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Introduction to the Rapid Decay property
Indira Chatterji
Abstract. This is an introduction to the Rapid Decay property, with a survey
of known results and equivalent deﬁnitions of this property. We also discuss
in details the easy case when G = Z. Everything in this paper is well-known
by diﬀerent sets of people.

In this paper, G will be a countable group, that we assume ﬁnitely generated
by a ﬁnite generating set S. The word length of an element γ ∈ G is the minimal
number of elements of S needed to express γ. The group G acts on 2 (G) via the
(left) regular representation, and one extends this action to CG and the bounded
operators on 2 (G) (see Section 2 for the deﬁnitions).
Definition 0.1. A ﬁnitely generated group G has the Rapid Decay property if
there are constants C and D such that for any R ∈ N and any f ∈ CG such that
f is supported on elements shorter than R, the following inequality holds:
f ∗ ≤ CRD f 2 ,

RD(1)

where  ∗ is the operator norm of elements in CG acting on  (G) via the linearization of the left regular representation and  2 is the 2 -norm on CG (see
Section 2).
2

Because of the constant C, the above inequality is interesting only for large
R’s. One can notice that whereas the left hand side of the above inequality directly
depends on the group law (via the regular representation) the right hand side only
depends on the geometry of the group in a ball of radius R. Depending on how
the group operation allows to combine γ’s and μ’s in G to obtain elements γμ−1
of length shorter than R, one may or may not be able to control the left hand
side. Groups with the Rapid Decay property are exactly the ones for which we can
control the left hand side. More equivalent deﬁnitions of the Rapid Decay property
will be discussed in Section 4.
The terminology Rapid Decay comes from Connes’ original deﬁnition, equivalent to RD(1) above, which is as follows (see Deﬁnitions 2.5 and 2.9 for all the
deﬁnitions).
Definition 0.2. A group has the Rapid Decay property if
H∞ (G) ⊆ Cr∗ (G)

RD(2)
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that is, the set of rapidly decaying functions on G is contained in the reduced
C*-algebra of G.
Indeed, it is a classical result that any abelian and unital C*-algebra is the
algebra of continuous functions on a compact space (its dual), so philosophically,
a non-abelian unital C*-algebra (such as, for instance, the reduced C*-algebra of
a ﬁnitely generated group), should correspond to the continuous functions on a
non-commutative space. So, for a ﬁnitely generated group G, admitting that the
reduced C*-algebra of G corresponds to continuous functions, it is natural to look
for the smooth functions. In Section 3 we shall throughly see the case of the group
Z. Even though this case is very easy, it illustrates nicely Connes’ deﬁnition.
Amenable groups is an important class of groups that give us the simplest
examples of groups without the Rapid Decay property, that is amenable groups
with super-polynomial growth. An example is the following semi-direct product:
⎞
⎛
1
0 0 

n
⎞ Z  {⎝ a
⎠ | (a, b) ∈ Z2 , n ∈ Z} < SL3 (Z).
Z2 ×⎛
2 1
2 1 ⎠
⎝
b
1 1
1 1
From the deﬁnition of Rapid Decay property it is clear that the property is inherited by subgroups with the induced length, and hence having an amenable subgroup
of super-polynomial growth is an obstruction to the Rapid Decay property, showing that for instance SL3 (Z) does not have that property. The above example
also shows that in general the Rapid Decay property is not stable under taking
extensions, however, in a short exact sequence of ﬁnitely generated groups
{e} → Z → G → Q → {e}
then G has the Rapid Decay property if and only if Q has the Rapid Decay property
and Z has the Rapid Decay property for the induced length from G, see [24] for the
general statement, and Remark 4.3 for a discussion on the Rapid Decay property
and length functions.
Overview of the situation
Here is a non-exhaustive and redundant list of what is known regarding the
property of Rapid Decay:
Examples of discrete groups with the Rapid Decay property.
• Groups of polynomial growth [34]
• Free groups [29]
• Hyperbolic groups [34], [30]
• Coxeter groups [15]
• Discrete cocompact subgroups of
– SL3 (Qp ) [50]
– SL3 (R) and SL3 (C) [36]
– SL3 (H) and E6(−26) [14]
– products of the above [14]
• All rank one lattices [15] and more generally hyperbolic group relatively
to subgroups with the Rapid Decay property [21]
• Cocompact cubical CAT(0) groups [15]
• Mapping class groups [5]
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Braid groups [3] and [5]
Large type Artin groups [20]
3-manifold groups not containing Sol [26]
Wise non-Hopﬁan group [4]
Small cancellation groups [2] and [46].

