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Abstract
This article is concerned with a geometric inverse problem related to the two-
dimensional linear elasticity system. Thereby, voids under Navier’s boundary 
conditions are reconstructed from the knowledge of partially over-determined 
boundary data. The proposed approach is based on the so-called energy-like error 
functional combined with the topological sensitivity method. The topological 
derivative of the energy-like misfit functional is computed through the topological-
shape sensitivity method. Firstly, the shape derivative of the corresponding misfit 
function is presented briefly from previous work Méjri (2018 J. Inverse Ill-Posed 
Problems). Then, an explicit solution of the fundamental boundary-value problem 
in the infinite plane with a circular hole is calculated by the Muskhelishvili 
formulae. Finally, the asymptotic expansion of the topological gradient is derived 
explicitly with respect to the nucleation of a void. Numerical tests are performed 
in order to point out the efficiency of the developed approach.

Keywords: Voids identification, linear elasticity, Navier boundary conditions, 
energy-like error functional, topological gradient

(Some figures may appear in colour only in the online journal)

A B Abda and B Méjri

Topological sensitivity analysis for voids identification

Printed in the UK

105003

INPEEY

© 2019 IOP Publishing Ltd

35

Inverse Problems

IP

1361-6420

10.1088/1361-6420/ab2c91

Paper

10

1

23

Inverse Problems

IOP

2019

3 Author to whom any correspondence should be addressed.

1361-6420/19/105003+23$33.00 © 2019 IOP Publishing Ltd Printed in the UK

Inverse Problems 35 (2019) 105003 (23pp) https://doi.org/10.1088/1361-6420/ab2c91

https://orcid.org/0000-0003-0056-823X
mailto:amel.benabda@enit.rnu.tn
mailto:bochra.mejri@enit.utm.tn
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6420/ab2c91&domain=pdf&date_stamp=2019-09-04
publisher-id
doi
https://doi.org/10.1088/1361-6420/ab2c91


2

1. Introduction

Sliding interface model has garnered much scientific attention due to its meaningful role in 
several engineering fields [20, 23, 26, 33]. Material inhomogeneities with imperfect bonding 
conditions are predominantly adopted in describing the real-life engineering problems, e.g. 
sliding inclusions in high-strength steel, grains in polycrystals [20, 33]. Identification of such 
imperfections is crucial for the development of the material characterization techniques.

In this study, we focus on the toy problem of the sliding inclusions identification problem 
as a first-step, avoiding the difficulties encountered with the complexity of the modeling and 
of the mathematical resolution. Therefore, the geometric inverse problem under consideration 
aims at recovering qualitative information on voids embedded in an elastic solid with Navier’s 
conditions prescribed on its boundaries. An alternative methodology is suggested herein thus 
the shape problem is cast as an optimization one for an energy-like error functional [21] 
exploiting partially over-determined data on the external boundary of the domain under study, 
namely the traction field and the tangential component of displacement as measurements.

Among the range of qualitative methods for non-iterative flaw identification, one may men-
tion the so-called Topological sensitivity method which revolves around the development of a 
defect indicator function. The concept of topological sensitivity was pioneered by Eschenauer 
et al [15, 30] in the context of structural topology optimization and developed by Sokołowski 
and Żochowski [31], Garreau et al [17], not exhaustive. The qualitative information provided 
by the topological derivative has since been incorporated in a broad spectrum of applications, 
e.g. topology design [1, 3, 17], image processing [4, 22] and inverse problems [5, 8, 13, 18]. 
This approach has been extensively investigated in various contexts as a method for identi-
fication of flaws in Poisson’s equation [3, 16], in Helmholtz’s equation [19], in Stokes flow  
[5, 13], in elastostatics [8, 17, 18, 29, 31, 32].

Regardless of the fact that the topological gradient is a broad concept, this latter is some-
times tricky in some cases. Therefore, one can find in the literature various techniques to 
evaluate the topological derivative based on an adjoint method and a domain truncation tech-
nique [17], a simplified mathematical topological analysis rather than a truncation technique 
[5], a relation with the shape derivative without mathematical proofs [31], the behavior of 
the expansion series of an explicit solution with respect to a small parameter [32]. Moreover, 
Novotny et al [16] introduced the Topological-Shape sensitivity method based on a simple 
relation to the shape sensitivity analysis which has been shown to be a straightforward tech-
nique [22, 28, 29]. To a large extent, previous topological sensitivity studies [17, 18, 29, 31, 
32] have focused on the classical boundary conditions (i.e. Dirichlet, Neumann boundary 
conditions), rather than on the mechanical behavior of flaws in real-life.

In this paper, a topological sensitivity analysis is developed for the purpose to spot voids 
under Navier’s boundary conditions. To quantify the sensitivity of the energy-like error func-
tional [21] the topological derivative is computed through the Topological-Shape sensitivity 
method and its expression is given explicitly. The asymptotic analysis is based on the shape 
derivative of the corresponding misfit function established in a previous work [25] and an ana-
lytic solution calculated by the Muskhelishvili formulae and the series expansion approach.

This article is outlined as follows. In the forthcoming, the forward and inverse problems of 
interest and the misfit function are reviewed. Topological-Shape sensitivity method is defined 
briefly in section 3. The fourth section presents the shape derivative of the energy-like error 
functional. In section 5, an explicit solution of the fundamental boundary-value problem in 
the infinite plane with a circular hole is calculated. The topological sensitivity analysis is 
presented and the asymptotic expansion of the topological gradient is established explicitly 
in section 6. Algorithms and numerical results are presented and discussed in section 7. The 
closing section is devoted to some comments.

A B Abda and B Méjri Inverse Problems 35 (2019) 105003



3

2. Voids identification model problem

Let Ω be a bounded, simply connected and open set of R2 with a smooth boundary Γ. Consider 
the domain Ω as a reference configuration of a linear and isotropic elastic material. The elastic 
displacement field u satisfies the following problem defined in the reference domain Ω

divσ(u) = 0 in Ω, σ(u)nΓ = Tg on Γ,

where Tg ∈
[
H−1/2(Γ)

]2
 is a given non-vanishing surface traction field such that ∫

Γ
Tg(x) ds = 0 in the duality sense.
Here, σ(u) is the Cauchy stress tensor associated with the displacement field u and e(u) is 

the linearized strain tensor given by

e(u) =
1
2
(
∇u +∇uT) .

