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Abstract—Let X be a random variable with distribution p taking values in a Banach space H. First,
we establish the existence of an optimal quantization of u with respect to the L;-distance. Second,
we propose several estimators of the optimal quantizer in the potentially infinite-dimensional
space H, with associated algorithms. Finally, we discuss practical results obtained from real-life
data sets.
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1. INTRODUCTION

Clustering consists in partitioning a data set into subsets (or clusters), so that the data in each
subset share some common trait. Proximity is determined according to some distance measure. For
a thorough introduction to the subject, we refer to the book by Kauiman and Rousseeuw [14]. The origin
of clustering goes back to 45 years ago, when some biologists and sociologists began to search for
automatic methods to build different groups with their data. Today, clustering is used in many fields.
For example, in medical imaging, it can be used to differentiate between different types of tissue and
blood in a three-dimensional image. Market researchers use it to partition the general population of
consumers into market segments and to better understand the relationships between different groups
of consumers/potential customers. There are also many different applications in artificial intelligence,
sociology, medical research, or political sciences.

In the present paper, the clustering method we investigate is based on the technique of quantization
commonly used in signal compression (Graf and Luschgy [12], Linder [17]). Given a normed space
(H, ]l -|), a codebook (of size k) is defined by a subset C C ‘H with cardinality k. Then, each x € H
is represented by a unique & € C via the function ¢,

q: H —C,
r — I,

which is called a quantizer. Here we come back to the clustering, as we create clusters in the data by
regrouping the observations which have the same image by gq.

Denote by d the distance induced by the norm on H:
d: HxH — RT,
(z,y) — llz—yl.

In this paper, observations are modeled by a random variable X on H with distribution u. The quality
of the approximation of X by ¢(X) is then given by the distortion Ed(X,¢(X)). Thus the aim is to
minimize E d(X, ¢(X)) among all possible quantizers. However, in practice, the distribution u of the
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L;-QUANTIZATION AND CLUSTERING 137

observations is unknown, and we only have at hand n independent observations X7,..., X,, with the
same distribution as X. The goal is then to minimize the empirical distortion:

izd(XuQ(Xi))'
i=1

We choose here the distortion measure d for the robustness of the medians. Moreover the properties
of the L1-Wasserstein norm will be primordial in our demonstrations.

Since the early work of Hartigan [13] and Pollard [19], [20], [21], the performance of clustering have
been considered by many authors. Convergence properties of the minimizer g}, of the empirical distortion
have been mostly studied in the case when H = R?. Consistency of ¢* was shown by Pollard [19], [21]
and Abaya and Wise [1]. Rates of convergence have been considered by Pollard [20], Linder ef al. [18],
Linder [17].

As a matter of fact, in many practical problems, input data items are in the form of random functions
(speech recordings, spectra, images) rather than standard vectors, and this casts the clustering problem
into the general class of functional data analysis. Even though in practice such observations are observed
at discrete sampling points, the challenge in this context is to infer the data structure by exploiting
the infinite-dimensional nature of the observations. The last few years have witnessed important
developments in both the theory and practice of functional data analysis, and many traditional data
analysis tools have been adapted to handle functional inputs. The book by Ramsay and Silverman [22]
provides a comprehensive introduction to the area. Recently, Biau et al. [3] gave some consistency
results in Hilbert spaces and with an Ly-based distortion.

Thus, the first novelty in this paper is to consider data taking place in a separable and reflexive Banach
space, with no restriction on their dimension. The second novelty is that we consider an L;-based
distortion, which leads to more robust estimators. For a discussion of the advantage of the L;-distance
we refer the reader to the paper by Kemperman [15].

This setup calls for substantially different arguments to prove results which are known to be true
when considering finite-dimensional spaces and an Ls-based distortion. In particular, specific notions
will be required, such as weak topology (Dunford and Schwartz [10]), lower semi-continuity (Ekeland
and Temam [10]) and entropy (Van der Vaart and Wellner [23]).

The paper is organized as follows. We first provide the formal context of quantization in Banach
space in the first part of Section 2. Then, we focus on the problem of existence of an optimal quantizer.
In Sections 3 and 4 we study two consistent estimators of this optimal quantizer, and we confront them
to real-life data in Section 5. Proofs are collected in the Appendix.

