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Abstract

The aim of this paper is to extend to multi-dimension the study of
a pressureless model of gas system with unilateral constraint. Several
difficulties are added with respect to the one-dimensional case. Indeed
the geometry of the dynamics of blocks cannot be conserved and to
solve this problem, we approximate the motion of each block by dis-
crete jumps in all the directions separately in consecutive time steps.
This leads to approximations of solutions for special initial data. Then
the stability of these approximations have to be adapted to this new
situation. We finally get the existence and the stability of solutions.
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Introduction

1.1 Context

We consider the system of pressureless gases

Op + 0 (pu) = 0,
di(pu) + 0. (pu*) =0,
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which was studied in [8], [11], [13], [15], [10]. It is known that this system
gives Dirac distributions on p in finite time, even for smooth initial data. It is
clearly incompatible with a constraint for the density. In [9], a system arises
in the modeling of two-phase flows as

{ Op + 0x(pu) =0, (1.1)

O(pu) + O, (pu® + ) = 0,

with constraint and pressure Lagrange multiplier

0<p<l,  7>0, (1.2)



and extremality relation
(1—p)r=0. (1.3)

With respect to pressureless gases, the pressure term 7 allows to get the con-
straint p < 1 and when p # 1, 7 = 0 and we recover the pressureless system.
Let us explain how the model (1.1)-(1.3) arises. We consider a liquid and gas
two-phase flow. We denote p the volume fraction of the liquid, n its density
and u its velocity. We denote p; = 1 — p the volume fraction of the gas, n, its
density and u, its velocity. Following [16], we can write two mass conservation
equations and two momentum conservation equations,

9i(pn) + Ou(pnu) = 0,

(
O (pru) + 05 (pnu’) + pdyp + 7 = M7,
Oi(pgng) + Oz (pgnguy) = 0,
Or(pgngty) + On(pgngu ) + pgO0up + 74 = Mf,

where the right-hand sides MP and MgD are source terms reflecting inter-
phase drag and 7; and 7, are phase pressure fluctuations around p the common

pressure. As explained in [9], a simplified model can be derived for an incom-
pressible liquid, and an infinitely light gas. We choose the standard simplified

closure laws 5 5
M;” = =M, = pp(l = p)pi(ug — ),

7 = Cpn(uy, — u)28mp, 7, =0,

and we assume the liquid to be incompressible, n = constant, and the pressure
to be governed by the law p = p(n,) = xn]. We then introduce a scaling of the
gas density n, = n,/ng, where ng is the average of n,. We also set p = p/nj.
In the new variable 77, (we shall drop the tilde for convenience), we perform the
Chapman-Enskog expansion in € = ng/n; << 1, supposing that u,—u = O(¢),
and we get the model

(1—p)n, (1—p)nyu D(p,u,ny)
0y p + O, pU =¢ 0 ,
ou o + eng " p(n,) 0

where D(p,u,n,) is a diffusive second-order term.
If we let ¢ — 0 formally, we get the system of pressureless gases

Op + O0x(pu) =0,
di(pu) + 0, (pu*) = 0.

As we noticed previously, it is clearly incompatible with the constraint p < 1.
Thus, we cannot neglect the pressure term and we make the more realistic

assumption 5n6’_1p(ng) —m as € — 0, supposing that this term appears only
when p = 1.

We finally get the model (1.1)-(1.3). The pressure-type term 7 is a Lagrange
multiplier, it represents the residual pressure of the gas which has infinite
density and volume fraction 1 — p = 0. For more details, we refer to [9)].



The model (1.1)-(1.3) is an hyperbolic constraint model which corresponds
to gas dynamics when m = 0 and gives a bound for the density. Existence and
weak stability of suitable weak solutions is obtained in [2].

There are now a lot of domains in which constraints models take place. For
example, it allowed to get better models in traffic jams since paper [6]. Indeed,
we start from the Aw-Rascle model,

{ dup + 0:(pu) = 0,
A (p(u+p(p))) + 0u(pu(u+p(p))) =0,

which is a very well accepted model for traffic flow. We observe that, in this
model, upper bounds on the density are not necessarily preserved through the
time evolution of the solution. In practice, the density of cars is bounded from
above by a maximal density p* corresponding to a bumper to bumper situation.
However, the Aw-Rascle model does not exclude cases where, depending on
the smallest invariant region which contains the initial data, solutions satisfy
the maximal density constraint p < p* initially but evolve in finite time to a
state, still uniformly bounded, but which violates this constraint. Then paper
[6] presents a model which improve the Aw-Rascle model and preserves the
constraints. In order to obtain this, we take in the Aw-Rascle model, the

pressure
1 1\
pe(p) =¢ <p - p*> Tp<,r

and assuming that this term have a limit 7 when ¢ — 0, which acts only when
p = p*, it leads to the system

{ atp + ax(pu) = 07
O(p(u+m)) + Ox(pu(u+m)) =0,

with the constraints
0<p<p’, =0, (p"—pm=0.

After this paper, some improvements of the model have been completed in [7]
for p* depending on u (case where le maximum density of cars depends on the
cars velocities) and in [5] for p* depending on z (multi-lines case).

We could find other hyperbolic problems with constraints in [1], [17] and
[18]. In [4], the isentropic case of the problem (1.1)-(1.3) was studied with
other constraints. See also [3] for a numerical version of this kind of problems.
The case with viscosity was studied in [19]. In that direction, the limit of
barotropic compressible Navier-Stokes to constraint Navier-Stokes was proved
in [12] for the one-dimensional case and in [20] for the multi-dimensional case.

1.2 Main result

In the present paper, we are focusing on extending the existence and stability
result of [2] for this system (1.1)-(1.3) in multi-dimension.

An important tool for this result is the sticky block dynamics. In dimension
one, the density and momentum of blocks are sum of terms of the form

(p(2), p(t)u(t)) = (1, wi(t)) Lot ty<o<ar v



with a density equals to 1 and a velocity u;(t) constant on the block al(t) <
x < al(t). The time evolution is defined as follows. The number of blocks n
indeed depends on t, but is piecewise constant. As long as the blocks do not
meet, they move at constant velocity u;(t). When two or more blocks collide,
they get stuck, building a new block. Then, in dimension one, the dynamics
of blocks is easy because after a collision, we still have a single block.

In multi-dimension, we extend the notion of blocks as

(p(2), p()ut)p(t)v(t)) = (1,wi(t), vi(t)) Lot ty<o<ar v Tty <y<ir vy

with density equals to 1 and velocity (u;,v;)(t) constant on the block al(t) <
r < af(t), bi(t) <y < bi(t). Then a geometric problem appears since when
two rectangular parallelepipeds collide, they do not form a rectangular paral-
lelepiped. One idea of this paper to pass over this difficulty is to approximate
the motion of each block by discrete jumps in all the directions separately in
consecutive time steps. In other words, we make a splitting with respect to
the various directions of space on consecutive time steps and then, on each
time interval, we do vary only one direction then, on the next interval, another
direction and so on to keep the geometry at each collision. Then by letting
the time step going to 0 and thereby forcing the splitting to be more rapid,
we hope to find the limit of the speed on any directions. The purpose of this
paper is to achieve this approach and prove that it works.

Furthermore for block initial data in the one-dimensional case, we get ex-
plicit solutions. Here, in the multi-dimensional case, we will only get approx-
imations of solutions for these special initial data. Then, the stability and
existence of solutions will require additional steps to work.

In order to simplify the presentation, we will detail the two-dimensional
case, knowing that the ideas and proofs are the same in any dimension. We
will consider the following model with constraint in two dimensions which is
the natural extension of (1.1)-(1.3):

Orp + Ou(pu) + 0y(pv) =
Oi(pu) + 0, (pu* + m) + 0 (puv) =0, (1.4)
Ay (pv) + 0, (puv) + 9, (pv® + m2) = 0,

with the constraints
0<p<1l, m=>0, m>0, (1.5)
and the exclusion relations
P =Ty, Py = Ma. (1.6)
Let us also consider initial data

p(0,z,y) = p°(z,y),
p(0,z,9)u(0,z,y) = p°(z, y)u’(z,y), (1.7)
p(0, 2, y)v(0,z,y) = p°(z, y)v°(z, y),

with the regularities

P’ e L®®R*) N LYR?), %" € L®(R?*) N BV (R?). (1.8)



Let us define precisely the weak solutions we shall consider. We are looking
for solutions satisfying

p € L(]0,+oo[, LT (R?) N Ly, (R*)) N C4([0, +00], Ly, (R?)), (1.9)
u,v € L{°(]0, o0, LY (R?)), (1.10)
71, To € Moe([0, +00[xR?). (1.11)

Hence, (1.4), (1.7) must be satisfied in the sense of distributions:
for all ¢ € C°(]0, +o0[xR?),

/[0 N [//(patgo + pudyp + pvoyyp) dx dy dt
ool

+ //po(x, Y)p(0,z,y) drdy = 0, (1.12)

/ / (pudep + pud,p + puvd,p) dz dy dt
0,400

/[om[//a”’ @ +// ©(0,z,y)drdy =0, (1.13)

and

/[o o / (pvip + puvdyp + pv20,p) dr dy dt

+/o+oo //m”2 +// ©(0,z,y) dedy = 0. (1.14)

Notice that the constraint (1.6) cannot be obtained for every solutions because
the product is not necessarily defined in any case. It was already the case in
dimension one. It is of course still the case in multi-dimension. We will have a
discussion about this in section 5 to deal with cases where the product is well
defined. We get the constraint (1.6) for blocks (definition in section 2) and for
limits of blocks whose convergence of the densities is in Cy([0, +o00[, L, (R?))

with measures 1, 75 € M;([0, +-00[, L3e (R?)).

