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Abstract. In this paper, we establish oracle inequalities for penalized projection estimators
of the intensity of an inhomogeneous Poisson process. We study consequently the adap-
tive properties of penalized projection estimators. At first we provide lower bounds for the
minimax risk over various sets of smoothness for the intensity and then we prove that our
estimators achieve these lower bounds up to some constants. The crucial tools to obtain the
oracle inequalities are new concentration inequalities for suprema of integral functionals of
Poisson processes which are analogous to Talagrand’s inequalities for empirical processes.

1. Introduction

We consider here the problem of estimating the intensity s with respect to some
measureµ of some inhomogeneous Poisson processN which is observed on the set
X. Poisson processes are known to be useful to model several random phenomena
(see for instance [25]). The number of machine breakdowns can for example often
be considered as a Poisson time process on some interval [0; T ]. The phone calls
in a city at some given time can also be represented by spatial Poisson processes.

There is a huge amount of papers devoted to curve estimation: in particular,
the problem of estimating a density f from the observation of some n-sample
X1, . . . , Xn of i.i.d. variables. This density framework is closely connected to the
Poisson framework since it is well known that conditionally to the event “the num-
ber of points NX falling into X is n”, the points of the process obey the same law
as a n-sample with density f = s/

∫
X
s dµ. This analogy has led to many works in

which non parametric estimation procedures for the density framework have been
transfered to the Poisson framework. For instance, M. Rudemo [37] studied in the
density framework and in the Poisson framework histogram and kernel estimators.
The kernel estimators for the intensity were also studied byY.A. Kutoyants [27]: in
his framework, the observation is some n-sample of Poisson processes. In analogy

P. Reynaud-Bouret: Georgia Institute of Technology, School of Mathematics, Atlanta, GA
30332, USA. e-mail: Patricia.Reynaud@dma.ens.fr

Mathematics Subject Classification (2000): 60E15, 62G05, 62G07

Key words or phrases: Inhomogeneous Poisson process – Concentration inequalities – Model
selection – Penalized projection estimator – Adaptive estimation



104 P. Reynaud-Bouret

to A.R. Barron and C.-H. Sheu [4], W.-C. Kim and J.-Y. Koo [24] studied also
maximum likelihood type estimators on sieve for exponential family of wavelets.

The choice of the window in [27] or the choice of the sieve in [24] depends on
the smoothness of the intensity so that the rate of convergence of the kernel esti-
mator or of the maximum likelihood estimator respectively will be quite optimal.
On the other side, M. Rudemo [37] is first to study cross-validation which is a data
driven criterion to select a good window for kernel estimators or a good partition for
histogram estimators. He does not use some prior assumption on the smoothness
of the intensity. However no risk bounds for cross-validation are available in the
Poisson framework unlike in the density framework.

Our purpose is to design adaptive estimation for the intensity, i.e. we want to
design estimators which constructions require as few prior knowledge assumption
on s (such as smoothness assumptions for instance) as possible. The aim is to obtain
quite optimal rate of convergence for such estimators.

We want to transfer to the Poisson case, procedures which are based on model
selection criterion and which were introduced by L. Birgé and P. Massart [8] in the
density framework.

Let us now describe more precisely our framework and present our approach.
We begin by giving the definition of a Poisson process to fix the notations.

Definition 1. Let (X,X ) be a measurable space. Let N be a random countable
subset of X. N is said to be a Poisson process on (X,X ) if

• for all A ∈ X , the number of points of N lying in A is a random variable NA
which obeys a Poisson law with parameter denoted by ν(A),

• for all finite family of disjoint setsA1, ..., An of X ,NA1 , ..., NAn are independent
random variables.

The so defined function ν: X → R+ is a measure without atom (see [25]) and is
called the “mean measure” ofN . Here ν is assumed finite to obtain almost surely a
finite set of points forN . We denote by dN the discrete random measure

∑
T ∈N δT .

Definition 2. If the mean measure of a Poisson process N is absolutely continu-
ous with respect to some measure µ, the Radon-Nikodym derivative s of the mean
measure with respect to µ is called the intensity of the Poisson process N with
respect to µ.

If µ represents the Lebesgue measure and s is constant, N is called a homoge-
neous Poisson process. We deal with an inhomogeneous Poisson process when the
intensity is a nonnegative function, but not necessarily constant. In this case, there
is no assumption on µ except for its finiteness.

We are interested in estimating s knowing the almost surely finite set of points,
N(ω) and assuming that s belongs to L

2 = L
2(µ/µ(X)). We will keep the notation

µ/µ(X) and not deal with probability measure because we will sometimes want
µ(X) to tend to infinity, which cannot be easily done with a probability measure
notation. In this article, ||.|| will always represent the L

2 norm:

||f ||2 =
∫

X

f 2(x)
dµx

µ(X)
.
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At first, let us introduce the projection estimator of s on S, finite dimensional
subspace of L

2 with orthonormal basis {ϕ1, . . . , ϕD}:

ŝ =
D∑

i=1

(∫

X

ϕi(x)
dNx

µ(X)

)

ϕi. (1.1)

For all i, let

β̂i =
∫

X

ϕi(x)
dNx

µ(X)
. (1.2)

ŝ has to be compared with the orthogonal projection of s over S

D∑

i=1

(∫

X

ϕi(x)
s(x)dµx

µ(X)

)

ϕi.

From this definition, it is not clear that ŝ depends only on S and not on the choice
of some basis of S. In fact one can easily check that ŝ is the unique minimizer over
S of the following contrast:

γX(f ) = − 2

µ(X)

∫

X

f (x)dNx +
∫

X

f 2(x)
dµx

µ(X)
. (1.3)

For instance, if S is the linear subspace of all the histograms written on a given
partition m, ŝ is an histogram estimator of the form:

ŝ =
∑

I∈m

NI

µ(I)
1I .

This resembles M. Rudemo’s ones, except that the normalization by µ(I) is re-
placed in his case by NX times the length of the interval, I .

Our estimation method can be described as follows. Let {Sm,m ∈ MX} be a
collection of linear models, i.e. finite dimensional subspaces of L

2. The set MX is
just a way to enumerate the linear models: for instancem can be a partition, Sm the
space of all piecewise constant functions on m and MX a collection of partitions.

For each model, we denote by ŝm the projection estimator of s on Sm. At last,
we select among

{
ŝm,m ∈ MX

}
a good estimator through a data driven criterion

which has the following form:

m̂ = argminm∈MX

{
−||ŝm||2 + pen(m)

}

= argminm∈MX

{
γX(ŝm)+ pen(m)

}
. (1.4)

where pen is a possibly random function: MX → R+ called the penalty. We
denote s̃ = ŝm̂, the penalized projection estimator (p.p.e.).

