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EXERCISES 8

SDES

In all the exercises, (Ω,A,P) denotes the current probability space and (Bt)t≥0 a (real) Brownian
motion.

Exercise 1. For some point x ∈ R, we consider the SDE:

∀t ≥ 0, Xt = x+

∫ t

0
bXsds+

∫ t

0
σXsdBs.

(1) Show that the SDE admits a unique solution.
(2) Show that

Xt = x exp
(
(b− σ2

2
)t+ σBt

)
.

Exercise 2. For some point x ∈ R, we consider the SDE:

∀t ≥ 0, Xt = x+

∫ t

0
bXsds+Bt.

(1) Show that the SDE admits a unique solution.
(2) Show that

Xt = exp(bt)
(
x+

∫ t

0
exp(−bs)dBs

)
.

Exercise 3. For some point x ∈ R, we consider the SDE:

∀t ≥ 0, Xt = x+

∫ t

0
sin(2Xs)ds+

∫ t

0

(
1 + cos2(Xs)

)1/2
dBs.

(1) Show that the SDE admits a unique solution.
(2) Show that (φ(Xt))t≥0 is a martingale, where

φ(x) =

∫ x

0

(
1 + cos2(u)

)2
du.

Exercise 4. We consider the SDE

∀t ≥ 0, dXt = − sin(t)

2 + cos(t)
Xtdt+ (2 + cos(t))dBt.

(1) Show that the SDE admits a unique solution.
(2) Show that it is given by

∀t ≥ 0, Xt = (2 + cos(t))Bt.

Exercise 5. Let x ∈ R.
(1) Show that the SDE

∀t ≥ 0, Xt = x+

∫ t

0
sXsds+

∫ t

0
exp(s)dBs,

admits a unique solution.
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(2) Let y be the solution of the ordinary di�erential equation:

yt = 1 +

∫ t

0
sysds.

Give the form of y.
(3) Show that Z = y−1X is an Itô process and compute its in�nitesimal variation.
(4) Show that the solution of the SDE is given by

∀t ≥ 0, Xt = exp
(
t2/2

)[
x+

∫ t

0
exp(s− s2/2)dBs

]
.

(5) Deduce that X is a Gaussian process. Give its law.

Exercise 6. Let x ∈ R. We consider the SDE

(?) ∀t ≥ 0, Xt = x+

∫ t

0
cos(s)ds+

∫ t

0
s1/2XsdBs.

(1) Show that the processM given, for any t ≥ 0, byMt = exp(−
∫ t
0 s

1/2dBs−t2/4) is a solution
of the SDE

∀t ≥ 0, Mt = 1−
∫ t

0
s1/2MsdBs.

(2) Show that (?) admits a unique solution, denoted by (Xt)t≥0.
(3) Show that

∀t ≥ 0, exp
(
t2/2

)
XtMt = x+

∫ t

0

[
exp(s2/2) cos(s)Ms

]
ds

(4) Deduce that

∀t ≥ 0, Xt = exp

(∫ t

0
s1/2dBs − t2/4

)[
x+

∫ t

0

(
exp

(
−
∫ s

0
r1/2dBr + s2/4

)
cos(s)

)
ds

]
.

Exercise 7. We here consider the two-dimensional SDE

∀t ≥ 0,


Xt = 1− 1

2

∫ t

0
Xsds−

∫ t

0
YsdBs,

Yt = −1

2

∫ t

0
Ysds+

∫ t

0
XsdBs.

(1) Show that there is a unique solution. (We admit that the existence and uniqueness theorem
is still true.)

(2) By Itô's formula, show, that for every t ≥ 0, X2
t + Y 2

t = 1.
(3) It is thus natural to seek for a solution as (Xt, Yt) = (cos(θt), sin(θt)), where θ is an Itô

process.
Give the necessary form of dθt.

(4) Deduce the solution of the equation.
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