T being closed, v, converges to v € D(T), Tw,, converges to Tw, and we have w = (T £ i)v,
which proves 3.

Let us prove that 3. = 1. Let v € D(T™). We want to show that v € D(T'). Since T £ is surjective,
we may find w € D(T) such that (T —i)w = (T* — i)v. We have T C T*, so that (T* —i)(v —w) =
(T —d)w— (T* —i)w = 0.

We have Ran(T + i) = H, so that ker(T™* — i) = {0}. Therefore, v = w belongs to D(T).

O

Proof. Let a € (0,1), b > 0 be such that

[Bol| < allAv]| + bljol| Vv € D(T).
Let us fix A > b. We have for any v € D(A)
I(A+ B £iXv|* = [[(A+ B)v||* + X[Jv]|* £ iA({(A + B)v,v) — (v, (A+ B)v)) = [[(A+ B)v[|* + X|Jv]%,

Therefore, using the fact that (a + b)? < 2a? + 2b?, we have
) 1 A
I(A+ B £ido] = Sl[(A+ B)o|| + 5 vl

1 A
> 5 (Il4v - | Bull) + 5 vl (2.11)
1- Py

2 2

Step 1 Let us show that (A + B), with domain D(A), is a closed operator. Let (v,) € D(A) be
such that (v,) and w,, := (A 4+ B)v, converge in H. By (2.11), (Av,) is a Cauchy sequence, so it it is

a b
> | Av|| + [[v]l-
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convergent. Since A is closed, v, converges to some v € D(A), and Av, converges to Av. Since B is
relatively bounded with respect to A, (Bv,,) is a Cauchy sequence, so it converges to w € H. We have
to show that w = Bv. This is not trivial, since we did not assume that B is closable. Let h € D(A). We
have

(w,h) = nan;o(an, h) = nli_)n;o(vn, Bh) = (v, Bh) = (Buv, h).

Since this is true for every h € D(A), and D(A) is dense in H, we deduce that w = Bu.
Step 2 Let us show that, for A large enough, A + B +£ i)\ is bijective. We have, for any v € D(A),
(A% iX)v||? = ||Av]|? + A2||v||?, so that

, b . b .
1Bvl| < al|Avl| + bllol| < all(A £ iA)oll + lI(A £ Xl = (a + X) I(A £ iA)v].

Let us choose A large enough so that a + % < 1. We then have |[B(A & i\)~!|| < 1. Therefore, we
may write
A+Bxid= (14+B(AL£iN) ") (ALiN).

(A+£i)) is bijective, and B(A+i\)~! is also bijective. Therefore, A+ B =i\ is bijective, which concludes
the proof. O

2.4.2 Self-adjointness of Schrédinger operators (é&)

Proof. Let f € S(R?), and let A € C\R. We have

160 = g [, (P
@) /Rd(|£|2 + N (Ff)(©) e fde.

Noting that, since d < 3, the map & — Wﬁ belongs to L?(R?), we have

1 2 r 1
@) < sz N0+ DOl | g5 o
BCRE H €7 + 5| vl Ml + Goyam H €2 + X el )

By density, we obtain that for any f € H?(R?) and any A € R?, we have

[fllzee < axll = AFI+0all 11,

= || and by 1= 52 ||
€=+ AT @ || PR

Now, by assumption, we can write V = Vi + V,, with V; € L=°(R?), and V, € L?(R%). We have, for
any f € H2(RY),

o 1
where ay = W

VA< IVAfI + IV fIE < IVallso LT+ V2201 f oo
< [Vallzaxl = AfIF+ (b + [Villo) II£-

By taking A large enough, we may assume that a) < 1. We may then apply the Kato-Rellich theorem
to conclude. O

Example 2.7 (The Coulomb potential). Let ¢ € R, and let d = 2 or d = 3. Consider the potential
Viz) = ﬁ. For any bounded domain Q@ C R? containing the origin, we have 1oV € L?(RY), while

(1—1q)V € L>®(RY). Therefore, —A +V is self-adjoint on H?(R?).
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Chapter 3

The spectral theorem

3.1 Three versions of the spectral theorem (O)

Let T be a bounded self-adjoint operator on H. If P(X) = >"_ja; X7 is a polynomial in one variable,
we define

P(T) =Y a;T,
j=0

where T? =T oT, T3 =ToToT,...

Lemma 3.1. Let T € L(H), and let P € C[X]. We have

Proof. Let A € C. We may write P(X) — XA = o[/, (X — \;), where o, A, ..., A, € C and the \; are
solutions of P(\;) — A =0.

We have P(T) — X = a ], (T — X\;), which is invertible if and only if each of the operators T'— \; is
invertible. Therefore, A € o(P(T)) if and only if there exists A\; € o(T') such that P(\;) = A. This shows
the result. O

Lemma 3.2. Let T € L(H), and P € C[X]. We have

[P(T)ll3—9 = sup [P(A)].
Xeo(T)

Proof. By Lemma 3.1, we have supy¢q 1y [P(A)| = sup,eqo(p(ry) |1
By Proposition 2.7 and Remark 2.1, this quantity is equal to ||P(T")]. O
Continuous functional calculus

Let T € L(H), and let C(o(T)) denote the space of complex-valued continuous functions on the compact
set o(T). By the Stone-Weierstrass theorem, for any function f € C(o(T)), there exists a sequence
P, € C[X] such that || P, — f||cos(r)) — 0. We define the operator

F(A) = lim Py(A).

n—oo

Thanks to Lemma 3.2, the limit exists and is independent of the choice of P,.
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Proposition 3.1. Let T € L(H). The map C(o(T)) > f — f(T) € L(H) has the following
properties:

- (af + Bg)(T) = af(T) + By(T).