The main result we get in this paper is the following.

Theorem 1.1 (Existence of solutions) Let us consider initial data (p°, u°,
V%) with reqularities (1.8). Then there exists (p,u, v, Ty, ms), with reqularities
(1.9)-(1.11), which are solutions of (1.4) with the constraint (1.5) and satisfy

the bounds

0<p<l, //p(t,w,y) drdy < //po(xay) dz dy, (1.15)
R2 R2



essinf W <u< esssup uO essinf W< < esssup UO, (1.16)

// |Ozu(t, z,y)| < (1+af) // Oy’ (z,y)] (1.17)
Rx[—a,a]

[ owzmi<asd ffloptenl. s
[—a,a] xR

// Ozv(t,2,9)] < (1+ ) // 0,0" ()| (1.19)
[—a,a]

// 0yv(t, z,y)| < (1+a7) // 9,0° (z,y)|, (1.20)

[—a,a] xR

for any a > 0 and with a; = a+t max(||u’||, [|[v°||e). The solution (p, pu, , pv)
is the limit in the distributional sense of blocks (py, pxur, pxvx). In the case
where w1, my € My([0, +00[, LY (R?)) and p, — p in Cy([0, +oo], Ly, (R?)), then
the products pmy and pme exist and we also get the constraint (1.6).

The scheme of the proof we have to keep in mind to read the paper is the
following. In order to get the existence of solutions, we approximate the initial
data by blocks. For these blocks, we prove the existence of approximations of
solutions. We obtain the limit of these approximations to get the existence of
solutions for initial data with a block form. Finally, by a stability result, we
find a solution for the starting initial data. We could draw the scheme of the
proof in figure 1.

(p°,u®,v°) initial data
approximation by blocks | Proposition 2.3
Y
(P2, ul, vY) approximations by blocks initial data

dynamics of blocks Proposition 3.9

(ki Ukt Vi, (1) k1, (72) 1) approximations of solutions

k fixed, | — +oo | Theorem 4.2

Y

(P, Up, Vi, (1)1, (2)1) solutions with initial data (o, ul, v?)
k — +o0 Theorem 4.1

(p,u,v,m,ms) solution with initial data (p°, u®,v°)
Figure 1.

The paper is organized as follows. In section 2, we define the notion of blocks
and we prove a result of discretization of general initial data by blocks (first



arrow of figure 1). In section 3, we study particular solutions and approxima-
tions of solutions in the class of blocks functions (second arrow of figure 1). In
section 4, we obtain stability results for solutions and for approximations of
solutions (third and fourth arrows of figure 1). Finally, in section 5, we study a
space in which the constraint (1.6) can be taken and conclude to the existence
result.

2 Discrete blocks

The first step of our proof is to define the blocks we are going to use and to
give an approximation result of any initial data by block initial data.

2.1 Definition of blocks
Let us define the blocks we are going to use in the coming steps of the paper.

Definition 2.1 We call block initial data a function (p°, p°u®, p°v°) depending
on (x,y) of the form

roJ
POz, y) (L, (2, y), 0% (2,y) = D > pii(L, iy, vij) Lwyep, (2.1)
i=—1 j=—1J
where
]I(x7y)epij = ][aijéxﬁbij ][CiijSdij’ (2'2)
with 1,1',J,J € N and, for —1 <i<I,—-J<j<.J,

45, bij7 Cij, dij; Uiz, Vi € R such that bij S Q41,5 and dij S Cij+1-

Definition 2.2 Let At, Az, Ay > 0. We call discrete block a function (p, pu, pv)
depending on (t,z,y) of the form

I J' 4o
p(t,z,y)(Lult,z,y), vt z,y) = D, > > pijL,uiji, vij) Lpeger,,

i=—1I j=—J =0
(2.3)
at level of discretization (At, Ax, Ay), where

Lt eayer; = Dint<i<@rnyaela,vine<a<ay+ (4100 Db jay<y<birGr)ays (2.4)
with I,1',J,J € N and, for —1 <i<I', —J<j<J,Il€EN,
piji € {0, 1},
aiji, biji, Ciji, diji, Wiji, Viji € R such that a;j;+Ax < a4 5 and bijj+Ay < b; 1.

Remark 2.1 1t looks like the standard numerical discretization, taking a func-
tion piecewise constant on a square grid. But the density takes only values 0
and 1 and we have to take into account the time’s evolution.



Remark 2.2 To simplify the presentation, we can assume that I = J = 0
which is just a translation of indices and I' = J' by adding zero terms to have
the same number of terms (adding some py;(1, uij, vij) Lzyyep, with py; = 0).
In the following, we may sometimes use this change of notations by setting
N=I'+1=J+1.

Remark 2.3 The two definitions above are consistent together because fort = 0,
the relation (2.3) has only the term for l = 0 remaining and we get

I/ J/
p(o,l’,y)<1,u<0,$,y),U(0,$,y)) = Z Z pijO(Luij07vij0)]1(07$7y)epij07

i=—1 j=—J

with
]I(O,x,y)EPijo = ]Iaij0+iAI§$<aijo+(i+l)Ax ][bijo+jAy§y<bijo+(j+1)Ay .

2.2 Discretization with blocks

We will improve here a result of [2] and [7] in order to get the following ap-
proximation lemma of initial data. We approximate any initial data by blocks
initial data. A technical difficulty is here to deal with multi-variable functions
instead of real-variable functions. In particular, the arguments with BV func-
tions have to be changed. There are also additional difficulties in the definition
of the blocks which approximate the initial data. It leads to more complicated
BV estimates.

Remark 2.4 We first start by recalling the one dimensional context. To pass
to the limit in multi-dimension situations, instead of T'V estimate of W, we
need to consider |0, W], ...

A
us
Uy
Us W(z)
Uj

% n 2 "

Figure 2.
The function W has for derivative a measure in the distributional sense given
by

W(z) = (uz — u1)dz, (2) + (us — u2)02, (2) + (s — u3), (2)

and

LW/ ) = fuz = ]+ s = ua] + fus = ],

where § is the Dirac distribution.



This result can be extended to functions W (x,y) varying with respect to x
at y fized or varying with respect to y at x fized. In the case of variations on
x(= z), those variations being piecewise constants, with y being fized, that is
to say for example

W(.T, y) = U ][:L‘e]—oo,zl[ + u2][x€]zg,zg[ + U3][a:6]z3,Z4[ + u4][1’6]24,+oo[7 (25)

then we have
/R|@IW(JI,y)| = |z — tun| + us — g + |ug — ).

Similarly, for the case of variations on y(= z), those variations being piecewise
constants, with x being fized, that is to say for example

W(l’, y) = ][ye}foo,zl[ + ug I[yE]ZQ,Zg[ + u31y6]23,24[ + u4]Iy€}Z4,+oo[7
then we have

L10,W ()| = ez = wr] + s = wz] + fua = ]

The approximation by blocks result for initial data is the following.

Proposition 2.3 Let p* € L'(R?), u°,v° € L>®(R?) N BV (R?) such that 0 <
p° < 1. Then, there exists a sequence of block initial data (p?,ul, v))x>1 such
that, for any k € N*,

ph € LYR?), u,v) € L=(R?) N BV (R?) (2.6)
with the bounds

0<p <1, //pi(x,y) dr dy < //po(ﬂf,y) dz dy, (2.7)

R2 R2
essinf u® < ug < esssup u’, essinf v° < vg < esssup v°, (2.8)
I load@)| < 1+ a) [f ol y)]. (2.9)

Rx[—a,a] R2
I ot ] < 0+ 0 [[ o v)]. (2.10)

[—a,a] xR R2
I o] < 0+ a) [0 @) (2.11)

Rx[—a,a] R2
I o) < a+a) [ o0y, (2.12)

[—a,a] xR R2

for any a > 0, and for which the convergences p— p°, pdu? — p°u® and

povl — p%° hold in the distributional sense.

10



Proof. Let k € N* and set for any i,j € Z

i+1

1 1
k k2 k k2
mz‘ij/. ' / " P (@, y) dr dy,

7

it1 j+1 it1 j+1

Ugjk = kQ/i ' /J ' u®(x, y) da dy, U?jk = k‘Q/ ' /]T V(x,y) dx dy.

e
&
el

Now we set, for any (z,y) € R?,

k2
i j=—k?2
k‘2
Way) = Y Wl @0 () (214)

i, j=—k2

k‘2
+ Z (ung,j,k]I]—oo,—k[(x> + U22,j,k][]k+1/k,+oo[($)) ]I]%’%[(y)

j=—k?

k2
+ Z (ug_k{k][]foo,fk[(y) + u?,kQ,k:]I]kJrl/k,Jroo[(y)) ]I]

i=—k?

