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Abstract

We obtain several averaging lemmas for transport operator with a
force term. These lemmas improve the regularity yet known by not
considering the force term as part of an arbitrary right-hand side. We
compare the obtained regularities according to the space and velocity
variables. Our results are mainly in L?, and for constant force, in LP
for 1 <p <2
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1 Introduction

Averaging lemma is a major tool to get compactness from a kinetic equation.
([7], ...). Such results have been used in a great number of papers during
these last years. Among this literature, an important result which used an
averaging lemma as a key argument is the proof of the hydrodynamic limits
of the Boltzmann or BGK equations to the incompressible Euler or Navier-
Stokes equations ([13]). Another important application is to get compactness
for nonlinear scalar conservation laws in [21] which allows, for instance, to
study propagation of high frequency waves ([6]).

Basically, averaging lemma is a result which says that the macroscopic quanti-

ties /f(t, x,v)1(v) dv have a better regularity with respect to (¢,z) than the

microscopic quantity f(¢,z,v) where f is solution of a kinetic equation.
For example, in [9] and [2], the following result is proved

Theorem [DiPerna, Lions, Meyer — Bézard] Let f, g, € LP(R; xRY xRM)
with 1 < p < 2 such that

O f + div,[a Z 8kgk, (1.1)

|k|<m

with a € W™= (RM RY) form € N. Let ¢p € W™ (RM) with compact support.
Let A > 0 such that the support of 1 is included in [—A, A]M. We assume the
following non-degeneracy for a: there exists 0 < a < 1 and C' > 0 such that

for any (u,0) € SN and e > 0,

meas ({v c[-AAM u—ec<al)-o<u+ 6}) < Ce”. (1.2)

Then py(t, z) = /]RM f(t,z,0)Y(v) dv is in WP(Ry x RY) where s = 7(mf1)p/7 14

being the conjugated exponent for p.

For the equation (1.1), the obtained regularity is proved to be optimal, see [19]

and [20]. In [11], the gain of a half-derivative in the L? context was proved as
optimal. A study in the case of a full derivative in x in the second member



is done in [17]. We also refer to [10] and [4] for other results about averaging
lemmas. Regularity of f itself is also challenging, for example by assuming
some regularity in v, see [3], [14] and [1] for some results in this way.

The previous Theorem says for example with m = 1 that for the equation
Of+alw) -Vuf=9g—F(tz,0v) V,g, (1.3)

the obtained regularity is W*P(R; X RY) with s = 3,7~ When we consider the
equation

Of +a(v) - Vof + F(t,z,v) - Vof =g, (1.4)
that is to say that § = f, it is classical to consider the term F(t,z,v) - V,f
as part of the right hand side and to have the regularity W*?(R; x RY) with
§ = 5,;- But for (1.4), the derivation with respect to v leads only on f via the

transport equation and not on any disconnected second order term g. That
is to say, we lose some information because this term is part of characteristics
and in the right-hand the term are in L? thus the right-hand side would be for
m = 0 and the obtained regularity should be W*P(R; x RY) with s = o~ This
is the first motivation of this paper and one of the result we get.

The notations for (1.4) are f(t,r,v) € R with t € R, x € RN, v € RM,
a:RM SRV F:RxRY xRM — RM and

N M
a(v) ' fo = Zai(v) 8xz.f’ F(twrav) : va = ZF’i(tha'U) 8vzf
=1

i=1
In this paper, we will prove the following averaging lemmas on equation (1.4).

Theorem 1 (L? result)
Leta € ONP3(RM RY) F € CVNF3(Ry xRY xRM RM) | f g € L*(Ry xRY xRM),
satisfying (1.4). Let A > 0 and ¢ € CNT2(RM) such that the support of 1 is

included in [—A, AJM. We assume that there exists 0 < a < 1 and C > 0 such
that for any (u,o) € SN and e > 0,

meas ({v c[-AAM: u—ec<al)-o<u+ 6}) < Ce”. (1.5)

Then the averaging
poltia) = [t v)(v)dv

is in HE? (R, x RY).

C

Remark 1.1 We notice that we well obtain /2 instead of o /4.

Remark 1.2 For Vlasov equation, the classical application of averaging lemma
is: the DiPerna, Lions, Meyer Theorem gives the compactness for py with
an operator of the kind (1.4) by applying the result with gy = —F - f when
F € Lgs.. More precisely, if f*, g and g} = —F, - f™ are solutions of (1.1)

loc*



a
with some bounds in LP, then p}, is bounded in W*P(R, x R)) with s = ol
p
and thus is compact in Wsl’p(]Rt x RY) with s' < s. Forp =2, it is compact
in H¥ (R, x RY) with s' < 2. By this way, the paper [8] prove the existence of
weak solutions for Vlasov-Mazwell. With the first Theorem of this paper, the

obtained compactness is in Hy (R, x RY) with s’ < 2.

When the force is constant, we obtain a global regularity result with a less
smooth test function.

Theorem 2 (L? result with F' constant)

Leta € CY(RM RY), F(t,z,v) = F e RM, F #£0, f, g € L*(R; x RY x RM)
satisfying (1.4) where we assume that the function a satisfies the following
condition with v, which is a positive integer, such that

V(U7U)€RMXSN7 O-:(O-an-la"'?O-N)a 5-:(0-17"'70-]\7)7
v—1
o0 + a(v).5] + Y |(F - V,)fa(v) - 5 > 0. (YN D) (1.6)
k=1

Let p € CHRM), then the averaging
polti) = [t v)(v)dv

is in HY7(R; x RY).
Remark 1.3 The proof is not valid when F' = 0.