- (f-9)(T) = f(T)g(T).

F(T) = f(T)".

. If f >0, then for all v € H, we have (v, f(T)v).

M= 1 lloo-
. f f(2) = =2~ for some zy € p(T), then f(T) = Rr(z).

zZ—2Z20

~

S &A™

Proof. The first five points follow from Lemma 3.2, while the last point follows from the second one. [

Continuous functional calculus for semi-bounded operators It is actually possible, for any self-
adjoint operator T', not necessarily bounded, to build a map Cy(c(T)) > f — f(T) € L(H) having the
same properties as in Proposition 3.1, where Cy(co(T")) is the space of functions in C(o(T')) which vanish
at infinity.

For simplicity, we will not do the construction for general operators, but only for a wide class of
self-adjoint operators, which includes the Laplacian with any reasonable boundary conditions.

Definition 3.1. Let T be a self-adjoint operator. We say that T' is semi-bounded from below if
there exists ¢ € R such that, for all v € D(T), we have

(v, Tv) > c|lv||%. (3.1)

If T is semi-bounded from below and ¢ is as in (3.1), then for any Ao < ¢, we have \g € p(T), by
the same argument as in the first part of the proof of Proposition 2.7. The operator (T — A\g)~! is then
self-adjoint (cf the exercises), and bounded by definition.

From now on, all the operators we will consider will be semi-bounded from below, even though this
assumption is never necessary.

Lemma 3.3. The map ry, : 0(T) > A+ (A — Xg) ™! is a bijection, and we have o(Ry,(T)) =
"Xo (U(T)>

Proof. 1t is clear that r), is a bijection. Now, if A # 0, we have

(T —X) P =X =XNT + X))t [T —(do - %)Id].

Therefore, A # 0 is in o((T — X\o) 1) if and only if A = 2 for some x € o(T). Since 0 & o((T — Xo) ")

)\Q—I

by definition, the result follows. O
If f € Co(o(T)), then fo r;ol € C(o(T — Xo)™1), and we simply define
F(T) = (Fory ) (T —2x0)7H). (3.2)
Thus defined, the map Cy(o(T)) > f — f(T) € L(H) has the same properties as in Proposition 3.1.

Remark 3.1. If f € Co(R), then we can define f(T') := fio(r)(T). In particular, f(T) = 0 if and only
if [ vanishes on o(T).
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Borelian functional calculus

Let v € H. The map Co(R) > f — (v, f(T)v) is continuous, and is positive when f is positive. Therefore,
by the Riesz representation theorem, there exists a finite positive measure pu,, supported on o(T") such
that for all f € Co(R),

01 (T0) = [ 1O (). (33)
The measure ., is called the spectral measure at v. Note that we have
u(R) = [[o]|. (3.4)

By the polarization identities, we can find, for any v,w € H, a complex-valued measure fi, ,, such
that for all f € Cy(R), we have

(0,1 0y0) = [ 7). (35
Thanks to equation (3.5), we can define (v, f(T)w) for any f € L (fuy,). In particular, if M C R is

a Borelian set, and if xs is its characteristic function, then xa(T) € L™ () for all v,w € H, so that
xm(T) is well-defined.

Proposition 3.2. Let T be a self-adjoint operator. The operators xn(T) satisfy the following
properties

1. xm(T) is a projection.
2. xo(T) =0, Xo(r)(T) = 1d.
3. xmon(T) = xu(T)xn(T)

4. If (M) nen are mutually disjoint Borelian sets, and if v € H, then

XUnenMn (T)v = Z X, (T)v.

neN
5. Let a <beR X(a)(T) =0 if and only if o(T) N (a,b) = 0.
6. For any A € R, we have Ranyx}(T) = ker(T — A).

The family of operators xa(T") is called the projection-valued measure associated to T, or the
projection-valued spectral measure of T.

Proof. The first four points follow by noting that x3, = xas, xp = 0, Xo(r) = Lon o(T), xmnN = XMXN
and, if (M,,)nen are mutually disjoint Borelian sets, then xu, o ar, = D ,en Xz, - We then simply apply
the definition (3.5).

For the fifth point, it is clear from the definition of xa/(T') that if o(T)N(a,b) = 0, then x (4,4 (T) = 0.
The converse follows from point 5 in Proposition 3.1.

For the last point, note that v € ker(T — \) if and only if (T — ¢)~'v = (A — ¢) 1o for all ¢ € p(T).
Using the continuous functional calculus for (T — ¢)~1, this is equivalent to having (v, f(T)v) = f()),
that is to say, to having x(y\yv = v. O

L? functional calculus

Definition 3.2. Let T'be a self-adjoint operator on H. Let L C H. We say that L is
e an invariant subspace for T if, for any z € C\R, we have (T — z)~*(L) C L.

e q cyclic subspace for T with cyclic vector v € H if we have

L = Span{(T — z)~'v; z € C\R}.
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Remark 3.2. 1. If L is invariant for T, then L* is also invariant for T. Indeed, if v € L and

w € L+, we have
<U7 (T - 2)71w> = <(T - 5)71U7U}> = Oa

since (T — %) 1v € L.

