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Equational Consequence Recalled

We consider an algebraic language £ with at least one constant symbol,
and any variety V of L-algebras.
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Equational Consequence Recalled

We consider an algebraic language £ with at least one constant symbol,
and any variety V of L-algebras.

Lemma

The following are equivalent for any sets of L-equations ¥(X), A(X):

(1) X =, A e, forany A € V and homomorphism e: Tm(x) — A,
Y C ker(e) = A C ker(e).
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Equational Consequence Recalled

We consider an algebraic language £ with at least one constant symbol,
and any variety V of L-algebras.

The following are equivalent for any sets of L-equations ¥(X), A(X):

(1) X =, A e, forany A € V and homomorphism e: Tm(x) — A,
Y C ker(e) = A C ker(e).
(2) A C Ce,(5).
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Deductive Interpolation

V admits deductive interpolation
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Deductive Interpolation

V admits deductive interpolation if whenever ¥.(X,y) =, (¥, Z), there
exists a set of equations A(y) such that

S(%,7) Ey AF) and A@W) E, £(7.2).
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Deductive Interpolation

V admits deductive interpolation if whenever ¥.(X,y) =, (¥, Z), there
exists a set of equations A(y) such that

S(%,7) Ey AF) and A@W) E, £(7.2).

V admits deductive interpolation if and only if for any set of equations
Y (X,y), there exists a set of equations A(y) such that

L(xy) Fy e(v,2) = AY) ey, 2),
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Deductive Interpolation

V admits deductive interpolation if whenever ¥.(X,y) =, (¥, Z), there
exists a set of equations A(y) such that

S(%,7) Ey AF) and A@W) E, £(7.2).

V admits deductive interpolation if and only if for any set of equations
Y (X,y), there exists a set of equations A(y) such that

L(xy) Fy e(v,2) = AY) ey, 2),

Proof hint. Consider A(y) := {e(y) | Z(X,y) =, e(¥)}.
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Lifting Inclusions

The inclusion map i: F(y) — F(X,y); a— «
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Lifting Inclusions

The inclusion map i: F(y) — F(x,y); a+— «a “lifts’ to the maps

i*: ConF(y) — ConF(x,y); O~ CgF(W)(i[@])
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Lifting Inclusions

The inclusion map i: F(y) — F(x,y); a+— «a “lifts’ to the maps
i*: ConF(y) — ConF(x,y); O~ CgF(W)(i[@])

i~1: ConF(x,y) — ConF(y); Vi 7w = v F(y)2
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Lifting Inclusions

The inclusion map i: F(y) = F(X,y); a+— « "lifts" to the maps
i*: ConF(y) — ConF(X,y); O CgF(W)(i[@])
i~1: ConF(x,y) = ConF(y); W i W]=wnF(y)
Note that the pair (i*,i~!) is an adjunction, i.e.,

FO)CV «— Oecilw).

George Metcalfe (University of Bern) Bridges between Logic and Algebra June 2019 4/32



Deductive Interpolation Again

The following are equivalent:

(1) V admits deductive interpolation, i.e., for any set of equations
Y (X,¥), there exists a set of equations A(y) such that

Ly Fye(n,z) = Al) Fy ey, 2)-
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Deductive Interpolation Again

The following are equivalent:

(1) V admits deductive interpolation, i.e., for any set of equations
Y (X,¥), there exists a set of equations A(y) such that

(xy) Ey e(v,2) = AQY)E, (v, 2).
(2) The following diagram commutes (where i, j, k, | are inclusion maps):

Con F(X,7) ——— Con F(y)

l l,*

ConF(x,y,2) —= ConF(y,z)
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Deductive Interpolation Again

The following are equivalent:

(1) V admits deductive interpolation, i.e., for any set of equations
Y (X,¥), there exists a set of equations A(y) such that

(xy) Ey e(v,2) = AQY)E, (v, 2).
(2) The following diagram commutes (where i, j, k, | are inclusion maps):

Con F(X,7) ——— Con F(y)

l l,*

ConF(x,y,2) —= ConF(y,z)
That is, for any © € Con F(x,Y),

Cep., ., (©)NF(y,2)* = Cg, . (ONF(¥)?).