Moreover, σ and e are related by the Hooke constitutive law via

σ(u) = λ (tre (u)) I + 2µ e (u)

and conversely

e (u) =
1 + ν

E
σ (u)− ν

E
(trσ (u)) I. (1)

Above, tr  denotes the trace operator, I denotes the identity tensor and λ, µ are the Lamé coef-
ficients related to Young’s modulus E and Poisson’s ratio ν  via

µ =
E

2 (1 + ν)
and λ =

E ν

(1 − 2 ν) (1 + ν)
.

Furthermore, nΓ denotes the outward unit normal to the boundary of Ω on Γ.

2.1. Forward problem

Perturbation on the domain Ω is considered by subtracting a hole ωε = ξ + εω where ξ is a 
point in Ω, 0 < ε � 1 and ω ⊂ R2 is a fixed, open and bounded subset containing the ori-
gin. This leads to a new domain Ωε = Ω \ ωε, whose boundary ∂Ωε = Γ ∪ γε (sufficiently 
smooth), where γε := ∂ωε. The present configuration is depicted in figure 1.

The elastic displacement field uε satisfies the following direct problem defined in the per-
forated domain Ωε




divσ(uε) = 0 in Ωε,
σ(uε)nΓ

= Tg on Γ,

τ · σ(uε)n = 0 on γε,
uε · n = 0 on γε.

 (2)

Here, n and τ  denote the outward unit normal and the unit tangent, respectively, to ωε on γε. 
By v · τ  we denote the tangential component of v on ∂Ωε, for any vector field v on ∂Ωε, i.e. 
v · τ = v − (v · n)n.

The void ωε obeys the Navier boundary conditions, more precisely, the elastic solid can 
slide in tangential direction, i.e. τ · σ(uε)n = 0, while in the normal direction a displacement 
is clamped, i.e. uε · n = 0.
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Defining the spaces

L2
s (Ωε) =

{
α = (αij) ∈

[
L2(Ωε)

]4 |αij = αji

}
,

V =

{
v ∈

[
H1(Ωε)

]2 | v · n = 0 on γε and
∫

Ωε

v · β dx = 0
}

,

where β(x) = b × x, for x ∈ Ωε and b is a constant vector in R2 and the bi-linear symmetric 
form a : L2

s (Ωε)× L2
s (Ωε) → R and the bi-linear form b : L2

s (Ωε)× V → R by

a(σ,α) =

∫

Ωε

[
1 + ν

E
tr(σα)− ν

E
tr(σ)tr(α)

]
dx,

b(α, v) = −
∫

Ωε

tr(α∇v) dx.

The variational formulation of the direct problem (2) is as follows



Find (σ(uε), uε) ∈ L2
s (Ωε)×

[
H1(Ωε)

]2
; uε · n = 0 on γε and

∫
Ωε

uε · β dx = 0 such that
a(σ(uε),α) + b(α, uε) = 0 for all α ∈ L2

s (Ωε),
b(σ(uε), v) = −

∫
Γ

Tg · v ds for all v ∈ V .
 (3)

Remark 1. The existence and the uniqueness of the weak solution (σ(uε), uε) ∈ L2
s (Ωε)× V  

of the variational problem (3) are proved by a Poincaré–Morrey inequality [2] and the Brezzi–
Babuška theorem [10].

2.2. Inverse problem

The geometric inverse problem under consideration can be stated as follows: Given the traction 
field Tg on Γ and measuring the tangential displacement component uτ  on Γ (i.e. u · τ Γ =uτ), 
recover the geometry of the void ωε.

Figure 1. The perforated domain.
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Remark 2. A shape identifiability result from a Cauchy data (i.e. with traction field and 
boundary displacement as measurements) is presented in [25]. To our best knowledge, the 
voids uniqueness issue in the case of a sub-Cauchy elasticity problem is still an open question.

It is convenient to reformulate the model inverse problem by introducing two different 
well-posed problems, with the solutions u1,ε and u2,ε defined in Ωε, each of them satisfying 
the elasticity equations in Ωε as well as the Navier boundary conditions on γε, and to attribute 
to the first problem Neumann conditions on the boundary Γ and to the second one Navier 
boundary conditions as follows





divσ(u1,ε) = 0 in Ωε,
σ(u1,ε)nΓ

= Tg on Γ,
τ · σ(u1,ε)n = 0 on γε,
u1,ε · n = 0 on γε,

 (4)




divσ(u2,ε) = 0 in Ωε,
n

Γ
· σ(u2,ε)nΓ

= Tg · n
Γ

on Γ,
u2,ε · τ Γ

= uτ on Γ,
τ · σ(u2,ε)n = 0 on γε,
u2,ε · n = 0 on γε.

 (5)

In the absence of holes (i.e. ε = 0), one has the following problems defined in the reference 
domain Ω0 = Ω

{
divσ(u1,0) = 0 in Ω,
σ(u1,0)nΓ

= Tg on Γ, (6)




divσ(u2,0) = 0 in Ω,
n

Γ
· σ(u2,0)nΓ

= Tg · n
Γ

on Γ,
u2,0 · τ Γ = uτ on Γ.

 (7)

The shape problem can be tackled by transforming the above-described inverse problem into 
an optimization one involving a misfit functional J  that exploits partially over-determined 
boundary data, that is measurements of the traction Tg and the tangential component of the 
boundary displacement uτ . More precisely, the optimization problem revolves around the 
minimization of a misfit function J  depending on a forward solution characterized by a trial 
defect.

{
Find Ω∗ such that
J (Ω∗) = min

Ωε⊂Ω
J (Ωε).

In this work, we consider a Kohn–Vogelius type functional JKV

JKV(Ωε) :=
1
2

∫

Ωε

(σ(u2,ε)− σ(u1,ε)) : (e(u2,ε)− e(u1,ε)) dx, (8)

where ‘:’ is the doubly contracted product.