2. If L is invariant for T, and v € D(T)N L, then Tv € L. Indeed, let z € C\R. There exists w € H
such that v = (T — z)’lw. We may write w = wg + w1, with wy € L, and wy € L. We therefore
have v = (T — z)"two + (T — 2)~tw, and the first term belongs to L while the second belongs to
L*. Therefore, we must have w € L. Now, we have

Tv=zv+ (T —2)v=z2v+w € L.

8. If L is a cyclic subspace for T with cyclic vector v, then L is the smallest T-invariant subspace
containing T. Note that the fact that L is a vector space follows from (2.3).

. If L is an invariant subspace for T, then the restriction of T to L defines a self-adjoint operator.
7l
(The proof is left as an easy exercise).

Lemma 3.4. Let T be a self-adjoint operator on H, and suppose that H is cyclic for T with
cyclic vector v. Then there exists a unitary isomorphim U : H — L*(o(T), du,) with the following
properties

o Let h:o(T) — R be given by h(s) = s. A vector w € H belongs to D(T) if and only if
hUw belongs to L*(o(T),dp,).

e For any ¢ € UD(T), we have UTU 19 = hi.

Proof. Consider the map © : Co(R) — L?(R,du,) given by ©(f) = f. We have

(0f.0g) = o Fgdu,
= (v, f(T)"g(T)v) = (f(T)v, g(T)v).
Let us write M := {f(T)v; f € Co(R)} C H. We have just shown that the map
U:H>M— Co(R) C LA(R,dp,) U(f(T)v) = f

is one-to-one and isometric.

Now, since H is a cyclic subspace, M is dense in H. Cy(R) is dense in L?(R,dpu,). Therefore, U can

be extended in a unique way to a one-to-one isometric map from H to L%(R, d,).
Let f, f1, f2 € Co(R), and write wy = f1(T)v, ws = fo2(T)v. We have

(wy, f(T)wz) = (f1(T)v, f(T) f2(T)v)
= (v, (fif f2)(T)v)
— [ 7 pedn
R
= <Uw1,Mwa2>,

where My denotes the multiplication by f in L*(R,du,). We therefore have, for any f € Cp(R) and

¥ € L*(R,dp),
fo=UfT)U".

In particular, if ¢ € C\R, consider the map r¢(2) = (2 — ¢)~'. We have
re =U(T = Q)7 U™
Therefore, U must be a bijection from Ran((T'—¢)~!) = D(T) to Ran(M,,). But we have

Ran(My,) = { € L*(R, du,); hep € L2(R, dji,)} = D(My,).
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The first point follows.
Now, let ¢ € U(D(T)). By what precedes, there exists ¢ such that ) = r¢¢. We have

Tre(TU o = (T = Qre(T)U e + Cre(TU o = Ut + (re (T U™,
so that
UTU* = UTU*reo = UTre(T)U* ¢
=UU* ¢ + CUrc(T)U g
¢

=0+

)@ =arep = hip

This theorem says that, any self-adjoint operator is unitarily equivalent to a multiplication operator
in some L? space.

Proof. Using Remark 3.2, we may find a family of subspaces H, C H indexed by N = N or N finite,
such that the H,, are mutually orthogonal, with

H= @nENHna

and each H,, is cyclic with a cyclic vector v, such that ||v,| =27".

Indeed, we pick a first vector v € H, with ||v1]] = 1, and build a cyclic vector space out of it. We
then take a vector vy € Hi, with ||vz|| = 1/2, and build a cyclic vector space out of it. Since the space
‘H is separable, this procedures ends after a finite or countable number of steps.

We then consider the restriction T;, of T to H,,. It is a self-adjoint operator, and we may apply Lemma
3.4 to it. We obtain a measure p,, with p,(R) = 47". We then simply define p by p(n x Q) = un (),
which defines a finite measure. Similarly, U is defined acting component by component, and has the
required properties. OJ

Remark 3.3. This construction is not at all intrinsic.

Corollary 3.1. Let v € H. We have v € D(T) if and only if x — x is in L*(R,du,).

Definition 3.3. Let T' be a self-adjoint operator on H, and let N, u,U be as in Theorem 5.1. If
feC(o(T)), let f: N x a(T) — R be given by f(n,s) = f(s). Note that f € LY (N x o(T)).

loc

We then define the operator f(T') on H by D(f(T)) = U*D(Mj), and f(T) = U*M;U.

We leave it as an exercise to show that this definition does not depend on the construction made in
Theorem 3.1, and is coherent with the definition of f(T") presented before when f € Cy(o(T)).

3.2 Useful formulas for the spectral projectors (&)

Lemma 3.5. Let f,, f be Borelian functions, such that ||f,||L~ < ¢ for some ¢ independent of
n, and such that f,(x) — f(z) for all x € R.
Let T be a self adjoint-operator on H, and let v € H. Then

fu(T)v — f(T)v.
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Proof. We have
HMﬂW=wmmww=Ammmmm.

By the dominated convergence theorem, this converges to [, | f(A)[*dus(X) = || f(T)v]|.
Let w € H. By the dominated convergence theorem, we have

mn@mzénmww@weéﬂmmwnzmﬂﬂw
Therefore, we have

[ £n(T)o = F(T)l* = (f(T)o = fulT), f(T)0) + (fu(T)0, fu(T)0) = {fu(T)v, f(T)v) — 0,

which proves the result. O

Proposition 3.3. Let T be a self-adjoint operator on H, and A € R. For any v € H, we have

— 58 _ _ 8 =1
X (T = zsh_r%s(T A —ig) v

Proof. Consider the function f.(z) := ——&—. It satisfies || f.|[z~ < 1, fo(A) = 1, and f.(z) — 0 if
x # A. Therefore, we may apply the previous lemma to conclude. O

Proposition 3.4 (Stone’s formula). Let T be a self-adjoint operator on H, and a < b € R. For

any v € H, we have
1 b
(X(ap) + Xjap))v = = lim [ SR\ +ie)vdA.

w™e=0/,

1
2

Proof. For any € > 0, we set

b
M@:%/%—;L—M

T— \—ie
1 b €
_;/a (A—x)2+52d/\

—x) —arctan(a;x)).