+ (U227k27k][]k+1/k,+oo[(y) + ug?,—kQ,k][]foo,fkmy)) ]I}k+1/k,+oo[(33)

i
k' k

+ (u2k2,k2,kﬂ}k+l/k,+00[<y) + ung,ka,k][]—oo,—kKy)) ][}—oo,—k[(x)

and
k2
vilwy) = 3 vl e (@) () (2.15)
i j=—k2
k2
+ ) (U k2 gk L —oo, k[ (Z) +Uz2,j,k][]k+1/k,+oo[($)) ]I]%%[(y)
j=—k?
]C2
+ 3 (0 e Moo k(1) + Uz g Dt ool (V) ) LIPREstIC)
i=—k?

+ (V82 2 Tkt ool () + V22 p T,k (1)) D1/ ool ()
+ (U0—k2,k2,k][]k+1/k,+oo[(y) + Uo—k2,—k2,k]l]—oo,—k:[<y>) I oo, —if().

Figure 3 allows to visualise how we approximate.

11



0 0 0 0 0

UZ k2 k2 U k2 k2|k Uj g2 Uk2 k2 1 Up2 g2 1
0 0 0 0 0

UZ g2 k2 k U k2 k2|k Ui g2 kg Uk2 k2 k Uk2 k2 k
0 0 0 0 0

Uok2 ok Y—k2,j, Wik W2,k We2,jk
0 0 0 0 0

U2 g2 g U_j2 _p2 Ui g2 g Uk2 _g2|k Ugz2 g2k
0 0 0 0 0

Ulpz g2 Uog2 g2k Uj k2, Uk2 2|k Uk2 g2

Figure 3.

Notice that this point is very different from the one dimensional case because
we need to have a definition of «° and v° on every R?, even in the vacuum, in
order to define ugj  and v?j i everywhere. Because of the geometry of the blocks,
a linear extension between the blocks is not possible as in the one dimensional
case. Furthermore, for a fixed k, the problem with the infinity have to be
2 2
treated with the sum Z and Z and with the terms in TI_,, 4 and
j=—k? i=—k?
41k, +00f Which extend by different constants at infinity the function u and
v without increasing the variations in the two directions. Notice that we have

k2
0 0 _ 0 . o
pk(m,y)Uk(x’y) N z’j;kz uijk][]%’%JF\/W[(x)]I]%’%* mwk[(y) (2'16)
and
k2
0 0 _ 0 o
e ole ) = 2 Vil O o @) (247

12



1 1
Notice also that ,/myj; < T2 < T This point is important in order that

blocks are disjoints. We have (2.7), in particular since

k
/ Pg(% ?J) drdy = Z Mijk
RQ ’L‘7j:—k‘2
K A e
k 7 k
= > / /J P (z,y) dx dy
’J_ikz k

< //p (z,y) dx dy.

We have clearly (2.8). We turn to the proof of (2.9). For y €], L[, the
function u? takes the value

Z uwk]I

i=—k2

a1(z) + (0 g2 e W),y () + 2 Ty oy ()

E

which is a form similar to (2.5), then we get, for such a y,

J. lo

For y €] — 0o, —k[, the function u{ takes the value

Z ul ka][

i=—k2

k2—1
ZL‘ Y ’_ Z |uz+1]k: ?jk|

i=—k?

[(5’5)"‘“22,492,1@ ]I]k+1/k,+oo[(37)‘17“(11@2,7162,19 H]—w,—k[(x)a

which gives, for such a y,

J. lo

Similarly, for y €]k + 1/k, +o00[, we have

k21

0
(z,y ‘ = Z ‘U’H»l —k2k T Ui g2 k|-
i=—k2

k2-1
/ (2,y ’ = Z |Uz+1 K2k ?,k?,k .
i=—k2
Then, for any y € R, we obtain
E2-1
0 0
/]R x (ﬁ,y)‘ = Z |u2jk ui—l,jk| ][]%,%[(y)
v i’j:7k2
k2—1
0 0
+ Z Uit k2 — W g2 g D)oo, —k((¥)
i=—k?2
k2—-1
0 0
+ > Uiy 1 g2 — U (y),
i=—k?2

13



and we get

kQ
// @y) < X -l (2.15)
—a,a) i,j=—Fk?

k2—1

+ > ‘uzo—l—l,—k?,k - U?,—/#,k;’ (a— k)T
i——k?
E2—1

+ ) ‘U?Jrl,k:?',k - U?,k?,k’ (a — k) Lo
i——k?

Now

|U’zjk u?—l,jk|

IN
o
\
\

therefore
E2—1 . 1 ESRpe sl .
> -l < 3 k/ /j (.9) — (o = 9)| dudy
i,j=—k? ,]——k2 ® %
1
l‘ —_ =
< ( ) ’ dx dy
< //
Furthermore
-1
Z |u?+1,—k2,k - U?,—k?,k| (a — k) Tasp,
i=—k2
= 2 Ll 0 0 1
< @][a>k Z k /+1 /k u(an,y)—u(x—k,y)‘dxdy
i=—k2
kg p—ktl/k 00(z,y) — uO(z — L,
kel - 1/k
and then
k2-1 k2—1
> ’u?-',-l,—kQ,k - ug—k2,k| (a—F)Tasr+ Y ’u?—i-l,k?,k - u?,kQ,k‘ (a — k) Lo
i=—k2 i=—k2

14



u’(z,y) —u’(z = ¢,y)
1k dx dy

Sazé
§a24

Finally we get

Opu(z, y)‘ )

O (z, y)‘ )

I

RXx[—a,a]

oif(z,y)| < (1+a) [f

We proceed similarly to get the other inequalities (2.10)-(2.12).
We refer to appendix A for the convergences of p, pdul and plv? in the
distributional sense. []

3 Approximations of solutions

In this section, we obtain approximations of solutions for any block initial
data. In order to do this, we first present some particular solutions for the
system. Then, we are able to give approximations of solutions for the case
with a dynamics without constraints and for the case of a shock between
blocks during the evolution. Finally, we obtain a merging result of these two
cases to get the general case.

3.1 Some particular solutions

We start first by studying the dynamics when constraints don’t act. It leads
to the study of pressureless dynamics equations in dimension two, which are
given by

Op + 9 (pu) + 9y(pv) = 0,

O (pu) + 0x(pu?) + 9,(puv) = 0, (3.1)

A (pv) + 0. (puv) + 9, (pv*) = 0.

We will prove now that some particular functions are solution of this system.

Proposition 3.1 Let u,v,aq,bg € R and c,d > 0. The functions
p(1,a,0)(t z,y) = (1, u, v)To<t Loty <o<a()re Do) <y<v(t)+d» (3.2)

where a(t) = ag+ut and b(t) = by+vt, are solution of (3.1) in the distributional
sense with the initial data

(17 u, v) Moy <z<agte by <y<bo+d-

Proof. Let ¢ € C2°(]0, +00[, R?), we would like to compute

+oo  ra(t)+c  rb(t)+d
/ /( ) /< ) 5(a, 0)(Opp + uptp + 00,9 (t, 2, y) dy dz dt
0 a(t b(t

15



for S(w,v) = 1, S(w,v) = wand S(u,v) = v. With the functions (3.2), it turns
to the computations of

+oo
/ / / S(u,v)(Opp + udpp + v0,p)(t, x,y) dy dx dt

where u, v are given constants and then S(u,v) also. First

7 </(t /b(t o(t,z,y)dy da:) (3.3)

t)+c t)+d
/ / Opp(t, x,y) dy dx
at)y  Jo(t)

) (t)+d b(t)+d
a0 ([, elhalt) rey)dy— [ el alt).v)dy

+b'(t) (/aa(t)ﬁ o(t,z,b(t) + d) dv — /a(t)+c o(t,x,b(t)) d:c) )

) a(t)

furthermore
+o00 b(t
/ / / Opp(t, x,y) dy dz dt
0 a(t) b(t)
+oo  rb(t)+d
L7 ottt + e.0) = et att). ) dy
and

/Jm/a‘(l / Oyp(t, z,y) dy dx dt
/+Oo/a o(t,z,b(t) +d) — o(t, z,b(t)) dz dt.

Integrating with respect to ¢ the relation (3.3) and using that a’(¢) = u and
b'(t) = v, we get that

400 ra(t)+c
/ / / S(u,v)(Opp + udpp + v0yp)(t, x,y) dy dx dt

ap+-c b0+d
= —/ / (0, z,y) dy dzx.
bo

Applying this to S(u,v) = 1, S(u,v) = u and S(u,v) = v, we get the three
expected equations with the corresponding initial data. [J

Remark 3.1 Notice that these functions are not discrete blocks because of the
continuous form with respect to t. Here the discretization is just with respect
to (x,y) but not in t. In our definition of discrete blocks, the discretization is
with respect to all the variables (t,z,y). It is necessary because this continuity
with respect to t cannot be conserved all along this paper when we are doing
splitting in time with respect to the various directions.