X,y,7)
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But now. ..

What does deductive interpolation mean algebraically?
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The Amalgamation Property

A variety V has the amalgamation property if for any A,B,C € V and
embeddings i: A— B and j: A — C,
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The Amalgamation Property

A variety V has the amalgamation property if for any A,B,C € V and
embeddings i: A — B and j: A — C, there exist D € V and embeddings
h: B — D and k: C — D satisfying hi = kj.
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The Amalgamation Property

A variety V has the amalgamation property if for any A,B,C € V and
embeddings i: A — B and j: A — C, there exist D € V and embeddings
h: B — D and k: C — D satisfying hi = kj.
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A Key Lemma

Lemma (Pigozzi 1972)

V has the amalgamation property if and only if for any © € Con F(X,y),
V € ConF(y, z) satisfying

ONFy) =vNnFE),
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A Key Lemma

Lemma (Pigozzi 1972)
V has the amalgamation property if and only if for any © € Con F(X,y),
V € ConF(y, z) satisfying

ONFy) =vNnFE),

there exists ® € Con F(X,y, ) satisfying
O =0NF(x,y)®? and V=0onF(y,2)>%
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A Key Lemma

Lemma (Pigozzi 1972)

V has the amalgamation property if and only if for any © € Con F(X,y),
V € ConF(y, z) satisfying

ONF) =VNFF),
there exists ® € Con F(X,y, ) satisfying
O =0NF(x,y)®? and V=0onF(y,2)>%

This property of congruences of free algebras can be reformulated in terms
of consequence as the so-called Robinson property.
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Proof Sketch (=)

Suppose that V has the amalgamation property and © € Con F(x,y),
VW ¢ ConF(y,z) satisfy &g := © N F(y)? = VN F(y)>.
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Proof Sketch (=)

Suppose that V has the amalgamation property and © € Con F(x,y),
W € Con F(y,z) satisfy ®g := © N F(¥)? = VN F(y)?. We define

A =F(y)/®, B=F(x,y)/©, and C=F(y,2)/V,

(15

el
N
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Proof Sketch (=)

Suppose that V has the amalgamation property and © € Con F(x,y),
W € Con F(y,z) satisfy ®g := © N F(¥)? = VN F(y)?. We define

A =F(y)/®, B=F(x,y)/©, and C=F(y,2)/V,

yielding an amalgam D

(15

el
N
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Proof Sketch (=)

Suppose that V has the amalgamation property and © € Con F(x,y),
W € Con F(y,z) satisfy ®g := © N F(¥)? = VN F(y)?. We define

A =F(y)/®, B=F(x,y)/©, and C=F(y,2)/V,

yielding an amalgam D and a surjective homomorphism g: F(x,y,z) — D

(15

el
N
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Proof Sketch (=)

Suppose that V has the amalgamation property and © € Con F(x,y),
W € Con F(y,z) satisfy ®g := © N F(¥)? = VN F(y)?. We define

A =F(y)/®, B=F(x,y)/©, and C=F(y,2)/V,

yielding an amalgam D and a surjective homomorphism g: F(x,y,z) — D
with ® := ker(g) satisfying © = ® N F(x,y)? and ¥V = & N F(y,2)°.
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Let B,C € V be generated by X,y and y, Z, respectively, with a common
subalgebra A generated by y.
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Proof Sketch (<)

Let B,C € V be generated by X,y and y, Z, respectively, with a common
subalgebra A generated by y. Consider the surjective homomorphisms

wa: F(y) = A, mg:F(x,y) — B, and 7n¢: F(y,z) — C.
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Proof Sketch (<)

Let B,C € V be generated by X,y and y, Z, respectively, with a common
subalgebra A generated by y. Consider the surjective homomorphisms

ma: F(y) = A, 7p:F(x,y) = B, and n¢: F(y,z) —» C.
Then © = ker(7g), V = ker(7¢) satisfy © N F(¥)? = ¥ N F(y)?
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Proof Sketch (<)

Let B,C € V be generated by X,y and y, Z, respectively, with a common
subalgebra A generated by y. Consider the surjective homomorphisms
ma: F(y) = A, 7p:F(x,y) = B, and n¢: F(y,z) —» C.