For instance, let us take {ϕλ, λ ∈ �} a finite orthonormal family of L
2. We

can look at Sm = Span{ϕλ, λ ∈ m} where m is a subset of � and MX is a
collection of subsets of �. Let |m| denote the cardinal of the set m. This subset
selection case leads for pen(m) = C|m| and MX = {m,m ⊂ �} to a p.p.e.
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which is in fact a particular hard threshold estimator. Indeed we have to min-
imize −∑λ∈m β̂2

λ + C|m| = −∑λ∈m(β̂2
λ − C). Hence m̂ = {λ ∈ �/β̂2

λ ≥
C} and s̃ = ∑

λ∈� β̂λ1|β̂λ|≥
√
C

, i.e. a hard threshold estimator with constant lev-
el of thresholding. Threshold estimators have been introduced in the white noise
framework and in the density framework by D.L. Donoho, G. Kerkyacherian and
D. Picard (see for instance [18] and [23]). They are known to be adaptive and to
have good approximation properties for proper threshold. Hence, in the two for-
mulations (penalization or threshold), there is a factor to grade: the penalty or the
level of thresholding. Studying low intensity image processing which is modeled
by Poisson variables, D.L. Donoho [18] proposed a hard threshold: he uses the fact
that the Anscombe’s expression (

√
N + 3/8 where N is a Poisson variable) [2] is

asymptotically Gaussian in the Poisson parameter and he uses the level of thres-
holding deriving from the white noise framework. E. Kolaczyk [26] noticed that
this threshold is not accurate enough in general, because the tails of the β̂λ−E(β̂λ)’s
are heavier than tails in the white noise framework and depend on the intensity s.
He proposed another threshold, taking this into account, but always based on an
asymptotic point of view and depending on the true intensity. It is also worth men-
tioning the work of L. Cavalier and J.-Y. Koo on hard threshold estimators in the
tomographic data framework, where the Poisson process is observed through an
inverse problem [14]. They proved that such estimators have almost optimal rate of
convergence up to some factor which is a power of ln(µ(X)). However, the level
of thresholding depends on a prior upper bound on some smoothness norm of s.

Penalization can also generally be understood as a kind of cross-validation.
Indeed, let {ϕλ, λ ∈ Bm} be an orthonormal basis of Sm; Bm is just a way to enu-
merate every members of the orthonormal basis of Sm. Let sm be the orthogonal
projection of s over Sm. We can compute the risk of a projection estimator ŝm on a
given model Sm:

E(||s − ŝm||2) = ||s − sm||2 + E(χ2
m), (1.5)

where

χ2
m =

∑

λ∈Bm

(∫

X

ϕλ(x)
dNx − s(x)dµx

µ(X)

)2

. (1.6)

The first term in Equation (1.5) is called the bias term and the second one is called
variance term. This last term is equal to

E(χ2
m) =

∑

λ∈Bm

∫

X

ϕ2
λ(x)

s(x)dµx

µ(X)2
. (1.7)

If the models are nested, the variance term is non decreasing with the dimension
of Sm and the bias term is non increasing with the dimension. More generally, the
“best” model for a fixed s will be the one which makes the best compromise be-
tween these two terms. This “best” model, m̄, is called the oracle and is defined as
follows:

m̄ = argminm∈MX
E(||s − ŝm||2). (1.8)
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A way to find a good data driven criterion for model selection is to estimate without
bias the risk over Sm. This heuristic is due to C.L. Mallows [30] in the Gaussian
regression framework. We can adapt this heuristic to the Poisson case. However
the variance depends here on s, then we have to estimate this without bias, with
the same set of observations: that is the method of cross-validation developed by
M. Rudemo [37] and M.M Brooks and J.S. Marron [12] for kernel estimators. More
precisely, we can interpret m̄ by:

m̄ = argmin
m∈MX

{
−||sm||2 + E(||ŝm − sm||2)

}

= argmin
m∈MX

{
−E(||ŝm||2)+ 2 E(||ŝm − sm||2)

}

= argmin
m∈MX

{
E(γX(ŝm))+ 2 E(||ŝm − sm||2)

}
. (1.9)

Hence the data driven criterion is of the form

m̂ = argmin
m∈MX

{

γX(ŝm)+ 2
∫

X

∑

λ∈m
ϕ2
λ(x)

dNx

µ2(X)

}

. (1.10)

It is a penalized model selection criterion with

pen(m) = 2
∫

X

∑

λ∈m
ϕ2
λ(x)

dNx

µ2(X)
.

We propose in this paper penalties which either generalize or correct the previous
one. These corrections are especially useful in the situation where there is expo-
nentially many models with the same dimension in the family of models MX. If
the penalty is properly chosen, we shall prove that the p.p.e. performs almost as
well as the “best” estimator in the family of models MX., i.e.:

E(||s − s̃||2) ≤ CX inf
m∈MX

E(||s − ŝm||2), (1.11)

whereCX is either some constant or some slowly varying factor ofµ(X) depending
on the complexity of the family of models. These inequalities are called “oracle”
inequalities. L. Reboul already built some estimators of the intensity via Grenan-
der’s methods which have this property among the family of histogram estimators.
But she supposed that the intensity is of the U-form, assumption which we shall
not make here [34].

These oracle inequalities are the principal results of this paper since they are
true in a very general setting. Moreover they do not just mean adaptivity in the fam-
ily of the considered projection estimators but also they imply adaptivity properties
in the minimax sense for the p.p.e. in special settings, when the family of models
and the penalty are well chosen. For instance, the p.p.e. achieves (up to constants)
the risk of the minimax estimator of the intensity over some collection of Besov
balls for instance. It means that the p.p.e. performs as well as an estimator of the
intensity where the smoothness of the intensity would be known. These results
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are analogous of those of L. Cavalier and J.Y. Koo [14]. For this aim we need to
evaluate the minimax risk over some various classes of functions. Some asymptot-
ic results are already available in the literature. In particular, Y.A. Kutoyants [27]
computed asymptotically lower bound on minimax risks for Sobolev balls from the
observations of a n-sample of Poisson processes with intensity s with respect to µ.
Here we establish non asymptotic bounds for more general classes of functions,
including Besov balls and also unions of finite dimensional spaces for which no
lower bounds were known up to now. One can easily derive asymptotic results of
the type studied by Y.A. Kutoyants from ours by noticing as L. Cavalier and J.-Y.
Koo, that observing the n-sample of Poisson processes with intensity s with respect
to µ is the same thing as observing the cumulative Poisson process N = ∪ni=1Ni
with intensity s with respect to nµ. We consider consequently in this article only
one Poisson process (and if we have to give asymptotic, we do this in term of large
µ(X)).

The unbiased risk estimation is based on the idea that the risk is not very different
from its expectation. In the proofs of the oracle inequalities, we need a probabilistic
tool: the concentration inequalities which quantify the distance between a supre-
mum of functions and its expectation. We apply these inequalities to χm remarking
that

χm = sup
||a||2≤1

∫

X

∑

λ∈Bm
aλϕλ

dNx − s(x)dµx

µ(X)
. (1.12)

These concentration phenomena are not asymptotic and lead us to non-asymptotic
oracle inequalities.