Remark 3. The energy-like error functional has been used with considerable success in 
wide geometric inverse problems [3, 5, 6, 8, 9, 11–13, 18]. This function can be interpreted 
as an energetic least-squares one based on fields computed from the measured data and the 
prescribed loads on the exterior boundary.
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3. Topological-shape sensitivity method

In order to minimize the misfit function (8) using a gradient method, we need to introduce 
the topological derivative. The concept of the topological sensitivity consists of studying the 
variation of a misfit function with respect to the nucleation of a small hole. Thus, from the 
sensitivity of a misfit function w.r.t. infinitesimal variations of the trial defect, a first-order 
asymptotic expansion of the function J  can be obtained in the following form

J (Ωε) = J (Ω) + f (ε)DTJ (ξ) + o( f (ε)),

where f (ε) is a monotone function so that f (ε) → 0 with ε → 0+ and o( f (ε)) contains all 
higher order terms than f (ε) that is it satisfies

o( f (ε)) : lim
ε→0

o( f (ε))
f (ε)

= 0.

DTJ (ξ) is the topological derivative

DTJ (ξ) = lim
ε→0

J (Ωε)− J (Ω)

f (ε)
. (9)

3.1. Topological-shape sensitivity concept

The following theorem provides the relationship between the topological derivative and the 
shape sensitivity analysis.

Theorem 1 ([28]). Let f (ε) be a function chosen in order to 0 < |DTJ (ξ)| < ∞, then the 
topological derivative given by (9) can be written as

DTJ (ξ) = lim
ε→0

1
f ′(ε)

d
dt
J (Ωt)

|t=0
, (10)

where t ∈ R+ is used to parameterize the domain. That is, for t small enough, we have

Ωt := {xt ∈ R2 : xt = x + t h, x ∈ Ωε}.

Therefore, xt|t=0
= x and Ωt|t=0

= Ωε. We define the shape change velocity h, which is a 
smooth vector field in Ωε assuming the following values on the boundary ∂Ωε

h = −n on γε, h = 0 on Γ (11)

and the shape sensitivity of the misfit function in relation to the domain perturbation charac-
terized by h is given by

d
dt
J (Ωt)

|t=0
= lim

t→0

J (Ωt)− J (Ωε)

t
. (12)

The heuristic idea behind this method is to consider a problem with a void ωε and to 
perturb the domain and a new void ωε+δε is originated, which is defined in a new domain 
Ωε+δε = Ω \ ωε+δε, whose boundary ∂Ωε+δε = Γ ∪ γε+δε. The present topological situation 
is depicted in figure 2.
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Thus, the topological derivative can be redefined as follows

D∗
TJ (ξ) = lim

ε→0δε→0

J (Ωε+δε)− J (Ωε)

f (ε+ δε)− f (ε)
.

This last definition of the topological derivative merely provides the sensitivity of the problem 
when the size of the void ωε+δε with δε → 0, increases and not when it is effectively created 
(as one has in the original definition of the topological derivative given by (9)).

3.2. Summary of previous results

The topological optimization problem is extensively investigated in the context of mechanical 
structures for the purpose of optimal design prediction [17, 29, 31]. In the same context, Jaïem 
et al [18] proposed a non-iterative reconstruction approach based on the constitutive law error 
functionnal and the topological sensitivity analysis method. Up to our knowledge, the exist-
ing studies for cavities identification in deformable elastic bodies [17, 18, 29, 31] are each 
considered under classical conditions in terms of Dirichlet or Neumann boundary conditions.

We present the topological derivative in the case of Dirichlet and Neumann boundary con-
ditions prescribed on ∂ωε and we refer the reader to the work by Garreau et al [17] for more 
details

 •  2D Dirichlet

f (ε)DTJ =
1

log ε

−4πµ (µ+ η)

2µ+ η
uΩ · ûΩ,

 •  2D Neumann

f (ε)DTJ = ε2 −π (µ+ η)

2µη
{4µσ(uΩ) : e(ûΩ) + (η − 2µ) trσ(uΩ)trσ(ûΩ)} ,

where uΩ is a state solution and ûΩ is an adjoint state and η is a constant defined by

η =

{
µ(3λ+2µ)

λ+2µ plane stress,
λ+ µ plane strain.

Figure 2. The perturbed domain.
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One remarks that the order of the topological gradient in the case of Dirichlet is −1
log(ε) and in 

the case of Neumann is ε2 which is smaller.

4. Shape sensitivity analysis

To evaluate the topological sensitivity of the energy-like error functional (8) by the 
Topological-Shape sensitivity method presented in the previous section, we need to introduce 
the shape derivative. The concept of shape sensitivity revolves around the quantification of 
the first-order perturbation analysis with respect to small variations of the boundary of the 
hole. Recently, a shape sensitivity analysis was developed for the reconstruction of voids with 
Navier’s conditions imposed on its boundaries by Méjri [25]. More specifically, the sensitiv-
ity of the energy like-error functional (8) is quantified by proving the existence of the shape 
derivative via the material derivatives of the forward solutions and its expression is given in 
Hadamard’s structure [25].

For each t small enough, one considers (σ1,t, u1,t) and (σ2,t, u2,t) the solutions of problems 
(4) and (5), respectively, defined on the perturbed domain (Ωt,Γ, γt).

Set the misfit cost functional JKV depending on the domain Ωt

JKV(Ωt) :=
1
2

∫

Ωt

(σ(u2,t)− σ(u1,t)) : (e(u2,t)− e(u1,t)) dx.

Then, the Eulerian derivative (12) of the functional JKV at Ωε in the direction h is defined as 
follows

J ′
KV(Ωε, h) = lim

t→0

JKV(Ωt)− JKV(Ωε)

t
.

The functional JKV is called shape derivative if J ′
KV(Ωε, h) exists for all h ∈ S  and defines a 

continuous linear functional in S , where

S = {h ∈ C1,1(Ωε,R2); h = 0 on Γ and h · τ = 0 on γε}.

