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Abstract

We consider several data assimilation techniques
for thermoacoustic tomography (TAT), which is a
non invasive medical imaging technique. The inverse
problem can be formulated as an initial condition re-
construction. Variational data assimilation schemes
are compared with the back and forth nudging algo-
rithm.

Introduction

ThermoAcoustic Tomography (TAT) is a hybrid
imaging technique that uses ultrasound waves pro-
duced by a body submitted to a radiofrequency pulse,
uniformly deposited throughout the body. The ab-
sorption of this initial energy causes a non-uniform
thermal expansion, leading to the propagation of a
pressure wave outside the body to investigate. This
wave is then measured all around the body.

The physiological properties of the tissue are
highly related to the absorption of the initial pulse.
Considering that the initial illumination is a Dirac
distribution in time, the problem of recovering the
absorptivity of the investigated body from the ther-
moacoustic signal is equivalent to recovering the ini-
tial condition of a Cauchy problem involving the wave
equation from the knowledge of the solution on a sur-
face surrounding the imaging object [11].

Data assimilation consists in estimating the state
of a system by combining via numerical methods two
different sources of information: models and obser-
vations. Data assimilation makes it possible to an-
swer a wide range of questions such as: optimal iden-
tification of the initial state of a system, perform
reliable numerical forecasts, identify or extrapolate
non observed variables by using a numerical model
. . . [6]. Most data assimilation methods are either
variational methods such as 4D-VAR (based on opti-
mal control theory) or sequential methods (filtering
theory: Kalman filters). In linear situations, these
two approaches are usually equivalent.

Variational data assimilation methods consider the
equations governing the system as constraints and

the problem is closed by using a variational princi-
ple. The well-known 4D-VAR, four dimensional vari-
ational data assimilation algorithm, is based on the
minimization of a global cost function, which mea-
sures the discrepancy between the observations and
the corresponding system states. Based on optimal
control theory, the adjoint method allows one to com-
pute the gradient of the cost function in a single nu-
merical integration of the adjoint equation (see e.g.
[8]). One iteration of the minimization process con-
sists then in one forward integration of the model (in
order to compute the cost function) and one back-
ward integration of the adjoint model (in order to
compute its gradient).

Nudging can be seen as a degenerate Kalman fil-
ter. Also known as the Luenberger or asymptotic
observer [9], it consists in applying a Newtonian re-
call of the state value towards its direct observation.
A main disadvantage of such sequential data assimi-
lation methods is that it only takes into account past
observations at a given time, and not future ones.
Auroux and Blum proposed in [1] an original ap-
proach of backward and forward nudging (or back
and forth nudging, BFN), which consists in initially
solving the forward equations with a nudging term,
and then, using the final state as an initial condition,
in solving the same equations in a backward direc-
tion with a feedback term (with the opposite sign
compared to the feedback term of forward nudging).
This process is then repeated iteratively until con-
vergence. The implementation of the BFN algorithm
has been shown to be very easy, compared to other
data assimilation methods [2].

This algorithm has been successfully applied to
various problems: ODEs, PDEs, linear and nonlinear
equations, . . . , including viscous irreversible equa-
tions [2], [3], [4]. Note that for linear reversible sys-
tems, there has been a recent theoretical study of a
similar algorithm [10].

From a practical point of view, these methods can
be successfully used to manage the usual issues of the
TAT inverse problem as incomplete data, external



source and variable sound speed (when given, how-
ever). So far, the theoretical convergence result for
the nudging technique is based on a classical result
about stabilization of the wave equation, which re-
quires somehow a geometric optics condition. Nu-
merical comparisons between variational and nudg-
ing algorithms, and also time reversal, have been per-
formed.

Consider the following problem:







∂ttu − ∆u = 0, (x, t) ∈ R3
× R+,

u(x, 0) = u0(x), x ∈ R3,

∂tu(x, 0) = 0, x ∈ R3,

(1)

where u0 is the object to reconstruct. We assume
that the support of u0 is compact and included in
the unit ball. The problem is the following: from
the knowledge of u (possibly with noise) on a surface
surrounding the unit ball, can we reconstruct u0? Let
udata be the observed data.

The iterative BFN algorithm for TAT is the fol-
lowing [7]:

• Forward evolution:






∂ttui − ∆ui = k∂t(udata − ui), (x, t) ∈ R3
× [0;T ],

ui(x, 0) = ũi−1(x, 0), x ∈ R3,

∂tui(x, 0) = ∂tũi−1(x, 0), x ∈ R3,

(2)
where T is such that the solution vanishes on the
unit ball.

• Backward evolution:






∂ttũi − ∆ũi = −k̃∂t(udata − ũi), (x, t) ∈ R3
× [0;T ],

ũi(x, T ) = ui(x, T ), x ∈ R3,

∂tũi(x, 0) = ∂tui(x, T ), x ∈ R3.

(3)

After each iteration, ũi(x, 0) is a new estimate of the
object to reconstruct.

The nudging terms are added only on the observed
domain, and parameters k and k̃ can be chosen equal
as the considered equation (wave equation) is re-
versible. If we add a numerical or physical atten-
uation in the equation, then the backward nudging
parameter might be increased, or one should refer
to the recent improvement of the BFN algorithm in
diffusive or attenuated situations [5].

In [7], the authors show that this algorithm con-
verges (under standard hypotheses) with a geometric
decay rate of the H1

0 norm of the error.
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