A concentration inequality can be written in the following form:

∀u > 0, P(Z ≥ E(Z)+ f (u)) ≤ exp[−u]

where Z is a random variable, and f a proper function.
Concentration inequalities were proved by B.S. Cirel’son, I.A. Ibragimov and

V.N. Sudakov [15] for Z a 1-Lipschitz function of a Gaussian vector and

f (u) =
√

2u. (1.13)

M. Talagrand (see [38]) proved that such inequalities can be written for

Z = sup
a∈A

(Pn(ψa)− P(ψa)),

with {ψa, a ∈ A} countable family of functions bounded by 1 and with

f (u) = c1
√
vnu+ c2u,

where Pn is the empirical measure for a n-sample (X1, ..., Xn)with law dP = sdµ

and where

vn = E

(

sup
a∈A

n∑

i=1

(ψa(Xi)− ψa(X
′
i ))

2

)

,
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with (X′
1, ..., X

′
n) i.i.d. with (X1, ..., Xn) (for c1, c2 proper constants). The con-

stants c1 and c2 are computed via M. Ledoux’s methods in a paper of P. Massart
[32].

Our main probabilistic result consists in providing some concentration inequal-
ities for

Z = sup
a∈A

∫

X

ψa(x)(dNx − dνx),

with the same condition on {ψa, a ∈ A} and with

f (u) = 2
√
vu+ cu,

where

v = 1

2

[

E

(

sup
a∈A

∫

X

ψ2
a (x)dNx

)

+ sup
a∈A

∫

X

ψ2
a (x)dνx

]

.

We can remark the similarity between the two previous concentration inequalities
with the correspondence ndPn ≈ dN and dP ≈ dν, which can be interpreted
through the conditioning property. L. Wu [39] and C. Houdré and N. Privault [22]
prove analogous results for Z = f (N) where f is a 1-Lipschitz function, in some
sense, of the Poisson process for [39] and of more general martingales for [22].
These results as ours can lead to concentration formula for i.i.d. vectors of Poisson
variables, already proved by S.G. Bobkov and M. Ledoux [11]. Very general results
about concentration inequalities for infinitely divisible vectors were also proved by
C. Houdré [21]. All these results are very general but provide weaker results con-
cerning the variance term v in this particular case of suprema. For the statistical
applications, we need precisely a variance term of the form supa∈A

∫
X
ψ2
a (x)dνx

without any other dependence on µ(X): this is possible loosing some constants
factors in front of each terms.

The link between concentration formula and adaptive estimation is well known.
L. Birgé and P. Massart already used inequality (1.13) in the white noise framework
and Talagrand concentration inequality in the density framework to get adaptive
estimation by penalized model selection methods, from a non asymptotic point of
view (see [7], [8], [10]). G. Castellan used concentration inequalities in the density
framework for penalized maximum likelihood estimators (see [13]).Y. Baraud used
it too in the regression framework (see [3]). Concentration inequalities can also be
used in classification (see [33]).

The organization of this paper is as follows: in Section 2, we provide upper
bounds for the risks of p.p.e, which lead to oracle inequalities. In Section 3, we
give non-asymptotic lower bounds for the minimax risk on various sets of func-
tions. In Section 4, we discuss adaptive properties of the p.p.e. Section 5 is devoted
to probability and concentration inequalities for Poisson processes, tools which
are at the center of our statistical demonstrations and heuristic. The last section is
dedicated to the proofs of the main results.
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2. Model selection with projection estimators

We wish to estimate the intensity s of an inhomogeneous Poisson processN , know-
ing the points of N in X. We choose as adaptive estimator of the intensity the
penalized projection estimator described in Equations (1.1), (1.3) and (1.4).

We want to prove in this section several oracle inequalities of type (1.11), de-
pending on the penalty and on the family of models. For this aim, we have to
distinguish two cases.

2.1. Model selection for a polynomial collection of models

The first result deals with a not too large family of models: more precisely, it deals
with polynomial collection, in the following sense.

Definition 3. The collection of models MX is said polynomial if there exists some
nonnegative absolute constants � and R such that for all integer D,

|{m ∈ MX,Dm = D}| ≤ �DR,

where Dm denotes the dimension of the model Sm.

In this case, the computations are easier and can be made in a very general context.

Theorem 1. Let N be a Poisson process on (X,X ) with intensity s with respect
to µ. Assume ρ = ∫

X
sdµ/µ(X) positive and s in L

2. Let {Sm,m ∈ MX} be a
collection of finite dimensional linear models. For all m in MX, sm denotes the
orthogonal projection of s on Sm. For a given penalty pen on MX, let s̃ be the
associated penalized projection estimator (see (1.4)).
Assume that:

1. MX is a polynomial collection (see Definition 3) with constants � and R.
2. For all m in MX, Dm = supf∈Sm,||f ||=1 ||f ||2∞ ≤ µ(X).

Then for all c > 1

E(||s − s̃||2) ≤ C inf
m∈MX

{
||s − sm||2 + E(pen(m))

}
+ C′

µ(X)
,

if the penalty is taken such that

(a) either for all m in MX: pen(m) ≥ c
NXDm

µ(X)2
,

(b) or if we suppose that inf
m∈MX

E(V̂m)

Dm

= β > 0,

for all m in MX: pen(m) ≥ c
V̂m

µ(X)

with V̂m =
∫

X

∑

λ∈Bm
ϕ2
λ

dNx

µ(X)
where {ϕλ, λ ∈ Bm} is an orthonormal basis of Sm,

(c) or for all m in MX: pen(m) ≥ c(V̂m + α(NX/µ(X))Dm)

µ(X)
with α > 0.
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C is then a continuous positive function depending only on c (and α in case (c))
and C′ is a continuous positive function depending on c, �,R, ||s||, ||s||∞, ρ (and
β in case (b) or α in case (c)).

Remarks.
Case (a) of penalty is very useful since we do not need to know precisely a basis
of each model. Furthermore, the formulation allows us to take penalties slightly
different from the case of equality: in a lot of situations we can have the follow-
ing upper bound Dm ≤ �Dm for � absolute constant and in these situations we
can take pen(m) = c(�NXDm)/µ(X)

2 with c > 1. Let us remark also that the
first penalty in (a) verifies E(pen(m)) slightly larger than the variance term in the
quadratic risk of ŝm (see Equation (1.7)).

Moreover, as Dm ≥ Dm, the term Dm really looks like the dimension of the
model: this leads to a penalized criterion which looks like Mallows criterion [30].
There is also a simple way to compute Dm: whatever the orthonormal basis of Sm,
{ϕλ, λ ∈ Bm}, is, Dm = ||∑λ∈Bm ϕ

2
λ||∞.