4.1. Material derivatives

One defines the following bi-linear forms

ȧ(σ,α) =

∫

Ωε

divh
[

1 + ν

E
tr(σα)− ν

E
tr(σ)tr(α)

]
dx,

ḃ(α, v) = −
∫

Ωε

divh tr(α∇v) dx +

∫

Ωε

tr(α(∇hT∇v)) dx.

The existence of the strong material derivatives is proved in the following theorems, which 
are quoted in [25] (for more details see theorems 4.5 and 4.7) and one recalls them for the 
reader’s convenience.

Remark 4. The pair (σt
1, ut

1) and (σt
2, ut

2) are the solutions transported to the perforated do-
main (Ωε,Γ, γε). The transported solutions are well-posed only in the variable space, by that 
fact, we can not prove directly its differentiability. To avoid this difficulty, one has to consider 
other functions in order to apply the implicit function theorem.
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Theorem 2 ([25]). The map t �−→ (σt
1, ut

1) is continuously differentiable in a neighbor-
hood of 0 and one has that (σ̇1, u̇1) is the solution to the following variational problem





Find (σ̇1, u̇1) ∈ L2
s (Ωε)×

[
H1(Ωε)

]2
; u̇1 · n = ∇hTu1,ε · n on γε

and
∫
Ωε

u̇1 · β dx = 0 such that
a(σ̇1,α) + b(α, u̇1) = �1(α) for all α ∈ L2

s (Ωε),
b(σ̇1, v) = −b(σ(u1,ε),∇hTv)− ḃ(σ(u1,ε), v) for all v ∈ V

where

�1(α) = −ȧ(σ(u1,ε),α)− ḃ(α, u1,ε).

Theorem 3 ([25]). The mapping t �−→ (σt
2, ut

2) is continuously differentiable in a neigh-
borhood of 0 and one has that (σ̇2, u̇2) is the solution to the following variational problem




Find (σ̇2, u̇2) ∈ L2
s (Ωε)×

[
H1(Ωε)

]2
; u̇2 · n = ∇hTu2,ε · n on γε

and u̇2 · τ Γ
= 0 on Γ such that

a(σ̇2,α) + b(α, u̇2) = �2(α) for all α ∈ L2
s (Ωε),

b(σ̇2, v) = −b(σ(u2,ε),∇hTv)− ḃ(σ(u2,ε), v) for all v ∈ V0,

where

�2(α) = −ȧ(σ(u2,ε),α)− ḃ(α, u2,ε).

4.2. Shape derivative

We present below the shape derivative of the energy-like error functional (8) and the proof of 
the following theoerm is quoted in [25].

Theorem 4 ([25]). The mapping t �−→ JKV(Ωt) is C1 in a neighborhood of 0 and its de-
rivative at 0 is given by

J ′
KV(Ωε, h) =

1
2

∫

γε

GKV(h · n) ds, (13)

with

GKV = (σ(u2,ε) : e(u2,ε))− (σ(u1,ε) : e(u1,ε))

− 2 ((n · σ(u2,ε)∇u2,εn)− (n · σ(u1,ε)∇u1,εn))
− 2 (∇ ((n · σ(u2,ε)n)(u2,ε · τ )) · τ −∇ ((n · σ(u1,ε)n)(u1,ε · τ )) · τ ) .

Remark 5. The properties of the material derivatives (σ̇1, u̇1) (theorem 2) and (σ̇2, u̇2) 
(theorem 3) are the essential ingredients for establishing the shape derivative expression.

Remark 6. The boundary expression of the shape derivative involves only two solutions, 
i.e. a Navier solution based on the measurements and a Neumann one based on the prescribed 
loads. This behavior will be inherited to the topological derivative, more precisely the topo-
logical expansion will be expressed afterwards without recourse to the adjoint-based form as 
not the case of [8, 18].
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Remark 7. The information provided by the shape derivative can be combined with a level 
set technique to construct an efficient numerical iterative scheme to reconstruct voids, but it 
turns out to be an expensive method.

5. Explicit solutions in the infinite plane with a circular hole

In this section, we present an analytic solution of elastic fields induced by a circular hole, 
whose boundary is submitted to Navier’s conditions, defined in an isotropic infinite plane. 
The construction of the analytic solution is based on the complex-valued function theory such 
that the stress functions and the displacement fields are given explicitly by the Muskhelishvili 
formulae and the series expansion approach, we refer the reader to the crucial work by 
Muskhelishvili [27] for more details. Later on, this analytic solution will be used in the devel-
opment of the topological expansion.

Consider the case of an infinite region bounded by a simple closed contour γε, in particular, 
an infinite plane with a circular hole ωε. Denote by (r, θ) the polar coordinates of some point 
M(x, y) of the system Oxy and by z = x + iy = r eiθ the complex variable. The polar coordi-
nates of the displacement (ur, uθ) satisfy

2µ(ur + iuθ) = e−iθ [κϕ(z)− zϕ′(z)− ψ(z)
]

, (14)

where κ = 3 − 4ν  for plain strain and κ = (3 − ν)/(1 + ν) for plane stress.

Remark 8. For the Poisson ratio −1 < ν < 1
2, the constant κ gets values in ]1, 7[ for plain 

strain and values in ]1,+∞[ for plane stress.

The components of the stress in polar coordinates satisfy

σrr + σθθ = 2[ϕ′(z) + ϕ′(z)] = 4Re(ϕ′(z)), (15)

σθθ − σrr + 2iσrθ = 2ei2θ[zϕ′′(z) + ψ′(z)],

which gives

σrr − iσrθ = 2Re(ϕ′(z))− ei2θ[zϕ′′(z) + ψ′(z)]. (16)

In this case, the functions ϕ and ψ are holomorphic (and consequently single-valued) and 
they are given by complex series such that the first terms imply single-valued displacements 
outside the boundary γε

ϕ(z) = −A log(z) + Cz +
+∞∑
k=1

akz−k, ψ(z) = κA log(z) + C′z +
+∞∑
k=1

bkz−k,

where A = T1+iT2
2π(1+κ), (T1, T2) are the resultant vector of the external impetus applied to γε and 

(C, C′) are constants determined by the stress distribution as well by rotation at infinity.
The Navier boundary conditions on some circle means

τ · σ(uε)n = 0 on γε ⇒ σrθ = 0 and uε · n = 0 on γε ⇒ ur = 0,
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which implies in the polar representation from (16)

σrr = 2Re(ϕ′(z))− ei2θ[zϕ′′(z) + ψ′(z)]︸ ︷︷ ︸
∈R

,

respectively from (14)

i2µuθ = e−iθ [κϕ(z)− zϕ′(z)− ψ(z)
]

︸ ︷︷ ︸
∈iR

.