Examples of discrete groups without the Rapid Decay property.
• Amenable groups with superpolynomial growth [34] (for instance Intermediate growth groups)
• Groups containing amenable subgroups with superpolynomial growth, so
for instance to name a few:
– the Baumslag-Solitar groups BS(n, m)
– Z∞ , Thompson’s group
– SLn (Z), n ≥ 3 and more generally non-uniform lattices in higher
rank
– GL2 (Fp [t, t−1 ]) (see [15])
• Z ∗ Z2 ∗ Z3 ∗ · · · (see [51] for a length on that group)
Examples of groups for which the Rapid Decay property is open.
• Out(Fn ), n ≥ 3
• Cocompact lattices in SLn (Qp ) or SLn (R), n ≥ 4 and more generally
semisimple Lie groups, see Conjecture 1.1 below
• Artin groups
• Cocompact CAT(0) groups
According to Jolissaint in [34], the Rapid Decay property is preserved by free
products and some amalgamated products, as well as some central extensions and
semi-direct products. Moreover according to Ciobanu, Holt and Rees in [19], the
Rapid Decay property is preserved by graph products, hence one gets more examples combining the above. However it in unknown if the Rapid Decay property is
preserved under quasi-isometries, although the methods used so far to establish the
Rapid Decay property are.
Actually the situation is much simpler than what the above list expresses:
among ﬁnitely presented groups, the only known obstruction to the Rapid Decay
property is to contain an amenable subgroup of super-polynomial growth for the
induced length, phenomena easily observed in the presence for instance of an exponentially distorted copy of Z. In the case of ﬁnitely generated groups however,
Sapir in [51] constructs a 2-generator groups without the Rapid Decay property
and without super-polynomial growth amenable subgroups. We refer to Sapir in
[51] for another survey of the Rapid Decay property, and to Garncarek’s minicourse
notes [25] for another introduction to the Rapid Decay property.
Acknowledgements. This paper originates from an informal introduction to
the Rapid Decay property, written with Laurent Saloﬀ-Coste [17] in 2005 for the
AIM workshop on that subject but not intended for publication. I would like to
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1. Short historical survey and applications
First established for free groups by Haagerup in [29], the Rapid Decay property has been introduced and studied as such by Jolissaint in [34], who notably
established it for groups of polynomial growth, and for classical hyperbolic groups.
The extension to Gromov hyperbolic groups is due to de la Harpe in [30]. One
of the earliest deﬁnitions was given by Connes in [22] in a non-commutative geometry setting, and the ﬁrst important application of the Rapid Decay property is
in Connes and Moscovici’s work [23], proving the Novikov conjecture for Gromov
hyperbolic groups. Providing the ﬁrst examples of higher rank groups, Ramagge,
Robertson and Steger in [50] proved that the Rapid Decay property holds for Ã2
and Ã1 × Ã1 groups, and Laﬀorgue, using a very nice quasiﬁcation of their proof, established it for cocompact lattices in SL3 (R) and SL3 (C) in [36]. Laﬀorgue proved
this property as part of his big results on the Baum-Connes conjecture, that we
discuss a bit more below. His result on the Rapid Decay property was generalized
in [14] to cocompact lattices in SL3 (H) and E6(−26) as well as in a ﬁnite product
of rank one Lie groups. We saw that SLn (Z) for n ≥ 3 (and more generally any
non-cocompact lattice in higher rank simple Lie groups as they contain exponentially distorted copies of Z, see [40]) does not have the Rapid Decay property, and
Valette conjectured the following.
Conjecture 1.1 (Valette [53]). Cocompact lattices in a semisimple Lie group
(real or p-adic) have the Rapid Decay property.
In rank one the situation is diﬀerent as we show with Ruane in [15]; there all
lattices have the Rapid Decay property. This uses that those lattices are hyperbolic
relative to polynomial growth groups. More generally, Druţu and Sapir [21] show
that any hyperbolic group relatively to subgroups with the Rapid Decay property,
has the Rapid Decay property as well. More groups have recently been added to
the list of groups with the Rapid Decay property, including mapping class groups
by Behrstock and Minsky in [5] (those include braid groups [3] and [5]), large type
Artin groups by Ciobanu, Holt and Rees in [20], as well as Wise non-Hopﬁan group
by Barré and Pichot in [4] or coarse median groups, see Bowditch [9]. Some small
cancellation groups satisfy the Rapid Decay property, according to Arzhantseva
and Druţu [2] or Osin [46].
Methods for proving the Rapid Decay property. Unfortunately, all the
methods used so far to establish the Rapid Decay property are very similar and give
a bad exponent. Those methods rely on noticing that the left hand side of RD(1) is
in fact a computation on triples of points (this is easier to see by looking at RD(5)
in Proposition 4.1), and then reducing the computation to triples of points that
are manageable. This is the reason why the Rapid Decay property is still open
for lattices in Sp4 (Qp ) for instance (or more generally groups of Conjecture 1.1):
the reduction from [50] or [36] gives triples on which the computation cannot be
carried on, see Talbi’s work [52] for more on the situation on p-adic lattices. Sapir’s
recent survey [51] gives a nice account on the similarities and diﬀerences of those
methods.
Locally compact compactly generated groups. An approach to prove
Conjecture [53] that so far gave only false hopes is to compare the lattice and the
ambient group. Indeed, all deﬁnitions of the Rapid Decay property extend quite
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easily to locally compact groups (see [34]), but in this settings the Rapid Decay
property is inherited by open subgroups only. However, the following result is fairly
elementary.
Theorem 1.2 (Jolissaint [34]). Let G be a locally compact group and let Γ < G
be a discrete cocompact subgroup in G, and let  be a continuous length function on
G. If Γ has the Rapid Decay property with respect to  (restricted to Γ), then so
does G (with respect to ).
As an approach to Conjecture 1.1 one could hope that the converse of the above
theorem holds true, since all semisimple Lie groups have the Rapid Decay property
(according to [16], it is mainly a reformulation of Kunze-Stein phenomena [32], see
also [11] for a simpler proof). However such a guess seems mainly supported by a
lack of counter-examples.
Radial Rapid Decay. Considering radial functions only has been done by
Valette in [54] to establish the Raid Decay property for radial functions for groups
acting on buildings. Here we recall that given a length function on a group G, the
set of radial functions (in CG or even 2 (G)) is the set of functions whose values are
constant on spheres, that is whose values only depend on the length of an element.
This result of Valette has been extended to cocompact lattices in semisimple Lie
groups for the length induced from the Riemannian metric by Perrone in [48].
However, the set of radial functions seems too small to get the full Rapid Decay
property for G. For instance, in the case of locally compact non-unimodular groups,
those cannot have the Rapid Decay property according to [33], but those do have a
version of Rapid Decay property on radial functions, see [16]. However, in the case
of discrete groups, it would be interesting to have examples of discrete groups that
do satisfy the Rapid Decay inequality on radial functions but that do not have the
Rapid Decay property.
The Baum-Connes conjecture. The Rapid Decay property gained attention in 2001 after Laﬀorgue’s work on the Baum-Connes conjecture showed its
importance in this context and indeed, for a large class of groups like cocompact
lattices in semisimple Lie groups, the Rapid Decay property would be the last step
in establishing the Baum-Connes conjecture. Laﬀorgue’s work was the ﬁrst instance
where it was shown that some groups with property (T) satisﬁed the conjecture.
We will not attempt to explain the Baum-Connes conjecture here and refer the
interested reader to Valette’s lecture notes [53]. We will just mention what it says,
namely that, for a discrete group G, the assembly map
μi : KiG (EG) → Ki (Cr∗ (G))