Then © = ker(7g), V = ker(7¢) satisfy © N F(¥)? = W N F(y)? so, by
assumption, there exists ® € Con F(X,y,Z) such that N F(x,y)?> = ©
and ® N F(y,2)? = V.
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Proof Sketch (<)

Let B,C € V be generated by X,y and y, Z, respectively, with a common
subalgebra A generated by y. Consider the surjective homomorphisms
ma: F(y) = A, 7p:F(x,y) = B, and n¢: F(y,z) —» C.

Then © = ker(7g), W = ker(7¢) satisfy © N F(y)? = W N F(y)? so, by
assumption, there exists ® € Con F(X,y,Z) such that N F(x,y)?> = ©
and ® N F(y,z)?> = V. The required amalgam is then D = F(x,y,y)/®.
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then V admits deductive interpolation. l
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then V admits deductive interpolation.

Suppose that V has the amalgamation property.

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then V admits deductive interpolation.

Suppose that V has the amalgamation property. Given ¥(X,y), define

© = Corip (B

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then V admits deductive interpolation.

Suppose that V has the amalgamation property. Given ¥(X,y), define

©=Cg, (¥), N=06n F(v)?,

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then V admits deductive interpolation.

Suppose that V has the amalgamation property. Given ¥(X,y), define

©=Cg, (¥), N=06n F(¥)?>, and W= Cg, ., (M).

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then V admits deductive interpolation.

Suppose that V has the amalgamation property. Given ¥(X,y), define

©=Cg, (¥), N=06n F(¥)?>, and W= Cg, ., (M).

Since © N F(¥)2 = ¥ N F(y)?,

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then )V admits deductive interpolation.

Suppose that V has the amalgamation property. Given X(X,¥), define

— _ )2 —
©= CgF(w)(Z), N=©nF({)°, and V= CgF(W)(I'I).
Since © N F(¥)? = W N F(y)?, there exists ® € Con F(x, Y, 7) satisfying

©=0NF(x,y)? and V=0onF(y,2)>%

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then )V admits deductive interpolation.

Suppose that V has the amalgamation property. Given X(X,¥), define

— _ )2 —
©= CgF(w)(Z), N=©nF({)°, and V= CgF(W)(I'I).
Since © N F(¥)? = W N F(y)?, there exists ® € Con F(x, Y, 7) satisfying
©@=0NF(x,y)? and V=0nF(y,2)>

But ¥ =,

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then )V admits deductive interpolation.

Suppose that V has the amalgamation property. Given X(X,¥), define

©=Cg, (), M=ONnF(y)? and w=Cg (M)
Since © N F(¥)? = W N F(y)?, there exists ® € Con F(x, Y, 7) satisfying
©=0NF(x,y)? and V=0onF(y,2)>%
But X =, I and for any ¢(y, 2),

Y, e =

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then )V admits deductive interpolation.

Suppose that V has the amalgamation property. Given X(X,¥), define

©=Cg, (), M=ONnF(y)? and w=Cg (M)
Since © N F(¥)? = W N F(y)?, there exists ® € Con F(x, Y, 7) satisfying
©=0NF(x,y)? and V=0onF(y,2)>%
But X =, I and for any ¢(y, 2),

YE,e = €V =0nF(y,2)

v
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From Amalgamation to Deductive Interpolation
IfV has the amalgamation property, then )V admits deductive interpolation.