Therefore, we have || fo|r~ <1, and f.(x) — 0if z ¢ [a,b], f-(x) — 1 if x € (a,b), and f.(x) — 1/2
if 2 € {a;b}. The result follows by applying Lemma 3.5. O

1 b
= — ( arctan (
s

Proposition 3.5. Let T be a self-adjoint operator on H, let A € C and let v € H. We have

d(, o (T))[|v]] < (T = Av]|

Proof. f A € o(T), then the statement is trivial. Suppose that A ¢ o(T). The statement is then

equivalent to
1

1T =X~ < 00T’

(3.6)

which is a refinement over (2.8).
The map = — — belongs to Cy(c(T)), and its supremum is given by m The statement

T—A
therefore follows from Proposition 3.1. O

Corollary 3.2 (Weyl’s criterion). Let T' be a self-adjoint operator on H, and let A\ € R. Then
A € o(T) if and only if there exists a sequence v, C D(T) with ||v,| = 1 such that (T —\)v, — 0.
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Proof. The "if” part follows from the previous proposition.

For the "only if” part, note that A € o(T') if and only if for any & > 0, we have x(x—c x4<)(T) # 0, as
can be seen using point 5 in Proposition 3.2.

Since X (x—e,a+¢)(T) is an orthogonal projection, we may find for each € > 0, a v. such that [v.| =1
and X(A—e,\te) (T)vs = Ve.

We have (T'— A)ve = (T — A)X(r—e,r+¢) (T)ve = fo(T)ve, where

fe(@) = X(—e ate) (@) (A — ),

so that || f-||L= = e. We therefore have (T — A\)v. — 0. O

3.3 The measure-theoretic decomposition of the spectrum (&)

Definition 3.4. Let p be a finite positive Borelian measure on R. We say that p is

e pure point if it is supported on a countable set, i.e., there exists a countable set A C R such
that p(R\A) = 0. Such a measure can be written as p =Y, a;0,,, where o; > 0. The x;
are called the atoms of p.

e continuous if it has no atom, i.e., if we have p({z}) =0 for all x € R.

e absolutely continuous if there exists a function f € L*(R) such that du = f(x)dz. By the
Radon-Nikodym theorem, this is equivalent to having p(A) = 0 for all Borelian sets with
zero Lebesgque measure.

e singular continuous if u is continuous, but is supported on a set of zero Lebesgue measure.

By the Lebesgue decomposition theorem, any finite positive Borelian measure p on R can be decom-
posed in a unique way as

W= tpp + Mac + Mse,

where (i, is pure point, pq. is absolutely continuous, and p. is singular continuous.
Let us define the subspaces

Hpp = {v € H; p, is pure point}
Hae := {v € H; u, is absolutely continuous}

Hse := {v € H; uy is singular continuous}.

Proposition 3.6. The spaces Hpp, Hae and Hs. are closed vector spaces, are mutually orthogonal,
and we have
H=Hpp ® Hac ® Hsc.

Furthermore, if Il,,,I,. and I, denote the orthogonal projections on these spaces, we have
L, D(T) C D(T), (prD(T)) C Hpp
HacD(T) cD T)v (HacD(T)) C Hac (37>
HscD(T) < D(T)a T(HSCD(T)) < HSC'

T
T

-G

Thanks to (3.7), we see that T defines self-adjoint operators when restricted to the subspaces Hypp,
Hac, Hse- We denote them by Tp,,, Ty and T respectively. We define

pp(T) :=0(Tpp);  aclT) :=0(Tae), 0se(T) = 0(Tsc).
Proof. First of all, let us note that, if v,, € H is a sequence converging to some v € H, and if A C R is a

Borelian set, we have p,, (A) = (v, xa(T)vn) — (v, xa(T)v) = p,(4).
We easily deduce from this that H,,, Hae and H,. are closed.
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Next, suppose that v, w belong to two different spaces. We have v = Xupp(u,)(T)v, so that

[(v, )| = [(Xsupp(pan) (T)V; W)
= [{(Xsupp(aw) (1)U, Xsupp(u) (T)W)]
< |<Xsupp (p) (T) Xsupp (o) (T)v>|1/2|<Xsupp(u1,)(T)wvXsupp(uv)(T)w>|1/2
= |

<U Xsupp(py) T) >| 1/2 |<7.U Xsupp(uv)(T)le/z

(
= po (sUPP(p)) =

Therefore, the spaces Hpp, Hae and H,. are mutually orthogonal.

