
 

Orbit equivalence periods andreparamétrisation

I Orbitequivalenceandconjugacy
detQi AM and 4 A M Anorbitequivalence is a Homeomorphism
Hsothat thereexistsa continuous increasing functions t slt

HQE 4am H
Ex a Holderparamétrisationis so thattheidentity is an orbitequivalence
Anequivalence onconjugacy is aHomeomorphism Hsothat

Yu t9H
Remark bothequivalencespreservesclosedorbit aconjugacypreserve

the periodor lengthof theclosed orbit
Proposition

Li If lotis a lift ofQt If Hisanorbitequivalencebetween
9 andYs Ys L then Is H is aleftofQt
di 1f L M quippedis contracting w r tooff then

H L is contracting v respectto E

Proposition all hyperbolicgeodesicflowsonsurfaces aie orbitequivalent
eUH xyz cyclicallyorderedinJosha Es x y z cyclically P

y

theorbitequivalence is HOÙ4à4psOp t

Corollary TobeonAnosovrepresentation is independantofthechoiceof
thehyperbolicstructure on s



II Reparamétrisation

let Qe bea flowonM and f a o function 0

a new flowon M i Ys
t

x Qt x where s ftp.lxddu
Proposition Vs is a flow if lg is thelengthof aclosedorbitzofq
thelengthwithrespecttortis f Dt

T

Yen x Cf x with s A f foQuGo du
let te sothat t'foQu de s

then A SÉfoclapadx t'foQuQtKDdu
Thus
Ys x Qt x

4 Ys xD UxQt t QtHD 9 x ÇaGc
This 4 is aflow Vas Va
Qg x x thus4f x x where T l'fQu du t

Corollary

i if Ys is a Holderleparamétrisationofof thenthereexists K 0
sothat Elf Elf E KefK

für Qui areparamétrisationofVIusing g Lg
Remark theorbitequivalenceforhyperbolicsurface nsHélder leparamétrisation

K Supftg i



iii Vs ù a reparemetrisationby fofQ
if andonly Vs Qg GD ds gsix FED
fixing x s gtsx f0Queduis a strictlymonotone
function thusthereexistsh sothat

glhls.sc x s

ThusVacs x Ystad

byconstruction 1 g g h Â tgÆ

II Cobandayand conjugacy

A function fis a cohrendaryfortheflowif thereexistsg
Vtsotfoclalxdx gcq.pe Gtx

Or equivalently
f69 1 809gGo

Twofunctionsare cohomologueusiftheydiferly acoboundary
Proposition

1f fiscohomologuaisto 1 thon
Y and aie conjugated thereexists Hsothat

HoYe OH
BAThusthereexist sothat

holdxD les foclapadu t

Then 4fwhere s fous du
Thus s t hotelxD ht let Hbc 4h E
4OH 4 h le j Holt x 4µg 9KD

Yhoq.ca s x



thisconcludesthe proof

DITperiodsandconjugacy tirsc theorem

Thefollowingis Trueforany Anosovflour Butwestate
it forthegeodesic flowofa hyperbolicsurface

fquo foffddt whereQqn x

Lirstictheorem
let h le attolder function Assume thatforallclosedgeodesic

hquo 0
t

thenthereexists a function g sothatgcq.tn gtx Shoduladdu0

Observethatthe conditionisnecessary

Corollary let 4f be a Holderreparamétrisationof YI
sothattheclosed orbitehavethesamelength
Thenthereexistanhomeomorphism
G sothat Go CleoO

Indicationof theproofofthe like theorem
let f let Sf x foclulx du

Fact1 Thereexists K x 70sothat given x x inUKRandE 0
soto that dflux Qt E htt ItKt
Then dljr.lt felt E e alt Htt

consequenceofthefactthatgeodesicsaieexponentiallydiverging



Corollary let f le aHolderfonction fatally thereexiste 0 so that
A

If delta 9 xD E E V t CLOT
Then 1St f Ga St f xD le 2

Fact2 thegeodesicflowhasa denseorbit inthefuture telco

Fact3 Closinglemma J E K To 0 sothat if

dcf z 3 En E withT To
Thenthereexists y T so that Qt g y HIT I EKE

and f te T d 913 y KE

Aconsequenceofthedensityof g indoor
let tn sothat cltnpaD xs.tn os

let q andpnso thatltqntp.nl To pnq
it followsfromcorollary A theclosinglemmaandthe
hypothesis Sf y O if 9lusty that

15fpas SIpas1 0
tp 9N

ttfollowsthat

D when n os Stp xD
ü letglad 1 Stpba
ici thesameargumentshowsthat g iscontinuons

Finally if gtx nlinfos Stereo fiIs foliexD du
gcclstxD nlin.no tntsfocluldu

Thus goldxD gtx focklx du_The Livà theoremfollowsDB
follows



Corollary Tworeparametisationsmap havethesameperiod theyare

cohomologuais

II Reparamehrisationsand contractinglinebundles
contractinglines as cohomology classof reparamétrisations

let f la aieparametisation let L bethetrivialbundleoverM D q
then x a Cqfd u expC ftfoQuGodxD
is a contractinglinebundle

If f andog arecohomologueres thereexists a isomorphism H ofL
so that Ho x a laaOH
bande tfoqabddn ffgoclulxdx hch.pe hbc
Thuswe take Hbca Ex u eh
let debe a contradictingbundlemap onthetrivialbundleL thenthere
exists f so that de

Step1 thereexists ametric on 1 sothat ft 0 Il Lu Il Hull
de letg lethetrivialmetricsince is contracting it followsthatÂge Aet g

l
thus Ge So QIg du g JOIEg du
Bydefinition g SI gdu gros to

letus usesuchametricon L to trivializeit Then x a QtGc etexpCHttxD
withHtt x 0 Thus floc Htt x is areparamétrisationand 0lb TA

Corollaryoftheprof Let L beacontractinglinebundle thenthereexists
amebicgon L areparamétrisationoftheflowsothat

Cg etg