Suppose that V has the amalgamation property. Given X(X,¥), define

©=Cg, (), M=ONnF(y)? and w=Cg (M)
Since © N F(¥)? = W N F(y)?, there exists ® € Con F(x, Y, 7) satisfying
©=0NF(x,y)? and V=0onF(y,2)>%
But X =, I and for any ¢(y, 2),

YE,e = ecV=0NF{y,2? = Nk, ¢ O

v
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The Extension Property

V has the extension property if whenever X(x,y), (Y, 2) =, (v, 2),
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The Extension Property

V has the extension property if whenever X(x,y), (Y, 2) =, (v, 2),
there exists a set of equations A(y,z) such that

2(xy) Fy A(y;2) and  A(y,2),N(y,2) =, &(y,2).
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The Extension Property

V has the extension property if whenever X(x,y), (Y, 2) =, (v, 2),
there exists a set of equations A(y,z) such that

2(xy) Fy A(y;2) and  A(y,2),N(y,2) =, &(y,2).

Note. The extension property may be viewed as a local deduction theorem
where A is understood as “I1 — ¢".
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The Extension Property

V has the extension property if whenever X(x,y), (Y, 2) =, (v, 2),
there exists a set of equations A(y,z) such that

2(xy) Fy A(y;2) and  A(y,2),N(y,2) =, &(y,2).

Note. The extension property may be viewed as a local deduction theorem
where A is understood as “I1 — ¢". E.g., for Heyting algebras, if

Z(?a y)v n(?ﬂ 2) ':HA O[(ya E) ~ Q(Ya 2)7
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The Extension Property

V has the extension property if whenever X(x,y), (Y, 2) =, (v, 2),
there exists a set of equations A(y,z) such that

2(xy) Fy A(y;2) and  A(y,2),N(y,2) =, &(y,2).

Note. The extension property may be viewed as a local deduction theorem
where A is understood as “I1 — ¢". E.g., for Heyting algebras, if

Z(?a y)v n(?ﬂ 2) ':HA O‘(ya E) ~ B(Ya 2)7

then we can assume that I is finite
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The Extension Property

V has the extension property if whenever X(x,y), (Y, 2) =, (v, 2),
there exists a set of equations A(y,z) such that

2(xy) Fy A(y;2) and  A(y,2),N(y,2) =, &(y,2).

Note. The extension property may be viewed as a local deduction theorem
where A is understood as “I1 — ¢". E.g., for Heyting algebras, if

Z(?a y)v n(?ﬂ 2) ':HA O‘(ya E) ~ B(Ya 2)7

then we can assume that I is finite and let A consist of the single equation

Tr Nreodlyrsent = (aeB).
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A Bridge Theorem

Theorem (Bacsich, Czelakowski, Pigozzi, Ono, ...

The following are equivalent:

(1) V has the extension property: whenever ¥.(X,y),1(y,2) =, €(v,2),
there exists a set of equations A(y,Zz) such that

2(y) Fy AWy, 2) and Ay, 2),1(y,2) =, &(y,2).
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A Bridge Theorem

Theorem (Bacsich, Czelakowski, Pigozzi, Ono, ...

The following are equivalent:

(1) V has the extension property: whenever ¥.(X,y),1(y,2) =, €(v,2),
there exists a set of equations A(y,Zz) such that

L(x,y) Fy Ay,2) and A(y,2),N(y,2) =, e(v, 2)-
(2) Forany © € ConF(x,y) and V € ConF(y, z),

Cls(OUW) N F(7,2)2 = Ca, . (Cryye, (O)NF(7, 22 UW).

F(xy,2) ( F(v,2)
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A Bridge Theorem

Theorem (Bacsich, Czelakowski, Pigozzi, Ono, ...

The following are equivalent:

(1) V has the extension property: whenever ¥.(X,y),1(y,2) =, €(v,2),
there exists a set of equations A(y,z) such that

1(x,y) Ey A(y,2) and A(y,2),N(y,2) F, (v, 2).
(2) Forany © € ConF(x,y) and V € ConF(y, z),
CgF(?,y,E) (@ U \U) m F(Y? 2)2 = CgF(y,E)((CgF(Y,?,E) (e) m F(Y? 2)2) U \U)

(3) V has the congruence extension property: for any subalgebra B of
A cV and © € ConB, there exists ® € Con A with © = & N B?.
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.