After taking into account simple relations z = reiθ, z = r2z−1 and eiθ = r−1z, one gets for 
stress the formula

A z−1 + κAr−2z + C′r−2z2 +
+∞∑
k=2

k(k − 1)ak−1z−k −
+∞∑
k=0

(k + 1)bk+1r−2z−k ∈ R.

For Z ∈ R, the consideration of Z − Z = 0 gives for the last relation, assuming substitution 
r := ε

k = ±2 : 2a1 − C′r2 − 3b3r−2 = 0 (17a)

k = ±1 : (1 − κ)A − 2b2r−2 = 0 (17b)

k = 0 : b1 − b1 = 0 → b1 ∈ R (17c)

k /∈ {±2,±1, 0} : k(k − 1)ak−1 − (k + 1)bk+1r−2 = 0. (17d)

After taking into account simple relations z = reiθ, z = r2z−1, e−iθ = rz−1 and log(z) =  
log(r) + iθ, one gets for displacement the formula

− C′r3z−2 − 2κAr log(r)z−1 + (κ− 1) Cr + Ar−1z +
+∞∑
k=2

κak−1rz−k

+

+∞∑
k=2

(k − 1)ak−1r−2k+1zk −
+∞∑
k=0

bk+1r−2k−1zk ∈ iR.

For Z ∈ iR, the consideration of Z + Z = 0 gives for the last relation, assuming substitution 
r := ε

k = ±2 : −C′r2 + (κ+ 1)a1 − b3r−2 = 0 (18a)

k = ±1 : (1 − 2κ log(r))A − b2r−2 = 0 (18b)

k = 0 : 2(κ− 1)C −
(
b1 + b1

)
r−2 = 0 (18c)

k /∈ {±2,±1, 0} : (κ+ (k − 1)) ak−1 − bk+1r−2 = 0. (18d)

By the first and the second relations, one determines the coefficients value of the complex-
valued functions ϕ and ψ.

From (17c) and (18c), one gets

b1 = (κ− 1)Cε2.
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One writes the equations (17b) and (18b) in a matrix form whose determinant is non-null, thus

A = b2 = 0.

From the equations (17a) and (18a), one deduces that

b3 =
1 − κ

3κ+ 1
C′ε4, a1 =

2
3κ+ 1

C′ε2.

One writes the equations (17d) and (18d) in a matrix form whose determinant is non-null, thus

ak = 0 (k � 2), bk = 0 (k � 4).

Thus, the problem of determining the coefficients is solved. In order to find the displacement, 
one defines the following functions in polar coordinates

ϕ(r, θ) = Creiθ +
2

3κ+ 1
C′ε2 r−1e−iθ,

respectively

ψ(r, θ) = C′reiθ + (κ− 1)Cε2 r−1e−iθ +
1 − κ

3κ+ 1
C′ε4r−3e−i3θ.

Then, from (14) one has the following relation for the polar coordinates of the displacement

2µ(ur + iuθ) = (κ− 1)Cr − (κ− 1)Cε2r−1 +

(
2κ

3κ+ 1
C′ε2r−1 − C′r

)
e−i2θ

+

(
2

3κ+ 1
C′ε2r−1 − 1 − κ

3κ+ 1
C′ε4r−3

)
ei2θ.

The constants (C, C′) are defined in function of the stress distribution as following

C =
S(u)

4
, C′ = −D(u)

2
,

where S(u) = σ̃1(u) + σ̃2(u) and D(u) = σ̃1(u)− σ̃2(u), such that σ̃1(u) and σ̃2(u) are the 
principal stress values of the tensor σ(u) evaluated on the point ξ ∈ Ω, that is σ(u)|ξ. By that 
fact, one gets

2µ(ur + iuθ) =
S(u)

4r

{
(1 − κ)ε2 + (κ− 1)r2}

+
D(u)

2r

{(
−2κ

3κ+ 1
ε2 + r2

)
e−i2θ +

(
−2

3κ+ 1
ε2 +

1 − κ

3κ+ 1
ε4r−2

)
ei2θ

}
,

whence, separating real and imaginary parts, one obtains the polar coordinates of the funda-
mental solution defined in the infinite plane with a void with Navier’s conditions prescribed 
on its boundary

ur =
S(u)
8µr

{
(1 − κ)ε2 + (κ− 1)r2}

+
D(u)
4µr

{
−2κ+ 2

3κ+ 1
ε2 + r2 +

1 − κ

3κ+ 1
ε4r−2

}
cos(2θ),

 (19)

uθ =
D(u)
4µr

{
2κ− 2
3κ+ 1

ε2 − r2 +
1 − κ

3κ+ 1
ε4r−2

}
sin(2θ). (20)
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At the boundary γε (i.e. for r = ε), as was to be expected, one has

ur = 0.

Next, one determines the corresponding components of the stress in polar coordinates. By 
(16), one gets

σrr − iσrθ =
S(u)

4
{

2 + (κ− 1)ε2r−2}

+
D(u)

2

{
4

3κ+ 1
ε2r−2 cos(2θ) +

(
4

3κ+ 1
ε2r−2 +

3κ− 3
3κ+ 1

ε4r−4
)

e−i2θ + ei2θ
}

.

whence, separating real and imaginary parts and solving for σrr  and σrθ, one finds

σrr =
S(u)

4
{

2 + (κ− 1)ε2r−2}+
D(u)

2

{
1 +

8
3κ+ 1

ε2r−2 +
3κ− 3
3κ+ 1

ε4r−4
}
cos(2θ), (21)

σrθ =
D(u)

2

{
−1 +

4
3κ+ 1

ε2r−2 +
3κ− 3
3κ+ 1

ε4r−4
}
sin(2θ). (22)

At the boundary γε (i.e. for r = ε), as was to be expected, one has

σrθ = 0.

