Université de Nice - M2 Mathmods - Stochastic Calculus

EXERCISES 8

SDES

In all the exercises, (2, A,P) denotes the current probability space and (Bi)i>o0 a (real) Brownian
motion.

Exercise 1. For some point € R, we consider the SDE:
t t
Vi>0, Xe=x+ / bXsds + / 0 XsdBs.
0 0

(1) Show that the SDE admits a unique solution.

(2) Show that
2

Xy =zexp((b— %)t + 0 By).
Exercise 2. For some point € R, we counsider the SDE:
t
VtZO, Xt:$+/ bXSdS+Bt
0

(1) Show that the SDE admits a unique solution.
(2) Show that

Xy = exp(bt) (z —i—/o exp(—bs)dBs).

Exercise 3. For some point € R, we consider the SDE:

1/2

t t
vt >0, Xt—x—i—/ sin(2Xs)ds—|—/ (14 cos®(X,)) ' “dBs.
0 0

(1) Show that the SDE admits a unique solution.
(2) Show that (¢(X¢))e>0 is a martingale, where

o(x) = /Ox(l + COSQ(u))Zdu.

Exercise 4. We consider the SDE
sin(t)
2 + cos(t)

(1) Show that the SDE admits a unique solution.
(2) Show that it is given by

Vit > O, dXt = Xtdt + (2 + COS(t))dBt.

Vit > O, Xt = (2 + COS(t))Bt.

Exercise 5. Let x € R.
(1) Show that the SDE

¢ ¢
Vi>0, Xy =z + / sX.ds —|—/ exp(s)dBs,
0 0

admits a unique solution.



(2) Let y be the solution of the ordinary differential equation:

t
y =1 +/ sysds.
0

Give the form of y.
(3) Show that Z = y~!X is an Ito process and compute its infinitesimal variation.
(4) Show that the solution of the SDE is given by

t
vt >0, X; = exp(t?/2) [ac + / exp(s — 32/2)st} .
0
(5) Deduce that X is a Gaussian process. Give its law.

Exercise 6. Let x € R. We consider the SDE
t t
(%) Vt>0, Xy ==z —i—/ cos(s)ds +/ sY2 X, dB;.
0 0

(1) Show that the process M given, for any ¢ > 0, by M; = exp(— f s1/2dB,—t%/4) is a solution
of the SDE .
VE>0, My=1-— / s'/2 M, dB;.
0
(2) Show that (x) admits a unique solution, denoted by (X¢)¢>o0.

(3) Show that
t
vt > 0, exp(tQ/Q)XtMt =+ / [exp(sQ/Q) cos(s)Ms] ds
0

(4) Deduce that

t t s
vVt >0, Xy =exp </ s'2dB, — t2/4> [$ +/ <exp<—/ r'2dB, + 32/4> cos(s))ds].
0 0 0

Exercise 7. We here consider the two-dimensional SDE

Xt_l/de/Yst,
Vi >0,

B Y_—/Yds—l—/XdB

(1) Show that there is a unique solution. (We admit that the existence and uniqueness theorem
is still true.)
(2) By Ito’s formula, show, that for every ¢t > 0, X? + Y2 = 1.
(3) Tt is thus natural to seek for a solution as (Xy,Y:) = (cos(6;),sin(6;)), where 6 is an Ito
process.
Give the necessary form of df;.
(4) Deduce the solution of the equation.