Let us remark also that we obtain here exactly an oracle inequality (see (1.11)
with CX = C constant) in (b) (taking pen(m) = cV̂m/µ(X)) plus a rest which
tends to 0 when µ(X) becomes large. Moreover taking c = 2, we have validated
the heuristic which was presented in the introduction. We can remark too that the
justification of the cross-validation is made under the assumption of the existence
of β. This assumption is not required if we deal with a modified cross-validation
criterion. Indeed, if one take the penalty according to (c), i.e.

pen(m) = c

µ(X)

(

V̂m + α

(
NX

µ(X)

)

Dm

)

,

the corrective term ensures that pen(m) cannot be smaller than Dm which leads to
the improvement mentioned above.

We can remark too that we do not make any assumption here on the relation-
ships between the models, Sm: the assumptions are on each model but not on their
sum. This makes a difference with the situation where we want to deal with a more
complex family of models, as we will see later.

Now let us give some interesting applications of this theorem.

Subset selection

The subset selection case, which is mentioned in the introduction, can be described
as follows. Let {ϕλ, λ ∈ �} be a large finite orthonormal family of L

2. The collec-
tion of models MX, can be interpreted as a collection of subsets of �. Hence the
models can be described as follows: Sm = Span{ϕλ, λ ∈ m} for all m in MX. In
this situation, penalization is a good way to select the position of the coefficients
to be estimated in the development of the intensity s on a basis of L

2 ({ϕλ, λ ∈ �}
being in fact only a large preliminary part of this basis). Let us give some examples
of this type.
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• The first example is the simplest one: the Fourier basis. We take X = [0, T ],
dµ = dx the Lebesgue measure and {ϕλ, λ ∈ �} is the set of the functions

{exp(−2ikπ (x/T )), k ∈ {−n, n}}.
Hence we have � = {−n, n}. We look at the following nested family of models
(hence polynomial): mk = {−k, k} for all k less than n. In this case, we have
Dmk = Dmk = 2k+1. We choose n such that 2n+1 ≤ T to validate Assumption
2. We can choose the three forms of penalty, for example the modified cross-
validation one: pen(mk) = 2(V̂mk/µ(X) + α(2k + 1)(NX/µ(X)

2)). Hence the
p.p.e. is a Fourier truncated sum whose risk is upper bounded as before.

• The second example is the polynomial one. We want to select the degree of a
“good” polynomial to approach s. We take X = [0, T ], dµ = dx the Lebesgue
measure and {ϕλ, λ ∈ �} is the set of the functions

{√2k + 1Qk

(
2x

T
− 1

)

, k ≤ r} ∪ {1[0,T ]},

where Qk is the k-th Legendre polynomial. The family of models is nested
(hence polynomial):mk = {0, ..., k}. We have the following upper bound Dmk ≤
(k + 1)2 = D2

mk
since the infinite norm of a Legendre polynomial is equal to

1. We choose r such that r + 1 ≤ √
µ(X) to validate Assumption 2. Hence for

example, with pen(mk) = 2(k + 1)2(NX/µ(X)
2), we obtain an inequality for

the risk of s̃ which is quite an oracle inequality, with an upper bound on the
variance term of the form 2(k + 1)2(ρ/µ(X)) plus a rest which tends to 0 when
µ(X) grows.

• The third example is the additive model. We take X = [0, T ]d and dµ is the
product Lebesgue measure. We take

ϕk,i(x1, ..., xd) = √
2k + 1Qk

(
2xi
T

− 1

)

,

where Qk is the k-th Legendre polynomial, for d ≥ i ≥ 1 and k ≥ 1 and
ϕ0,0 = 1. Let {ri, 1 ≤ i ≤ d} be a finite family of positive integers and let � be
{(k, i), 1 ≤ k ≤ ri, 1 ≤ i ≤ d}∪ {(0, 0)}. The family {ϕk,i , (k, i) ∈ �} is ortho-
normal, for the normalized measure. We look at the following family of additive
models: ml = {(k, i), 1 ≤ k ≤ li , 1 ≤ i ≤ d} ∪ {(0, 0)} for all l = (l1, ..., ld )

with li less than ri for all i.
That is to say that we search an estimator of the intensity of the form: f1(x1)+
...+ fd(xd) with the fj polynomials with degree less than rj .
We can verify that this family is polynomial: the cardinality of {m ∈ MX, |m| =
D} is less than the number of choices of d integers such that their sum is equal
to D − 1, which is of order CdDd with Cd depending only on d. We have
an upper bound for Dml ≤ 1 + ∑d

i=1(l
2
i + 2li ). Then we choose r such that

1 +∑d
i=1(r

2
i + 2ri) ≤ µ(X) to validate Assumption 2. For all the given choices

of penalty, the following p.p.e. has a risk bound similar to the bound of Theorem
1 for additive models.
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• We can also choose compactly support wavelet basis. As we will see Section 4,
we can consequently construct a p.p.e. which verifies the assumptions of Theo-
rem 1 and which will reach the minimax risk up to a constant on Besov balls of
Bα2,2. But we need to look at more complex families of models, for more complex
Besov spaces.

Histogram selection

Since bounded measurable functions can be approximated by piecewise constant
functions, we can also imagine estimators which will be piecewise constant func-
tions, i.e. histograms (see for instance [37]). Hence we can figure out that MX is a
collection of partitions of X and a model Sm, form in MX, is the set of all piecewise
constant functions based on the partition m. Penalization can help to find a good
partition on which we can construct the histogram estimator, already mentioned in
the introduction.

A good example is regular histograms. We want to estimate the intensity s on
a regular partition m, i.e. all the pieces I of the partition m have the same mea-
sure µ(I) = µm. We want to choose consequently a good width. There is one
model by dimension, hence the family is obviously polynomial (but not neces-
sarily nested). We choose for all m in MX, the basis of Sm as the renormalized
indicator functions of the pieces of m, {1I

√
(µ(X)/µm), I ∈ m}. Then we get

Dm = Dm = (µ(X)/µm). Then µm ≥ 1 implies Assumption 2. The same kind
of condition on µm is given in the density framework [13]. In this framework, this
condition is obvious since, otherwise, there is less than one point in each interval.
In the Poisson framework, this is the same idea, since µ(X) is of the same order as
E(NX), the expected number of observed points. For all the choices of penalty given
in Theorem 1, the resulting p.p.e. has a quadratic risk bounded as in Theorem 1.

2.2. Model selection for a more complex family of models

We prove here a quite general bound on the risk of the p.p.e. under some assump-
tions on the link between each model. It explains how the complexity of the family
of models can modify the penalty to obtain proper bounds on the risk. This theo-
rem is very abstract and this is why we prefer to first give the applications of this
theorem in the two previous cases: the subsets selection case and the histograms
selection case.

Subset selection

We keep the notations of the previous subsection. As we do not want to make any
assumptions on the complexity of the family (like polynomial assumptions), we
have to make some assumptions on the largest family of coefficients �.