Finally, one obtains the expression for σθθ from (15)

σθθ =
S(u)

4
{

2 + (1 − κ)ε2r−2}− D(u)
2

{
1 +

3κ− 3
3κ+ 1

ε4r−4
}
cos(2θ).

 (23)

6. Topological sensitivity analysis

The main result of this article is summarized in the following theorem. Based on theorem 1, 
theorem 4 and the explicit solution calculated in the previous section, an asymptotic expansion 
is obtained for the linear elasticity system with Navier’s conditions prescribed on the bound-
ary γε for the energy-like error functional (8).

Theorem 5. A first-order asymptotic expansion of the energy-like error functional JKV can 
be obtained in the following form

JKV(Ωε) = JKV(Ω) + f (ε)DTJKV(ξ) + o( f (ε)),

where f (ε) = −πε2 and the topological derivative DTJKV has the following form

DTJKV(ξ) = 4µ c2 [σ(u2,0) : e(u2,0)− σ(u1,0) : e(u1,0)]

+ [2(λ+ µ)c1 − (λ+ 3µ)c2] [tr(σ(u2,0))tr(e(u2,0))− tr(σ(u1,0))tr(e(u1,0))] ,
 (24)

where

c1 =
1

8E
(κ2 − 2κ+ 5) +

ν

8E
(κ2 − 2κ− 3)− 1

8µ
(κ2 − 1),
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c2 =
1
E

9κ2 + 6κ+ 5
(3κ+ 1)2 +

ν

E
9κ2 + 6κ− 3
(3κ+ 1)2 − 2

µ

κ(3κ+ 3)
(3κ+ 1)2 .

Proof. For simplicity, we split the proof into four steps.

Preliminary estimates: Considering the shape derivative of the energy-like error functional 
J ′

KV and substituting equation (13) in equation (10), one gets

DTJKV(ξ) =
1
2
lim
ε→0

1
f ′(ε)

∫

γε

GKV(h · n) ds.

Taking into account the definition (11) of the velocity field h, one has

DTJKV(ξ) = −1
2
lim
ε→0

1
f ′(ε)

∫

γε

GKV ds,

where

GKV = (σ(u2,ε) : e(u2,ε))− (σ(u1,ε) : e(u1,ε))

− 2 ((n · σ(u2,ε)∇u2,εn)− (n · σ(u1,ε)∇u1,εn))
− 2 (∇ ((n · σ(u2,ε)n)(u2,ε · τ )) · τ −∇ ((n · σ(u1,ε)n)(u1,ε · τ )) · τ ) .

Considering the inverse of the constitutive relation (1) and the first term of the above equa-
tion becomes

σ(uε) : e(uε) =
1
E

[
(1 + ν)σ(uε) : σ(uε)− ν tr (σ(uε))

2
]

and substituting it in the integrand of the shape derivative (13)

GKV =
1
E

[
(1 + ν)σ(u2,ε) : σ(u2,ε)− νtr (σ(u2,ε))

2
]

− 1
E

[
(1 + ν)σ(u1,ε) : σ(u1,ε)− ν tr (σ(u1,ε))

2
]

− 2 ((n · σ(u2,ε)∇u2,εn)− (n · σ(u1,ε)∇u1,εn))
− 2 (∇ ((n · σ(u2,ε)n)(u2,ε · τ )) · τ −∇ ((n · σ(u1,ε)n)(u1,ε · τ )) · τ ) .

Change of variables: The topological derivative of the energy-like error functional DTJKV is 
written by a variable change in the following expression

DTJKV(ξ) = −1
2
lim
ε→0

ε

f ′(ε)

∫ 2π

0
GKV dθ. (25)

The displacement field uε is decomposed in the polar coordinates (r, θ) as follows

uε(r, θ) = urr + uθθ

and the stress tensor σ(uε) is decomposed as follows

σ(uε)(r, θ) = σrr (r ⊗ r) + σrθ (r ⊗ θ) + σθθ (θ ⊗ θ) ,

where r and θ are respectively the normal and tangential unit vectors (r · θ = 0) defined on 
γε. In addition, the Navier boundary conditions on γε can be written as
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τ · σ(uε)n = 0 on γε ⇒ σrθ = 0 and uε · n = 0 on γε ⇒ ur = 0.

By that fact, the integrand of the shape derivative (13) is written as follows

GKV =
1
E

[
σ2

2,rr + σ2
2,θθ − 2νσ2,rrσ2,θθ

]

− 1
E

[
σ2

1,rr + σ2
1,θθ − 2νσ1,rrσ1,θθ

]

− 2
(
σ2,rr

∂u2,r

∂r
− σ1,rr

∂u1,r

∂r

)
− 2

ε

(
∂

∂θ
(σ2,rru2,θ)−

∂

∂θ
(σ1,rru1,θ)

)
.

 (26)
Final estimates: Next, one has to examine each term on the right-hand side of (26) separately 
and to detail their expressions for r = ε.
From (21), one obtains

σ2
rr =

S2(u)
16

(κ+ 1)2 +
S(u)D(u)

2
(κ+ 1)(3κ+ 3)

3κ+ 1
cos(2θ) +D2(u)

(3κ+ 3)2

(3κ+ 1)2 cos2(2θ).

Similarly, one gets from (23)

σ2
θθ =

S2(u)
16

(3 − κ)2 − S(u)D(u)
2

(3 − κ)(3κ− 1)
3κ+ 1

cos(2θ) +D2(u)
(3κ− 1)2

(3κ+ 1)2 cos2(2θ).

Multiplying (21) with (23) and simplifying the form to find

σrrσθθ =
S2(u)

16
(κ+ 1)(3 − κ) +

S(u)D(u)
2

−3κ2 + 2κ+ 5
3κ+ 1

cos(2θ)

−D2(u)
(3κ+ 3)(3κ− 1)

(3κ+ 1)2 cos2(2θ).