2. QUANTIZATION IN A BANACH SPACE
2 1. General Framework

The fact that the closed bounded balls are not compact is a major problem when considering infinite-
dimensional spaces. To overcome this, the classical solution is to consider reflexive spaces, i.e., spaces
in which the closed bounded balls are compact for the weak topology (Dunford and Schwartz [9]). Thus,
throughout the paper, (H, | - ||) will denote a reflexive and separable Banach space. We let X be an
H-valued random variable with distribution p such that E|| X|| < oc.

Given a set C = {y;}¥_, of points in H*, any Borel function ¢: H — C is called a quantizer. The set C
is called a codebook, and the y;, i = 1,...,k, are the centers of C. The error made by replacing X by
q(X) is measured by the distortion:

D(p, q) = Ed(X,q(X)) = / lz = q(z)[| p(dz).
H

Note that D(p, q) < oo since E|| X || < oo. Fora given k, the aim is to minimize D(y, -) among the set Oy,
of all possible k-quantizers. The optimal distortion is then defined by

Diw) = inf Dis.0).
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138 LALOE

When it exists, a quantizer ¢* satisfying D(u, ¢*) = Dj (1) is said to be an optimal quantizer.

Any quantizer is characterized by its codebook C = {yi}le and a partition of H in cells S; = {z €
H:q(x) =vy;},i=1,...,k, viatherule

q(z) =y; <= z€8;.

Thus, from now on, we will define a quantizer by its codebook and its cells.

Let us consider the particular family of Voronoi partitions constructed by the nearest neighbor rule.
That is, for each center of the codebook, a cell is constituted by the elements x € H closest to it (Gersho
and Gray [11]). A quantizer with such a partition is named a nearest neighbor quantizer, and we denote

by Qinn the set of all k-nearest neighbor quantizers. It can be easily proven (see Lemma 1 in Linder[17])
that

inf D(u,q) = inf D(u,q).

qe Qk qe ann

More precisely, given two quantizers ¢ € Q. and ¢’ € Qp,,,, With the same codebook, we have

D(p,q") < D(p,q).

Therefore, in the following, we will restrict ourselves to nearest neighbor quantizers.
A complementary result (see Lemma 2 in Linder [17]) is that for a quantizer ¢ with codebook C and
partition S, a quantizer ¢’ with the same partition but with a codebook defined by

y; € argminE[| X —y|| | X € 5], i=1,...,k,
yeH

satisfies

D(p,q") < D(p,q).

Note that since  is a reflexive Banach space, arg min, .4, E[|| X — y|| | X € S;] is non empty thanks
to Kemperman [15].

From the two previous optimality results, on the codebook and associated partition, we can derive
a simple algorithm in order to find a good quantizer. This algorithm is called the Lloyd algorithm and
based on the so-called Lloyd iteration (Gersho and Gray[11], Chapter 6). The outline is as follows:

1. Choose randomly an initial codebook;
2. @Given a codebook C,, build the associated Voronoi partition;
3. Build Cy,+1, the optimal codebook for the previous partition;

4. Stop when the distortion no longer decreases.

Unfortunately, this algorithm has two drawbacks: it depends on the initial codebook chosen, and it
does not necessarily converge to the optimal distortion. In Section 4 we will discuss an alternative to
this algorithm leading to an optimal quantizer.

2.2. Existence of an Optimal Quantizer
The aim of this section is to show that the minimization problem of D(u, ¢) has at least one solution.
Recall that we consider only nearest neighbor quantizers, which can be entirely characterized by their

codebook (y1,...,yx), and set yx = (y1, ..., yx)-
We denote the associated distortion by

D(p,q) = D(p, yx)-

Therefore our first task is to prove that the function D(y, -) has at least one minimum, or, in other words,
that there exists at least one optimal codebook.

Theorem 2.1. Assume that H is a reflexive and separable Banach space. Then, the function D(p, -)
admits at least one minimum.