16



The previous dynamics concern some particular evolutions as long as there
is no collision. Now we consider the case with a collision in the x direction at
some time ¢t*. Then the two (or more) blocks collide, they get stuck, building
a new block, with volume the sum of the volumes, and with momentum the
sum of momenta. The new velocity uy is chosen such as to preserve total mo-
mentum. This is then the classical one-dimension dynamics in the x direction
taking into account the other directions.

Proposition 3.2 Let t*, u > 0, x*,u;, u,, c,d,v € R with u; > u,. The func-
tions

ﬁ(la QAL, ’0) (ta xz, y) = ][O§t<t* ((17 Uug, v)][al (t)—c<z<a;(t) ][b(t)gygb(t)+,u

+(1, tr, 0) Ly (9 <aan )+ Do) <y<ote) )

(L, up, v) Lo <t Loy 1) —c<a<ap )+ Loy <y<b(t) 410
and the measures

0t —t)w —up)(x—(z*—¢)) ifa*—c<x <z,
m(t,z,y) =19 0t —t)(uy —u)((z*+d)—2z) ife* <z<z*+d, (34)
0 otherwise,
and m = 0, where § is the Dirac mass, a;(t) = z* + w(t — t*), a.(t) =
o +u(t —t*) and ap(t) = x* + up(t — t*) (the point x* being the point of

collision) with cu; + du, = (¢ + d)uy, are solution of (1.4), (1.5) and (1.6) in
the distributional sense.

Proof. Let ¢ be a test function and S : R? — R be a continuous function. We
have

< O(pS(0,0)) + 0.(pS(a,v)h )—i—@ (pS (41, 9)0), p >
¢ ra(t) b0+
-/ L o S, 0) (O + widap + v0y0) dydudt  (3.5)
ar(t)+d
_ / / /b o S 0)Op+wdap +0d,p)dydudt (3.6)

b(t)+
/ - / S(ug,v)(Op + updpp +v0yp) dydrdt. (3.7)
af(t)—c

Notice that

d b(t)+p ; dud
o /alt) C/b(t) o(t, x,y) dy dv

/(1)
= / . atgotmy)dyd$
ai(t)—c

+u
+ / (et (), y) = et () = ¢ ) dy
b(t)
ar(t)

G RO RSDE (R ONETES
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then we get

t*  ray(t)
/ /l /( S(uy,v) Opp(t, z,y) dy du dt
b(t
b(t*)+u
- /( / S, v) o(t*, x,y) dy da
a; t*
t* +H
_/ /b(t S(ug, v)ug (p(t, ar (1), y) — ot ai(t) — ¢, y)) dy dt
t*
_/ / S(u, v)v (@(t, x,b(t) + p) — ¢(t, x,b(t))) dz dt
ay(t
b(t*)+u
a; t*
t*
_/ / / S(ur, v)uy Opp(t, x,y) dy d dt
ay(t
t* a
_/ /l / S(ug,v)v oyp(t, z,y) dy dx dt.

We have similar equations for both terms (3.6) and (3.7) and we get
< 0y(pS(a,0)) + 8x(pS(a, 0)a) + 0,(pS(a, 0)0), ¢ >

b(t")+u z*
- b(t) (L*_C(S(ul) — S(up))p(t*, z,y) dx
z*+d .
+/ﬂ (S(Ur) - S(Uf))(p(t ,:L‘,y) dl’) dy.
For S(u) = 1, it gives O;p + 0,(pit) + 9y(pd) = 0, for S(u,v) = v, it gives

AAA

dy(p0) + 0. (pud) + 9,(pt?) = 0 and for S(u) = u, we get O,(pt) + 0.(pi? +
1)+ 0y (puv) =0 Where 71 is defined by (3.4). Notice that m; > 0 since u; > u,
and uy = (cu; +du,)/(c+d), and that the constraint relations are satisfied. [

Remark 3.2 If we do the same with a shock in the y direction, it gives a term

72#0.

3.2 Discrete approximations in the case of dynamics
without constraints

Let At, Az and Ay > 0. We prove here that we can approximate the solution
of proposition 3.1 with discrete blocks. We first define the dynamics of blocks
we are going to use in this case. The key idea is to perform discrete jumps
successively in both directions in consecutive time steps. In other words, dur-
ing a time At, we allow only the x direction movement to act, then during the
following At time, we allow only the y direction movement to act and so on
with alternatively a movement on = direction and on y direction.

18



Definition 3.3 Let u,v,a9,by € R and c,d > 0. Let N € N*. We take
Ax =c/N, Ay =d/N and At = 1/N. We consider the approximations given
by the following sum of blocks:

N—1 40
(pvs pvun, pvon) (G2, y) = D0 > (L u,0) Mg ayen,, (3.8)

4,j=0 1=0
where
Lt wayer, = Dint<i<rnaclo vine<a<a 1) Iy riay<y<birGrnay — (3.9)

with the sequences (ay), and (by,), defined as follows. Starting from ag and by,
we construct the sequences as

2(k + DuAt
A1 = Qo + [(Ax)] Az, bok+1 = by,

and
2(k + 1)vAt
Ay

where the big square brackets denote the integer part.

bokr2 = by + [ ] Ay, (2k4+2 = A2k 1,

Remark 3.3 At time t = (2k + 1)At, we make a jump for the block in the x
direction, and at time t = (2k + 2)At, we make a jump for the block in the y
direction, staying on the fized grid at level N and taking an approximation of
the movement.

Remark 3.4 For the extension in three dimensions, we also consider Az and
a sequence (), in this third direction.

We first start by proving the two following technical lemmas.
Lemma 3.4 We use the discrete blocks which were constructed in definition
3.3 and the associated notations. We set
“+o0o
an(t) =" alliarci<nar-
1=0
Then we have
la(t) — aa(t)] < |ulAt + Az,
and
1b(t) — ba(t)] < |v|At + Ay. (3.10)
Proof. Using that 2(k + 1)uAt — Az < {(k%x“m} Az < 2(k + 1)uAt, for
€ [(2k + 1)At, (2k + 3)At], we have

2(k + 1)uAt
Az

la(t) — aa(t)] ] Ar—ut

|agk+1 — ap — ut| = ‘ [

lul|2(k + 1)At — t| + Ax
lu|At + Az.

IAIA
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Then, for any ¢ > 0, we get
la(t) — aa(t)] < |u|At + Az.
Similarly, we have |b(t) — ba(t)| < |v|At + Ay. O

Lemma 3.5 We use the constructed discrete blocks and the associated no-
tations of definition 3.3 and lemma 3.4. Setting, for any test function ¢ €
C([0, +o0[, R?),

+O<> (I+1D)At  ra(t)+c  rb(t)+
/ / / o(t,x,y)dydedt (3.11)
and
N=1 400 ((1+1)At paj+(i+1)Az  pbi+(j+1)Ay
/ / / o(t,x,y)dydxdt. (3.12)
i,j=0 1=0 aj+iAx bi+jAy

Then we have Ax(¢) — A(p) when N — +oo.
Proof. Since c = NAxz and d = NAy, notice that

N1+oo

(14+1)At FH+ AT b(t)+(+1)Ay
A(p) / / / o(t,x,y)dydxdt. (3.13)
t)+iAzx b(t)

i oz 0 +ily

Let us denote by T" a real such that the support in time of ¢ is in [0, 7]. Denote
by Ly an integer such that LyAt > T. We have

N—-1 40

Anp) = Ale) = > > | o (/a

1,j=0 [=0
a(t)+(i+1)Az  rb(t)+(j+1)Ay
—/ / o(t,z,y)dydx | dt
a(t)+ilx b(t)+jAy
N-1Ln ,(4+1)At al+(i+1)Ax/bl+(j+1)Ay
b

- vy

i.j=0 1=0 LAt aj+iAx

at+(i+1)Az  pb+(j+1)Ay
/ o(t,x,y) dy dx
b

1 +iAx 1+jAy

1 +jAY

(90( ,x,y) — @tz +alt) —a,y+b(t) — bl)) dy dz dLt.

Let € > 0. Since ¢ is continuous and has a compact support, there exists n > 0
such that for any (¢,x1,41) and (¢, z2,y2) in the support of ¢, if |21 — xs| <7
and |y; — y2| < m, then |p(t,x1,1y1) — @(t, z2,92)| < . Let Ny € N* be such
that Ny is greater than (Ju| + ¢)/n and (Jv| +d)/n. Let N € N* be greater
than Ny. Now

1 c
t) — ) < At 4+ Az = — 4+ =<
a(t) = aa(®)] < [ul At + Az = Jul + 1 <7
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1 d
and |b(t) — ba(t)] < |U|N + NS < 7, therefore

(+DAEL ra+(i+1) Az pb+(i+1)Ay
An(e) — Alp)] < / [ sy dwan
] =0 a;+ilAx bi+jAy
N LI r+1)A
< / AmAy edt
INES Ol 0
< NAzNAyLyAe
< cdTle. (3.14)

It gives that Ay(¢) — A(p) when N — 4o00. [

Proposition 3.6 Let u,v,aq,by € R and c¢,d > 0. Then there exists discrete
blocks (pn, pnun, pyvN) with initial data

Tap<z<agtelbg<y<vpra(l, u, v)

such that
Opn + Os(pyun) + 0y (pnon) — 0,
O (pyun) + 0. (pyu) + 9, (pyunvy) — 0, (3.15)
Oi(pxvn) + Ou(pyunon) + 0y (pnvR) — 0,

when N — 400, in the distributional sense.