Proof.

Let V admit deductive interpolation and have the extension property,

v
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.

Proof.

Let V admit deductive interpolation and have the extension property, and
consider © € ConF(x,y), W € ConF(y,z) with © N F(¥)? = ¥ N F(y)>.

v
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.

Let V admit deductive interpolation and have the extension property, and
consider © € ConF(x,y), W € ConF(y,z) with © N F(¥)? = ¥ N F(y)>.

Define ¢ = CgF(W?)(@ uw).

v
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.

Proof.

Let V admit deductive interpolation and have the extension property, and
consider © € ConF(x,y), W € ConF(y,z) with © N F(¥)? = ¥ N F(y)>.

Define ¢ = CgF(W?)(@ U W). Then by the extension property,

O NF(y,27 = s, (Ce,. . (O)NF(F,22)UW).

Y:2)

v
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.

Proof.

Let V admit deductive interpolation and have the extension property, and

consider © € ConF(x,y), W € ConF(y,z) with © N F(¥)? = ¥ N F(y)>.

Define ¢ = CgF(W?)(@ U W). Then by the extension property,
((Ce,.,.,(©) N F(7.2)2) U W).

But then, using deductive interpolation,

®NF(y,2) = Cg,,_(Cg,. (ONFF))UV)

®NF(y,2)* = Cg,

Y:2)

¥,2)

v
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.

Proof.

Let V admit deductive interpolation and have the extension property, and

consider © € ConF(x,y), W € ConF(y,z) with © N F(¥)? = ¥ N F(y)>.

Define ¢ = CgF(W?)(@ U W). Then by the extension property,
((Ce,.,.,(©) N F(7.2)2) U W).

But then, using deductive interpolation,

® N F(y,2)* = Cg,,_ (Cg, ., (ONFF)?) U W) = VN F(7)

®NF(y,2)* = Cg,

Y:2)

¥,2)

v
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From Deductive Interpolation to Amalgamation

If V admits deductive interpolation and has the extension property, then it
has the amalgamation property.

Let V admit deductive interpolation and have the extension property, and

consider © € ConF(x,y), W € ConF(y,z) with © N F(¥)? = ¥ N F(y)>.

Define ¢ = CgF(W?)(@ U W). Then by the extension property,
((Ce,.,.,(©) N F(7.2)2) U W).

But then, using deductive interpolation,

® N F(y,2)* = Cg,,_ (Cg, ., (ONFF)?) U W) = VN F(7)

®NF(y,2)* = Cg,

Y:2)

¥,2)

and symmetrically, ® N F(x,y)? = © N F(2)2. O

v
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A Bridge Theorem

Theorem (Jonsson, Pigozzi, Bacsich, Czelakowski . ..

A variety with the congruence extension property admits deductive
interpolation if and only if it has the amalgamation property.
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Remarks

We can cross this bridge in both directions,
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We can cross this bridge in both directions, e.g.,

@ interpolation has been proved for many intermediate and modal logics
by establishing the amalgamation property (often using dualities) for
corresponding varieties of Heyting and modal algebras;
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We can cross this bridge in both directions, e.g.,

@ interpolation has been proved for many intermediate and modal logics
by establishing the amalgamation property (often using dualities) for
corresponding varieties of Heyting and modal algebras;

@ the amalgamation property has been established for many varieties of
residuated lattices by proving interpolation (often using proof theory)
for corresponding substructural logics.
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Further Relationships. . .

CEP + FAP

0
TIP = AP =— WAP — FAP

0 0 ) )
MIP = RP — CDIP = DIP

0

DIP + EP
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But Now. . .