Remark 1.4 [M =1, one dimensional velocity ]

1. The Sobolev estimates for py comes from optimal bounds in stationary

phase lemmas. Then, with only f,g € L? and M =1, we expect that the
Theorem 2 gives the best Sobolev’s exponent.

2. Since v > N + 1, with only f,g € L*, we expect that py belongs at most
in HY N+ (REYTY) when M = 1.

The following Theorem is a comparison between the two previous results. It
shows that Theorem 1 does not give the best Sobolev exponent when M =1
and that Theorem 2 is not optimal for M > 1.

Theorem 3 For N > 2 and M = 1, Theorem 2 gives a stronger smoothing
effect than Theorem 1 for the best v = 7ope compared with the best o = ouopt
since

1 1 Qopt 1

=— > = —.
Yot N +1 2 2N

Conversely, for N = M, Theorem 1 can give one half derivative with the best
a=1.



Finally, we have two resuls in the LP framework.

Theorem 4 (First L? result with /' constant)

Let a € CNBRM RY), F(t,x,v) = F € RM, f.g € LP(R; x RY x RM),
satisfying (1.4). Let A >0 and ¢ € CNT2(RM) such that the support of 1 is
included in [—A, AJM. We assume that there exists 0 < a < 1 and C' > 0 such
that for any (u,o) € SN and e > 0,

meas ({v c[-AAM: u—ec<al)-o<u+ 6}) < Ce”. (1.7)

Then the averaging

pw(t, l‘) = / f(tv xz, U)¢(U) dv

RM

is in VVli/p/’p(IR{t x RY).

C

Theorem 5 (Second L? result with F' constant)

Let a € CT(RM RY), F(t,z,v)=F e RM F £0, f, g € LP(R; x RY x RM)
with 1 < p < 2, satisfying (1.4), where we assume that a satisfies the following
condition with v, which is a positive integer, such that

Y(v,0) erRM x SV, o= (00,01, +,0n), 0= (01,"+,0n),

y—1
o0 + a(v).&] + Y |(F- Vo)fa(v) -5 > 0. (yND)
=1
Let ¢p € CH(RM), then the averaging

polti) = [ f(t.z,0pp(v) dv
is in WP(Ry X RY) with s = 2.
7P

Remark 1.5 These results are presented with the time dependence because it is
more useful for applications. In the proof of next sections, we take the following
notations. We set X = (t,z) and b(v) = (1,a(v)). Then (1.4) can be rewritten
in the following way

bo) - Vaf + F(X,0) Vof =g, (138)
where X € RNt v € RM,

The paper is organized by the following way. In Section 2, we prove Theorem
1. In Section 3, we prove Theorem 2. In Section 4, we compare the two results
Theorem 3) and finally in Section 5, we prove the extension to LP spaces
Theorem 4 and 5).



2 First Theorem in the L? framework

We first recall the following classical averaging lemma (see [12], [5]).

Proposition 1 (Golse, Lions, Perthame, Sentis) Let a € LS (RM RY),
f.9 € L*(Ry x RY x RM), such that

O f + a(v) -Vaf =9 (2-1)

Let ¢ € L>®°(RM), with compact support in some [—A, A|M, such that there
exists 0 < aa <1 and C > 0 such that

meas ({v c[-AAM: u—c<al)-o<u+ 6}) < Ce” (2.2)

for any (u,0) € SN and e > 0. Then the averaging

poltia) = [t v)(v)dv
is in H?(Ry x RY) with the estimate

loullzzers < CN (16112 + VEIlz ) (1122 + llgllz2) -

We use this averaging lemma to prove an other result, which deals with test
function depending on (¢, x,v).

Proposition 2 Let a € L2 (RM RY), f,g € L*(Ry x RY x RM) such that

Of+al) -V.f=g. (2.3)

Let p € L®(RM WNT2(RNTY)) with compact support with respect to v in
some [—A, A]M. We assume that there exists 0 < o <1 and C > 0 such that

meas ({v c[-AAM: u—c<al)-o<u+ 6}) < Ce” (2.4)

for any (u,0) € SN and e > 0.
Then the averaging

py(t, ) :/Rf(t,x,v)w(t,x,v) dv

is in HE? (R, x RY) with the bound

loc
]l gorz < CINK) (112 + Nglle2) 191 (nompoey, owiie2o<)

for any compact K.



Proof. We fix a compact K on X. We take K = [—S, S]V+1 such that K C K
and y a C*° function such that y =1 on K and 0 outside K. Finally, we set
b =x.

Since 1 has a compact support with respect to X, we can extend it by peri-
odicity in these variables. Then Fourier gives

&(X,v): Z Cg(v)eisﬁ'x.

BEZN+1
We write this formula through
- (iS6-X
WX = 3 (M 18ew) - o
ﬁe;ﬂ ’ L+[8["
with r = N/2 +1. We set
iS8-X
X)=——, and v) = (1+|8]")cs(v).
0x(X) = T and s(0) = (1-+13)es(w)

X+ function, that

We use the decreasing of Fourier coefficients for WN*+2(RY
is to say that
Cy

|ea(v)] < WW(»“)H%{VH%

Thus we have

L, lws)Pd

Be(ZN+1)x
< [T QB )P
ge(ZN+1
4|ﬁ‘2r ~ )
< S2N+4 /RM ZXN:+1 ‘6|2N+4Hw( )H N+2<>od’l)
40,
< 2N+4 Z N+2H¢HLQ(WN+2 00y < +00. (25)
S €(ZN+1)* ‘6|

On K, we notice that
polX) = [ FX0)(X.v)dox(X)
- /]R F(X, 0)9(X, v) dv
= [ X)X es(X)us(v)dv

BezN+1

To apply Fubini’s Theorem, we want that, for a.e. X,

/ S X 0)8s(X) (o) dv < +ox.