Definition 4. {ϕλ, λ ∈ �} is said to be localized, if and only if:

∃B > 0,∀a ∈ R
�

∥
∥
∥
∥
∥

∑

λ∈�
aλϕλ

∥
∥
∥
∥
∥

∞
≤ B

√
|�| sup

λ∈�
|aλ|.
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The Fourier basis does not verify this property with B independent of � which is
the interesting case, as we will see later, but wavelet basis with finite support verify
such a property with a constant B independent of � (see Section 3).

Proposition 1. LetN be a Poisson process on (X,X ) with intensity s with respect
to µ; s is assumed to be in L

2. Let {ϕλ, λ ∈ �} be a finite orthonormal family for
L

2. Let MX be a collection of subsets of �. For every subset of indices, m, let sm
be the orthogonal projection of s on Sm = Span{ϕλ, λ ∈ m} and let ŝm be the
projection estimator on Sm (cf (1.1)). For a given penalty pen on MX, let s̃ be the
associated penalized projection estimator (see (1.4)).
Assume that:

1. the family {ϕλ, λ ∈ �} is localized (cf Definition 4), with constant B indepen-
dent of µ(X),

2. there exists a finite family of positive weights on MX, (Lm)m∈MX
such that∑

m∈MX

exp(−Lm|m|) ≤ � with � independent of µ(X),

3. |�| is less than µ(X)/ ln2 µ(X).

Then,

• if s is supposed to be bounded by M ′, where M ′ is known and

(a) either if pen(m) = cM ′|m|
µ(X)

(
1 +

√
2κLm

)2
with c larger than 1,

(b) or if (random penalty) pen(m) = c

µ(X)

(√
V̂m +

√
2κM ′Lm|m|

)2

with c

larger than 1, where V̂m = ∫
X

∑
λ∈m ϕ2

λdNx/µ(X), and furthermore, for

this random penalty, if B2|�| ≤ (3/4)κM ′µ(X)(
√

1 + ε − 1),
then the risk is bounded by

E(||s − s̃||2) ≤ C(c) inf
m∈M

[

||s − sm||2 + M ′|m|
µ(X)

(1 + Lm)

]

+ C′(c, B,M ′, �)
µ(X)

,

whereC andC′ are proper positive continuous functions, and where κ is defined
in Corollary 2 in Section 5,

• otherwise, if M ′ is unknown or even does not exist
(c) replacing in the two previous formula of penalties,M ′ by ||ŝ�||∞ +K ′, where

K ′ is an arbitrary positive constant, under the assumption that

M� = sup
∑
λ∈� a2

λ=1

∫

X

(
∑

λ∈�
aλϕλ

)2

(x)s(x)
dµx

µ(X)
≤ ||s�||∞ +K ′,

leads to this upper bound for the risk:

E(||s − s̃||2) ≤ C1(c) inf
m∈M

[

||s − sm||2 + (||s�||∞ +K ′)|m|
µ(X)

(1 + Lm)

]

+C
′
1(c, B, ||s�||∞,K ′, �)

µ(X)
,

for C1 and C′
1 proper positive continuous functions.
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Here, we loose an important thing with respect to Theorem 1: we need to know
an upper bound on s or at least to have an idea of a goodK ′. If |�| is large enough
(which can happen only if µ(X) is large enough at fix s) the assumption in (c) will
be verified for a certain class of s, for example in Besov space (cf Section 4), but
we are not able to say in advance if the assumption is true or not for fixed s if we do
not know its Besov norm. Instead, we win the capacity to look at complex family
of models: we can answer to the following problem. Let s be a function with only
D coefficients different from 0 in its wavelet development, we know that they are
among the N first coefficients. A possible way to estimate such a s is to look at the
family MX = {m ⊂ � = {1, ..., N}}, which is not polynomial and to construct
the penalized estimator as previously in (c) with Lm = ln(µ(X)/|m|) (remark:
assumption of (c) is true, because ||s||∞ = ||s�||∞, and so all K ′ ≥ 0 work). As we
shall see in Section 4, the penalized estimator s̃ of this theorem is minimax for this
problem.

Furthermore, we have a kind of oracle inequality (see (1.11)) with CX depend-
ing effectively on X if the Lm are not constant. As we shall see in the forthcoming
sections, this factorLm is necessary and allows us to reach minimax risk in different
cases.

Remark. L. Birgé and P. Massart have the same problem with this unknown bound
on s in the density framework [8]. This phenomenon is called “heteroscedasticity”.
In this framework, it may disappear if one chooses an other contrast, for example
log-likelihood, as G. Castellan proved it in [13]. One can hope that the same im-
provement could be obtained in the Poisson framework but there is still some work
to do to prove it.

Histogram selection

In the histograms selection case, heteroscedasticity is easier to handle.

Proposition 2. LetN be a Poisson process on (X,X ) with intensity s with respect
to µ; s is assumed to be in L

2. Let � be a fixed regular partition (or grid) of X.
Let MX be a family of partitions which are constructed with unions of the boxes
of this grid, �. For any partition,m, Sm is the subspace of histograms based on the
partition m,Dm denotes the number of sets in m. For a given penalty pen on MX,
let s̃ be the associated penalized projection estimator (see (1.4)).
Assume that:

1. there exists a finite family of positive weights on MX, (Lm)m∈MX
such that∑

m∈MX

exp(−LmDm) ≤ � with � independent of µ(X),

2. D� is less than µ(X)/ ln2 µ(X).

For all c > 1, if

pen(m) = cM̃Dm

µ(X)
(1 +

√
2κLm)

2,

where

M̃ = sup
I∈�

NI

µ(I)
,
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then

E(||s − s̃||2) ≤ C(c) inf
m∈M

[

||s − sm||2 + MDm

µ(X)
(1 + Lm)

]

+ C′(c,�,M)
µ(X)

,

whereC andC′ are proper positive continuous functions andM = supI∈�
(∫
I
sdµ/

µ(I)) .

In this case, there is no more heteroscedasticity problem. We estimate “||s||∞” in
some sense by M̃ which depends only on the data.

A general model selection theorem

Theorem 2. Let N be a Poisson process on (X,X ) with intensity s with respect to
µ; s is assumed to be in L

2. Let {Sm,m ∈ MX} be a collection of finite dimensional
linear models. For allm,m′ in MX, (sm, ŝm), respectively (sm,m′ , ŝm,m′), denote the
orthogonal projection and the projection estimator on Sm, respectively Sm + Sm′ .
Let χm, respectively χm,m′ , be the norm ||sm− ŝm||, respectively ||sm,m′ − ŝm,m′ ||. For
a given penalty pen on MX, let s̃ be the associated penalized projection estimator
(see (1.4)).
We assume the following properties.

1. There exists S�, finite dimensional linear subspace, which includes all the Sm’s
and there exists � positive such that D� = supf∈S�,||f ||=1 ||f ||2∞ ≤ �µ(X).