Multiplying (21) with the derivative in the normal direction of (19), one has

σrr
∂ur

∂r
=

S2(u)
16µ

(k2 − 1) +
S(u)D(u)

4µ
5κ2 + 2κ− 3

3κ+ 1
cos(2θ)

+
D2(u)
µ

2κ(3κ+ 3)
(3κ+ 1)2 cos2(2θ).

Calculating the derivative of (21) multiplied by (20), in the tangential direction, one obtains 
the last term

1
ε

∂

∂θ
(σrruθ) = −S(u)D(u)

4µ
(κ+ 1)2

3κ+ 1
cos(2θ)− D2(u)

µ

3(κ+ 1)2

(3κ+ 1)2 cos(4θ).

Topological derivative: Summarizing the above terms and one can determine the order of the 
asymptotic expansion of the topological derivative

f (ε) = −πε2.

Considering this last result, one finally can compute the limit ε → 0 in equation (25), which 
results in

DTJKV(ξ) = c1
(
S2(u2,0)− S2(u1,0)

)
+ c2

(
D2(u2,0)−D2(u1,0)

)
,
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where

c1 =
(κ+ 1)2

16E
+

(3 − κ)2

16E
− ν

8E
(κ+ 1)(3 − κ)− 1

8µ
(κ2 − 1),

c2 =
1

2E
(3κ+ 3)2

(3κ+ 1)2 +
1

2E
(3κ− 1)2

(3κ+ 1)2 +
ν

E
(3κ+ 3)(3κ− 1)

(3κ+ 1)2 − 2
µ

κ(3κ+ 3)
(3κ+ 1)2 .

In the case of two-dimensional elasticity problem, the principal stresses σ̃1(u) and σ̃2(u) are 
given by

σ̃1,2(u) =
1
2

{
tr(σ(u))± [2σD(u) : σD(u)]

1/2
}

,

where σD(u) is the deviatoric stress tensor, that is

σD(u) = σ(u)− 1
2

tr(σ(u))I.

To get the final expression of the topological derivative, one should write S(u) and D(u) in 
functions of the Cauchy stress and deformation tensors using the above definitions. □ 

Remark 9. Despite that theorem 5 gives only an explicit formula for a circular shaped flaw, 
it constitutes a first comprehensive study of the identification problem of voids with Navier’s 
boundary conditions.

7. Numerical results

In this section, a set of numerical results is presented to assess the topological sensitivity 
method efficiency. The computational study is conducted by means of Freefem+ + developed 
by F. Hecht and his team [24]. The solution of the direct problem is taken as the exact data for 
the inverse problem but the forward problem does not have an analytic solution in the ring. To 
that end, the measured data um is obtained by solving the direct problem (2) using the penalty 
method [14] on a finer mesh in order to avoid the notorious ‘inverse crime’.

7.1. Validation of the asymptotic formula

In this part, a numerical validation of the topological asymptotic expansion is presented. The 
variation of the energy-like error functional JKV (8), with respect to the nucleation of a small 
void, is established in theorem 5. The asymptotic behavior is studied using a numerical valida-
tion of the following function

dj ξ(ε) = JKV(Ωε)− JKV(Ω) + πε2 DTJKV(ξ),

with respect to ε2 for some arbitrary locations of the hole ωξ,ε in the domain Ω.
Denoting by α the unknown parameter which describes the function behavior ε �→ dj ξ(ε) 

with respect to ε, i.e.
∣∣dj ξ(ε)

∣∣ = o (εα) .
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One remarks that the parameter α is characterized as the slope of the line approximating the 
variation ε �→ log

(∣∣dj ξ(ε)
∣∣) with respect to log(ε). We choose arbitrary locations ξi of the 

considered hole ωi,ε = ξi + εB(0, 1). The associated slope values αi are reported in table 1.
For each considered hole ωi,ε, one deduces that the calculated slope αi satisfies the inequal-

ity αi > 2 for i = 1, ..., 5, which confirm the behavior predicted by the theoretical result
∣∣dj ξ(ε)

∣∣ = o (εα) .

7.2. Non-iterative identification process

In this subsection, a non-iterative flaw identification algorithm is presented. Our numerical 
process is based on the formula described by theorem 5. The unknown defect ωε is identified 
using a level set curve of the topological gradient DTJKV (24). More precisely, the defect ωε 
is likely to be located at the zone where the topological gradient DTJKV has its most negative 
values.

One-shot identification process.

 •  Solve the two problems (6) and (7).
 •  Compute the topological gradient DTJKV(ξ) (24), ∀ξ ∈ Ω.
 •  Determine the unknown defect ω∗.

The one-shot process has already been illustrated in [18] for the identification of voids under 
Neumann’s boundary conditions from partially over-determined boundary data. Next, a set of 
numerical tests is presented to enhance the efficiency of the proposed one-shot process for the 
detection of voids under Navier’s boundary conditions.

7.2.1. Comparison. For the first test, the inverse solution (i.e. void) is the circular hole ω∗ 
centered at the origin with radius r*  =  0.5. We present a numerical result for the correct void 
boundaries (depicted as green circles) for two cases: void under Navier’s boundary condi-
tions on the left and void under Neumann’s boundary condition on the right. Figure 3 shows 
satisfactory identification for both cases by computing the topological derivative field (24) in 
the plain strain with Poisson’s ratio ν = 1/3. We deduce that the topological expansion (24) 
is valid even for voids under Neumann’s boundary conditions.

7.2.2. Single- (multiple-) void(s) identification. The thresholded DTJKV for a single unknown 
circular void and a set of unknown circular voids are presented. Firstly, we want to detect 
single circular void centered respectively at (−1.3, 0) and (1.4, 0.5) (i.e. near to the external 
boundary) with radius r*  =  0.4 and we can infer the location of the void for both tests, see fig-
ure 4. Secondly, we are interested in detecting multiple voids with different sizes. For the first 
test, we want to detect two voids centered at (1.7, 0.3) and (−1.7,−0.3) with shared radius 
r*  =  0.2. For the second one, two voids centered at (0.2,−0.4) with r∗1 = 0.7, respectively at 

Table 1. Slopes α corresponding to the line approximating the variation 
ε �→ log

(∣∣dj ξ(ε)
∣∣) with respect to log(ε).