Proof. Let p € C°([0, +oo[,R?). The solution (p, pt, ptr) of proposition 3.1
satisfies

“+o00
0 = / / (§0hp + piidyp + pidyp) dy dz dt

+0<> (+1)At  pa(t)+Az  pb(t)+Ay
= / / /( (Orp + u0pp + v0yyp) dy dx dt
b

t)
= A(atgo) + uA(Oyp) + vA(Oyp).

We also have

+oo
/ // NatQD + pNuN&cgo + pNvNaycp) dy dx dt

N1+c>o

(I+1D)At  pay+(i+1)Az  pb+(j+1)Ay
= / / / (Orp + u0pp + v0yyp) dy dx dt
ij= 0 1=0 a;+iAx bi+jAy

= An(0ip) + uAn(Opp) + vAN(9yp).
Since A(0yp) + uA(0,p) + vA(dyp) = 0, then we get that

An(Owp) + uAN(0zp) + vVAN(Oyp) — 0

N—+4o00
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applying the lemma 3.5 to 0y, ;¢ and 9,¢. That is to say

t—4o00

+oo
/0 // (onOip + pyunusp + pyunOyp) dydzdt  — 0
RQ

for any test function ¢.
Since the speeds u and v are constant, they can be factorized on every terms
and then we get also that

——+00

“+o00
/0 // (pNUNat(P + pNuFOup + pNvNuNayso) dydvdt — 0
R2

and

+oo
/0 // (pNvNatgo + pNunUNOzp + pNU?VOygo) dy dz dt v 0
R2

—+00

for any test function ¢. [

3.3 Discrete approximations in the constraint case

We define now the dynamics to approximate the solution of proposition 3.2
by discrete blocks. We first consider that the shock happens during the z
direction movement in the splitting.

Definition 3.7 We take, for N € N*, Ax = ¢/N, Ay = d/N and At =1/N.
We start att =0 from a situation with two disjoint blocks:

(p7 pu, pv)(ov xz, y) = (17 ug, U) ][xe[alfPAx,al[ + (17 Uy, /U)]Iate[oz’“,ar—i-QAm[-

o’ — l OéT—Cl/l

If 0 < < At, then a collision has to happen in time t* = .
Up — Uy Uy — Uy

In order to have the conservation of the mass and a good approrimation of
the conservation of the momentum, at time t*, we replace the dynamics by the
following situation:

(p7 pu, PU)(t*a L, y) = (17 ur, U>]Ix€[af—PAx,ozf+QAx[
with the velocity
Pu, + Qu,
U= ————
f P+Q

and where z
of — wt* + o' + up(At — t¥)

Az
with the big square brackets denoting the integer part.

Ax,

Remark 3.5 We have similar formulas for a shock in the y direction substitut-
ing Ax by Ay and u by v.

If the shock is not between 0 and At, but let say between LAt and (L + 1)At,
we just have to make a translation of these formulas.
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We prove now that the discrete blocks defined previously are approxima-
tions of the solution of proposition 3.2.

Pr0p051t10n 3.8 We denote by (pn, pnUn, pPNUN) the discrete blocks con-
structed in definition 3.7 (see also formula (3.16) for the part of this function
which is located at the collision). Then the functwns (PN, PNUN, PNON) have
functions (p, pu, pv) of proposition 3.2 for limit in the distributional sense when
N — +4o00.

Proof. We consider the case of a shock in the x direction with the previous
notations. Denote by L (which changes with At, that is to say with N) the
integer such that t* € [LAt, (L + 1)At[, and we notice that the part of the
functions located near the collision can be written as

(ﬁN,ﬁNﬁN,ﬁNﬁN)(tafE,y) = (LufaU)]ILAtgt<t*][(a:,y)€73 (3~16)

where
][(ac,y)EP = ][af—PAm§1'<af +QAx ][bl§y<bl+,u' (317)

Notice that before LAt and after (L + 1)At, the movement is without con-
straints and we have studied it already. Notice also that after the shock, the
positions of the blocks move as in the case without constraints starting with
the new defined positions at the instant of shock.

We consider a test function ¢ € C2°([0, 400[,R?). We have

“+o0o
[ ] owoue + bviintup + indye) dy dade
RQ

(L+1)At  paf+QAx  pbyi+u
= / / / (Orp + uOpp + v0yp) dy dx di
LAt of —PAx Jb;

+Ry(p),

where Ry (¢) — 0 corresponding to the part of py which follows a movement
without constraints and has already been studied. We will consider the differ-
ence with the corresponding terms for (p, pt, 0). We have then to consider the
quantity

By(p) = /Lt;t/af /blﬂt (@(t,x,y) — otz —af + at), )) dy dx dt

B e ¢ dy da dt
[T (elrn) — el - o b)) dyda

1
(L+1)At/af+d

bi+p
¥ [ (et = olto — o + ! (1), ) dydud.

t* af—c Jy

We have a;(t) = o! + w(t — LA), a,(t) = o + u,(t — LAt) and z* = ol +
w(t* — LAt), then for t € [LAt, (L + 1)At],

laf —al (t)| < |up(t — LAY)| + Ax < |ug|At + Az,

|af—al(t)\ < (w—up)(t* =LA |+ up(At—t)|+Ax < (Juy—ug|+|ur]) At+Ax,
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and
laf —a, ()] < [(up—uyp)(t* — LAL) |+ up (At —t)|[+Az < (Jup—ug|+|ug]) At+Ax.

Then we do as in the case without constraints (for the terms Ay (p)) to get
that By(¢) — 0 when N — +o0. [

3.4 General case of approximations of solutions and BV
estimates

We want now to get approximations of solutions for any block initial data of
the form of our approximation processus, that is to say with the following form
(2.13)-(2.15). These blocks satisfy (2.16)-(2.17) and then have the form

(0", ), P, y)u’ (2, y), p° (2, )" (2, y))
I J’
- Z Z (17 Wigs Uij>]Iaij <x<by; ][Cijﬁyﬁdz‘j (318)

i=—1 j=—J

which is a linear sum of terms as the ones considered in previous subsections.
Then we have the following merging result.

Proposition 3.9 Let p° € LY(R?), u°,0° € L>(R?) N BV (R?) such that 0 <
p° < 1. We consider the sequence of block initial data (p?,u?, v))p>1 defined
by (2.13)-(2.15). Then, for any k € N*, there exists (pri, Pritiel, PriVki) dis-
crete blocks associated to the initial data (pY, phul, povd) and (71)m, (T2)u €
Mioe([0, +00[xR?) such that

Oipri + O (priurr) + Oy (privr) = R — 0,
Oy(priv) + ax(pkluil + (7)) + Oy (prittvie) = S — 0, (3.19)
O (pravie) + Ou(pritivi) + ay(ﬂklvzz + (o)) = Ty — 0,

when | — 400, in the distributional sense.

Proof. As long as there is no collision, each block moves freely and then
proposition 3.6 gives approximations of the solution by discrete blocks. Until
the first collision between two blocks, (pri, pPritkr, privri) is thus defined by the
sum of functions like defined in definition 3.3. Every time a collision between
two blocks happens, let us say during a movement in direction z (it is similar
in the y direction), proposition 3.8 gives an approximation of the solution by
discrete blocks, thus at this time, the corresponding part of (pgi, pritisr, PriVki)
is modified according to definition 3.7. Then, it moves freely as in proposition
3.6 until the next collision. This way, it defined approximations of solutions
as expected. []

Remark 3.6 If we take initial data such that

bi+1,j < Gy and di,j+1 < Cjj fO’f‘ any i,j, (320)
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then collision doesn’t appear at time t = 0 and then we have m(0,z,y) = 0
and (0, x,y) = 0.
For the block discretization of our processus in proposition 2.3, we have \/mj; <

1 1
—— -5 < - and then we are in the situation of (3.20) and thus this discretiza-

tion by blocks will lead to solutions with no initial measure.
We turn now to the proof of L> and BV estimates for these functions.

Proposition 3.10 The blocks of proposition 3.9 satisfy, for any t > 0,

0<pu=<1, (3.21)
essinf u® < uy < esssup v, essinf v° < vy < esssup VP, (3.22)
// |Opur(t, z,y)| < // |0, (2, )], (3.23)

—a,a) Rx[—at,at]
// 10, wat, 2, y)] // 10,10(z, ), (3.24)

[—a,a] xR [—at,at]xR
// |0pv(t, z,y)| // 10,00 (z,9)], (3.25)

—a,al Rx[—at,at]

and

// |0y vri(t, z,y)| // 10,00z, y)|, (3.26)

[—a,a] xR [—at,at] xR

for any a > 0 and setting

a; = a + t max(]|u’]| o, [|0°|s0)-
Furthermore, the sequences of measures ((m1)g1)i>1 and ((72)r)i>1 are bounded
in Mioe([0, +00[xR?).