LetM be an upper bound of supf∈S�/||f ||=1

∫
X
f 2sdµ/µ(X).Let ε > 0 and assume

the existence of some event �(ε) where for all m,m′,

||sm,m′ − ŝm,m′ ||∞ ≤ 2κMε

κ(ε)
,

(where κ and κ(ε) are given in Corollary 2 in Section 5) such that the following
properties hold.

2. There exists � = �(ε) such that P(�(ε)c) ≤ �/µ(X)2.
3. There exists a function V : MX → R

+ such that for all m,m′ in MX

E(χ2
m,m′) ≤ V (m)+ V (m′).

4. There exists an estimator V̂ : MX → R
+, a known positive constant η and a

positive constant �0, such that for all m,m′ in MX, on �(ε), for all positive
ξ , with probability larger than 1 −�0e

−ξ , V̂ (m′)+ ηξ ≥ V (m′).
5. There exists an estimator M̂ such that M̂ ≥ M on �(ε).
6. There exists a constant�1 and a finite family of weights, (Lm)m∈MX

such that

∑

m∈MX

e−LmDm ≤ �1.
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If the penalty verifies for all m in MX,

pen(m) ≥ (1 + ε)5

µ(X)

(√
V̂ (m)+

√
2κM̂LmDm

)2

,

then the penalized projection estimator, s̃, verifies

E(||s̃ − s||2) ≤ C(ε) inf
m∈MX

{||s − sm||2

+ E(pen(m)1�(ε))
}+ C′(ε,�,�0, �1,M,�, η)

µ(X)
,

where C and C′ are proper positive continuous functions.

This theorem is very general and does not make essential assumptions on the
bases of the model. The assumptions deal mostly with the relationships between two
models. In the applications of this theorem (Propositions 1 and 2), these assump-
tions on the relationships between the models follow from the form of the bases of
each model (subsets selection case plus localization or histograms selection case).

3. Some lower bounds for the minimax risk

Now we have some kind of oracle inequalities for the p.p.e. for proper choices of
penalties, that is to say that we know how to compare the p.p.e with the best esti-
mator among the family {ŝm,m ∈ MX}. But comparing it with all other possible
estimators requires to introduce the minimax risk.

Definition 5. Let S be a subset of possible functions of the intensity s. Then the
minimax risk on S is

R(S) = inf
ŝ∈F(N)

sup
s∈S

E(||s − ŝ||2),

where F(N) is the set of all functions of the points of N with values in the set of
L

2 intensities.

The minimax risk on S represents the risk of the best estimator for the worst s to
estimate in the family S.

Remark. The minimax risk is increasing with S in the meaning of inclusion. There-
fore comparing the risk of our estimator with the minimax risk, we answer the ques-
tion: does the p.p.e. estimate as well as the best one, which knows that s belongs
to S, even if our estimator does not know this fact?
Our aim in this part is to present lower bounds for the minimax risk on some family
of possible functions for s.
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3.1. Minimax risk on ellipsoids

We keep the framework of the subsets selection case. Let {ϕλ, λ ∈ N
∗} be an or-

thonormal basis of L
2. We assume that there exists L such that for λ ≥ L, ϕλ is

orthogonal to the constant functions. Let c = (cλ)λ≥1 be a positive non increasing
sequence and ρ a positive number. Let us denote by E(c, ρ) the set

E(c, ρ) =




t = ρ + u :

∫

X

u = 0, u =
∞∑

λ=1

βλϕλ , t ≥ 0,
∑

λ≥1

(
βλ

cλ

)2

≤ 1





.

We can find a lower bound for the minimax risk on this ellipsoid.

Proposition 3. Assume that there exists an integer D > L such that {ϕλ, λ ∈
{1, ..., D}} is localized with constant B (see Definition 4). If

c2
D

D
≤ ζ

ρ

µ(X)
,

then

R(E(c, ρ)) ≥ η

[
D − L+ 1

D

](
ρ2

4B2 ∧ c2
D

)

,

where η and ζ are proper constants.

The term L is here to make this bound valid for some current choices of wavelet
bases. For the Haar basis, L = 2.

3.2. Logarithmic factors in the risk

In the same framework, let n,D be two positive integers and Sn,D be
∪m⊂{1,...,n},|m|=DSm where Sm = Span{ϕλ, λ ∈ m}. This is the set of functions
which have only D non zero coefficients in the development on {ϕλ, λ ∈ N

∗} and
we know that these coefficients are among the first n coefficients. Let Bn,D,ρ be
the following set:

Bn,D,ρ =
{

t = ρ + u :
∫

X

u = 0, u ∈ Sn,D, t ≥ 0

}

. (3.1)

We obtain the following proposition:

Proposition 4. Let n > L. Assume that the family {ϕλ, λ ∈ {1, ..., n}} is localized
(cf Definition 4) with constant B. If n ≥ 4D, then

R(Bn,D,ρ) ≥ η

(
ζρD log n−L+1

D

µ(X)
∧ ρ2D

4B2n

)

,

where η and σ are proper constants.
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3.3. Besov spaces

We now limit ourself to looking at X = [0, T ], equipped with borelians and µ is
the Lebesgue measure.

3.3.1. Wavelet expansions

We are dealing with wavelet basis on an interval (and not on R). The best known
example is the Haar basis. When we want to look at smoother wavelets, we can
deal with the one constructed by A. Cohen, I. Daubechies and P. Vial [16]. More
precisely, they construct a wavelet basis for L

2([0; 1]). In practice, this basis has
the following form. Let l, K be two positive integers such that 2l ≥ 2K > 0. The
family {pj,k, j ≥ l, k = 0, ..., 2j − 1} is of the following form. For j = l, the
pl,k’s denote “gross structure term”. For 0 ≤ k ≤ 2l−2K−1, pl,k is the dilatation
and translation 2l/2�(2lx − k) of a father wavelet �. This father wavelet has unit
integral and compact support lying in [0, 2K − 1]. For 2l − 2K ≤ k ≤ 2l − 1,
pl,k are the boundary scaling functions for edges 0 and 1. The pl,k’s generate in
particular the constant functions. For j > l and 0 ≤ k ≤ 2j − 2K − 1, pj,k is the
dilatation and translation 2j/2�(2j x − k) of a mother wavelet �. The mother is
with zero integral and N vanishing moments. For 2j − 2K ≤ k ≤ 2j − 1, pj,k are
the scaled at level j of 2K functions and are the boundary wavelets at each edges.
They have the same regularity and the same vanishing moments as�. Then we need
4K + 2 functions, the other one are scaled and translated from these functions.
To get a wavelet basis on [0; T ] for the renormalized Lebesgue measure, we set

∀j ≥ l,∀k ∈ {0, ..., 2j − 1} = �(j), ϕj,k(x) = pj,k(x/T ).