Voids ω1,ε ω2,ε ω3,ε ω4,ε ω5,ε

Locations ξ1 = (0, 0) ξ2 = (0.25,−0.5) ξ3 = (−0.25,−0.5) ξ4 = (−0.1, 0.2) ξ5 = (0.3, 0.6)

Slopes α1 = 2.0540 α2 = 2.0406 α3 = 2.0409 α4 = 2.0533 α5 = 2.0166
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(−1.3, 0.7) with r∗2 = 0.1 are sought and figure 5 shows that the bigger void is only located. 
Remarkably, figures 4 and 5 depict the rough location, size and number of sought voids. Addi-
tionally, the function DTJKV attains values close to its global minimum only in the vicinity 
of the exact voids.

7.2.3. Non-circular void identification. The effectiveness of the topological sensitivity indica-
tor is assessed on non-circular void. Indeed, we detect ellipsoid voids centered at the origin 
with parameters (0.7, 0.1) respectively (1, 0.5). We deduce that the detection is efficient even 
for different type of shapes as depicted in figure 6.

7.2.4. Influence of data configuration. The addressed question here is the identification pro-
cess from partially over-determined boundary data. In this case, we consider a single void 

Figure 3. Identification of void (circular): distribution of DTJKV over search grid and 
outline of true void.

Figure 4. Identification of void (circular): distribution of DTJKV over search grid and 
outline of true void.
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centered at (−1.7,−0.3) with radius r*  =  0.2. Figure 7 depicts the rough location of the void 
for two cases: from complete over-determined boundary data (um, Tg) on the left-hand side 
and from incomplete over-determined boundary data (uτ , Tg) on the right-hand side. We 
remark that the detection of the void is quite efficient in the first case than the second one, as 
it was be expect.

7.2.5. Influence of data noise. In real inverse problems, the boundary data are measured and 
thus inevitably contaminated by measurement errors. To quantify the stability of the algorithm 
in deviation of the measurements, the influence of measurements is studied by considering 
noisy data of the form

ũm(x) = um(x)(1 + εζ),

Figure 5. Identification of voids (circular): distribution of DTJKV over search grid and 
outline of true voids.

Figure 6. Identification of void (non-circular): distribution of DTJKV over search grid 
and outline of true void.
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where ζ is a normally distributed random variable with zero mean and unit standard deviation. 
The influence of data noise is studied by considering noisy simulated data for the example 
studied in the previous part. Figure 8 depicts the behavior of the topological gradient method 
for increasing noise level 1% and 3%. Remarkably, the voids’ location are correctly estimated 
even for high noise levels.

7.3. Iterative identification process

In this subsection, an iterative process is proposed for detecting several voids under Navier’s 
boundary conditions. The topological gradient DTJKV is provided to build a sequence of 
holes (ω j)j�0, with ω0 = ∅. At the j th iteration, the domain Ω j+1 is obtained by subtracting a 

Figure 7. Identification of void (circular): distribution of DTJKV over search grid and 
outline of true void.

Figure 8. Identification of void (circular): distribution of DTJKV over search grid and 
outline of true void.
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new hole ω j+1 in the domain Ω j \ ω j. The location of the created hole ω j+1 is defined by the 
topological sensitivity field DTJKV.

At the j th iteration, the topological sensitivity DTJKV
j describes the variation of the misfit 

function with respect to the nucleation of a small void in the domain Ω j. From theorem 5, one 
can deduce

JKV(Ωε
j+1) = JKV(Ω

j) + f (ε)DTJKV
j(ξ) + o( f (ε)).

In the proposed process, the unknown void location ω j is given by the point ξ j where the 
topological sensitivity has its most negative value, i.e. DTJKV(ξ

j) � DTJKV(x), ∀x ∈ Ω j.
Our iterative algorithm is based on the following steps

Iterative identification process.

 •  Initialization: choose Ω0 = Ω, ω0 = ∅ and set j   =  0.
 •  Repeat until DTJKV

j � 0 in Ω j:

 –  Solve the problems (6) and (7) in Ω j.
 –  Compute the topological gradient DTJKV

j.
 –  Determine ω j and set Ω j+1 = Ω j \ ω j .
 –  j ← j + 1.

In order to test the performances of this iterative process, we apply the proposed algo-
rithm for detecting three voids ω∗

1,ε, ω
∗
2,ε and ω∗

3,ε centered respectively at ξ1 = (1.7, 0), 

Figure 9. Detection of three voids.

Table 2. Detection of three voids.

Voids ω1,ε ω2,ε ω3,ε

Exact locations ξ1 = (1.7, 0) ξ2 = (−1.45,−0.9) ξ3 = (−0.2, 1.7)

Estimated locations ξ1 = (1.83,−0.01) ξ2 = (−1.55,−0.99) ξ3 = (−0.21, 1.86)
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ξ2 = (−1.45,−0.9) and ξ3 = (−0.2, 1.7), i.e. near the external boundary, with shared radius 
r*  =  0.1. The detection is efficient, see figure 9. Indeed, we detect three voids and we sum-
marized in table 2 their estimated locations.

8. Conclusion 

In this article, an identification process for voids with Navier’s boundary conditions from par-
tially over-determined boundary data based on the minimization of an energy like-error func-
tion is performed. The relationship between shape and topological derivatives is established 
in theorem 5, giving the explicit formula of the topological gradient for the problem under 
consideration. The study demonstrates that in striking contrast to the classical conditions, this 
problem requires a more subtle analysis to reach the correct formulation of the topological 
gradient. Our work gives the first insight into the detection of geometries with a slip boundary 
condition.

Extension of the topological sensitivity by expanding to higher-order a cost functional [7] 
which leads to a non-iterative fast approximate global search algorithm is a possible extension 
of the present work. The indicator function based on the topological derivative gives the num-
ber of defects and their rough locations without requiring any initial guess. These qualitative 
informations provide initial shapes for an optimization process based on the shape gradient 
method. Exploration of the developed approach for the detection of other geometries, e.g. slid-
ing inclusion, sliding crack, will be pursued in the near future.
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