Theoretically speaking, it is of interest to search for an optimal quantizer. To make the link with
clustering, Theorem 2.1 states that there exists at least one optimal repartition of the space H in different
clusters. The next step is to consider the statistical case, in which the distribution of X is unknown.
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L;-QUANTIZATION AND CLUSTERING 139

3. A CONSISTENT ESTIMATOR
3.1. Construction and Consistency

In a statistical context, the distribution g of X is unknown and we only have at hand n random
variables, X1, ..., X, independent and distributed as X. Let the empirical measure u,, be defined as

1 n
pn(A) = n Z 1ix,cq]
i=1
for any measurable set A C ‘H. For any quantizer g, the associated empirical distortion is then given by
1 n
D) = > 1Xi = a(Xi)l-
i=1

An empirical quantizer (that is a quantizer depending on the sample set (Xi,...,X,)) ¢ =
g5 (-, X1,...,X,) satislying

n
qr € argminz I1X; — q(XH)|l
qeQy i=1

is said to be empirically optimal. In particular, if we set (with a slight abuse of notation)
D, q) = E[IX — (O] | X1 ..., X,],
we have
D(pin; 4) = D (pn)-

From Theorem 2.1, we know that for every n, an empirically optimal quantizer always exists.
The following theorem, which is an adaptation of Theorem 2 in Linder[17], establishes the asymptotic
optimality of the quantizer ¢ with respect to the distortion.

Theorem 3.1. Assume that 'H is a reflexive and separable Banach space and set k > 1. Then, any
sequence of empirically optimal k-quantizers (q},)n>1 satisfies

lim D(p,q,) = Dip(p) a.s.
n—oo
and

im D(pin,q,) = Di(p)  a.s.

n—oo

3.2. Rate of Convergence

Most results in the literature concern the situation when H = R? and the distortion is an Ly-based
one (Pollard [20], Linder[17], Linder ef al.[18]). For example, it is shown in[17] that if there exists T" > 0
such that P[|| X || < T] = 1, then

k(d + 1) log(k(d + 1))

E D(p,q;) — D*(p) < CT2\/ . :

where C' > 0is a universal constant.
Recently, Biau et al. [3] proved that when H is a Hilbert space and the distortion is an Ly-based one,
then

k

ED y—D*(p) <C
(1, q3) (1) < Jn’
where C' > 0 is a universal constant.
In the sequel, our goal is to establish a rate of convergence in a Banach space with an L;-criterion.
This will require some new notions.

Let P(H) be the set of all probability measures on H.
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140 LALOE
Definition 3.1. Letp € [1,00][.

1. The L,-Wasserstein distance between ¢, £ € P(H) is defined by:

1

pp(6.6) = inf (Ed(X.)")".

2. A probability ¢ € P(H) satisfies a transportation inequality 7},(\) if there exists A > 0 such that,
for any probability £ € P(H),

.6 <21 o)

(e l0)= [ o5 1ox (5 ) a0
H

is the Kullback information between ¢ and &.

where

Remarks:

e The L,-Wasserstein distance, also called L,-Kantorovich distance, is known to be appropriate
for the quantization problem (Graf and Luschgy, Section 3 [12]);

e For this choice of distance, in view of getting rates of convergence, the so-called transportation
inequalities, or Talagrand inequalities, are well designed (Ledoux [16]).

Generally speaking, it is a difficult task to determine whether a probability u € P(H) satisfies a
transportation inequality T},(A). However, the problem is simpler when p = 1 as expressed in the theorem
below proven in Djellout et al. [7](Theorem 2.3 and Section 1).

Theorem 3.2. A probability ¢ € P(H) satisfies a transportation inequality Ty (\) if and only if,
forall o < \/2,

H
for one (and therefore for all)y in 'H.

In the sequel, we will only consider the case p = 1, and we set p = p;. For any set A C H, let P(A)
be the set of all probability measures on A. Let also N'(r, A) be the smallest number of balls of radius r
(for the metric p) required to cover P(A), that is

N(r,A) = inf {n € Ns.t. 3zq,...,2, € P(A): U Bp(ay (i) D P(A)},
i=1

where Bp(y)(w;,7) is the ball in P(A) centered at x; and with radius r (for the metric p). The quantity
log(N (r, A)) is the entropy of P(A) (Van der Vaart and Wellner [23]).

In the same way, let N(r, A) be the smallest number of balls of radius r required to cover A, with
respect to the metric of H.

In order to state a rate of convergence for D*(u,, ), we introduce the following assumptions:
A1: There exists A > 0 such that p satisfies a transportation inequality 77 (\);
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L;-QUANTIZATION AND CLUSTERING 141

A2: There exists a Banach space (G, || - ||g) and a compact embedding

L (G [l - Mlg) = (H, [ - 1)

such that the closed bounded balls B in G are totally bounded if we see them as subsets of H. That
is, forall » > 0, N(r, I(B)) is finite. Moreover, we suppose that p € P(1(G)).