€(zZN+1)*



It comes from

L. X X 0)es(X)us)] do

Be(ZN+1)*
< [ FED X (X)) do
ﬂe(ZN+l)*
2
< \//RMf(X,v)de\l/RM( )3 \d)ﬁ(xwg(v)y) v
ﬁe(ZN+l)*
< ||f<X,->||LgJ S R, Tk
Be(ZN+1)* €(ZN+1)*

ﬂe(ZN+l ﬂe(ZN+l

< Hf(Xa")HL3$ > +!ﬁ\ / Y Js()Pdv < oo

since 2r > N + 1 and from (2.5). Thus we can write, on K,

Z ¢ﬂ 1010;3 )

ﬁEZN+1

with
pus(X) = [ FOX,0)05(0) dv

The classical averaging lemma (Proposition 1) gives that
lp6all s < CON) (sl 22 + VCIWsll ) (11122 + lgllie)

We now use the following property: For u; € C*(2), us € H*(R2), with s €]0, 1],
with © a bounded open set of RV we have ujuy, € H*(S) with

e < Csl|uy|

|urug| Cs

This result gives, for s = /2,

1y [l o2
<O Y Wosllowellposl
ﬁEZN+1
< G ) oslleere (1sllze + vslloe) (1112 + llgllzz) + Calloyoll o2
1 HwH(L2mLoo)U(W)J(V+2,OO) ~
< G| s BV ANz + llgllz2) + [ lloy
BE(ZN+1)*
1
< 05( Y. awremas Ul +llglle2) 191 2nr) (Wg+2,°°)+H¢Hch+2>-
Be(ZN+1)*



Since N +2 — «/2 > N + 1, the proof is completed. O
With this Proposition, we turn now to the proof of the first Theorem.

Proof of Theorem 1. Let K be a compact in IR{NH. We set K = K X

[—A, A}, We perform locally a change of Var1ables in order to rewrite the
equation (1.8) without the term V,f and to apply the previous result. For
any (X,v), using the characteristics since b(v) = (1,a(v)) # 0, there exists a
neighborhood By, C K and a C™*3 function w +— V(X,w) such that

b(V (X, w)) - ViV (X,w) = F(X,V(X,0)).
Denoting by
f(X,w):f(X,V(X,w)), g(X7w):g(X7V(X7w))v B(w):b(V(X,w)),
the equation (1.8) rewrites
b(w)-Vxf =3 (2.6)

There exists a finite number of B,, to recover this compact: there exists
{(x1,v) }1=1.... . such that K C 1U LBWJZ. For this recovering, we use a par-

tition of unity: on X € K, we have

L
U =lx =Y xi(X,v)
=1

where the function x; are C*° and have a compact support in B,,,,. Now, for
X eK,

pul(X) = Z/ F X)X, )b (v) do
_ Z/B“ (X, v)xi(X, 0)Y(v) dv

— Z/ [ T WX VX )V (X 0) X, )

performing the variable change v — w = V(X,v) on every neighborhood
corresponding to [ and denoting by J;(X, w) the associated jacobian. We set

(X, w) = xu(X, V(X 0) ) (V(X,w)) Ji(X, w).

Since a and F have C*? regularity, .J; has CV*? one. Furthermore ¢ € C¥*2,
thus ¢; € (L? N L) (RM, WN+20(RIT)). We apply the previous result: the
averaging

%@FAJMMWKMW

is in H2?(RYT). Now ||pw||Ha/z < Z o=

loc a/2 conclude the proof. [

5l



3 Case with a constant force field

When F' is a non zero constant vector, we can obtained a different result.
The way to get it is quiet different and we have to restrict to the case of a
constant force field. A key tool is a generalized uniform version of the classical
method of the station nary phase. We work on equation (1.8) with F' constant,

F eRrRM, F +#0. Let us denote a directional v—derivative along vector F by
D = F-V,. (3.1)

The smoothing effect depends on the (y/ND) assumption of Theorem 2. In-
deed, it is exactly the following non-degeneracy condition about D-derivatives
of b(.):

V(v,0) € RM x SN, “12—:1 ’Dkb(v) : O" > 0. (vND)

k=0

Before proving the Theorem 2 we gives some useful results about oscillatory
integrals following the Stein’s book [22].

Proposition 3 ([22]) Suppose ¢ € C*¥T(R,R) so that, for some k > 1,

d*¢
ﬁ(v) > 1, Yo €]a, [ (3.2)
Then 5
- 1
iAp(v) L
/ae dv| < ¢y |/\‘1/k
holds when
1. k> 2 or

2. k=1 and ¢' is monotonous.
Furthermore, the bound c; 1s independent of X and ¢.

