











































































































Higherrankholomorphicbundles
Rep MG Home GY p gpg.tlgCG

1 Thecompactcase
Given Eofrankn determinant linebundle dette ME

deg E degdetLED degE l f tre i R2T

deg E F degdette F deg E degE

deg L E ndeg L deg E

1 AnalogueofAbel Jacobi
Letp CRepTics UND CE J Ce
howdo we characterizeEp wehavesomeconstraints

ci deg Eos 0
Eid lemma letTe bea holomorphicsubbundleofEp then deg 7 0

tesmorenegatively awedthan8

ba DN 176 BK 5 1f ois holomorphic BLING i BASEBK is
Gaussequation GRXieJolo IBUKI BK D LBK Jol Bts

thus LRA Jol 0 c E RPI pr
A degree 0 holomorphicsubbundleis stable if forevery

holomorphicsubbundleTe deg 7 LO semistable if deg F
polystable if it is thesumof stablebundles

Theorem Narisimhan Seshadri 65

letEbe a polystabledegreezeroholomorphicbundleofrankn
thenthereexists le ReCIK Klm sothat E CE B

stable irreducible














































































































2 inparticulareverygoodholomophie bundle admitsa nicemetric

2 Thesplitcase Glick

Thun Hitchin92 Holt HOCK x Reptile x Gta R
un

Reptile x GenR is a specificcomponentofReplà Glen R

a representationsof Hdr
letVa R Un symmetrictensorsofdo n s ont Q
Un Homogeneouspolynomialsofdo n 1 in twovariablesf P

SHIR 2Ven
i Q QoA

P Xie Plat BY c X DY

Proposition thereprésentationofGDR onUnistheuniqueirreducible
representationofdem n ofGDR

Fuchsianreprésentation P Pan R

P PhdR Pstn R
J

monodemyof ahyperbolestructure
Hitchinrepresentation p Ps GlnlR whichcanbedeformedto a Fuchsian

Rep PanRD hHitchinrepresentations conjugation

Un GLn 6 LGLn R
µ t MHitchintheorem

NonAbelianNStheorem Hodge

III Metrics on holomorphicvectorbundle

Istherea bestmetric














































































































lemma Given a hermitianmetricg on 8 there exists auniqueconnexion

Don E Pg O and E E J

linearalgebra if DandPaietwohermitianconnections then
7 De A where AK is ta A

similarly if I andJ one two Cauchy Riemannoperators

J Je B where Btc JB x BK linear

M'A AntiH E AI ta A B 1 Btx JB x J R x EndE

A f AK i Atx

Exercise completetheproofthatisshowthemapaboveis injective

DiscalledtheCherConnexionof g Recallthata
connexion is projectively flat if REXy au Jwhere weMls

thereis an extension to nondegreezerobundle

Theslopeof 8 is slope E deg
1k E

E isstable if Ie subbundleof E slopeTe slope E
E is semistable if Te subbundleof E slope Te sslopeE
Lispolystable if it is the direct sum ofstable bundles
Exorcise 1f degE 0 thiscoïncide If L is a linebundle
and8stablethen d E is stable

Essentiallyuniquemeans g gahavethesameChonconnections



HI Higgs bundles
AHiggsbundle is apairLE where

Lisa holomorphicbundle

dis C Ho tu End E
Example 1f E L aline Endd CIthusaHiggsfieldis

X x where x c Holt
A subHiggsbundle is FCE where I isholomorphieandstalleby
AHiggsbundleissemistableif f TesubHiggs then slopeTe sslope E
Eispolystable if it is the direct sum ofstable Higgsbundles

Goal
NonabélienHodgecorrespondance
Fordeg0 holomorphicbundles

polystableHiggsbundlesofRang es p x GL platxD is reductive

q î

Hitchin Simpson l Carlette Donaldson

V

harmonicmetricson E

GL isreductiveif CI V Vr whereViisstallebyLandirreducible



II Extension to G

Let Glee a tiegroupwithtiealgebraG
Recallthat G R Gbytheadjointrepresentation peseving

G X Adg a

theinducedrepresentationofg is alsotheadjointrepresentation
y AdX Y K Y

Anadjointbundle hastrivialisationoftheform G U

andchangesoftrivialisation en AdlG CEndG
1f G iscomplex onemaytalkof an adjoint holomorphic bundle

E E is avatar bundleof il n
EndE is an adjoint Glace bundle

An adjoint Higgsbundleà apair EQwhere
E is anadjointholomorphicbundle and CHTK E