Can we describe uniform interpolation algebraically?
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Deductive Interpolation

V admits deductive interpolation if for any set of equations ¥(X,¥),
there exists a set of equations A(Yy) such that

Ly Fye(nz) = Al Fy ey, 2).
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Right Uniform Deductive Interpolation

V admits right uniform deductive interpolation if for any finite set of
equations X (X,y), there exists a finite set of equations A(y) such that

Ly Fye(nz) = Al Fy ey, 2).
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Right Uniform Deductive Interpolation

V admits right uniform deductive interpolation if for any finite set of
equations X (X,y), there exists a finite set of equations A(y) such that

Ly Fye(nz) = Al Fy ey, 2).

Lemma

V admits right uniform deductive interpolation if and only if

(i) V admits deductive interpolation;

(i) for any finite set of equations ¥(X,y), there exists a finite set of
equations A(y) such that

L y)Eye(y) = AD)Fy )

But what does the extra ingredient in (ii) mean algebraically?
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Finitely Generated Congruences

The finitely generated congruences of an algebra A always form a
join-semilattice KCon A.
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Finitely Generated Congruences

The finitely generated congruences of an algebra A always form a
join-semilattice KCon A.

Recall that the inclusion map i: F(y) — F(x,y) "lifts” to the maps
i*: ConF(y) = ConF(x,y); O CgF(W)(i[@])
i~1: ConF(x,y) — ConF(y); Vi 7w = v F(y)2

The compact lifting of i restricts i* to KCon F(y) — KCon F(x,y);
it has a right adjoint if i1 restricts to KCon F(x,y) — KCon F(y).
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The Missing Ingredient

Lemma

The following are equivalent:

(1) For any finite set of equations ¥(X,y), there is a finite set of
equations A(y) such that

L y)Eyey) = AD)Fy )
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Lemma

The following are equivalent:

(1) For any finite set of equations ¥(X,y), there is a finite set of
equations A(y) such that
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(2) For finite X, y, the compact lifting of F(y) — F(x,y) has a right
adjoint;
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The Missing Ingredient

Lemma

The following are equivalent:

(1) For any finite set of equations ¥(X,y), there is a finite set of
equations A(y) such that

L y)Eyey) = AD)Fy )

(2) For finite x, y, the compact lifting of F(y) — F(xX,y) has a right
adjoint; that is,

© € KConF(x,y) = ©nN F(¥)? € KConF(y).
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Finitely Generated and Finitely Presented Algebras

An algebra A € V is called

o finitely generated if it is generated by a finite subset of A;
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Finitely Generated and Finitely Presented Algebras

An algebra A € V is called

o finitely generated if it is generated by a finite subset of A;

o finitely presented if it is isomorphic to F(X)/© for some finite set X
and finitely generated congruence © on F(X).

George Metcalfe (University of Bern) Bridges between Logic and Algebra June 2019 22 /32



Finitely Generated and Finitely Presented Algebras

An algebra A € V is called

o finitely generated if it is generated by a finite subset of A;

o finitely presented if it is isomorphic to F(X)/© for some finite set X
and finitely generated congruence © on F(X).

If A €V is finitely presented and isomorphic to F(y)/WV for some finite set
y and congruence V on F(y), then V s finitely generated.
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Coherence

Theorem (Kowalski and Metcalfe 2019)
The following are equivalent:

(1) For finite X, y, the compact lifting of F(y) — F(X,y) has a right
adjoint; that is, © € KConF(x,y) = ©n F(y)? € KConF(y).

George Metcalfe (University of Bern) Bridges between Logic and Algebra June 2019 23 /32



Coherence

Theorem (Kowalski and Metcalfe 2019)

The following are equivalent:

(1) For finite X, y, the compact lifting of F(y) — F(X,y) has a right
adjoint; that is, © € KConF(x,y) = ©n F(y)? € KConF(y).

(2) V is coherent:

George Metcalfe (University of Bern) Bridges between Logic and Algebra June 2019 23 /32



Coherence

Theorem (Kowalski and Metcalfe 2019)

The following are equivalent:

(1) For finite X, y, the compact lifting of F(y) — F(X,y) has a right
adjoint; that is, © € KCon F(x,y) = ©n F(y)? € KConF(y).