(BC)

should be an isomorphism for i = 0, 1, where the left hand side is the equivariant Khomology of EG, the classifying space for proper actions for G, and is a group that
algebraic topologists understand and can compute in many cases. The right hand
side is the topological K-theory of Cr∗ G, the reduced C*-algebra of G, and this is a
group that is interesting for analysts but that remains quite mysterious. Laﬀorgue
in [37] showed that, for a very large class of groups (containing for instance all
lattices in Lie groups, amenable groups, a-T-menable groups, hyperbolic groups,
CAT(0) groups) a modiﬁed version of the Baum-Connes conjecture holds true,
where the reduced C*-algebra is replaced by any unconditional completion, that is
a Banach algebra completion of the group ring that only depends on the absolute
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values of elements. The Rapid Decay property is providing such a completion that
in addition is known to have the same K-theory as the one of the reduced C*-algebra
(see Proposition 2.12). Notice that despite having the Rapid Decay property, the
Baum-Connes conjecture is still open for mapping class groups because nobody has
yet proved that they belong to Laﬀorgue’s class (or that they are strongly bolic).
Random walks. A symmetric random walk on G is given by aﬁnitely supported symmetric function f with support generating G and such that γ∈G f (γ) =
1. For such a random walk, the return probability of the random walk after 2n steps
is given by f (2n) (e), the 2n convolution of f with itself. The asymptotics of the return probability are very interesting, however as soon as the group is non-amenable
(which according to Kesten amounts to the spectral radius of f being strictly smaller
than 1), the decay is exponential. A ﬁner information is hence given by
ϕf : N → R, n → ρ−2n
f (2n) (e)
f

(RW )

where ρf denotes the spectral radius of f , that is the operator norm of f acting
on 2 (G). This asymptotics in (RW) can depend on the function and not only of
the group, as shown by Cartwright’s example [13], see also [55]. This asymptotics
has been computed by [38] in the case of free groups, by [12] in the case of free
products of Zn ’s and recently by Gouëzel in the case of hyperbolic groups [27].
In the cases where G has the Rapid Decay property, we can get bounds for this
asymptotics from a very simple remark from [16], Section 7.
Theorem 1.3 (Chatterji, Pittet, Saloﬀ-Coste). Let G be a group with the Rapid
Decay property. Then, for every f a ﬁnitely supported symmetric probability measure on G, there exists cf > 0 such that for any n ∈ N we have
ϕf (n) ≥ cf n−2D .
for any D satisfying the inequality RD(1).
(n) 2
Proof. Since f is symmetric, f (2n) (e) = f (n) 22 and ρ2n
∗ . Moref = f
(n)
is supported on a ball of radius dn where d is the diameter of the support
over, f
of f . Then the inequality from RD(1) gives us that
2D 2D (2n)
ρ2n
n f
(e)
f ≤ Cd

and we conclude setting cf = C −1 d−2D .



In case where ρf < 1 (which is exactly when G is non-amenable), then there
is a constant cf > 0 so that ϕf (n) ≤ cf n−1 (see [18]). Hence it is very interesting
to determine the best possible Rapid Decay degree of a group G, as it will give a
bound on the possible asymptotic behaviors of random walks on G. However, in
the case of hyperbolic groups, Gouëzel in [27] shows that the exact asymptotic is
3/2, whereas the Theorem 1.3 above will only give a bound between 1 and 3. Notice
that 3/2 is the Rapid Decay degree that can be deduced from most proofs of the
Rapid Decay property for hyperbolic groups (for instance [36] or [30]) but Nica
shows in [45] that indeed this is the smallest Rapid Decay degree for hyperbolic
groups.
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Other applications. Other applications of the Rapid Decay property include
• Connes and Moscovici’s work proving the Novikov conjecture for Gromov
hyperbolic groups use the Rapid Decay property for hyperbolic groups
[23].
• Brodzki and Niblo’s result that groups that satisfy the property of Rapid
Decay with respect to a conditionally negative length function have the
metric approximation property [8].
• De la Harpe, Robertson and Valette in [31] established that in a group
G with the Rapid Decay property, then ρ(χS ) = |S|1/2 if and only if
S generates a free semi-group, where ρ(χS ) is the spectral radius of the
caracteristic function of a ﬁnite subset S of G.
• The Rapid Decay property for hyperbolic groups has been used by Grigorchuk and Nagnibeda in [28] to compute the convergence radius of the
complete growth series of a hyperbolic group.
• Nagnibeda and Pak in [41] show that a ﬁnitely generated non-amenable
group with the Rapid Decay property has inﬁnitesimally small spectral
radius.
• Further use of the Rapid Decay property can be found in the work of Nevo
[42] and [43], or Antonescu and Christensen in [1].
2. Basic deﬁnitions
Definition 2.1. A length function on a discrete group G is a function  : G →
R+ satisfying:
(1) (γ) = (γ −1 ) for any γ ∈ G.
(2) (γμ) ≤ (γ) + (μ) for any γ, μ ∈ G.
(3) (e) = 0, where e = 1 denotes the identity element in G.
The constant map G → R+ , γ → 0 is the trivial length. If G is generated by some
ﬁnite subset S, then the algebraic word length S : G → N is a length function on
G, where, for γ ∈ G, S (γ) is the minimal length of γ as a word on the alphabet
S ∪ S −1 , that is,
S (γ) = min{n ∈ N|γ = s1 . . . sn , si ∈ S ∪ S −1 }.
Length functions and displacement maps for isometric actions on metric spaces
are basically the same thing and given a metric space (X, d) on which a group G
acts by isometries (ie d(γ · x, γ · y) = d(x, y) for any x, y ∈ X), then
(γ) := d(x0 , γ · x0 )
is a length function, for any ﬁxed x0 ∈ X. Conversely, given a length function 
on G, if N = {γ ∈ G|(γ) = 0}, then note that N is a subgroup of G, and we
set X = G/N and d(γN, μN ) = (μ−1 γ). One can check that (X, d) is a welldeﬁned metric space on which G acts by isometries, and from the deﬁnition  is the
displacement map based at N .
A length function  dominates another length function  if there are two constants A ≥ 1 and B ≥ 0 such that
(γ) ≤ A (γ) + B,
for any γ ∈ G. We say that  and  are equivalent if they dominate each other.
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Remark 2.2. It is straightforward to check that if G is ﬁnitely generated, any
word length dominates any other length and hence two word lengths are always
equivalent (as long as the generating sets are ﬁnite).
Definition 2.3. We denote by CG the complex group ring (or algebra) of the
group G. It is a complex vector space with basis indexed by the elements of G, and
the multiplicative structure is given by the group law. Analysts view CG as the
set of functions f : G → C with ﬁnite support, it is a ring for pointwise addition
and convolution:
f (μ)g(μ−1 γ).

f ∗ g(γ) =

(f, g ∈ CG, γ ∈ G).