This Proposition can be found in [22] p 332. Elias M. Stein obtain ¢ <

5-2F=1 — 2 in his proof. Notice that c; is independent of the length of the
interval |a, 8. For |A| < 1, the bound for the oscillatory integral blows up.
Indeed, for £ = 1, we can relax the monotonous assumption on ¢ by the
following bounds

B
G@) 28>0, Yoea Bl @=2+5"[ |¢"@)ldv,

Indeed, integrating by parts and using the inequality min(a, £b) < min(1, 3) max(a, b)
for all non negative a, b, 3, we get

B8
/ 6M¢(U) dv

Furthermore, the bound given in Proposition 3 blow up for small A\, so we
replace it by the length of the interval and get the following Corollary.

1
< max(19 - 0} ) max(l, 5w, ).

10



Corollary 1 Let be 6 > 0. Suppose ¢ € C*1(R,R) so that, for some k > 1,

—k (v)| >0 Vo €]a, ] (3.3)
l’l}k - ) Y N N
— Y ]C 51/]{ Y ’A‘l/k )

B
where ¢, is independent of X, ¢ and |a, B[ fork > 2 and ¢, = 2+(5’1/a |¢” (v)|dv.

Notice, that, for k > 2, ¢ = ¢, given in Proposition 3.
Following Stein’s book (Corollary p 334), we obtain the following Proposition.

Proposition 4 ([22]) Let v € Whi(]a, []), ¢ € C*Y(R,R) such that, for
some d >0 and k > 1,

d*¢

oF >4

- Y

(v) Vv €la, B[

Then

B )
/ WP (v)e”\‘z’(”) dv| <

[e%

max(|8 — al, ¢)
min (1, 6Y/%) max(1, | \|/*))

where ¢ is independent of N\, ¢, ¥ and |a,B] for k > 2, and & = 2 +

6
67t [ 107 @)lav.

(I 2= ganpp + 19121 as))

B .
Proof. This is classically proved in writing the integral / zﬁ(v)e”“i’(”)dv as

/8 (03
/ P(v)I'(v)dv, with I(v) = / AW dy, integrating by parts and using the

uniform estimate for |I(v)| from previous Corollary. [

Now we generalize the Proposition 4 in the case with parameters and a like
(vND) assumption.

Proposition 5 Suppose P is a compact set of parameter p, A > 0, ¥(u;p)
belongs in L*(P, W' (] — A, A)) and ¢(u;p) € CT (R, X Py, R), such that,
for all (u,p) in K =[—A, Al x P,

8k¢
3u"’

o

2

Then, for any |a, B[C] — A, A],

[/ stnes

< d,y-min< ‘)\’1/'Y> (‘WHL

> 0. (3.4)

31!}

8u Loo(P,LY(]—A AD))

11



0%

ou?|’

where the constant d., is independent of X and only depends on A, sup
K
1 |o%
inf £y |22

K v.:4

Proof. Since K is a compact set, we can choose 0 < § < 1 such that,

everywhere on K:
v

1 o ¢
0<5<§;W

Let us define the open set Zy = {(u;p), |0%¢(u;p)| > 6}, for k = 1,---,7.
v

(u;p).

Necessarily K C U Z, and then there exists a partition of unity such that
k=1

”
Zpk =1 on K and such that the support of p; is included in Z;. Let us
k=1

b )
define ¢, = pptp and I = I + --- + I, where I;(p) :/ wk(u;p)e““z’(“;p)du.

a
We apply the Proposition 4 on each I, where the exponent “’ 7 denotes 0,:

| < max(2A4, ¢)

/
< 7% mma(t, W78 3P (o Pl=-aap + A Pl -aap) -

Since for any fixed p and J =] — A, A[, we have

()l + [ 2) )
< (llorllzecn + lolzren) (G )l + 18P )
it is enough to take
max (24, ¢)
dy = Xk: Sy (ke i) + 10uprll e (21 )
to conclude the proof. [

We are now able to prove the second Theorem.

Proof of the Theorem 2.

The proof follows three steps. First, we choose a suitable variable associated
to D. Secondly, we use Fourier transform with respect to X and solve a linear
ordinary differential equation with respect to v;. Third, we obtain Sobolev
estimates for p,, with Proposition 5.

Step 1, change of coordinates: With a suitable choice of orthonormal co-
ordinates, we assume, without loss of generality that

0

12



where | F'| is the euclidean norm of vector F' and v = (v1,vg,- - -, vpr) = (v1;w).
Notice that the jacobian for an orthonormal change of variables is one, thus the
estimates on py are invariant through such choice for v;. With such notations,
equation (1.8) becomes

b(v)-VijL\F]g—i:g. (3.5)

Step 2, linear o.d.e.: Denoting by F(f) the Fourier transform of f with
respect to X, and by Y the dual variable of X, equation (3.5) becomes

Pl () + i) VIF() = Flg) (36)

For almost all fixed Y, we solve an ordinary differential equation with respect
to v1. For this purpose, we choose the initial v1, namely v} €]0, 1], such that

Lo s PP )y
= | F ()Y ;01 w)dY dwdv.

