
Monodromy of the exceptional reflection arrangement of
type G31

Consider the following polynomial of degree 60 in S = C[x, y, z, t]

f = xyzt(x4 − y4)(x4 − z4)(x4 − t4)(y4 − z4)(y4 − t4)(z4 − t4)

((x− y)2 − (z + t)2)((x− y)2 − (z − t)2)((x + y)2 − (z + t)2)((x + y)2 − (z − t)2)

((x− y)2 + (z + t)2)((x− y)2 + (z − t)2)((x + y)2 + (z + t)2)((x + y)2 + (z − t)2)

((x− z)2 + (y + t)2)((x− z)2 + (y − t)2)((x + z)2 + (y + t)2)((x + z)2 + (y − t)2)

((x− t)2 + (y + z)2)((x− t)2 + (y − z)2)((x + t)2 + (y + z)2)((x + t)2 + (y − z)2).

Then the reflection hyperplane arrangement A(G31) consists of 60 hyperplanes in
C4 and is given by f = 0, see [2]. The following result is proved in [1].

Theorem 0.1. The monodromy operator

h1 : H1(F (G31),C)→ H1(F (G31),C)

for the exceptional complex reflection group G31 is the identity. In particular, the
first Betti number b1(F (G31)) is 59.

The proof uses extensive calculations done via SINGULAR.

First we determine a basis for the S-module AR(f) of Jacobian syzygies of f .
This is done by computing a 4 × 4 matrix E, in which the first column is x, y, z, t,
and hence corresponds to the Euler derivation. If we set E[2] = (m1, n1, p1, q1),
E[3] = (m2, n2, p2, q2), E[4] = (m3, n3, p3, q3) for the second, third and respectively
fourth column in E, then E(k) for k = 2, 3, 4 give a basis of the free S-module
AR(f). All the polynomials mi are divisible by x (since fy, fz and ft are clearly
divisible by x and fx is not) and we set mi = xm′

i for i = 1, 2, 3. Similarly one has
ni = yn′

i, pi = zp′i and qi = tq′i for i = 1, 2, 3. The rather long formulas for the
polynomials m′

i, n
′
i, p

′
i and q′i are given in the pdf file CoeffSyz.pdf. This is noted in

[1, Remark 4.2].

Next we show that the monodromy operator h1 has no eigenvalues of order 6. This
is done using a spectral sequence and proving in [1, Lemma 4.8] that E1,0

2 (f)50 =
0. The SINGULAR code for this long computation is g31. A similar, but much
quicker computation can be done to show that the monodromy operator h1 has no
eigenvalues of order 3, using the SINGULAR code g31cubic.
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