μ∈G

Algebraists tend to think of CGas formal linear complex combinations of elements
in G, that is formal ﬁnite sums γ∈G fγ γ with the fγ ’s in C, and the multiplicative
structure is given by:
(

fγ γ)(
γ∈G

gμ μ) =
μ∈G

fγ gμ γμ.
γ,μ∈G

Those two models are easily seen to be equal identifying the algebraist’s element
γ ∈ CG with the function δγ : G → C taking value one in γ and zero elsewhere and
checking that
δγ ∗ δμ = δγμ , so that a ﬁnitely supported function f is just the ﬁnite
combination γ∈G f (γ)δγ . We shall without further warnings use both models,
with a preference for the analyst’s one.
It is a standard fact that any Hilbert space admits an orthonormal basis, so
that any inﬁnite dimensional Hilbert space with countable basis is isomorphic to
2 (N). We shall only consider separable Hilbert spaces, so in fact we shall only be
dealing with Cn ’s or 2 (N). However, in the case of a discrete group G, writing
2 (G) has the advantage of recording the unitary representation of G on 2 (G).
Definition 2.4. The (left) regular representation of G is the map
G → U(2 (G))
γ → {ξ → γ(ξ) := δγ ∗ ξ}
This means that an element γ ∈ G shifts ξ ∈ 2 (G) by pre-composition, since
γ(ξ)(g) = δγ ∗ ξ(g) = ξ(γ −1 g). Here U(2 (G)) denotes the unitary operators of
2 (G), and one can check that indeed, δγ∗ = δγ − 1 , so that δγ ∗ δγ∗ = δe which is the
identity operator. The coeﬃcients of the regular representation are then given by
{ γ(ξ), η }γ∈G ,
where ξ, η ∈ 2 (G) are of norm one.
Extending the regular representation by linearity induces an injective map
CG
f

→ B(2 (G))
→

f (γ)δγ
γ∈G

which is just the left convolution by f . Here B(2 (G)) denotes the algebra of
bounded operators on 2 (G), the norm of such an operator being given by
f ∗ = sup{f ∗ ξ2 | ξ ∈ 2 (G), ξ2 = 1}.
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For ξ ∈ 2 (G) one has:
f ∗ ξ2 = 

f (γ)δγ ∗ ξ2 ≤
γ∈G

|f (γ)|δγ ∗ ξ2 =
γ∈G

|f (γ)|ξ2 = f 1 ξ2 ,
γ∈G

so that the supremum over the ξ’s of norm one will never exceed the right hand
side of the above inequality and taking a limit in 1 (G) we hence deduce that
f ∗ ≤ f 1 ,
for all f ∈ 1 (G).
Definition 2.5. The reduced C*-algebra of G, denoted by Cr∗ G is the closure
(for the operator norm) of CG acting on 2 (G) in its left regular representation,
namely
 ∗

Cr∗ G = CG

⊆ B(2 (G)).

Remark 2.6. The inner product on 2 (G) is given by
ξ(γ)η(γ),

ξ, η =
γ∈G


hence f ∗ ξ(e) = γ∈G f (γ)ξ(γ −1 ) = f, ξ ∗ . Taking ξ = δe one gets that f 2 ≤
f ∗ ≤ f 1 showing that 1 (G) ⊆ Cr∗ G ⊆ 2 (G).
These are in general very rough estimates of f ∗ unless f is positive and G is
amenable and indeed Leptin’s caracterization of amenability is the following.
Theorem 2.7 (Leptin [39]). Let G be a group, then G is amenable if and only
if for any f ∈ R+ G then f ∗ = f 1 .
At this stage and using Deﬁnition 0.1 as well as Leptin’s caracterization of
amenability (Theorem 2.7 above) we can show the following.
Theorem 2.8 (Jolissaint [34]). Let G be a ﬁnitely generated amenable group.
Then G has the Rapid Decay property if and only if it has polynomial growth.
Proof. Let r ≥ 0 and denote by χr the characteristic function of a ball of
radius r. First assume that G has polynomial growth (and hence is amenable). For
f supported on a ball of radius r we compute
f ∗ ≤ f 1 = χr , |f | ≤ χr 2 f 2 ,
B(r) is a polynomial by assumption. The last
and conclude since χr 2 =
inequality is just Cauchy-Schwarz inequality.
Conversely assume that G is amenable with the Rapid Decay property, hence
χr ∗ = χr 1 ≤ P (r)χr 2 .
Since χr 1 = B(r) = χr 22 we conclude that
polynomial growth.

B(r) ≤ P (r) and hence G has


Definition 2.9. Consider for f in CG and  a length function on G a weighted
2 norm, depending on a parameter s ≥ 0 and given by
f ,s =

|f (γ)|2 (1 + (γ))2s .
γ∈G
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The s-Sobolev completion of CG is the completion of CG with respect to this norm
and is denoted by Hs (G). The functions of rapid decay are given by
H∞ (G) =

Hs (G)
s≥0

An alternate deﬁnition of the Rapid Decay property, giving an upper bound
for the operator norm, is the following.
Definition 2.10. Let G be a ﬁnitely generated group, the G has the Rapid
Decay property if there are constants c ≥ 1 and s ≥ 0 such that, for every f ∈ Cr∗ G
f ∗ ≤ cf ,s