Note that A1 is satisfied for paths of stochastic differential equations
dXt = b(Xt) dt + S(Xt) th,

where t € [0,T], T < oo, and b(+), s(-) satisiy suitable properties (Djellout ef al. [7], Corollary 4.1). A2
is satisfied, for example, if G is a Sobolev space on a compact domain of R? (Cucker and Smale [6],
Example 3).

From now on, B, stands for the ball of center 0 and radius R in G. According to assumption A2 and
Theorem A.1 in Bolley ef al. [4] there exists a positive constant C such that for all , R > 0,

CR\ N(/21(BRr))
Nt < () . 3)
In this context, the crux is to identify the entropy of the balls in G with respect to the norm || - ||. For

some examples, we refer the reader to [2].

Theorem 3.3. Assume that H is a reflexive and separable Banach space and A1, A2 are satisfied.
Then, for all N < X\ and € > 0, there exist three positive constants K, v, and Ry such that if

R = Ry max(1,e2,log(1/2))"/? and n > K log(N (ye, Br)) /€2, we have:

Plo(p, i) > €] < e~ /2",

Using the inequality
D, an) — D™ (1) < 2p(pt, fin),

we deduce the following corollary.

Corollary 3.1. Assume that H is a reflexive and separable Banach space and A1, A2 are satisfied.
Then, for all N < X\ and € > 0, there exist three positive constants K, v, and Ry such that if

R = Rymax(1,¢2,log(1/e2))"/? and n > K log(N (ve, Bg)) /<2, we have:

P[D(u,q) — D(p, q%) > €] < o~ (N/8)ne*

Let R be the function from R% to R* defined by
R(z) = Rymax (1,2, log(l/xz))l/z,
and denote M the function from R% to R* defined by
M(z) = K log(N (12, Br(y))) /2. (3.2)
Theorem 3.4 below gives us the desired rate of convergence.

Theorem 3.4. Assume that H is a reflexive and separable Banach space, A1, A2 are satisfied,
and M is invertible on some interval |0, al]. Then, there exists Cy > 0 such that

E D(u,q}) — D(p, q*) < Comax(M ™ (n),n"1/?).
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Note there is no restriction on the support of u. In particular, we do not require that the support of
w is bounded. This is an important point, since such an assumption is not verified, for example, by the
distributions of classical diffusion processes, yet widely used in stochastic modeling.

Besides, the interval ]0, a] in Theorem 3.4 is not empty, for instance, in all the examples cited in the
paper of Biau ef al. [2].
Example: Suppose that Assumption A1 is satisfied. Consider the Example 3 in Cucker and Smale [6],
in which G is a Sobolev space on a compact domain set of R%. Using the entropy of I(Bg) C H (Cucker
and Smale [6]) and Theorem 3.4, we have

C

E D(u,q,) — D(p, q*) < (logn)

s/d’

where C'is a positive constant.

3.3. Algorithm

Calculating ¢, appears to be an N P-complete problem. In order to approximate ¢ one can adapt
the Lloyd algorithm, which has been presented in Section 2, to the statistical context, in which we use
Wy, instead of p. Moreover, rather to calculate empirical medians in each cell, a possible solution is to
consider medoids, i.e., centers taken within the sample { X7, ..., X, }. For more details about the Lloyd
algorithm and medoids, we refer the reader to the book by Kaufman and Rousseeuw [14].

However, this Lloyd algorithm with medoids has the same drawbacks as the Lloyd algorithm
presented in Section 2: non-optimality and dependence on the initial codebook. Thus, in the next section,
we will present a new estimator in order to overcome these drawbacks.

4. MINIMIZATION ON DATA
4.1. Construction and Consistency

The basic idea of the estimator presented in this section consists in searching the minimum of the
empirical distortion D(u,, ) within the sample {X7,..., X, }. It is a generalization of a method of
Cadre [5] who considered the case k = 1 only. Formally, our estimator Yin = (Y1 s ,y;;n) is defined

by

Yin € argmin  D(uy,z).
ZE{.X17...7,XTL}I€

Let || - ||z be a norm on H* (as an example, for z = (21,...,2;) € H*, ||z||x = ,Er%akaziH) and
By (z,7) the associated closed ball in H* centered at z and with radius 7.