In order to avoid introducing superfluous notations, we shall abusively also denote
by {ϕλ, λ ∈ N

∗} the previous wavelet bias ordered according to the lexicographical
ordering. (For instance, for λ = 1, ϕλ = ϕl,0; for λ = 2, ϕλ = ϕl,2; for λ = 2l + 1,
ϕλ = ϕl+1,0.) So for t in L

2, we have the following development

t (x) =
∑

λ∈N∗
aλϕλ(x) =

∑

j≥l

∑

k∈�(j)
aj,kϕj,k(x). (3.2)

We set
�∞(t) =

∑

j≥l
2j/2 sup

k∈�(j)
|aj,k|,

and note that, since the ϕj,k’s have almost disjoint supports for j > l, we have
||t ||∞ ≤ H�∞(t) for some positive constant H . We deduce in particular from this
inequality, that the family

FJ = {ϕj,k, k ∈ �(j), l ≤ j ≤ J
}

(3.3)

is localized in the sense of Definition 4 with constant B which depends on H and
l but which is independent of J and consequently independent of the cardinality
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of the family. When the basis is scaled from the Haar basis (i.e. � = 1[0;1];� =
1[0;1/2] − 1]1/2;1]; l = 0;K = 1), we obtain for instance 1/(

√
2 − 1).

The wavelet basis has regularity r if the functions used in the analysis are com-
pactly supported and have r continuous derivatives. It is possible to get r large
enough, by selecting K(r) large enough. Such wavelet basis exists (see [16]).

Coefficients on a regular wavelet basis can be used to measure the smoothness
of the function. The Besov space Bα

p,p′ (for α > 0, p ≥ 1, p′ ≥ 1) is one of the
space of smooth functions which is classically considered (see [17, p 55] for a def-
inition). It can be described with wavelets (see [19, Theorem 2]): the consequence
of this theorem is that we can say for all wavelet with regularity r > α that

Bαp,p′ =
{
t ∈ L

2[0, T ], 2j (α+ 1
2 − 1

p
)||aj,.||p ∈ lp′

(N)
}
, (3.4)

where aj,k are the coefficients defined in (3.2). The associated norm of this space
can be taken as follows:

∀p′ < +∞, ||t ||αp,p′ =



∑

j≥0

2jp
′(α+ 1

2 − 1
p
)
)||aj,.||p

′
p





1/p′

,

p′ = +∞, ||t ||αp,∞ = sup
j∈N

(
2j (α+ 1

2 − 1
p
)
)||aj,.||p

)
. (3.5)

When p > 2, Bα
p,p′ ⊂ Bα2,p′ . So, we are only interested in p ≤ 2, since we

have always supposed s in L
2. Then we have Bα2,2 ⊂ Bα2,∞ ∩ L

2 ⊂ Bαp,∞ ∩ L
2,

provided that α > 1/p ≥ 1/2. Indeed, we remark for all t in L
2 that

||t ||α2,2 ≥ ||t ||α2,∞ ≥ ||t ||αp,∞ (3.6)

provided that α > 1/p ≥ 1/2.

3.3.2. Minimax risk for Bα2,2 balls

Using wavelets approach and Proposition 3, a lower bound for the minimax risk on
Besov balls can be found. Let ρ, R and α be positive numbers. Let B(ρ, R,Bα2,2)
be the set

B(ρ, R,Bα2,2) =
{

t = ρ + u : t ≥ 0,
∫

X

u dx = 0, u ∈ Bα2,2, ||u||α2,2 ≤ R

}

,

(3.7)

where the Besov norm is defined in (3.5).

Proposition 5. We have

R(B(ρ, R,Bα2,2)) ≥ C

(

ρ
2α

2α+1R
2

2α+1 T
−2α
2α+1 ∧ ρ2

4B2 ∧ R22−2(l+1)α
)

,

with C and B some positive constants depending only on the wavelet basis.
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Letting T go to infinity we easily derive from Proposition 5 the following asymptotic
lower bound.

Corollary 1. There exists a positive constant C depending on the wavelet basis
such that

lim inf
T→+∞

(
T

2α
2α+1R(B(ρ, R,Bα2,2))

)
≥ Cρ

2α
2α+1R

2
2α+1 . (3.8)

Note that a related asymptotic lower bound (with some explicit value of C) has
already be obtained by Y.A. Kutoyants [27] for a n-sample of Poisson processes.

4. Comparison between the risk of p.p.e. and the minimax risk

We keep the notations of Section 3.3 and want to understand in this case the per-
formance of the p.p.e. in term of minimax risk.
Let {ϕj,k, j ≥ l, k ∈ �(j)} be a wavelet basis (see Section 3.3.1) with regularity r .

4.1. The nested projection strategy

The first strategy is the one defined in Theorem 1 for the subsets selection case. We
look at the family FJ defined in (3.3). The models Sh’s are defined as follows: for
all h ≤ J ,

Sh = Span{ϕj,k, h ≥ j ≥ l, k ∈ �(j)}.
They are nested, hence polynomial in the sense of Definition 3. As we have seen in
Section 3.3.1, the functions Fh = {ϕj,k, h ≥ j ≥ l, k ∈ �(j)} are an orthonormal
localized family of functions in the sense of Definition 4.A consequence of the clas-
sical localized property (with constantB) of these wavelets is Assumption 2 of The-
orem 1 since B2J � T . The penalty is chosen here with formula (a) of Theorem 1:

pen(m) = c
B|m|NX

T 2 with c > 1.

Hence the quadratic risk of the resulting p.p.e. is bounded by

E(||s − s̃||2) ≤ C0 inf
l≤h≤J

{
||s − sh||2 + E(pen(h))

}
+ C′

0

µ(X)
.

Rate of convergence: The lower bound proposed in Corollary 1 for the minimax
risk on the set B(ρ, R,Bα2,2) is also true, by inclusion, for B(ρ, R,Bαp,∞), with
α > 1/p ≥ 1/2, since we have Equation (3.6). Hence (3.8) is the bound we want
to compare with the risk of the p.p.e. on these different sets.

• First, what happens on B(ρ, R,Bα2,2) (α < r), the set where we have computed
the lower bound? We denote by β the coefficients of s in the wavelet expansion.
The bound of Theorem 1 makes appear the bias term, bounded as follows:

∀l ≤ h ≤ J, ||s − sh||2 ≤
∑

j>h

∑

k∈�(j)
β2
j,k ≤ (||s||α2,2

)2∑

j>h

2−2jα ≤ R22−2hα.

(4.1)
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We minimize the sum of the bias term and the penalty in h. We can verify that
the chosen model h is in our family of models, for T large enough. The risk of

our estimator isO
(
ρ

2α
2α+1R

2
2α+1 T − 2α

2α+1

)
. Consequently for T large enough, we

reach the minimax risk on B(ρ, R,Bα2,2) up to some constant, for all α < r .

• If we suppose s in B(ρ, R,Bα2,∞) (α < r) we have the same kind of bound on
the bias term which can be found in the last section of [8]:

∀l ≤ h ≤ J, ||s − sh||2 ≤ B(α)R22−2αh,

for some B continuous positive function. So up to some constant depending on
α, we reach the minimax risk too, doing same computations as previously.

