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Corrigé du devoir no.1

(1) Soit ϕ ∈ C+
b (R). Calculons (nous utilisons ici la propriété i.i.d. des variables

de l'énoncé)

E(ϕ(XT )) =
∑
i≥1

E(ϕ(Xi)1Uig(Xi)≤f(Xi)

∏
1≤j≤i−1

1Ujg(Xj)≤f(Xj))

=
∑
i≥1

E(ϕ(X1)1U1g(X1)≤f(X1))(E(1U1g(X1)≤f(X1))
i−1 .

On calcule donc

E(ϕ(X1)1U1g(X1)≤f(X1)) =
�

x∈R

�
u∈[0;1]

ϕ(x)1ug(x)≤f(x)g(x)dx

=
�

f(x)≥g(x)

ϕ(x)g(x)dx +
�

f(x)<g(x)

ϕ(x)
f(x)
g(x)

g(x)dx

=
�

x∈R
ϕ(x) inf(f(x), g(x))dx .

En prenant ϕ = 1, on obtient

E(1U1g(X1)≤f(X1)) =
�

x∈R
inf(f(x), g(x))dx .

Donc la loi cherchée a la densité h : x ∈ R 7→ inf(f(x), g(x))/
�

u∈R inf(f(u), g(u))du.

(2)

P(U1g(X1) ≤ f(X1)) =
�

x∈R

�
u∈[0;1]

1ug(x)≤f(x)g(x)dudx

=
�

f(x)≤g(x)

f(x)
g(x)

g(x)dx +
�

g(x)<f(x)

g(x)dx

=
�

x∈R
inf(f(x), g(x))dx .

1