Theorem 4.1. Assume that 'H is a reflexive and separable Banach space and there exists yj, an
optimal codebook for u, which satisfies

Ve > 0, ]P)[(Xl,...,Xk) € BHk(yZ,E)] > 0. (43)
Then,
Jlim D(p,yy,) = Di(p) - a.s.

Remark: Condition (4.3) in Theorem 4.1 simply requires that the probability that k£ observations fall in
the neighborhood of y; is not zero. The necessity of this condition is easy to understand. Indeed, suppose

there exists e > 0 such that for optimal codebook y, for 1, (X1, ..., Xi) ¢ By (y7, €) with probability 1.
Then, by construction, D(u,y} ,,) can not converge to Dy (u).

Theorem 4.2. Assume that 'H is a reflexive and separable Banach space and (4.3), A1, and A2
hold. Then, we have

lim ED(u, y ) = Dy ().
n—oo

MATHEMATICAL METHODS OF STATISTICS Vol. 19 No.2 2010



L;-QUANTIZATION AND CLUSTERING 143

4.2. Rate of Convergence

The next theorem states that D(y, y;, ;) converges to Dy (u) at the same rate as D(u, g;,). Remember
that the function M is defined in (3.2), and let y; be an optimal codebook for p. Fore > 0 we set

flyg.e) = ]P’[(Xl, o Xg) € BHk(yZ,E)].

We also introduce the assumption:

A3: There exist a decreasing function V': N* — R* and positive constants u, v, C' such that

u —+00

max </ (1= £y, )™ de, / (1 - fyg, o)™ d5> <V (n).
0

v

Theorem 4.3. Assume that H is a reflexive and separable Banach space and A1l and A2 are
satisfied. Let yj, be an optimal codebook [or n satisfying A3. Then, if M is invertible on some
interval |0,b], there exists a positive constant Cy such that, for n large enough,

ED (1, ¥) = Di(h) < Comax (M (), V() [n/k] /%),
Remarks:

e Assumption A3 requires that the probability that data are present in a neighborhood of an optimal
quantizer increases fast enough with n. It is an essential assumption in the proof of Theorem 4.3.

e Assumption A3 is satisfied if the following assumptions hold:

A4: There exists ¢; > 0such that f(y},e) > 1 — exp(—¢?) fore €]0,¢1];

A5: There exists c2 > 0 such that f(y},e) > 1 — exp(—¢?) fore € [c2, +0].

e Assume that A4 and A5 are satisfied. Then we have
ED(p, ¥i.) = Di(p) < Comax (M (n), /) ~1%).

Thatis, D(fin, y;, ) converges to D (u) at the same rate as Dy (uy,).

e Assumption A5 is satisfied if x has a bounded support.

5. CONCLUSION

This paper thus provides an answer to the problem of functional L;-clustering: first, we prove that for
any measure pu € P(H) with finite moment an optimal quantization always exists (Theorem 2.1). Then
we propose a consistent estimator of ¢* (Theorem 3.1) and state its rate of convergence (Theorem 3.4).
In order to offset the main drawbacks of the Lloyd algorithm, we derive another method minimizing
directly the distortion on the data.

One of the most interesting points in our results is that the assumptions we make are as light as
possible. For example, we made no restriction on the support of u, and the assumptions A1, A2 are
satisfied in classical stochastic modeling.
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APPENDIX: PROOFS
A.1. Proof of Theorem 2.1

Before we prove Theorem 2.1, we need the following definition.

Definition A.1. A function ¢: H — R is called lower semi-continuous for the weak topology (abbrevi-
ated weakly l.s.c.) if it satisfies one of the following equivalent conditions:

(i) Vt € R, {u € H: ¢(u) <t} is closed for the weak topology.

(ii) Va € M, liminf ¢(u) > ¢ (@) (where = denotes the weak convergence in H).

U—u

For a proof of this equivalence and of the following proposition, we refer the reader to the book by
Ekeland and Temam [10].

Proposition A.1. With the notation of Definition A.1, the two following properties hold:

(i) If ¢ is continuous and convex, then it is weakly [.s.c.

(ii) I} ¢ is weakly l.s.c. on a set A which is compact for the weak topology, then ¢ has a
minimum on A.

Lemma A.l is a straightforward adaptation of the results proven in the first part of the proof of
Theorem 1 in Linder [17].