Ry, JRYTIXRA 1

(3.7)

Existence of such v¥ is a consequence of the Fubini’s Theorem. Indeed, let
h(vy) = / / | F(H)P(Y;v1;w)dYdw > 0. The function h is defined al-
RN+1 JRM-1
most everywhere, belongs in L'(R,, ) and satisfies ||k z1(r,,) = || f]|72 . Since
1 X,v
the h function cannot be everywhere greater than its mean value on |0, 1],
1
there exists v) €]0, 1] such that h(v]) < / h(v1)dvy, which confirms (3.7).
0

We finally write an explicit formula for F( f) with B(v) a primitive with respect
to vy of —b/|F:

B(v) = B(vi;w)= _/v:l b(‘u]iﬁTU)
F(HY ow) = FHY 005 w)ePOY

b [ e
U1

du

Step 3, H'/7 estimates with oscillatory integrals: We decompose py(t, z) =
/M f(t,z,v)1(v) dv in two parts from the explicit expression of F(f) in the
R
step 2: F(py) = pf + py- The first term is
) = [ FN ) [ ol w)e Y dudw,
R -1 R

u

In this integral, there is an oscillatory integral which is parametrized by w and
Y = Mo with A = |Y] and o € SV it is

Osc(Y,w) = / Y (u; w) e o gy, (3.8)

u

13



To use the Proposition 5, we set p = (o, w) which belongs in the compact set
P = SN x[-A AM~1 with A > 1 > ) > 0 such that supp C [-A, A]M
The condition (3.4) of the Proposition 5 for oscillatory integral (3.8) is

which is exactly the (yN D) assumption for b(.). Thanks to the (YN D) as-
sumption and the Proposition 5, there exists a constant L such that for all
(Y,w) € R x [-A, A~ and for all a, 8 such that —4 < a < 3 < A, we

have
/ ’L)\B (u;w) T du
a

Using the constant L and the compact support of ¢ we have

0’“3 (u; w)

-ol >0

max(1, |YV|/7)| < L. (3.9)

max(1L[¥)[por(V)| < L[ DY w)|dw
A AM
By Cauchy-Schwarz inequality, we get

max(L V)lp (V) < QAMIE [ )Y Pdu

Finally, since v satisfies (3.7), we obtain

L max(LYEOIFYPY < @OYLE [ IFEG). )P,

RN+1xRM
which gives p; € H'/".

The second term p, is bounded in the same way. More precisely, we set

5,(Y) = /]R H(Yw)dw
with
HY,w) = / / ) (Y u; w)e B =Basw) Y gy gy,

Using the Fubini’s Theorem and the notation
V(Y uw) = luw)ePET,
we have another expression for H(Y, w):
A
| E'] S
+L v(l) F(g) (Y u: w)efiB(u;w)-Y </
‘F’ _A ) 3

—A

) A
H(Y,w) = F(g) (Y, u; w)e Bluw)Y </ V(Y vy; w)dm) du

u

U(Y, vy; w)dv1> du,

14



A
where there are two oscillatory integrals / U(Y, vy;w)dv, and / U (Y, vy;w)dvy
which are uniformly bounded thanks to mequahty (3.9). Then we have

max(L, YY) H(Y;w)| < i / )Y, u; )| du.
With the Cauchy-Schwarz inequality, we obtain

2AL* A
| F @ uw)P du

max(1, |Y|¥|H(Y;w)> < W

and finally

L2

max(LYPOlp, (VP < @AM s [ 1)) P

Then p, € H'/7, thus finally p, is also in this space, which concludes the proof
of the Theorem. O

4 About non degeneracy conditions

Theorem 1 and Theorem 2 assume two different non degeneracy conditions on
the vector field a(v) € RN, v € supp 1 C RM. These conditions involve two
parameters, namely o = gy €]0,1] in (1.5) and v = 7,¢),r € N* in (1.6),

directly linked to the smoothing effect for the averaging in H ;j;{f or HY7. In
this section, we give some optimal upper bounds for a and 1/ to compare
the two results obtained by different ways. Indeed, for M = 1 and N > 2,
Theorem 2 gives a better smoothing effect than Theorem 1. Conversely, when
N = M, Theorem 1 is stronger than Theorem 2. In this part, we study these
various properties and in particular, we prove the Theorem 3.

More precisely, let A be positive, we obtain the optimal a and v, namely

Qopt (N, M) = sup a,
a(.)eC>([-A,A]M RY)
Yopt (N, M) = min

a(.)eC> (RM RN), FERN\{0} 7
We start by obtaining the easiest estimate which is a lower bound for ~.
Proposition 6 For all N, M, we have v > Yopt(N, M) = N + 1.

Proof. We use notations from Section 3. Following this section, the (yND)

condition can be rewritten and means that we cannot find o € SV such that,
o L b(v), o L Db(v), ..., 0 L D" 'b(v). There are v conditions to satisfy.

Since b(v) belongs in RYT! we necessarily have v > N + 1. Indeed N +

0
1 is the minimal possible value for ~. For instance, if D = B b(v) =
U1
(1,01, 0%, -+, o], with v = (vy,v9, -+, vpr), we have o = N + 1. [

The optimal « is more difficult to get and it is obtained in the following
subsections, see also [15]. The evaluation of exponent « also implies new
asymptotic expansions involving piecewise smooth functions in [16].
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4.1 M =1, one dimensional velocity

1
Proposition 7 For M =1, we have a < app(N,1) = N

To obtain this optimal a for M = 1, we need some other notations and follow-
ing results. The proof of Proposition 7 is reached at the end of this subsection
4.1.

Let ¢ € C*([a,b],R) and v € [a, b], the multiplicity of ¢ on v is defined by

mylv] = inf{k € N, o (v) £ 0} € N=NU {+o0}.
It means that if k = m,, then ¢®) (v) # 0 and ¢ (v) = 0 for j = 0,1, -+, k—1.
For instance my,[v] = 0 means p(v) # 0; my,[v] = 1 means p(v) =0, ¢'(v) # 0

and my[v] = 400 means o) (v) = 0 for all j € N.
Set the multiplicity of ¢ on [a, b] by

m, = sup my[v] €N
vE|a,b]

Notice that the case where ¢ only belongs in C*, m,, is well defined only if
my[v] < k for all v € [a, b].