Let v € H. We may decompose [, as by = Uppv + fac,v T fhse,w- Let us write I, o, 1= Xsupp(,u,pp,v)(T)’
Hac,'u = Xsupp(tac,v) (T)7 Hsc,v = Xsupp(pse,v) (T)7 so that v = pr,vv + Hac,vv + Hsc,vv-

Now, if f € Cyp(R), we have

<HPP7U’U7 f(T)prﬂﬂ)) = <U, (Xsupp(upp,v)f) (T»v

so that ug,, ,» is purely punctual. The other components are dealt with similarly, and we obtain that
H=Hpp ® Hac ® Hse-

Finally, let v € D(T'). By Corollary 3.1, the measure p, has a finite second moment. This implies
that its purely punctual, absolutely continuous and singular continuous parts do also have finite second
moments, so that IL,,D(T) C D(T),1,.D(T) C D(T),1,.D(T) C D(T).

Finally, if v € D(T) NH,; for i = pp, sc or ac, then we have

(Tw, f(T)Tv) = (11, ,Tv, f(T)TI, ,v)
= (v, (#*f (@) xi0(2)) (T)),

so that Twv € H; OJ

Lemma 3.6. Let (2;)icr denote the set of eigenvalues of T. We have

Hpp = Picr ker(T — z;).

Proof. If v € ker(T — z;) for some i € I, then p,, = 9, so that v € H,,. Since H,,p, is a closed vector
space, we have ®;crker(T — z;) C Hpp.

Conversely, if v € H,p, we have pi, = 3, ; a;6; for some countable set J. Since 11, (R) = [|v]|, we
may find for any £ > 0 a finite subset J. such that }_ . ; ; |o;| <e. We can write

b= 3 e (Tt

Jjede

where w =37, 1\ ;. Xz, (T)v. We have pu, = 2. ;\ 5 @0z, so |lw[| = puw(R) < e. Therefore, v can be
e-approximated by a finite linear combination of eigenfunctions, which proves the result. OJ

3.4 From spectral measures to long time behaviour (&)

In this section, we work in the Hilbert space H = L?(R¢), and study the family of operators e~ . The
basic properties of this family of operators are given in the exercise sheet. The following theorems are
called the RAGE theorems, after Ruelle, Amrein, Georgescu and Enss.
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Proof. First of all, note that e " is unitary, so we have
W= [ e tPde s [ e ),
B(0,R) RI\B(0,R)

Therefore, the two equations above are equivalent, and we will only prove the first one.

When 1) is an eigenfunction, we have Ht = \i) for some A € R, so e~ ®#Hq) = ¢~ 4), and the result
follows from the fact that limp—c0 [5o gy [VI° = [¥]*.

Suppose now that ¢ is a finite linear combination of eigenfunctions:

Y= oy,
k=1
where Hp, = Ap,. We have

n
||e—itH¢||L2(Rd\B(0,R)) = He_itH ZakwkHH(Rd\B(O,R))
k=1

ay| He_itHd)k ||L2(]Rd\B(O,R))

k| L2 g 50,7y

n
<>l
k=1
n
-5
k=1

For any £ > 0, we may find R large enough such that this quantity is smaller than ¢, _, |ay|. This
proves the result for finite linear combinations of eigenfunctions.

Now, if 1 € Hpp, by Lemma 3.6, for any ¢ > 0, we may find aq,...,a, € R and eigenfunctions
Y1, ..., Yp such that

¢:Zak¢k+%

k=1
where ||| < e. We have

le™ il 2 no.my < €7 D0l L gayo,my + e @lr@amo.m)
k=1

< e it Z 7/’||L2(Rd\B(O,R)) +e
k=1

Taking the supremum over ¢, the limit R — oo and then taking € to zero finishes the proof. OJ

Proof. We have
/Rd ¢(x) (e_itsz;) (z)dz = (i, e y))
=/e_it/\d“’%w(/\)-
R

We claim that p, 4 is absolutely continuous. Indeed, let A have zero Lebesgue measure. We have

|t (A)] = [, x4 (H))|
= {xa(H)@, xa(H)$)]
< {xa(H)g, xa(H)@)|"2[(xa(H) b, xa(H))[ '/
= 1o (A) 2y (4)12 = 0.
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By the Riemann-Lebesgue lemma, the Fourier transform of an absolutely continuous measure goes to
zero at infinity. The result follows. O
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Chapter 4

The spectrum of Schrodinger
operators

4.1 Discrete and essential spectrum (O)

Definition 4.1. Let T be a self-adjoint operator on H. We define its discrete spectrum as
0disc(T) = {A € o(T) : Je > 0 with dim Ranyy—c x4e)(T) < 0o}
The essential spectrum of T is then defined as

Oess (T) = U(T)\adiSC(T)'

Lemma 4.1. Let A € R. X\ belongs to the discrete spectrum of T' if and only if X is an isolated
eigenvalue of T of finite multiplicity.

Proof. Let A € 0gisc(T). Then there exists g > 0 such that x(x—z x4e)(7T") does not depend on ¢ for
0 < & < gg. This operator is not zero, since A € o(T). Therefore, we have

X3 (T) = I xa—e age) (T) # 0.

Using Proposition 3.2, point 6, we obtain that X is an eigenvalue with finite multiplicity. Now, since
X(a—eo,n) = 0 and x(xate,) = 0, we have o(T') N (A — €0, A + €9) = {A}, so that A is isolated in the
spectrum.

Conversely, suppose that A is an isolated eigenvalue of finite multiplicity. There exists ¢g > 0 such
that o(T) N (A — g0, A+ €0) = {A}, so that X(ax—cy,0)(T) = X(A,x+e0)(T) = 0. Since dim Ranyx(xy(T) =
dimker(7 — \) is finite, we have

dim Ranx (x—¢, a+¢) (1) = dim Rany x—co,2)(T) 4 dim Ranx ;1 (T') + dim Rany x x4,y (1) < oo.