Lemma A.1. There exists A > 0and ¢ < k such that
inf D(N7yk) = inf D(,U,, W)
ykEHk yzEBﬁ

For all x in H, we define the functions g; ; H* — Rand g,: H* — R by:
9iz(Yr) = |lz — il
and

9z (Yr) = . minkgi,w(yk)-

=1l,...

Lemma A.2. For any x in 'H, the function g, is weakly l.s.c. on HF.

Proof. For each x in H, the functions g;, are continuous and convex, thus they are weakly l.s.c.
according to Proposition A.1. For all ¢ in R, the sets

{yr e H*: gin(yn) <1}
are then weakly closed. We deduce that

k

{yr € HF: gulyr) <t} = U {yr € H*: gialyr) < t}
i=1

is weakly closed. Lemma A.2 follows by using statement (i) in Definition A.1.

Lemma A.3. The function D(u,-) is weakly l.s.c. on H*.
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Proof. Foreachy; € H*, we can write:

liminf D(u,yx) = liminf/gw(yk) wu(dr)

YE—YE YoV S,

> /liminf 92 (yx) p(dx) (by Fatou’s Lemma)

YE—VYi

> /gm(y}:,) w(dz) (by Lemma A.2 and Definition A.1 (ii))

H
= D(p,yr1),
which proves that D(y, -) satisfies Definition A.1 (ii).

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. According to Lemma A.1, there exists R > 0 such that the infimum of D(y,-)
on H¥ is also the infimum of D(u,-) on BY. Moreover, on the one hand B% is compact for the weak
topology, and on the other hand D(y,-) is weakly l.s.c. according to Lemma A.3. Thus, according to
Proposition A.1, the function D(u, -) reaches its infimum on BE.

A.2. Proof of Theorem 3.3
The proof is adapted from the proof of Theorem 1 by Bolley ef al. [4]. It can be decomposed in three
steps:

1. First, we show we can consider truncated versions of the probability measures p and u,, on the
ball Bg of G;

2. Then we cover the space P(I(Bgr)) by small balls of radius r;

3. Finally, we optimize the various parameters introduced in the proof.

Each of the next three lemmas matches a step.

Remember that under Assumption A2, u € P(G). Let R > 0. We consider u® defined, for any Borel
set A C H, by:

ANI(BRr)
ul(Br)]

Consider now the independent random variables {X;}! ; with distribution px and {Y;}, with
distribution p*t. We define, fori < n,

wr_[Xi it Xilg <R
' Y, i [|Xillg > R.

uR(a) = — ulA| I(Bp).

Let &, be the Dirac measure at point . The empirical measures p,, and pf? are defined by

1 — 1 —
=30k and = 3o
i=1 i=1

Denote E, = [, exp(al|z||?) u(dx). Since we suppose that u satisfies a T7(\)-inequality, we have
E, < oofora < \/2.
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LemmaA.4. Letn €]0,1],¢,0 > 0, ay €]0,\/2[, and « €]ay, A\/2]. Then, for all
R > max(y/1/2a,20/ay),

we have
Plp(p, pin) > €] < Pp(p’, ult) > ne — 2EaRe_°‘R2} +exp (—n[f(1 —n)e — Eae(o‘l_o‘)Rz]).

Proof. For a fixed € > 0, we bound P[p(u, it,) > €] by a function of u and uf. First, following the
arguments of the proof of Theorem 1.1 by Bolley ef al. (step 1) [4], it can be proven that for all « < A/2

and R > \/1/2a,
p(p, p?) < 2B, Re™ . (A1)

Second, the probability measures j,, and pff satisfy

1 & 1 —
p(p, i) < nZHXZR—XiH < nZZm
=1 i=1

where Z; = 2[|X;[|1x,s>r (i = 1,...,n). Using a similar argument as in the proof of Theorem 1.1 by
Bolley et al. (step 1)[4], we deduce that if €, § are positive and av < \/2,
Plo(u, ) > ] < exp (= nle — Eael1=1]). (A2)

The conclusion follows from (A.1), (A.2), and the triangle inequality for p.

Lemma A.5. Given 0,ca, a1, A\ > 0 such that A\ < \, « €]ay, A\/2], and ¢ > 1, there exist positive
constants 61, s < A1, K1, and Ky such that, for all R > ( max (\/1/2a, 29/@1) ande >0,
A
Plp(p, pn) > €] < N(81€/2, Br) exp ( — n[ 2252 — Klee_aRQD
+ exp ( — n[Kale — ng(o‘l_o‘)R2]),

where K3 is a positive constant depending only on 6 and «;.