Lemma 1 Let ¢ € C*([a,b],R) with a < b, and

Z(pe) = {velab], [pv)] <e}
If my, is well defined (m,, < k) then there exists C' > 0 such that, for alle > 0,

1
meas(Z(p,e)) < Ce®  with a=—. (4.1)
My

meas(Z(p,€))

= +OO
eh

Furthermore, if my, is positive, for all 3 > o, we have liII(l)
£—
(Optimality).

Proof. The case m, = 0 is clear since there is no zero in this situation. The
quantity m,, is positive simply means that the set Z(,0) of roots of ¢ is not
empty. Since any root of ¢ has a finite multiplicity, the compact set Z(i,0)
is discrete and then finite: Z(¢,0) = {z1,---,2,}. For each z; and h > 0, let
Vi(h) be |z; — h, z; + h[N[a, b]. For any 0 < h < |b — a|, we have

h < meas(V;(h)) < 2h.
For any root z;, there exists h; €]0, |b — a|[, A; > 0 and §; > 0 such that
3| h

< fp(z+ B < AR for all b e Vi(h), (4.2)

with k; = my[2;]. This is a direct consequence of the Taylor-Lagrange formula.

Let V be | JVi(h;) and gy = min <1, r[mb?\v \gp(v)|> By the continuity of ¢
- v€|a,
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on the compact set [a,b] \ V, gy is positive. Then for all 0 < € < gy, we
have Z(p,e) C V. If € > |p(z; + h)| for |h| < h;, then from (4.2), we have

(¢/6;)"*¥ > |h|. This last inequality implies for 0 < ¢ < g9 < 1 that Z(p,¢) is
a subset of | J V;((¢/8;)"/*) and then

meas(Z(p,e)) < 22(8/(52-)1/"” < <22(5i1/ki> gt/ms.
i=1 i=1

It gives inequality (4.1). To obtain the optimality of «, let z; be a root of ¢ with
maximal multiplicity i.e. m,[z;] = m, = k. Again from (4.2), V;((g/A;)Y*) is
a subset of Z(p, ¢) for all € €]0,&o[. Then we have (g/A4;)* < meas(Z(p,¢)),
which is enough to get the optimality of & = 1/k and concludes the proof. O

An upper bound of o, (N, 1) is a consequence of the previous Lemma.
Lemma 2 For all N, we have app(N,1) < 1/N.
Proof. For any a(.) € C*(R,,RY) and A > 0, we set

e(viu,0) = a(v)-o—u=>b(v):(-u,0),

defined for v € [—A, A], with u € R, (—u,0) € SV, b(v) = (1,a(v)) € RV
and m = sup Mgy(u0)-
(—u,0)eSN

Let v be fixed, we choose (—u, o) such that my[v] > N in order to obtain a
lower bound for m.

Since rank{b(v), b (v), -, b=V (v)} < N, there exists (—u, o) such that u?+
lo|? = 1 and (—u,0) L {b(v),¥(v),---,b""D(v)}. Then with such u and o,
Me(u,0) V] = N which implies m > N and consequently, from the optimality

1
obtained in Lemma 1, we get o < appe(N, 1) < N O

When the function v — ¢(v;p) depends on a parameter p, some results are
obtained in the two following Lemma to bound the quantity C' of Lemma 1
independently of the parameter p.

Lemma 3 Let k > 1, I an interval of R, ¢ € C*(I,R) and § > 0.

If | (v)] > § > 0 for all x € I then there exists a constant ¢, independent of
o, 1,6 such that

meas(Z(p,¢)) < e(e/O)VE,  where Z(p,e) = {v eI, |p(v)| < e}

Proof. Since the result is independent of the interval I and of the ¢*~1(0)
sign, let us suppose that I = R with [¢p(*)(v)| > ¢ > 0 on R, and ¢~V (0) < 0.
We first treat the case k = 1. If ¢/(v) stays positive, we have ¢(0) + dv < ¢(v)
for 0 < v and since ¢( ) < 0, there exists a unique ¢ > 0 such that ¢(c) =

In the other case, @' (v stays negative, and we find a unique ¢ < 0 such that
P(c ) = O Then ]qﬁ /\ > v —c\ for all v, and |p(v)| < e implies |v — ¢| < /0
ie. [c—e/d,c+¢/d]. So the lemma is proved for k = 1 with ¢; = 2.
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We now prove the Lemma by induction on k. Let us suppose that the case
k is known. As for k& = 1, there exists an unique ¢ such that ¢*)(c) =
0. Thus for all v we have |¢*)(v)| > djv —¢|. Let n > 0 and set W =
Z(p,e)Nc—mn,c+n], U= Z(d,e) N (] — 0o,¢c —n[Ulc+n,+oc[). We have
meas(W) < 25 and by our inductive hypothesis, since |¢¥)(v)| > §|v —c| > én
on U, meas(U) < e.(e/(6n))"%. Now the relation Z(¢,c) = W U U gives

meas(Z(¢,¢e)) < ir>1£ (277+Ek(6/((577))1/k) which implies by a simple compu-
1

tation of the minimum that meas(Z(¢,¢)) < G (e/6)Y* V| where ¢4y =
2U/(+1) (o 4 1)1/ D=12 "V hich concludes the proof. [

Lemma 4 Let P be a compact set of parameters, k a positive integer, A > 0,
V =[-AA], K=V x P, ¢(v;p) € C°(P,C*(V,R)), such that, for all (v,p)
i the compact K, we have

k

>

J=1

o)

907 (v;p) > 0.