RD(3)

for one (hence any) algebraic length  on G. (Notice that RD(3) is equivalent to
Hs (G) ⊆ Cr∗ G.)
Remark 2.11. The Rapid Decay property depends on the choice of a length on
G. However, because of Remark 2.2 it is straightforward to see that if G ﬁnitely
generated has the Rapid Decay property with respect to any length, then it will have
it for the word length as it dominates all the others. Moreover, the group G will have
the Rapid Decay property for one length if and only if it has it for any equivalent
length.
If s = 0 or  = 0, then Hs (G) = 2 (G). The Hs (G)’s are Hilbert spaces for the
scalar product
f, g ,s =
f (γ)g(γ)(1 + (γ))2s ,
γ∈G

H∞ (G) is a Fréchet space, but a priori none of them are algebras unless G has the
Rapid Decay property, in which case, Laﬀorgue’s adaptation of a result of Jolissaint
[35] gives the following.
Proposition 2.12 (Laﬀorgue [36]). Let G be a group with the Rapid Decay
property for a length function . Then for s big enough (to satisfy the inequality
RD(3)), the Hilbert space Hs (G) is in fact a Banach sub-algebra of Cr∗ G, which is
dense and has the same K-theory as Cr∗ G.
Remark 2.13. Taking the complex group algebra is a functor from the category
of groups to the one of complex algebras, and it can be viewed both as a covariant
or contravariant functor. In fact, algebraists tend to think of a covariant functor,
meaning that given a group homomorphism
ϕ : G→ Λ one gets an algebra ho
momorphism ϕ∗ : CG → CΛ by ϕ∗ ( γ∈G fγ γ) = γ∈G fγ ϕ(γ), whereas analysts
see a contravariant functor with ϕ∗ : CΛ → CG by ϕ∗ (f ) = f ◦ ϕ. The same
holds for 1 , but not the reduced C*-algebra, and this is an important problem in
the Baum-Connes conjecture, as the rest of the objects deﬁning it are all functorial.
3. The case G = Z
Let us look at the Rapid Decay property in the case where the group is Z.
Using inequality RD(1) it is straightforward to show that Z has the Rapid Decay
property, as for f ∈ CG supported on elements of length less than R, since the
operator norm is always bounded above by the 1 norm, we have that
 R
 R
R


√

f ∗ ≤ f 1 =
|f (n)| ≤
1
|f (n)|2 = 2R + 1f 2
n=−R

n=−R

n=−R
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The last inequality is Cauch-Schwartz inequality, and the same computation in fact
establishes the Rapid Decay property for groups with polynomial volume growth,
and the degree D being half of the growth, see Theorem 2.8.
Let us now look at Connes’ original deﬁnition for the case G = Z. To do so,
ﬁrst let S 1 = {z ∈ C||z| = 1} denote the circle and L(S 1 ) denote the Laurent
polynomials over the circle, that is, ﬁnite sums of the form
An z n .

A=
n∈Z
2

1

We denote by L (S ) the square integrable functions (for the Lebesgue measure
on S 1 ), by C(S 1 ) the continuous functions and by C ∞ (S 1 ) the smooth functions.
We shall see that the Fourier transform is an algebra isomorphism CZ  L(S 1 ),
that extends to an isometric isomorphism of Hilbert spaces 2 (Z)  L2 (S 1 ), and an
isometric isomorphism of C ∗ -algebras Cr∗ (Z)  C(S 1 ) which restricted to H ∞ (Z)
has image C ∞ (S 1 ).
Let us start by recalling that L(S 1 ) is an algebra for pointwise addition and
multiplication, and notice that L(S 1 ) is a prehilbert space, as it is a complex vector
space and
,

: L(S 1 ) × L(S 1 ) → C

(A, B) →
A(z)B(z)dz
S1

deﬁnes an inner product, that by deﬁnition extends to the Hilbert space

L2 (S 1 ) = {F : S 1 → C|
|F (z)|2 dz < ∞}
S1

Moreover, {z }z∈Z is an orthonormal basis for L(S 1 ) since


0 if n = 0
z n dz =
1 if n = 0
1
S
n

and a Hilbert basis for L2 (S 1 ).
Definition 3.1. Let G be a ﬁnitely generated abelian group, its Pontryagin
dual is the compact abelian group
Ĝ = Hom(G, S 1 ).
The Fourier transform is the map
F : CG

→ C(Ĝ)
→ F(f ) : {x →

f

f (γ)x(γ)}.
γ∈G

In case where G = Z, then Ĝ = S 1 since a homomorphism is then determined
by its value on 1, and the Fourier transform reads
F : CZ → C(S 1 )
f

→ F(f )(z) =

f (n)z n ,
n∈Z

which is an isomorphism from CZ to L(S ) since it is a bijection on the basis.
1
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Moreover, since
F(δn ∗ δm ) = F(δn+m ) = z n+m = z n z m = F(δn )F(δm )
we conclude that F is an algebra isomorphism. We have hence proved the following.
Proposition 3.2. The algebras CZ and L(S 1 ) are isomorphic.
Let us now turn to 2 (Z) and L2 (S 1 ). It can seem obvious now that the Fourier
transform F extends to an isometric isomorphism between 2 (Z) and L2 (S 1 ), but
there are some subtle points worth being mentionned. Indeed if CZ is clearly
dense in 2 (Z), it is less clear why L(S 1 ) should be dense in L2 (S 1 ). It is hence
straightforward to check that the Fourier transform F extends to an isometric
injective linear map F : 2 (Z) → L2 (S 1 ), but surjectivity is a bit subtle. Indeed,
to show that 
F is surjective, it is tempting to pick F ∈ L2 (S 1 ) and try to express
it as a series n∈Z an z n , where a such that a(n) = an belongs to 2 (Z). We even
know that the an ’s should be the Fourier coeﬃcients of F , given by

an =
F (z)z −n dz,
S1


since the map I : L(S ) → CZ, A → I(A)(n) = S 1 A(z)z −n dz is an inverse for F
on CZ. As such, this doesn’t quite work (but almost) because there are continuous
functions whose Fourier series diverge at some points (those examples have been
provided by Du Bois-Reymond in 1876, see e.g. [6] p. 50).
However if we admit the better known fact that the space of smooth functions
C ∞ (S 1 ) is dense in L2 (S 1 ), we can use the following particular case of Dirichlet’s
Theorem (see [6] for the general case) to show that L(S 1 ) is dense in C ∞ (S 1 ) and
hence in L2 (S 1 ) as well.
1