Proof. We start by proving that pf satisfies a modified T7()\)-inequality. Let A be a Borel set of

P(I(Bg)). Following the arguments of the proof of Theorem 1.1 of Bolley et al. (step 2)[4], one may
write

Pl € A] < exp (= n inf H(v | 1)), (A.3)

From now on, we assume that P(I(Bpg)) is equipped with the distance p. Consider § > 0 and A a

measurable subset of P(I(Bgr)). Weset N4 = N'(§/2, A). Then there exist N4 balls B;,i = 1,..., N4,
covering A. Each of this balls is convex and included in the §-neighborhood As of A. Moreover, by
assumption A2, the balls B; are totally bounded.

[t is easily inferred from equation (A.3) that

Plul € A< N4exp (—n inj H(v | ph). (A.4)
VEA§
Define now
A={vePI(Bg)): p(v,ut) > ne — 2EaRe_o‘R2}.
According to the basic inequality
Va €]0,1[,3C > 0 such that Vz,y € R, (z — y)? > (1 — a)z? — Cy?, (A.5)

we have, forany v € A,

A
VA1 < A, 3K > 0such that H(v | p) > 21 P2(uR,v) — KR%e %
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Thus we can write

A A
Ve As, H(v|pf)> " p*(u v) — KR%e ™ > “lm? — KR?e ",

2 2
where

m = max (7]5 — QEQRe_O‘R2 -4, O).
From this and equation (A.4) we conclude that
A
IP’[p(,uR, plt)y > ne — ZEQRe_O‘R2] < Nexp ( — n[ 21 m? — KRQe_O‘Rﬂ ) (A.6)

Now, given Ay < Aq, it follows from (A.5) that there exist three positive constants 1, 71, and K;
depending only on «, Ay, and Ag such that

A A
21 m? — K R2e— R > 22

where § = d;¢. This leads, together with (A.6), to

—aR2
52—K1R26 aR,

]P’[p(,uR, plty > ne — QEQRe_O‘RQ] < Nexp ( —n [)\22 g2 — KlRQe_O‘RQ} ) (A.7)

To bound A4, we observe that since A € P(I(Bg)),
NA<N(/2,I(Bgr)) = N(61¢/2, I(Bg)).
The conclusion follows by Lemma A.4 and inequality (A.7).

The following lemma simplifies the results of the previous one.

LemmaA.6. Let N <\ a < \/2,and o/ < a. There exists 6; > 0 such that, for all e > 0,

)\l

P(p(p, pn) > €] < exp ( . n62) + exp(—a/ne?)

as soorn as
log (NV'(d12/2,1(BR)))

R? > Ry max (1,52,log ( L >> and n > Ky 22

e2

)

where Ry and K4 are some positive constants depending on p through A and c.

Proof. On the one hand, under the assumptions and notation of Lemma A.5, we have, for all ' < X,

log (N(515/2, 1(Bg)) exp ( - n[); 2 K1R2e_aR2D> = _n; - (A.8)

as soon as R, R/log(1/€%), and ne?/log(N (61¢/2,I(BRr))) are large enough (see the third step of the
proof of Theorem 1.1 by Bolley ef al. [4]).

On the other hand, let o/ < as < a7. We can choose ¢ such that Ko( = age. With this choice we
obtain
exp ( — n[Kae — ng("‘l_o‘)R2]) = exp ((— nfage® — ng(o‘l_o‘)m]),

which can be bounded by exp(—a/ne?), for R and R?/ log(1/?) large enough. This, together with (A.8),
leads to the conclusion.

Theorem 3.3 is then a straightforward consequence of Lemma A.6, noticing that, for any K <
min((\'/2), ') and n large enough, we have

!/

exp ( — ;nsz) +exp ( — a'ne?) < exp (— Kne?).
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A.3. Proof of Theorem 3.4

Let £ > 0 be small enough. According to Corollary 3.1 we have
P[D(n,q;) — D(p,q") > &) < e~ ¥/ome’

as soon as n > M(e). Therefore we can write:
+00

ED(u,q,) — D(p,q") = / P[D(u, q) — D(p,q") > € de
0
M~Y(n) +00

— [ ®DGa) - Dina) > de+ [ PIDng) - Dipng) > <l ds
0 M1 (n)
+o0
<M Yn)+ / e~ (N /8)ne? g < Co max(./\/l_l(n),n_l/2),
0
as desired.