Let Z(¢(.;p),e) = {v €V, |¢(v;p)| < €}, then there exists a constant C' such
that

sup meas(Z(¢(.;p),e)) < Ce'*.
peEP

Proof. Since K is a compact set, we can choose 0 < 6 < 1 such that,

L& o
everywhere on K, we have 0 < 2§ < z > 8—¢ (v;p).
im1|oV*
For each (v;p) € K, there exists an integer ¢ € {1,---,k}, a number r > 0

and an open set O, with p € O, C P such that [0{¢] > 6 on U(v,p) =
Jv — 7, v+ r[x0,. Therefore, we have

meas(Z(¢(.;p),e)Nv — r,v 4+ 1)) <@(e/6)Y <eelk/s

using Lemma 3, where ¢ = max, C;.
=1,

By compactness of K, there exists a finite number of such set U; = U(v;, p;)

such that K C |J U;. Thus, for each p, Z(¢(.;p),c) intersects at most v
j=1

intervals |v; — 7;,v; + r;| where Lemma 3 is applied. This allows to write

meas(Z(4(.;p),e)) < veel/?/§ for all p and to conclude the proof. [

Lemma 5 Let a(v) be the field (v',v?, -+ 0™) then ay) = 1/N.

Proof. From Lemma 2, we have yet a4y < 1/N. So, it suffices to prove that
a = 1/N satisfies (1.5) to conclude.

For all v, rank{d’(v),---,a™)(v)} = N, thus it is impossible to find o € SV~1
such that o L {d'(v),---,a™(v)}. Let ¢(v;u,o) be a(v) - ¢ — u. Since
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N
do(v;u,0) =aP(v) - o for j > 1, we have everywhere »_ |0/ (v;u,0)| > 0.
j=1
Furthermore, for |u| > 14am00, Where amq, = sup |a(v)|, we have |o(v;u, o)| >
lv]<A

1foranyv € [-A, Al and 0 € SV~1. Thus we can apply Lemma 4 for 0 < ¢ <1
on the compact set [—A, Al, X [—@maz — 1, Gmaz + 1]u X S¥~1 which concludes
the proof with o,y = 1/N. O

Proof of Proposition 7. With Lemma 2, we have a,,(N,1) < 1/N. From
Lemma 5, necessarily ap:(N,1) = 1/N which concludes the proof. [

4.2 M =N

The case when the space dimension is equal to the velocity dimension is the
most physical one and then is very important. In this case, we can get the
best smoothing effect with @ = 1.

Proposition 8 For N = M, we have ag(N,N) = 1.

Proof. Since a < 1, it suffices to find a(.) such that o = 1.

Let a(.) : RY — RY be a global diffeomorphism, A > 0, (u,0) € SV and
o) = a(v) -0 —u. Let Z(p,e) = {|v| < A, |p(v)] < e}. Since Da(v) €
GLy(R) and o # 0, then V,p # 0 and the set Z(p,0) is empty or a manifold
of dimension N — 1.

Notice that for any v, there exists (u,o) € SV such that a(v) -0 —u =0, i.e.

Z(p,0) # ¢. For instance, let & belongs in S¥~1 and set @ = a(v) - &, then

(u,0) = (@, ) satisfied the conditions.

u?+1

We thus consider that Z(p,0) is not empty.

There exists § such that 0 < § < |[V,p(v)] < 1/4 for all |v] < A, u? + |o|* = 1.
v — |

<

Using the mean inequality, we obtain dlv — v'| < |p(v) — p(v)] < —
which implies for all ¢ < 1, with B(z,r) = {y, |z —y| <r} C RV, that
U B(zde) CcZ(pe)c  |J Blze/d)

2€Z(p,0) 2€Z(p,0)

and Z(p,0) is diffeomorph to a hyperplane, so meas(Z(p,¢)) is of order e.
More precisely, there exists a constant C' > 0, only dependent of A, § and

Z
1 Da(.)|| 5o.a) such that 0 < C' < me“(g(% ) o
Notice that if a(.) is a local diffeomorphism, « is still 1. O
Incidentally, we also have (N, M) =1 for all M > N.

5 Theorem in the L? framework

We now turn to the L? case. It will be an interpolation result of the L? obtained
bound and an estimate in L' using some operators in Hardy spaces. We note
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H (RN the Hardy space and H'(RY x R) the product Hardy space as done
in [2] (see [22] for more details about such spaces).

We will use the two following Proposition. The first one is an interpolation
result (see [18], [2] and [5]) and the second is about multiplier ([2]).

Proposition 9 (Bézard, Interpolation) Let T be a C-linear operator, bounded
n
L*(R; x RN, x RM,)) — WH2(R, x RY),

and n
L' (&), H (RY x R)) — M (R;),
for some v > 0. Then T is bounded
LP(R, x RY x RY) — W*P(R, x RY),

for 1 < p <2 withs=28/p.

Proposition 10 (Bézard, Multiplier on H') Let m(y,yn11) be a function
of (Y, Yns1) € RY X R which is C* out of [y = 0 or yny1 = 0], and verifying
for all a, 3,

Cap

9297 m(y,y <
|y YN+1 (¥, yn+1)| ‘y‘a‘yNH’ﬁ

then m defines a bounded Fourier multiplier on H*(RY x R).