(2) V is coherent: every finitely generated subalgebra of a finitely
presented member of V is finitely presented.

George Metcalfe (University of Bern) Bridges between Logic and Algebra June 2019 23 /32



Coherence

Theorem (Kowalski and Metcalfe 2019)

The following are equivalent:

(1) For finite X, y, the compact lifting of F(y) — F(X,y) has a right
adjoint; that is, © € KCon F(x,y) = ©n F(y)? € KConF(y).
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presented member of V is finitely presented.
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Coherence

Theorem (Kowalski and Metcalfe 2019)

The following are equivalent:

(1) For finite X, y, the compact lifting of F(y) — F(X,y) has a right
adjoint; that is, © € KCon F(x,y) = ©n F(y)? € KConF(y).

(2) V is coherent: every finitely generated subalgebra of a finitely
presented member of V is finitely presented.

(3) The compact lifting of any homomorphism between finitely presented
algebras in V has a right adjoint.

Note. Every locally finite variety is coherent.
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Proof of (1) < (2)

We prove that V is coherent if and only if for any finite X, y,

© € KConF(x,y) = ©n F(y)? € KConF(y).
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Proof of (1) < (2)

We prove that V is coherent if and only if for any finite X, y,
© € KConF(x,y) = ©n F(¥)? € KConF(y).

(=) Let V be coherent and consider finite X, y and © € KCon F(X,y).
Then F(x,y)/© is finitely presented and, by coherence, F(y)/(© N F(y)?)
is also finitely presented. So, by the useful lemma, © N F(y)? € KCon F(y).

(<) Let B be a finitely generated subalgebra of a finitely presented A € V.
Let X,y and y be finite sets generating A and B, respectively. The natural
onto homomorphism h: F(x,y) — A restricts to k: F(y) — B, which must
also be onto. But ker h € KCon F(X,y) by the useful lemma, so, using the
assumption, ker k = ker hN F(y)? € KCon F(y). Hence, since B is

isomorphic to F(y)/ ker k, it is finitely presented. Ol
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Another Bridge Theorem

Theorem (Kowalski and Metcalfe 2019)

A variety with the congruence extension property admits right uniform
deductive interpolation if and only if it has the amalgamation property and
is coherent.
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Left Uniform Deductive Interpolation

V has left uniform deductive interpolation if for any finite set of
equations X (X,y), there exists a finite set of equations A(Yy) such that

ny.z) E, Z(x,y) <= N0,2) F, A®Y).
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Left Uniform Deductive Interpolation

V has left uniform deductive interpolation if for any finite set of
equations X (X,y), there exists a finite set of equations A(Yy) such that

Ny.2) Fy 2(xy) < NG.2) E AY)-
The following are equivalent:

(1) V has left uniform deductive interpolation.

(2) V has deductive interpolation, and for finite sets X, y, the compact
lifting of F(y) < F(X,y) has a left adjoint.
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Left Uniform Deductive Interpolation

V has left uniform deductive interpolation if for any finite set of
equations X (X,y), there exists a finite set of equations A(Yy) such that

Ny,2) F 2(xy) <= N©,2) F AY)-

Lemma

The following are equivalent:

(1) V has left uniform deductive interpolation.

(2) V has deductive interpolation, and for finite sets X, y, the compact
lifting of F(y) < F(X,y) has a left adjoint.

Moreover, if V is locally finite, these are equivalent to

(3) V has deductive interpolation, is congruence distributive, and for finite
sets X, y, the compact lifting of F(y) <— F(x,y) preserves meets.
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An Example

An implicative semilattice is an algebraic structure (A, A, —) satisfying
(i) (A, A) is a semilattice; (i) aAb<c <= a<b—cforalla,b,cec A
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An implicative semilattice is an algebraic structure (A, A, —) satisfying
(i) (A, A) is a semilattice; (i) aAb<c <= a<b—cforalla,b,cec A

The variety ZSL of implicative semilattices forms an equivalent algebraic
semantics for the implication-conjunction fragment of intuitionistic logic
that admits right but not left uniform deductive interpolation.