Proof. The L% bounds are obvious from construction. For simplicity, we
skip the indice k£ and [ and denote by u a function ug;. We have a relation like
(2.18). It allows to consider the evolution across shocks of a quantity like

n0
Z |U’? - u?—1|a
=2

with u{ the velocities of the successive blocks, When a collision happens, for
example at time t* between blocks k and k +1 to s1mp11fy the presentatlon we
have after the collision a speed of the form u* = u ¢/(c + d) + ul,, d/(c + d)

due to proposition 3.2. First, we have

"l

A

0 0 0 *
< g — W |+ Uy — U7
c+d c d
< Jul, —ul + u? —u? —u,
= | k+2 k+1| k+1 +d kc+d k+1c+d

|U2+2 —u

IN

|u2+2 - u2+1| + o1 dlukz+1 U2|
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Similarly, we get |u* —uf_,| < |uf —u)_,| + z5|uf,, — uf], and by adding
these two last inequalities, we get

u* —up_y |+ ‘“2+2 — | < up —up_4| + ’U2+1 —up| + ]u2+2 - ug-l—l" (3.27)

Since
k—1 nY
|0pu(t*, x,y)| = Z |“?_U?—1|+|U*_U2—1|+|U2+2_U*|+ Z |u?_u’?—l|7
Rx[—a,a] =2 i=k+3

and since the blocks moved at maximum of ¢ max(||u°||s, ||t°]|) during a time
t, the blocks between —a end a at time ¢ are between those initially between
—a; and a;. Then we get (3.23) until ¢*. Finally, collision after collision, we
get (3.23). We obtain similarly (3.24)-(3.26).

We turn now to the bounds of the measures. Since (pg)ri, (uri)r and (vg) g are
L*> bounded and Sk, Ty, — 0, we get that ((m1)g); and ((72)); are bounded in
the distributional sense. Since they are non-negative measures, we conclude. []

Remark 3.7 The combination of the bounds (2.9)-(2.12) and (3.23)-(3.26) gives

//aa]|8ukltxy //

RX[ at at]

// |Oyupi(t, z,y)| // @u%(m,y)’ < (1+af)// Gyuo(x,y) , (3.29)

[—a,a] xR [—at at]xR

// |0pvr(t, 2, y)| // vag(x,y)‘ < (1+af)// 9,0%(x, )|, (3.30)
[~a,a] R2

—ag,at]

// |0y v (t, 2, y)] // d,vi(z, y < (1+4a?) // 9,0z, y)|, (3.31)

[—a a X]R [—at at]XR

)|, (3.28)

()] < (1+a?)/
R2

for any a > 0 and with a; = a + t max(||u°|| s, [|0°]| 00 )-

We have now to get stability results in order to get solution for the system
with constraint for a large class of initial data.

4 Stability

The results we prove in this section have two specific purposes. First, we will
get a result of stability of solutions. Then, by an adaptation of this proof, we
will obtain a result for the limit of approximations of solutions.
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4.1 Stability theorem

We first prove a stability property of a sequence of solutions using the technical
results of the appendix B.

Theorem 4.1 (Stability of solutions) Let us consider a sequence of solu-
tions (Pr, Uk, Vi, (T1)k, (T2) k) k>1, with reqularities (1.9)-(1.11), satisfying (1.4)
with the constraint (1.5) and initial data (p?, u?,v?). We assume the following
bounds for initial data:

(P2)k>1 is bounded in L°(R?) and in L'(R?), (4.1)

(U1, (V))k>1 are bounded in L (R?) and in BVy.(R?). (4.2)

The solutions are supposed to satisfy

0<pp <1, //pk(t,m,y) dr dy < //Pi(m,y) dzx dy, (4.3)
R2 R2
essinf uy < uy, < esssup uy, essinf vy < v, < esssup vy, (4.4)
Deun(t v, g)| < (+ad) Ky, [ 0ult e,y < (1+af) K, (45)
RXx[—a,a] [—a,a] xR
I bt ey) < 0vad)Ks, ] 1ultey) < (+ad)K, (46)
Rx[—a,a] [—a,a] xR

for any a > 0 and with a; = a + tC, with Ky, Ky, K3, K4 and C constants.
Finally we assume that

((m1)r)k>1 and ((m2)k)k>1 are bounded in Mo ([0, +00[xR?). (4.7)

Then, extracting a subsequence if necessary, as k — oo, we have in the distri-
butional sense

(pka Uk, Vk, (ﬂ-l)k‘? <7T2)k;) —\(p7 u,v, Ty, 7T2)7

where (p,u, v, m, ), with reqularities (1.9)-(1.11), are solution of (1.4) with
the constraint (1.5) and satisfy the bounds

0<p<1, //p(t,:c,y) dxdy < //po(ﬂc,y) da dy, (4.8)
R2 R2
essinf uw’ < u < esssup u®, essinf v < v < esssup v°, (4.9)
I ot ey <arag, [ 19uay) < 0+, (410)
Rx[—a,a] [—a,a] xR
Ot y) < (14 a))Ks, [ 1ty < (0 +ad) K, (411)
Rx[—a,a] [—a,a] xR

for any a > 0.
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Proof. Since (pg, ug, vy )r>1 are bounded in L>(]0, 400 xR?), then there exists
a subsequence such that

pr—p, up—u, vy—v in L]0, +oo[xR?). (4.12)
From (4.7), there exists a subsequence such that

(Wl)kéﬂ'l, (7T2)k47'('2 in M[OC([O, +OO[XR2). (413)
From the first equation of (1.4), the sequence (pi)r>1 satisfies the estimate:

VT > 0, Vo € C>(R?), Vt,s € [0,T], Vk € N*,

< C,lt— s, (4.14)

//(pk(t z,y) — pr(s,2,9))p(r,y) dr dy

with

Clp = sup | =~ ( i |amso|dxdy) o sup [ef] < ( i raysowxdy) .
k>1 e k>1 e

Then, applying lemma 7.2, pr, — p in C([0, T, LS, (R?)). Furthermore (ug)g>1
is bounded in BVj,.(R?) uniformly in time sur [0, 7]. We can then apply lemma
7.1, with C, = (1 + a%)K, with K = max(K{, K,) and we get that ppus, — pu
in L2, (]0, T[xR?). Similarly, we have pyv, — pv in L, (]0, T[xXR?).

Now the second equation of (1.4) gives that

i//(ﬂkuk)(t,x,y)go(x,y) dx dy
— //(Pwi)(t,x,y)@z@(x,y) dx dy + //(Pkuwk)(t,x,y)aygo(x,y) dz dy

-

thus the sequence //(pkuk)(t, z,y)p(x,y) dr dy is bounded in BV;. Therefore,
R2

in the same pattern as the proof of lemma 7.2 (see also [5]), we can extract a
subsequence such that

etz ety dedy — [[(pu)(t.2.y)e,y) dedy in 100, 7)),

for all ¢ € C>°(R?). We can then apply lemma 7.1 with v, = ppus this time
and wy = uy (and also with v;) and we get that pku% — pu? and ppupvE — puv
in L2°,(]0, T[xR?). Similarly, we also have pyvi — pv? in L2, (]0, T[xR?). We
can now pass to the limit in the weak formulation to get (1.12)-(1.14) with the
initial data (p° u°,v°%). O
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4.2 Limit of approximations of solutions

In dimension one, we have directly obtained explicit solutions for any block
initial data. In the current two-dimension case, at this stage, we only have
approximations of solutions for general block initial data. We need to improve
the previous stability result in the case where we only have

Oipr + O (prur) + 0y (prvr) = By — 0,
Oi(prwy) + Ox(prud + (m1)1) + 0, (prugvy) = Sp — 0, (4.15)
B(pror) + O (prugvr) + 0y (prof + (ma)1) = T =0

when [ — 400, with a limit in the distribution sense, instead of having R; =
S; =T, = 0. We prove now that in this situation, we can extract a subsequence
whose limit is a solution.