Proof of Theorems 4 and 5.
For Theorem 4 (respectively Theorem 5), we use the averaging lemma of The-
orem 1 (respectively Theorem 2) which gives that T'(f,g) = py, is bounded

from L2 to H{/? (respectively HY).

We turn to the estimate in L'. We denote by F the Fourier transform with
respect to X. Taking this Fourier transform in b(v) - Vxf + F(X)-V,f =g,

we have Flg) - F(F-Vof)
_ g)— " Vo
FH =00 1
Let x € C*(R), x(0) =1, x’'(0) = 0 and x”(0) # 0 be an even, non increasing
function in [0, +oo[. We set L such that suppx C [—L, L]. We have
fYw) = Fx(0) - Y)F(F)Y0) + (1= x(0) - Y)F(F)Y,0)]

[
“[xb(w) - VFN(Y.0)]

+ =) - ) ZL T D),

and then, in order to bound the operator [ /M f(Y,v)(v) dv, we have to
R /1

bound the following operators

Q: [ [, FHXOw) VIFAY,0)|p(v) do, (5.1)
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, [ L= x(b(v) - Y)
W.g»—>/RMf l 0] 7 }"(g)(Y,v)]w(v)dv (5.2)

and

e 21 [1=x(b(v) - Y) _ M w(w) do
Rif—[ F [ w3 FE VA, )M)()d. (5.3)

As in the classical case (by this we refer to [2], [5]), we transform the operators
in order they involve only one direction in X. Indeed, the manipulation of
product structure for Hardy space which depends of a moving direction is
difficult to deal with. Thus, for any v, we take R, an orthogonal transform in

RV such that )
b(v
R’U <‘b(v)‘> - €N+17

where ey is the last vector of the canonical base, and we set

f*(X’U) = f(R;l(X),U)

and

Since f — f. is an isometry on L% we have now to study Q. instead of Q.
We perform similar transformations for the two other operators and we get W,
and R,.

For the two first operators, as in the classical proof, we have

|Qf 3 @y+1y < Cll fllor @y 1wy xwy)s

and
W gllz@a+y < Cllgll L@y 7 @y <ry)-

The new term is the third one. We use the following rewrite of R(f) in order
to bound it. This is

wnw) = -7 [, |

= 7 (F L, FHw)

AP (P [ FOE0) mo(b(v) - Y)Tu(b() - Y) (o) do)
(5.4)
with
—yxX'(y) = 1+ x(v)
e '

mo(y) =
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We denote by F(R;f) and F(Ryf) the two terms of this decomposition. We
perform as previously orthogonal transformations and we have to study the
obtained (Ry). and (R2)..

The term (Ry), is the same than W, but with V¢ instead of ). Thus we have
the same result thanks to the regularity assumption on ).

Now, setting T' = myV,, we have

(R()) = Fe [ FHFEIERM)0T(0)-Y)) vl) do
= P [ F T FUIRD), 0 T(Ru(b(0) - RulY)) ) (v) d
1 Ry(

- F ]—"‘1<.7-"(f*)(RU(Y),v)T(|b(v)|eN+ R, Y))) W(v) dv

thus, setting T; = mgd,,;, we get

[(Re) ()l
SIEL L F (@O T (e R))]

SB[,

J

aYIF |,
J

IN

Hl(RNJ,-I)

¥ (v)] dv

HI(RN+1)

IN

FHFIO ) T (B ews V) )|

IN

¥ (v)] dv,

HL(RN xR)

F (ﬂf*)m o) T5(b)lensa YM

using the invariance under orthogonal transformation in H!(R¥*1) and thanks
to the continuous injection of H!(RY x R) in H!(RN*+1).
We use now the Proposition 10 with the terms

m;(y, yn+1) = Ti(|b(v)|en+1Y) = mo([6(v)|yn+1) 0w, ([b(V))yn 1,  for j=1,---

This term rewrites

s (0, g ea) mo<|b<v>\yN+l>%yM

Now my(2) 0 —éx"(O), therefore mg is C*°. The terms with x have a com-

pact support and the other term is 1/y? then every derivatives of my is
bounded at infinity.
We differentiate m; with respect to yny1, it gives

Oy (Y, yn 1) = W(m(()k)(]b(v)]yNH)]b(v)]’“yNH

+ kg ([b(0)|yw+1) [b(v) ).
There exists some constants C' and ()}, such that

) <C, () la(v) - Oya(v)] < C

22
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for v in the compact support of ¢. Thus
’ v 1T (U YN+ ‘\?JN+1| < Cy (Omo ([6(v)lyn+1)yn 41 +km0 )(|b(v)|yN+1))‘

For |yn11] > (R + 1)/C, we have m$(|b(v)|yn41) = 0 for any j, and then

mi? (|b(v)lyns1)yn1 + km ™ ([bw)|yag1) = 0 for [yni| > (R +1)/C.

_ R+1
Furthermore |mg” (1b(v)yx-1)yx1 +kmg ™ (D) lyv)| < flmg” oo =5 +

k;HmOk Yo for |yns1| < (R+1)/C. Finally, for any (y,yn+1), we get

k—1
95wy Juwa[F < G (Im oo (B + 1) + K 20)

uniformly with respect to v in the support of ¢). Then, we can apply Proposi-
tion 10 to get the boundary of (Rz)..

The interpolation result conclude, since § = «/2 (respectively 8 = 1/7), that
the obtained regularity is s = a/p’ (respectively s = 2/(vp')). O
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