Theorem 3.3 (Dirichlet). The Fourier series of an F ∈ C ∞ (S 1 ) uniformly
converges to F at every point.
Let us now turn to the C ∗ -algebras and recall that C(S 1 ) is a C ∗ -algebra for
pointwise addition and multiplication and for the supremum norm, given by
F  = sup{|F (z)|, z ∈ S 1 } (F ∈ C(S 1 )).
It is a standard application of the Stone-Weierstraß theorem that the space L(S 1 ) is
dense in C(S 1 ) for the supremum norm (but notice that in view of Dirichlet’s theorem and the examples of continuous functions having Fourier expansions divergent
in some point, we know that the polynomials approaching pointwise a continuous
function is not necessarily a partial sum of its Fourier expansion).
Lemma 3.4. Take F ∈ C(S 1 ) and consider the operator
LF : L2 (S 1 ) → L2 (S 1 )
ξ

→ F ξ.

then its operator norm LF ∗ is equal to F .
Proof. Let z0 ∈ S 1 be such that |F (z0 )| = F . By deﬁnition, LF ∗ =
sup{F ξ2 |ξ ∈ L2 (S 1 ), ξ2 = 1}. Moreover, for ξ ∈ L2 (S 1 ) we have that


|F (z)ξ(z)|2 dz ≤ F 
|ξ(z)|2 dz = F ξ2 ,
F ξ2 =
S1

S1
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so that LF ∗ ≤ F . To approach F  with elements of the form F ξ2 and
ξ2 = 1, take > 0 and let U be a neighborhood of z0 such that |F (z)| >
|F (z0 )| − > 0 for any z ∈ U (if F  = 0 it’s obvious). Deﬁne

if z ∈ U
|U |−1/2
ξ (z) =
0
otherwise
Then ξ 2 = 1 and F ξ 2 ≥ |F (z0 )| − = F  − .



It is now straightforward to deduce the following.
Proposition 3.5. The algebra isomorphism F : CZ → L(S 1 ) extends to an
isometric isomorphism Cr∗ (Z) → C(S 1 ).
We now end this discussion
by looking at smooth functions. Notice that, for

F ∈ C 1 (S 1 ), if F (z) = n∈Z An z n , its derivative is given by
F  (z) =

inAn z n ,
n∈Z

so that in case where F ∈ C (S ), the k-th derivative is given by
k

1

F (k) (z) =

ik nk An z n .
n∈Z

Since everything lives in L2 (S 1 ), we have that F ∈ C(S 1 ) is actually in C ∞ (S 1 ) if
and only if all its derivatives are in L2 (S 1 ), which means that
|n|2k |An |2 < ∞
n∈Z

for any k ∈ N. With a minor change of |n| by (1 + Z (n)) (up to a constant,
depending on the chosen ﬁnite generating set for Z) we see that F ∈ C ∞ (S 1 ) if and
only if it is the Fourier transform of an element in H ∞ (Z). To summarize, we have
obtained the following identiﬁcations:
Z
CZ

←→ S 1

L(S 1 )

H ∞ (Z)



C ∞ (S 1 )

Cr∗ (Z)



C(S 1 )



L2 (S 1 )

2

 (Z)

In this case, the Rapid Decay property for Z in the sense of the inclusion RD(2)
amounts to the well-known inclusion C ∞ (S 1 ) ⊆ C(S 1 ) because smooth functions
are in particular continuous.
Remark 3.6. It is less clear to understand what 1 (Z) corresponds to under the
Fourier transform, but we can see that the Fourier coeﬃcients of a smooth element
belongs to 1 (Z): Since F ∈ C ∞ (S 1 ) if and only if its Fourier coeﬃcients are in
H ∞ (Z), it is enough to see that an element f ∈ H ∞ (Z) has ﬁnite 1 norm. But
for f ∈ H ∞ (Z), it implies in particular that
|f (n)|2 (1 + |n|)4 < ∞
n∈Z
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and hence there is n0 ∈ N such that for any n ≥ n0 one has that
(|f (n)| + |f (−n)|)2 ≤ 2(|f (n)|2 + |f (−n)|2 ) <

1
,
(1 + |n|)4

showing that f ∈ 1 (Z) and hence H ∞ (Z) ⊆ 1 (Z). This argument can be extended
to polynomial growth groups, but not to all groups with the Rapid Decay property
as H∞ (G) is included in 1 (G) precisely when the group has polynomial growth.
4. Equivalent deﬁnitions of property RD
In this section we shall see several equivalent deﬁnitions of the Rapid Decay
property, giving us a bigger ﬂexibility for using that property. See also [10] for
more equivalent deﬁnitions.
Proposition 4.1. Let G be a discrete group, endowed with a length function
. Then the following are equivalent:
(1) There are constants C and D such that for any R ∈ N and any f ∈
CG such that f is supported on elements shorter than R, the following
inequality holds:
f ∗ ≤ CRD f 2 ,
RD(1)
(2) The following containment holds
H∞ (G) ⊆ Cr∗ (G)

RD(2)

(3) There exists constants c, s ≥ 0 such that, for each f ∈ CG one has
f ∗ ≤ cf ,s

RD(3)

(4) There are constants C and D such that for any R ∈ N and any f, g ∈
CG such that f is supported on elements shorter than R, the following
inequality holds:
f ∗ g∗ ≤ CRD f 2 g2 ,

RD(4)

(5) There are constants C and D such that for any R ∈ N and any f, g, h ∈
CG such that f is supported on elements shorter than R, the following
inequality holds:
|f ∗ g ∗ h(e)| ≤ CRD f 2 g2 h2

RD(5)

(6) There are constants M and k ≥ 0 such that for any ξ, η ∈  (G) of norm
one, the coeﬃcients of the regular representation satisfy
2

γ∈G

| γ(ξ), η |2
≤M
(1 + (γ))2k

RD(6)

(7) There are constants C and D such that for any R ∈ N and for any
ξ, η ∈ 2 (G) of norm one, we have that the coeﬃcients of the regular
representation satisfy
| γ(ξ), η |2 ≤ CR2D .