Theorem 4.2 (Limit of approximations) Let p° € L'Y(R?) and u° 1 €
L>=(R?*) N BV (R?) such that 0 < p® < 1. We consider the sequence of block
initial data (P2, ud, v))i>1 defined by (2.13)-(2.15). For any k, we consider
the sequence (pgr, Pritirl, PriVr)i defined by proposition 3.9. Then, extracting a
subsequence if necessary, as | — +oo, we have

(Pkl7 Uk, Vkl, (7T1)ku (7T2)kz) 4(Pim Uk, Uk, (Wl)k; <7T2)k>

in the distributional sense, where (pg, wk, Vg, (71, (T2)x) with reqularities (1.9)-
(1.11), is solution of (1.4) with the constraint (1.5) and satisfy the bounds

0<p<1, //pk(t,x,y) dr dy < //ﬂo(fv,y) dz dy, (4.16)
R2 R2
essinf u® < uy < esssup u°, essinf 1 < v, < esssup 17, (4.17)
// |0 (t, 2,9)| < (14 a?) // Opu’(z,y)], (4.18)
[—a,a]
// 10,ux(t, ,y)| < (1+a}) // o,u’(z,9)], (4.19)

[—a,a] xR

// |Dcvi(t, 2, y)| < (1+af) // 0,0° (2, )|, (4.20)
[~a.a]

// |Oyor(t, 2, )| < (1+ af) // 0,0, y)|, (4.21)

[—a,a] xR

for any a > 0 and with a; = a + t max(||u’]| s, [|0°]|00) -

Proof. The proof is very similar to the one of theorem 4.1 except an important
dissimilarity, which is the relation (4.14). Here we get a relation of the form

t
//ka@-
S R2

(pr(t,z,y) = pra(s, z,y)) oz, y) doe dy| < Cylt — s + (4.22)
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Adapting the proof of (3.14) but on a time space of length |t — s| instead of
t

T, we similarly get a bound for / / Ry of the form [t — s|eC' (instead of
S RQ

TeC). Then we get again a bound of the form

< Clt — s, (4.23)

[ (putt.x.9) = puals. 2. 5) el ) da dy

and we have again, when | — 400, p — pr in C([0,T7], L, (R?)) and the rest
of the proof is quite similar. [J

The first consequence of this result is that we will obtain solutions for
any block initial data (not explicit in every cases here contrary to the one-
dimensional case). Then by approximation of any initial data by initial blocks
and the stability result, we will get existence of solutions for any initial data.

5 Existence result

Prior to get the existence result, let’s start with discussing the constraint
relation (1.6) which leads to the difficulty of defining the product pm with 7
a measure and p not necessarily continuous. We expose how it is possible to
define this term in a special class of solutions. To do this, we adapt the analysis
done in [2]. Then, we will prove the existence result for any initial data and
then for functions with enough regularity, we prove that we get the product
pT = T.

5.1 Definition of pr for 7 in M ([0, +oo, L*=(r?))

If the measure 7 € Mo.([0, +-00[xR?) is also in the space M, ([0, +-00[, L7 (R?)),
then there exists C' such that

/[0+ [/R/qu(t,x,y)ﬁ(t,x,y) < Oll@ll L= o, 400l,L1, @2)), Yo € Ce([0, +00[xR?)
(5.1)

and we can define < 1, ¢ > for ¢ € C.(]|0, 400, L'(R?)) with

| < 7,6 > | < Cllolligogosocfir,®2), Yo € Ce([0, +00], L(R?)).

See [21] for the representation theorem of Riesz for bounded continuous vector-
valued functions.

Definition 5.1 Let p € Cy([0, +o0[, Ly, (R?)) and 7 € M,([0, 4o00], L5 (R?)).

Then the product pm is defined as a measure by < pm, ¢ >=< T, pp > for ¢ €
C.([0, +oo[xR?).
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We notice that if 7 € M,.([0, +00[xR?) satisfies

/[0 JrOO[/R/]R ‘¢(t,x7y)7r(t,x7y)‘ < CHQSHLOO (J0,4-00[, L%, ( v¢ c C ([0,+OO[, L1<R2>)7

(5.2)
then 7 € M, ([0, +-00[, Ly (R?)) and

<mo>=[ [ [otyntay), voe Cl0, +oo] L'(R)),
0,400 /R JR
As in [2], we have easily the following proposition which proves that the blocks
of section 2 have this regularity and satisfy clearly the constraint (1.6).

Proposition 5.2 For the sticky blocks of section 2, the pressures m, and o
satisfy (5.2). For these blocks, we also have p € C(|0, —|—oo[ LY(R?)) and pr =7

in Mioe([0, +00[xR?).

5.2 The exclusion relation pm =7

We prove a result for the product pr when 7 € M, ([0, +oo[, L3 (R?)).

Proposition 5.3 If we assume that the limit (p,u,v, 71, m) of theorem 4.1
satisfies furthermore that p, — p € Cy([0,+o0], L}, (R*)) and if we assume
that 1, m € My(]0, +00], Lg‘;(RQ)), then the exclusion relations pmy = m and
pTy = Mo hold.

Proof. We prove it for 7y, the proof is similar for m5. We consider the sequence
(Pk, Uk, Uiy (1)K, (72) 1 )k>1 Of blocks which approximates (p, u, v, 71, m2) in weak
sense. Let ¢ € C2°([0, +oo[xR?). We can write, since 11 € M,([0, +ool, L3 (R?))
and p € C([0, +00[, Li,e(R?)),

< (T)ks prp > — <1, pp >=<(M1)k, (r = p)io > + < (T1)p — T 0 >
On one hand, pp € C.([0, +oo[, L'(R?)) hence < (m )i, — 71, pp > e 0. On

—+oo

the other hand, since (), € M,([0, +-00], L3 (R?)),

| < (m)k, (pr —p)p > | < Cksup/ [(pr — p)| da
Crllellzee, Mok — pll oo

t,x,y

IN

loc,x y)

We can take for the constant C) the smallest one, that is to say

T
G sup [ Jo Jee p(m)el
peLe (i) 0 ellner,)

We consider the linear continuous applications fj defined, for any ¢ € LOO(L1 )

by fir(e / / ¢(m1)y. For any p € L°(LL ,), we have fi.(p —)/ //(,07‘('
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and then (fx(¢))r is bounded. We apply the Banach-Steinhaus theorem to
this family of applications and get that sup C} < +oc.
k

Therefore we get khIJP < (MK, prp >=< p,me >=< pr, e > . Now
—+0co

(7T1)k = pk(ﬁl)k — 71 and then pmy = m. O

5.3 Existence of solutions

We are now able to prove the existence theorem 1.1.

Proof of theorem 1.1. Let p), u, v) (k € N*) be the block initial data
defined by (2.13)-(2.15) associated to p°, u°, v° provided by proposition 2.3.

Proposition 3.9 gives, for any k, a sequence (pgi, Ugr, Vki, (71) ki, (T2) 1)1 such
that

Orpri + On(pratiny) + Oy(privi) = Ry — 0,

=400
O (prrurt) + Oz (puiy + (m1)m1) + Oy (prrtirgvrs) = Sk LT 0,
O (pravir) + Oz (purvw) + Oy (praviy + (m2)w) = Tia z—:oo 0

in the distributional sense. At k fixed, these functions satisfy the bounds of
theorem 4.2 and we can apply it to get that, up to subsequence, and mak-
ing a diagonal Cantor process, the convergence in the distributional sense

(Prts Wity Viets (1)t (2) ) l—:oo(pk’ Uk, Uk, (1) g, (m2)x) for any k. The previous

obtained limit (pg, g, vk, (71)g, (72)x), with regularities (1.9)-(1.11), is solution
of (1.4) with the constraint (1.5) and satisfies the bounds (4.16)-(4.21). We
can now apply the theorem 4.1 to this sequence, and get, up to a subsequence
when £ — 00, (Pk:» U, Vg, (ﬂ-l)ka (7T2)k) A(pa u,v, T, 7T2), where (P7 U, U, T, 772)7
with regularities (1.9)-(1.11), is solution of (1.4) with the constraint (1.5)
and satisfy the bounds (1.15)-(1.20). By proposition 5.3, we finally have

the constraint (1.6) in the case where p, — p € Cy([0,+ool, L}, (R?)) and
T, Ty € /\/lt([O, —|'OO[, Loo (R2)). O

Remark 5.1 We get the constraint in the case of blocks and 27‘07“ the limit of
approzimation by blocks when the limit is in Cy(]0, +o0], In the most
general case, we only have a convergence in Cy([0, —i—oo[, L;O*(RQ)).

6 Appendix A: weak convergences of block ap-
proximations

In this appendix, we prove the technlcal part of the groof of proposition 2.3,
that is to say the convergence of p) — p%; pu? — p%u" and plop — p%° in the
distributional sense.

Let p € C2°(R?) and let ky € N such that supp ¢ C [—ko, ko)>. Using Taylor

formula, there exists (z;jk, Yijr) € H, i + . /m,-jk[ X H, % + /mijk[ such that
/iwm /iwm

J

o(z,y) de dy

k k
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IN

+5 ay(p(xz]kayz]k> zgk 6/

) 1 ¥k 9
w(k k) Mijk + g /j/k g

6

Z.

x@(xijk, U) dv mz]k + 85090(‘%1]’67 yljk)

yygp(u Yijk) du m?/2

ijk *
Knowing that
k2 iy e pdd
k ] k TV
/ o, y)e(z,y) dedy = / /J o(z,y) dx dy,
RQ i,jszjQ & k
and
iJj T e i j
® (k’ k:) Mg = [ /i p(x,y)e (k:’ k;> dx dy,
therefore, for k > kg, we have

kko 1

Wl

kko—1

p>

1 kko—1

+EZ

i j=—kko

kko—1

A

kko

IN

+lells

1 kko

b(@,y)p(,y) dedy — //po(ﬂf,y)w(ﬂf,y) dx dy

+1L

1 J+l
z*—kko

i1
ij=—kko </”klk2/;€ ’p H o(z,y)| dx dy

L
%2

_|_

(i

30,0l + |3 e — 1)) miiE
g+l 1

k k2 Z
(10211 (2 - k) +lougl (v-2)) dedy

J+l_ 1
%2

2| le(z, )l dxdy)