Example 4.1. Let T be a compact operator. Then oess(T) = {0}.
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Proposition 4.1 (Weyl’s criterion for essential spectrum). Let A € R. Then \ € 0ess(T) if and
only if there exists a sequence v, C D(T) such that

1. Jjup| =1
2. v, converges weakly to zero
3. (T = XN)vp)|| — 0.

Such a sequence is called a singular Weyl sequence. Furthermore, the first two conditions can
actually be replaced by 1°. vy, is orthonormal sequence.

Proof. Suppose that A is such that there exists a sequence v,, satisfying the three conditions. By Weyl’s
criterion, we know that A\ € o(T). Suppose for contradiction that A € 04;s.(T). Let II be the orthogonal
projector on ker(7'— ). It is finite-dimensional, hence compact, so Ilv,, — 0. In particular, there exists
ng such that for all n > ng, we have ||(Id — I)v, || > 1/2.

One the one hand, A being isolated in the spectrum, there exists ¢ > 0 such that

(T = A)(Id = vy || = ¢f(Id = Mvy)[| > ¢/2.

On the other hand, we have [[(T' — A\)(Id — I)v,)|| = ||(Id — II)(T — A)v,,)|| — 0, which gives us the
desired contradiction.

Conversely, suppose that A € 0.ss(T). We then have dimRanx(y_. a4 (T) = oo for all € > 0.
Therefore, we may find a sequence &,, going to zero such that dim Ranx;, \r,,,(T) = oo for all n, where
In=A—cen, A+ep).

For each n, we choose a v, € Ranxy,\r,,, with |[v,|| = 1. The vectors v, are then orthogonal to
each other, and hence converge weakly to zero. We have

n+1(

(T = Nonll = (T = MXL\ L1 Vnll < Em,s

which goes to zero. OJ

Note that, using the resolvent identities, if K(z) is a compact operator for some z € p(A) N p(B),
then K (z) is compact for all z € p(A) N p(B).

Proof. Let A € 0.55(A), and let (v,) be an associated singular Weyl sequence. Let us write w,, :=
||(BTl)_lUn”(B — 2)7 v, and show that w, is a singular Weyl sequence for B. We have

Zi)\(B—)\)(B—z)_lvn = ((B—z)_1 - )\iz>vn
=((A-2)"" - i v, — K(2)vp
A—z
1

P )\(A — N (A - 2)" Y, — K(2)v, — 0,

since K is compact, and v,, converges weakly to zero. Now, since K (z)v, — 0, we have

1

(B = 2 oall ~ A = )7 onll — 5—,

by the previous computations. We therefore have ||(B — X\)w, || — 0. Finally, one easily shows that w,
converges weakly to zero. O
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By the resolvent identities, we see that if B(A—z)~! is compact for some z € p(A), then it is compact
for all z € p(A).

Lemma 4.2. Suppose that B is A-compact. Then B is relatively bounded with respect to A, with
relative bound 0.

Proof. The key of the proof is to show that
lim ||B(A -\~ =0. (4.1)
A—00

Suppose that (4.1) holds. Then, for any a > 0, we can find A > 0 such that for any v € H, we have
IB(A =X~ ol < alvl.
Since (A —iX)~! is a bijection from H to D(A), we deduce that for any w € D(A), we have
[Bwll < all(A —iXw| < al[Allw + aX[lw]],

which shows that B is relatively bounded with respect to A, with relative bound < a for any a > 0.

Let us prove (4.1). Suppose for contradiction that (4.1) does not hold. Then there exists ¢ > 0 such
that, for any n € N, we may find v,, € H such that |B(A — in)~tv,|| > c||v,]|? for every n € N. Write
wy, := (A —in)~lv,. We have

lonll* = 1(A — inJuwn|* = || Awn|* + n®[|w, >

Therefore,
[Bwa|* > el Aw,||* + en?||w, 1%

We may change the normalization to assume that ||Bw,||?> = 1. Therefore, Aw, is bounded, and w,,
converges to zero.

Let z € p(A). The sequence (A — z)w, is bounded, so we may extract a converging subsequence
from Bw,, = B(A — 2)"}(A — 2)w,,. The limit is then some vector u with |lu| = 1. But we have shown
that w, — 0. Therefore, since B is closable, we must have v = B(03) = Oy, which gives the desired
contradiction. O

Proof. The fact that A + B is self-adjoint follows from Theorem 2.2, and from Lemma 4.2.
To show that oess(A + B) = 0ess(A), we use Theorem 4.1, noting that for z ¢ R, we have

(A=2)'—(A+B-2)"'=(A+B—-2)"'B(A-2)"1

O

4.1.1 Essential spectrum of Schrodinger operators (0)




Proof. Let z € C\R. For any f € L?(R%), we have

FUT =271 = (1 = 2) 7 (F)©.

We therefore have (T — 2)71f = G, x f, where G, € L*(R%) is the function such that FG,(¢) =
(2m)~%2(|¢)? — 2)~', and where * denotes the convolution product.