RD(7)

γ∈BR

Condition RD(6) was ﬁrst given by Breuillard at an AIM conference on the
property of Rapid Decay, and RD(7) is due to Perrone in [47].
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Remark 4.2. There are variations on each equivalent conditions:
(1) One can always choose f ∈ R+ G instead of CG. Indeed, to go from R+ G
to CG, for instance in RD(1), we write f ∈ CG as f = f1 −f2 +i(f3 −f4 )
with fk ∈ R+ G and the supports of fk and fk+1 disjoints for k = 1, 3,

then f 22 = 4k=1 fk 22 and thus
4

4

f ∗ ≤

fk ∗ ≤ CRD
k=1

fk 2 ≤

√
4CRD f 2 .

k=1

(2) All those conditions are expressed in terms of the regular representation
(see Deﬁnition 2.4) but most conditions can be reformulated in terms of
any unitary representation with some obvious changes.
(3) The length does not need to be a word length, a similar string of equivalences holds for other length (even in case where G is not ﬁnitely generated), and the proofs are easily adapted (the length may not have integer
values only).
The multiplicative constants are unimportant and vary from one point to another.
The degrees are more interesting and do vary as well. It is the same degree D
for points (1), (4), (5) and (7), and the exact relations between D, s and k are as
follows. Given s, it is obvious from the proof of RD( 1) implies RD( 3) that one
can take D = s. However given D, it is less obvious that in fact one can take
s = D + for any > 0. This is done by Nica in [44]. Similarly, from the proof of
RD( 6) implies RD( 3), given k one can take k = s, and adapting Nica’s argument
to the implication of RD( 6) would allow to chose k = s + for any > 0. In
the same vein, Perrone in [47] shows that RD( 7) implies RD( 6) with k = D +
for any > 0. According to Nica in [44], the degree in the sense of RD(1) has to
be greater than 1/2 and knowing the exact degree has interesting consequences in
view of Theorem 1.3, but methods for establishing the Rapid Decay property do not
always give the best estimate for that degree.
Proof. We will show that (1) ⇐⇒ (3), then (2) ⇐⇒ (3), and (1) =⇒ (4) =⇒
(5) =⇒ (1), then (3) ⇐⇒ (6), and ﬁnally (1) ⇐⇒ (7).
(3) ⇐⇒ (1): Take f ∈ CG with support contained in BR (a ball of radius R),
we have assuming (3) that:
f ∗ ≤ cf ,s = c

|f (γ)|2 (R + 1)2s ≤ c(R + 1)s f 2 ≤ CRs f 2
γ∈BR

and thus (1) is satisﬁed, for D = s and C depending on c and s.
Conversely, we denote, for n ∈ N by Sn = {γ ∈ G|(γ) = n} the sphere of
radius n and compute, for f ∈ CG:
∞

f ∗ = 

∞

f |Sn ∗ ≤
n=0

f |Sn ∗ .
n=0
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So, assuming (1) we have that
∞

f ∗

≤

∞

|f (e)| +

CnD f |Sn 2 ≤
n=1

∞

≤ K

K(n + 1)D f |Sn 2
n=0

(n + 1)−1 (n + 1)D+1 f |Sn 2

n=0



≤ K



≤ c

∞

(n +

n=0

1)−2



√
π/ 6







∞

(n + 1)2D+2 f |Sn 22

n=0

∞

|f (γ)|2 ((γ) + 1)2D+2 = cf ,D+1 .

n=0 γ∈Sn

Hence we get (3) for s = D + 1.
(2) ⇐⇒ (3): First notice that RD(3) is equivalent to Hs (G) ⊆ Cr∗ G, so that
(3) implies (2) is obvious since H∞ (G) ⊆ Hs (G), hence we will be looking at the
other implication. Let us ﬁrst prove that the graph of the inclusion H∞ (G) → Cr∗ G
is closed. Indeed, let {fn }n∈N in H∞ (G) tend to f in in H∞ (G) and the image
under the inclusion {fn }n∈N tend to g in Cr∗ G, we need to prove that f = g. Since
operator convergence implies weak *-convergence, { fn ∗ ξ, η }n∈N converges to
g ∗ ξ, η for any ξ, η ∈ 2 (G). Since {fn }n∈N tends to f in 2 (G) as well, it implies
that {fn ∗ ξ ∗ η(e)}n∈N converges to f ∗ ξ ∗ η(e) for any ξ, η ∈ CG. According to
Remark 2.6, f ∗ φ ∗ ψ(e) = f ∗ φ, ψ ∗ , so we conclude that f = g. The closed graph
theorem in the generality of Proposition 1, Chapter I page 20 of [7], applied to the
Fréchet space H∞ (G) and to Cr∗ G (viewed as a Banach space) then implies that
the inclusion RD(2) is continuous. This by deﬁnition amounts to the existence of
an s > 0 and c > 1 such that f ∗ ≤ cf ,s for any f ∈ H∞ (G), an hence in
particular for any f ∈ CG.
(1) =⇒ (4) =⇒ (5) =⇒ (1): That (1) implies (4) is obvious since for any g ∈
CG, by deﬁnition of the operator norm of f we have that
f ∗ g2
≤ f ∗ .
g2
That (4) implies (5) follows from Cauchy-Schwartz inequality:
|f ∗ g(γ)h∗ (γ)| ≤ f ∗ g2 h2

|f ∗ g ∗ h(e)| ≤
γ∈G

where h∗ (γ) = h(γ −1 ). To see that (5) implies (1) it is enough to deﬁne, for γ ∈ G
h(γ) =

f ∗ g(γ −1 )
,
f ∗ g2

and notice that in that case f ∗ g ∗ h(e) = f ∗ g2 and h2 = 1. Then, for any
> 0, by the deﬁnition of the operator norm and by density of CG in 2 (G), there
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is g ∈ CG such that:

f ∗ g 2
g 2
and since the above inequality holds for any > 0 we recover point (1).
f ∗ − ≤