J
0 \m (wigh = ) + 3110s0]

j_i dx dy)
-1
5 X

kko—1 il

k
i,j—z—:k:ko /Ii

v

B b
T dedy (10l + 10:0010)
k

wzf

Lo + H@iywwaﬁm@k +3(10:0 ] + 195211.0))

it
k
1

11 i+l 1
K2

3/2
2

; bR dxdy)

%

e o

k

T =
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kko—1

el > (5+70)

i,j=—kko kK
. ; kko—1 1\ 3/2
5 ([0 + 9] . +310:0ll +310y0ll) Zkk <,€2)
1,j=—kko
1 1
< 4k2kgk2<|\am¢||oo+Hamgonw)WusoH weng (s + k4)
v (o2l + el + 3010wl +10y01L.) 442K
1
< O,

and then p) — ,00 holds in the distributional sense. Let us focus now on the
convergence of phuf. For k > ko, we have

/pkwy vz, y)e(z,y) de dy — //p z, y)u(z,y)e(,y) dvdy

kko 1

DA
e

N (Al W S
i,j=—kko k ‘

.
LT P el asan)
kko—1

3
L J
1,j=—kko

IN

J
zgkgp <k’ k‘) - UO(ZE,y)(p(l’,y)‘ dl)?dy

LR
.

|~

S
&

L
12

310, + [0 G = 1)) miiE

and the main difference with to regard to the first convergence is the first term
We write

kko—1

P /+/
N A

1,j=
kko—1

S A

(2 ]_7

iJ
wow (1.7) =l y)plo,y)| dody
of 1,0 i
| y)| ‘sO (kk> - w(x,y)‘ da dy

’L]k‘ 0($’y)’ (]{Z k) dl’dy

and the main new term is in fact the last one. We control it the following way

”z_:kk / / zak 0(%9)’ <k5 k:> dx dy
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kko—1 itl_ 1

— w1 J+l_
k k k
i 1
’I;,j:— k k

A y)| el dedy,

kko
where _ .
e 0(z ~ 0 = g~
Aoy =k [ 5 [T @@ 5) - o (w,y) d dg.

k k
Now u® € BV(R?), then u° is continuous and then uniformly continuous on
compacts. Let ¢ > 0, there exists 7 > 0 such that for any (z,v), (Z,79) €
[—ko, kol?, if |z — Z| <, |y — 9| < n, then |u°(Z,79) — u’(z,y)] < e. Now
A =
for 4,7 € Z N [~kko, kko — 1] and 2,7 € [;,H];], y,§ € [i/:], then

1
(z,9), (Z,9) € [~ko, ko|®. Thus for % < 7, we have

k’k;() 1 i1 j+1
WO
/ / Ugsp, — u- (T, Y) ( ) dx dy
i,j=—kko 7 ‘ Lk
k’k() 1 i+l 1 7772 % %
< / / AN ﬂ / edwg| ¢l dardy
i,j=—kko i i
kko—1

< ¢ Z k12—4k‘2

1,j=—kko

It gives the limit of the new term and we get that pQu) — p’u” holds in the
distributional sense. Similarly we obtain the convergence of plvy.

7 Appendix B: technical results

The first result is to help us passing to the limit in the products. It is an
extension in dimension two of a similar lemma in dimension one proved in [2].
Notice that we also have to consider locally BV bounds.

Lemma 7.1 Consider for any k € N, some functions v, € L*(]0, T[xR?),
wy € L=(]0,T[, BVjoe(R?)) and v € L>=(]0, T[xR?), w € L>(]0, T[, BVjo.(R?)) .
Let us assume that (Yi)ren is a bounded sequence in L°°(]0, T[xR?) that tends
to v in L]0, T[xR?), and satisfies, for any T € C°(R?),

JJen =Nt y) dedy o, (7.1)
R2
either i) a.e. t €)0,T[ or i) in L;(]0,T[). Let us also assume that (wg)gen 1S

a bounded sequence in L>=(]0, T[XR?) that tends to w in L2 (]0, T[XR?), and
assume that, for any a > 0, there exists Cy > 0 such that, for anyt € [0,T],

| 1t el <Co [ 10t el < Co forany k. (72)

[_ava]z [_ava]z

Then yywy, — yw in L]0, T[xR?), as k — +o00.
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Proof. We detail case i), the proof being very similar for case ii). First, we
notice that we also have

//|8xwt:vy|<0a, //|8ywt$y|<(] (7.3)
[~a,a)? [—a,a]?
Let ¢. be a sequence of mollifiers in R2. We shall use the notation 2° = z X (..
Let us write the decomposition

Mwr — W = Ye(we — wi) + (e — Vg +7(wp — o) + (W —w).  (74)

We are first going to control the first and fourth terms of this decomposition
for £ small enough and uniformly in k. Then, fixing ¢, we shall pass to the
limit, when k tends towards infinity, in the second and third terms. Let Y E
C‘X’(]O T[X]RQ) and let a > 0 be such that the support of ¢ is a subset of

10, T[x[—a,a]?.
T

— Let n > 0. The term / // v(w® —w)pdzx dy dt is controlled in the following
0

way. For |Z|, || < 1, we have

/ w(t,z — T,y — ) —w(t,z,y)|dedy
[—a,a]?
ﬂ :Ew 77‘+|y’ // |8yw 77'|
[-a—1,a+1]? [—a—1,a+1]2
Ca(lZ] + 19]),

hence for € < 1,

|wo(t,.,.) —w(t, ., )l (—aa2)

B // // — &,y —7) —w(t,z,y))¢(7,9) dz dy

[—a,a]?

- /// folt = 2.y = §) = wlt,2,0)| do dy (2. 5) d2 dj

—a,a)?

< C, / INC(F, §) dF dj < 2:C,.

dx dy

Thus we get
T
[ ] —wpdedyatl < 2:CuTlelrl
R2

This is less than 7 if € is small enough. We have the same bound uniformly in
k for (v)r>0 and (wg)g>0, thus for such ¢,

T T
|/ //v(wg—w)gpdxdydﬂ <7 and |/ //%(w,i—wk)godxdydﬂ <mn, Vk €N.
0 0
R2 R2
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— Let now ¢ be fixed as above. For the third term of the decomposition (7.4),
obviously w§ — w®—0 in L, (]0, T[xR?), thus y(w§ — w®) — 0.

It remains to establish the convergence (v, — v)wi — 0 in L, (]0, T[xR?). In
order to do this, we only need to consider a test function ¢ € C°(]0, T[xR?),

o(t,z,y) = p1(t)pa(z,y), p1 € C(]0,T[), p2 € C*(R?). In order to prove
that

T
/ //(% — ), z, y)wi(t, z,y)e(t,z,y) dedydt — 0, k — oo,
0
RQ

T
we write this integral as / / I(t,%,7) dT dy dt where
0
R2

I]Af,.i,ﬂ) = wk<t7i.7g) (//(7’6 - 7>(t7x7y)<8<x —Z,y— ﬂ)gO(t,ZC,y) dl’dy) .

We are going to prove the convergence of this integral using Lebesgue’s theo-
rem. Since, at (7,¢) being fixed, (z,y) — ((r — T,y — §)pa(x,y) € CF(R?)
and together with the fact that (wg)r>o is bounded in L*(]0, T[xR?), we de-
duce from the property of v, that for a.e. t, z,y, I;(t,x,y) — 0 as k — oo. We
also have the following estimate,

[t 2, 9)] < sup ez (sup [1ll e + [17ll2) S (2, 2, 9),

where J : (¢,Z,7) — //Cg(x—it,y—gj)\go(t,x,y)] dx dy € L'(]0, T[xR?). There-
R2

fore, by dominated convergence, we have that I.(t,z,y) — 0 in L*(]0, T[xR?),
which gives the desired convergence.
— Finally, we can conclude that v,w, —yw—0 in L, (]0, T[xR). O

Remark 7.1 This is a result of compensated compactness, which uses the com-
pactness in (x,y) for (wg)r given by (7.2) and the weak compactness in t for
(Vk)k given by (7.1) to pass to the weak limit in the product yrwy.

The second result gives some continuity in time. The proof is an easy
adaptation in dimension two of lemma 4.4 of [5]. The main idea is to use a
countable dense set in C2°(R?) for the L'-norm and Ascoli’s theorem. Since
there is no new difficulty, we skip the proof.

Lemma 7.2 Let (ng)ren- be a bounded sequence in L°°(]0, T[xR?) which sat-
1sfies:

for all o € C°(R?), the sequence ([ ny(t, z,y)p(x, y) dz dy), is uniformly Lip-
schitz continuous on [0,T], v.e. 3C, >0, Yk € N*, Vs, t € [0,T],

JJout.2.p) = nu(sz)ea,y) dody| < Clt = o]
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Then, up to a subsequence, it exists n € L*(]0, T[xR?) such that ny — n in
C([0,T7, L. (R?)), i.e.

vl € LY(R?), sup

t[0,T]

// ng(t,z,y) — n(t,z,y))l'(z,y)dedy] — 0.

k—+o0
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