Let e > 0, Vi € L¥(R%), Vo € L*(R?%) be such that ||Vi||r~ < & and V = V; + V,. The operator
Vo(T — 2)~1 is an integral operator, with integral kernel K (z,y) = Va(z)G.(z — y). We have

[ [ K@ty = [ [ 1@ - y)Pdedy
Rd JR Rd JR

= z)|?dz L(y)]?
= [ Watw)as [ Gukay

= V2|72 |G ]I72 < oo

Therefore, Vo(T — z)~! is a Hilbert-Schmidt operator, hence compact (cf the exercises)

We have ||Vi(T — 2)7Y| < ¢|(T — 2)~!||, which goes to zero with . The operator V(T — z)~! is the
limit of a sequence of compact operators. It is therefore compact (cf the exercises), which concludes the
proof. O

Example 4.2 (Essential spectrum of the Coulomb operator). Let d = 2 ord = 3. The potential V = ﬁ

can be written as V = V|po,r) + Vira\p(0,r)- For R large enough, we have ||Viga\p(o,r)l|L> < €, while
ViBo,r) € L2(R%). Therefore, we have oess(—A + V) = [0, 4+00).

Proof. Let us write U := (V —a)1lq, and W = V —U. The potential U belongs to L?, since it is bounded
with a support of finite measure. In particular, U is in the Kato class, so U(—A — z)~! is compact for
any z € C\R. Now, for any z € C\R, we have

UA+W —2) L =U(A=2) L+ U(-A = 2) ' W(-A+W — 2)7 1,
so that U(—A + W — z)~! is compact. We deduce that
Oess(—A+ V) = 0ess(—A+W).

But , since W > «, we have o(—A + W) C [, +00). Therefore, oes5(—A + V) C [, +00). O

4.1.2 Negative eigenvalues of Schrodinger operators (&)

Proposition 4.2. Let V € L'(R?) N L>°(R?) be such that

/]R2 V(z)dz < 0.

Then the operator —A + V' has at least one negative eigenvalue.

Remark 4.1. One can show that such a general result cannot hold when d > 3, because of Hardy’s
inequality.

Proof. The potential V' belongs to the Kato class, so gess(—A + V) = [0,00). If we can find ¢ €
D(—A + V) = H?(R?), such that (v, (—A + V)v) < 0, then this will show the existence of a negative
eigenvalue. Indeed, we have (v, (—A + V)v) = fa(7 Aty Adfiy, so this quantity can be negative only if

o(=A+ V)N (—o0,0) # 0.
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Let € > 0. Consider 1. (z) = e~1*I"/2. We have

/ V() Pz

< |.Z'|26 2 —\x| dz

—+o0
71,_/\ 25 1 77‘ dr
:7'(5/0 e “du = ce.

/ [V |*V (z)dz — ¢ [ V(z)dz <0

R2

(the, —Adfe)

On the other hand,

Therefore, for € > 0 small enough, 1. satisfies (¢, (—A + V)e) < 0. O

Rellich’s theorem

We will not prove the following theorem, which says that a Schrédinger operator cannot have positive
eigenvalues, when the potential decays fast enough at infinity.

Therefore, when V € C2°(R%), the Schrédinger operator has only finitely many eigenvalues. However,
in the next section, we will define its scattering resonances, which often play the role of ”generalized
eigenvalues”.

4.2 Scattering theory and resonances (#)

In this section, we will always work in d = 3 dimensions, for simplicity.

4.2.1 The free resolvent in dimension 3 (&)

For A > 0, consider the meromorphic family of operators
Ro(\) := (=A = M) 71 L2(R3) — L*(R3).

As an easy application of a the spectral theorem, we have

1
[Ro(M)|2—z2 < SN
Proposition 4.3. For any f € L?(R?), and any X\ with I\ > 0, we have
(Ro)1)(@) = [ Rolw.ys N f )i (12)
where
R )\ eiAlz_yl
o(@, ;M) = ek
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Proof. We have f = (—=A — A?)Ro(\)f, so, applying the Fourier transform, we obtain

FFE&) = ([€* = M) F(Ro(N) f) (€),
so that

(Ro(N)f) = Ft (W;_Az}_f)

1 1
~ @ ()
Therefore, (4.2) holds, with Ro(x,y; \) = Ro(x — y, ), where

1 _ 1
Ro(wi ) = 5 (=)

1 / eiTe q
= T
(27)3 Jgs [€]* — A2

_ 1 /+oo/ eirm-w ,],.2d7,dw
- (27)3 Jo g 72— \2 '

/ YT, — .i(ezrh:\ . e—zr\m\). (43)
52 ir|x|

Indeed, Note that the left-hand side of (4.3) is a function of r and |z|, but not of 2:/|z|. We may therefore
assume that z = (0,0, |z|) in the canonical basis of R®. Working in spherical coordinates, we obtain

2m T
/ ety = / / eirleleos e gin pdpdd
s2 0=0 J =0

Now, we have

61r|x\ cos ¢

T
e
irle]  le=0
— .27‘- (617\1,| _ e—i7'|x|).
ir|z|

Using (4.3), we obtain

Ro(z, A) = : /+OO —L . e~ dr
’ (2m)2ilz| Jo  r?— A2

1 r ) :
_ ir|le| _ —ir|x|
- Sin2|x /R r2 — A2 (e c )dr

= L " __irlalgy — L " emirlalgy
8im2|z| Jgp 2 — N2 dim Jpr? — A2

Now, the map r +> ir

| is meromorphic, with simple poles at 7 = +\. It goes to zero when
r — oo with &7 > 0, so we can use the residue theorem to obtain

r . r ’
ir|x| — 9 - ir|z|
/RT2_)\26 dT—227TReb(T2_)\2€ )

iA|z|

T
2_2€

r=A

A )
= 2ir—eM?l = jre

Similarly, we have

so that

which proves the result.
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The map A — Ro(z,y; A) is holomorphic in all C, smooth in 2 and y, but it decays when |z —y| — oo
only when S\ > 0. Therefore, for any p € C°(R?), the map

pRo(N)p : L*(R?) — H*(R?)