(3) ⇐⇒ (6): Let us ﬁrst assume RD(3) and take k = s + 1. For any n ∈ N we
denote by Sn the sphere of radius n, that is the elements in G of length exactly
equal to n. We set
γ(ξ), η
an (γ) = χSn (γ)
(1 + n)2k
and compute

γ∈Sn

| γ(ξ), η |2
(1 + (γ))2k

γ(ξ), η an (γ) = an (ξ), η ≤ an ∗

=
γ∈Sn



≤ can ,s = c
γ∈Sn

= c


1 

(1 + n)

γ∈Sn

| γ(ξ), η |2
(1 + (γ))2s
(1 + (γ))4k

| γ(ξ), η |2
.
(1 + (γ))2k

Where c is a constant that does not depend on ξ and η. Hence,
∞

γ∈G

| γ(ξ), η |2
=
(1 + (γ))2k
n=1

∞

γ∈Sn

| γ(ξ), η |2
1
≤
c
≤ M.
(1 + (γ))2k
(1
+
n)2
n=1

Conversely, assuming RD(6), we take f ∈ CG supported on a ball of radius R and
ξ ∈ 2 (G) of norm one and so that f (ξ) = 0 (for instance any Dirac mass would
do), then, for η = f (ξ)/f (ξ)2 we have that (using Cauchy-Schwartz inequality):
f (ξ)2

=

|f (γ)| γ(ξ), η =

f (ξ), η =
γ∈G



≤ 
γ∈G

γ∈G

γ(ξ), η
|f (γ)|(1 + (γ))k
(1 + (γ))k

γ(ξ), η
f ,k ≤ M f ,k .
(1 + (γ))k

Since the operator norm of f is the supremum over all ξ ∈ 2 (G) of norm one of
the left hand side of the above inequality and M does not depend on ξ, we deduce
RD(3), with s = k.
(1) ⇐⇒ (7): To prouve the direct implication, take ξ, η ∈ 2 (G) of norm one,
R ≥ 1 and deﬁne
f (γ) = χBR γ(ξ), η ,
we compute
| γ(ξ), η |2

γ(ξ), η f (γ) = f (ξ), η ≤ f ∗ ≤ CRD f 2

=

γ∈BR

γ∈BR

=

| γ(ξ), η |2 ,

CRD
γ∈BR
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and RD(7) follows. Conversely assuming RD(7), we take f ∈ CG and ξ ∈ 2 (G) of
norm one and so that f (ξ) = 0 (for instance any Dirac mass would do), then, for
η = f (ξ)/f (ξ)2 we have that (using Cauchy-Schwartz inequality):
f (ξ)2

=

f (ξ), η =

f (γ) γ(ξ), η =
γ∈G

≤ f 2

f (γ) γ(ξ), η
γ∈BR

| γ(ξ), η |2 ≤ CRD f 2 .
γ∈BR

Since the operator norm of f is the supremum over all ξ ∈ 2 (G) of norm one of
the left hand side of the above inequality and C does not depend on ξ, we deduce
RD(1), with the same degree D.

Remark 4.3.
(1) Using either RD( 1) or RD( 3), we immediately see that any subgroup H
of G has the Rapid Decay property for the induced length. Indeed, since
if H is a subgroup of G, f ∈ CH supported in a ball of radius r can be
viewed in CG, supported in a ball of radius r as well and the right hand
side doesn’t change, whereas on the left hand side, the operator norm of f
acting on 2 (H) is smaller than the operator norm of f acting on 2 (G)
since there are more elements in 2 (G) to evaluate f on.
(2) According to Remark 2.2, the word length dominates any other length, so
balls in the word length are the smallest, hence if a group has the Rapid
Decay property with respect to any thength, then in particular it will have
the Rapid decay property with respect to any word length. This is the
reason why we often omit specifying the length, assuming that we only
deal with the word length.
Example 4.4. For a discrete group G, the map 0 : G → R+ deﬁned by
0 (1) = 0 and 0 (γ) = K ∈ R+ for any γ ∈ G is a length function. But G has the
Rapid Decay property with respect to 0 if and only if G is ﬁnite. Indeed, if G has
the Rapid Decay property with respect to 0 , then there exists a constant C such
that for any f, g ∈ CG then f ∗ g2 ≤ Cf 2 g2 , which implies that 2 (G) is an
algebra. This can happen if and only if G is ﬁnite, see [49]. The same statement
holds if we just assume 0 to be bounded.
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[8] Jacek Brodzki and Graham A. Niblo, Approximation properties for discrete groups, C ∗ algebras and elliptic theory, Trends Math., Birkhäuser, Basel, 2006, pp. 23–35, DOI
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(French, with English summary), C. R. Acad. Sci. Paris Sér. I Math. 307 (1988), no. 14, 771–
774. MR972078
[31] Pierre de la Harpe, A. Guyan Robertson, and Alain Valette, On the spectrum of the sum
of generators of a ﬁnitely generated group. II, Colloq. Math. 65 (1993), no. 1, 87–102.
MR1224787
[32] Carl Herz, Sur le phénomène de Kunze-Stein (French), C. R. Acad. Sci. Paris Sér. A-B 271
(1970), A491–A493. MR0281022

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

72

INDIRA CHATTERJI

[33] Ronghui Ji and Larry B. Schweitzer, Spectral invariance of smooth crossed products, and rapid
decay locally compact groups, K-Theory 10 (1996), no. 3, 283–305, DOI 10.1007/BF00538186.
MR1394381
[34] Paul Jolissaint, Rapidly decreasing functions in reduced C ∗ -algebras of groups, Trans. Amer.
Math. Soc. 317 (1990), no. 1, 167–196, DOI 10.2307/2001458. MR943303
[35] Paul Jolissaint, K-theory of reduced C ∗ -algebras and rapidly decreasing functions on groups,
K-Theory 2 (1989), no. 6, 723–735, DOI 10.1007/BF00538429. MR1010979
[36] Vincent Laﬀorgue, A proof of property (RD) for cocompact lattices of SL(3, R) and SL(3, C),
J. Lie Theory 10 (2000), no. 2, 255–267. MR1774859
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