A.4. Proof of Theorem 4.1
One can easily show that

D(pns Yien) = D1 ¥ ) < o1 pin)- (A.9)

Thus, by Lemma 4 in Linder [17] and Varadarajan’s Theorem [8], we deduce that:
D(tn, Yrpn) — D(1t,¥in) — 0 as. asn — oo. (A.10)

Let p<n and z € {X1,..., X, }*. Since D(pin: ¥i.) < D(pn,2) and, by the law of large numbers,
D(pn,2z) — D(u,z) a.s., we have

limsup D(pin, ¥i,) < D(p,2)  as.

From (A.10), we deduce that, for all p > 1,

limsup D(u, yz.n) < D(u,z). (A.11)

min
ZE{Xl,...,Xp}k

Let us now evaluate the limit of the right-hand term in (A.11)as p — oo. Note, fore > 0andp > 1,

N(p,e) = [37" € argmin  D(u,2) N By (i €), D7) = Dlp,yi) + 22|
ZE{_Xl,...,_Xp}I€

Since, Yy, v}, € H*, |D(,y1) — D(1, y}.)| < vk — ¥} ||k, We obtain
N(p,e) C [D(u,y}) = D(p, yy) +¢] =0.

Therefore as soon as p > k,

B[ o Dnz) = Du.yi) > 2] <EN(pe)] +P[Va e {X1.... ,Xp}", 2 & By (v, )]
z 1yeesXp

<P[(X1,. o, Xp) € By (vi, )] P = (1= P(X0, o Xp) € B (o)) 7, (A12)
where || stands for the integer part function. Then, by the Borel—Cantelli lemma,

lim min D(u,z) = D(p,y;) a.s.
Jm i (1, 2) (1, ¥%)

This result, together with (A.11), leads to the conclusion.
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A.5. Proof of Theorem 4.2
On the one hand we can write:
D(, i) — D™ (1) = D1, Y,n) — Dtin; Yien) + D, ¥5.,0) — D™ (1)
< Dk Yin) = Dtin, Y| + 1D (s Yin) — D™ (1)
< oty pin) + [D (b Vi) — D™ (1),

according to (A.9).
On the other hand,
Jim D(pn, ¥i,) = D7 (1) as.
Moreover,
1 n
D s *n = 1 1 XZ .
(n,¥i) = min ;] min X - 2]

1< 1<
< nZHXi - Xy < nZHXz’H + [ X1l
=1 i=1

Hence D(pp, y;;n) is uniformly integrable, which proves that it converges in L.
Finally, Ep(u, pr,) — 0 by Theorem 3.3, and we deduce the proof of Theorem 4.2.

A.6. Proof of Theorem 4.3
First we can write
D(p,yr) — Di(1) = D(1, Yk n) — Dty Yi ) + D (s ¥ )

_ min D(u,z) + min D(u,z) — Di(p).
oo Dzt min L Diu,z) — Di)

Then, according to Lemma 3 in Linder [17], we have

D(p,¥5) = D(ttns Yien) < p(ts pin)

and
D(pin, Y5 ) — min D(u,z) < s ).
(ks Yie,n) pedn (1, 2) < p(p; pin)
Thus,
D(ps ¥Yin) — Di(p) < 20(ps pin) + min_ - D(p,z) — Di(p). (A.13)
ZE{Xl,...,Xn}k

Moreover, according to inequality (A.12) we have forn > k:

mi D D* * [n/k]
P 12) — >2| < |1- , ‘
[ze{xl,.l.?xn}k (11,2) = Djin) > 2¢] < [1 = f(yi.e)]

We deduce
“+o0

E i D(u,z) — Di(pu)= | P i D(u,z) — Di(u) > el de
e (1.z) — Df(p) / [ze{XIln,.l..r,an}k (1,2) — Di(p) > €]

0
+00
<2 / (1—f(yie) /] e
0
<o [ 0-sre) M [ (- o) )
[0,u]U[v,00] e
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<2 <2V(n) + / [1- f(y}.©)] Ln/k) d5> (according to assumption A 3)

< 2(2V(n) + (v — )T < Cmax (|n/k] 72,V (n)) forn large enough,

where T < 1 and C' are some positive constants. Theorem 4.3 follows from (A.13), Theorem 3.3, and
Theorem 3.4.
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