(PRoWf) (@) = [ sla)

irle —yl”

eiA|z7y|

(y)f(y)dy

is well defined for all A € C. In other words, the map Ro()\) : L2, (R?) — H?

comp 7 .(R3), initially defined
for A > 0, can be holomorphically continued to C.

Remark 4.2. Here, we defined Ro(\) for SA > 0, and we extended it to SA < 0. We could also have
started by defining Ro(\) for S\ < 0, and then extend it to S\ > 0. The two procedures don’t give the
same result!

The first procedure gives what is called the outgoing resolvent, sometimes denoted by Ro(\ + 40), to
recall that it was first defined for A > 0, while the second one is called the incoming resolvent, and is
sometimes denoted by Ro(A — i0).

4.2.2 Scattering resonances (#)

From now on, we fix V € C>°(R3).

Lemma 4.3. There exists C(V) > 0 such that, for all A\ € C with I\ > C(V), (wA+V — \?)
is invertible

Proof. First of all, note that for all A € C with S\ > 0, we have
(=A+V = X)Ro(\) = Id + VRy(N). (4.4)

Multiplication by V is a bounded operator, and Ry is small if 3\ is large enough. Therefore,
IVRo(M|lr2—r2 < 1 for S large enough. We may hence invert Id + VRo(A) by a Neumann series
for A >> 1. The result follows. O

(R?).

Equation (4.4) still holds when SA < 0, as an identity between operators from L2 . (R?) to L?

comp

loc

Proof. We start with a few resolvent identities.

Lemma 4.4. Let p € C°(R?) such that p = 1 on the support of V.. The following identities hold

for all X € C, as identities between operators from Lgomp to L7 .:

(I - VRoN (1= p) "' =Id+VRy(N) (1 - p)
(—A+V = N)Ro(N) = (Id+ VRo(N\)(1 — p)) (Id + VRo(N)p).

Proof. For the first formula, we invert (I —VRy(MN)(1 — p)) by a Neumann series, noticing that all the
terms vanish starting from the third.
The second equality is proven as follows:

(A +V = X)Ry(\) = Id + VRo(A)p + VRo(\)(1 = p)
— (Id+ VRo(A\)(1 — p)) (Id + VRo(A)p)
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Lemma 4.5. Let Q C C be a connected open set, and (K(2)).cq be a holomorphic family of
compact operators. Suppose that there exists zy € §) such that (Id + K(zo))fl exists. Then
the family ((I1d + K(Z))_l)zeg is meromorphic and has poles of finite rank. In other words,

((Id+ K(2)) is invertible on C\S, where S is a discrete set, and at each z € S, ker (Id + K (z))
has finite rank.

\.

Sketch of proof. We first work in a neighbourhood of a point zy such that (Id + K (zo)) is invertible. We
may then use a connectedness argument to show that the conclusions are valid on all of C.

We may find r > 0 such that for all z € B(zg,r), we have ||K(z) — K(z0)|| < 1/4. Since K(zg) is
compact, we may find a finite rank operator F such that || K (z)—F|| < 1/4. Therefore, | K(z)—F| < 1/2,
so that Id + K(z) — F is invertible, with an analytic inverse. We then write

Id+ K(z) = (Id + K(z) — F) (Id + (1d+ K(2) — F)”F).

Therefore, Id+ K (z) is invertible if and only if g(z) := (Id+ (Id+K(2)—F) _IF) is invertible. Using
the fact that F' has finite rank, we may then show that g(z) is invertible if and only if the determinant
of some finite matrix depending analytically on z does not vanish. This proves the result. O

By the first equation in Lemma 4.4, Id+V Ry(\)(1 — p) is always invertible. Therefore, by the second
identity in Lemma 4.4, (—A 4+ V — A?) is invertible if and only if (Id + V Ry(\)p) is invertible.

z + (Id 4+ VRo(N)p) is a holomorphic family of operators. Furthermore, since V Ro(A)p maps L?
into H?, and since H? embeds compactly in L?, VRo()\)p : L?(R3) — L?(R?) is compact. We saw in the
first question that (Id + VRO(/\)p) is invertible for A >> 1. Therefore, we may apply Lemma 4.5 to
conclude that p(—A +V — A2)~!p extends to A € C as a meromorphic family of operators.

Let us check that its poles do not depend on p. (Id + VRO()\)p) is not invertible at A if and only if
there exists u € L?(R®) such that u = —V Rg(\)pu. Since u must be supported on the support of V', the
precise choice of p we make does not matter. O

Remark 4.3. It is not hard to see that the scattering resonances of —A + V with positive imaginary
part correspond precisely to the square roots of the negative eigenvalues of —A + V.

Furthermore, Rellich’s theorem can be improved to show that —A +V has no resonances on the real
azis.

43



Bibliography

[1] L.C. Evans, Partial differential equations, Graduate studies in mathematics, 19 American mathe-
matical society 264 (1998).

[2] P. Grisvard, Flliptic problems in nonsmooth domains, volume 24 of Monographs and Studies in
Mathematics. Pitman. (1985).

[3] H. Brezis, (2010). Functional analysis, Sobolev spaces and partial differential equations (2010).

[4] K. Pankrashkin Introduction to spectral theory, lecture notes available online at
https://www.math.u-psud.fr/ pankrashkin/spec/

44