Consider ¥ = {T ~ ((y1 — x) A (y2 = x)) — x} and observe that

{T=n} ':zsz: )X and {T =y} ):ISll 2,

but there is no finite A(y1, y2) satisfying

A ):ISL X, {T ~ }/1} ):ISL A, and {T ~ y2} ':ISL A,
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An Example

An implicative semilattice is an algebraic structure (A, A, —) satisfying
(i) (A, A) is a semilattice; (i) aAb<c <= a<b—cforalla,b,cec A

The variety ZSL of implicative semilattices forms an equivalent algebraic
semantics for the implication-conjunction fragment of intuitionistic logic
that admits right but not left uniform deductive interpolation.

Consider ¥ = {T ~ ((y1 — x) A (y2 = x)) — x} and observe that

{T=n} ':zsz: )X and {T =y} ):ISll 2,

but there is no finite A(y1, y2) satisfying

A ):ISL X, {T ~ }/1} ):ISL A, and {T ~ y2} ':ISL A,

since such a A would give a definition of y; V y» for implicative semilattices.
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Left Adjoints for Homomorphisms

Lemma

The following are equivalent:

(1) The compact lifting of any homomorphism between finitely presented
algebras in V has a left adjoint.
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adjoint, and for any finite x, KCon F(X) is a Brouwerian
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Left Adjoints for Homomorphisms

Lemma
The following are equivalent:

(1) The compact lifting of any homomorphism between finitely presented
algebras in V has a left adjoint.

(2) The compact lifting of any inclusion F(y) < F(x,y) has a left
adjoint, and for any finite x, KCon F(X) is a Brouwerian
Join-semilattice (i.e., V is residuated).

Note. The condition that KCon F(w) is a Brouwerian join-semilattice is
equivalent to the property of equationally definable principal congruences.
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Model Completions

Theorem (Wheeler 1976)

The theory of V has a model completion if and only if V is coherent,
admits the amalgamation property, and has the conservative congruence
extension property for its finitely presented members.
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Model Completions

Theorem (Wheeler 1976)

The theory of V has a model completion if and only if V is coherent,
admits the amalgamation property, and has the conservative congruence
extension property for its finitely presented members.

Theorem (Ghilardi and Zawadowski 2002)
Suppose that

(i) V is coherent and has the amalgamation property;

(i) for finite sets x, y, the compact lifting of F(y) — F(X,y) has a left
adjoint, and KCon F(x) is dually Brouwerian.

Then the theory of V has a model completion.
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Model Completions

Theorem (van Gool, Metcalfe, and Tsinakis 2017)
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Model Completions

Theorem (van Gool, Metcalfe, and Tsinakis 2017)
Suppose that

(i) V has left and right uniform interpolation;
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Model Completions

Theorem (van Gool, Metcalfe, and Tsinakis 2017)
Suppose that
(i) V has left and right uniform interpolation;
(i1) For any finite x and finite set of equations ¥(x), A(X) with X finite,
there exists a finite set of equations (x) such that for any finite set
of equations T'(x),

F,Z):VA <~ I’):VI'I.
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Model Completions

Theorem (van Gool, Metcalfe, and Tsinakis 2017)
Suppose that

(i) V has left and right uniform interpolation;

(i1) For any finite x and finite set of equations ¥(x), A(X) with X finite,
there exists a finite set of equations (x) such that for any finite set
of equations T'(x),

F,Z):VA <~ I’):VI'I.
Then the theory of V has a model completion.
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Tomorrow

We will. ..
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@ investigate uniform interpolation for some particular case studies

George Metcalfe (University of Bern) Bridges between Logic and Algebra June 2019 31/32



Tomorrow

We will. ..

@ investigate uniform interpolation for some particular case studies
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Tomorrow

We will. ..

@ investigate uniform interpolation for some particular case studies
@ provide a general criterion for establishing the failure of coherence

@ pose some open problems and challenges.
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