• If we suppose s in B(ρ, R,Bαp,∞) (α < r) with p < 2, the same strategy leads
to a risk, which is too great. Actually, once again following [8], we have that for
s in such a set, and l ≤ h ≤ J :

||s − sh||2 ≤ B ′(α, p)R22−2h(α+ 1
2 − 1

p
)
,

for some B continuous positive function. Doing as previously the compromise
between the bias term and the penalty, the risk of our estimator is

O



ρ

2(α+ 1
2 − 1

p )

1+2(α+ 1
2 − 1

p ) R

2
1+2(α+ 1

2 − 1
p ) T

− 2(α+ 1
2 − 1

p )

1+2(α+ 1
2 − 1

p )



 .

So, the simple method (using a nested family of models and Theorem 1) does
not lead to the minimax risk as well as the other forms of penalty purposed in
this theorem. This weakness is related to the poor approximation properties of
the family of models considered here in terms of L

2 distance in the Besov spaces
Bαp,∞ for p < 2.

4.2. Thresholding

We now turn to a more complex family of models, using Proposition 1. We use once
again the family FJ (see (3.3)) with, this time, 2J � T/ ln2 T . We can remark that
the localized property of FJ (with constant B) is exactly the assumption we need
to apply the theorem. If we denote by � the set of indices of the functions in FJ ,
and if we keep the notations of the subsets selection case (see Proposition 1), we
can look at the following family of models: MX = {m ⊂ �}, i.e. the collection of
all the subsets of �. To find the weights Lm, we can remark that

(
N

D

)

≤ (eN/D)D. (4.2)

So, in order to assure that the series converges, we can take, for all m in MX,
Lm = ln T . We set for c > 1,

pen(m) = c|m|(||ŝ�||∞ +K ′)
T

(1 +
√

2κ ln T )2, (4.3)
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with K ′ > 0. Therefore the resulting p.p.e. is a hard threshold estimator as men-
tioned in the introduction.

Rate of convergence: If we want to apply Theorem 1(c), we have to choose K ′. If

s is in B(ρ, R,Bαp,∞), then ||s − s�||∞ ≤ �R2−J (α−1/p). Hence, whatever the
choice of K ′ to construct the estimator, for T large enough and consequently for
J large enough, we could apply Proposition 1. As before, we want to compromise
between bias and M|m|

T
(1 + √

2κ ln T )2 whereM can be taken as ||s||∞ +K ′ since
||s�||∞ is closed for T large enough to ||s||∞.

So, we want to get the good rate of convergence, on B(ρ, R,Bαp,∞) with r >
α > 1/p > 1/2. By inclusion, this would imply the good rate of convergence on
the other subsets. A proposition due to L. Birgé and P. Massart (Proposition 6 of
[8]) allows us to find, for all j ′ ≤ J and for α > 1/p− 1/2, onem = mj ′ in MX,
such that

|m| ≤ C2j
′

and ||s − sm||2 ≤ C′R2
(

2−2αj ′ + 2−2J (α+ 1
2 − 1

p
)
)
. (4.4)

Among themj ′ ’s, we choose one such that j ′ verifies 2j
′ �
(
R2T
M ln T

) 1
1+2α

,whereM

designs ||s||∞ +K ′. Moreoverm, the chosen model, is in MX, for T large enough.

The risk of our estimator isO

(

CαR
2

1+2α M
2α

1+2α
(
T

ln T

)− 2α
2α+1

)

.Therefore, the p.p.e.

reaches up to a constant the minimax risk, asymptotically in T , except the presence
of a slowly varying term, ln T and the fact that M replaces ρ.

4.3. Adaptive thresholding

Let� be the set of indices of the functions of FJ (see (3.3)). Let n be |�|. Assume
that n ≤ T/(ln T )2. We look at the family of models: MX = {m ⊂ �}. We want to
use the p.p.e. described in Proposition 1 (c). Since we have Equation (4.2), we can
choose Lm = ln(n/|m|). Consequently we look at penalty given in (4.3) where Lm
is no more a constant. The resulting p.p.e. can be viewed as a threshold estimator but
with level of thresholding depending on the selected model. In fact, the procedure
selects first the good dimension D and then keep the D biggest coefficients.

Rate of convergence:

• First, we assume that s lies in B(ρ, R,Bαp,∞) with r > α > 1/p > 1/2.
Assume that n � T/(ln T )2. We get with the same computations as before,
the same rate of convergence, since ln(n/|m|) = O(ln(T )), i.e. the risk is

O

(

CαR
2

1+2α M
2α

1+2α
(
T

ln T

)− 2α
2α+1

)

.

• Now, let us assume that s lies in Bn,D,ρ (see (3.1)) for some D positive integer.
Assume that n > 2l and n > 4D. Then we apply Proposition 1. The infimum
over {m ⊂ �} is less than the infimum over only {m ⊂ �/ |m| = D}. The
penalty is then constant and the infimum of the bias is zero. Therefore, we get
for T large enough

E(||s − s̃||2) ≤ CM
D ln n

D

T
,
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where M = ||s�||∞ + K ′ = ||s||∞ + K ′ (we could take K ′ = 0 in this case).
This is almost the minimax risk, over Bn,D,ρ since for fixed L there exists a
positive constant γ , independent of N , such that ln(n−L+ 1) ≥ γ ln(n). Then
it achieves precisely the good rate in n,D and T .

4.4. Birgé-Massart strategy

We can improve the previous strategy with a special one due to L. Birgé and P.
Massart (see [8] and [10]) if we know that s is in a Besov ball without knowing
the parameters. We keep as the largest family of models FJ , with 2J � T/(ln T )2.
The family of models is

M′′
X

= ∪0≤j ′≤JMj ′
JX
,

where the family is described in paragraph 4.3.2 of [8]. We want again to apply
Proposition 1, since the family is not polynomial, but we can choose the weights
Lm = L constant independent of T , since the number of models with same cardi-
nality is of order, exponential of a constant times |m|. The penalty is taken as in
Equation (4.3).

Rate of convergence: With their proposition 6 (which is (4.4)), we can do the same
type of computations for s in B(ρ, R,Bαp,∞) with r > α > 1/p ≥ 1/2. By
inclusion the upper bound on the risk on these sets is also true for B(ρ, R,Bα2,2).
Accordingly the risk of p.p.e. is O

(
R

2
1+2α M

2α
1+2α T − 2α

2α+1

)
which is exactly the

lower bound of the minimax risk up to some constant and the factorM = ||s||∞+K ′
which replaces ρ, the normalized integral.

4.5. Adaptivity

Consequently the oracle type inequalities of Section 2 lead us to the adaptive
properties of the p.p.e.: the first class of estimator constructed and the nested
family, is adaptive because without knowing the smoothness of s (not even pre-
cisely the space of regularity), the estimator reaches asymptotically the mini-
max risk up to some constant, on spaces like B(ρ, R,Bα2,2) or B(ρ, R,Bα2,∞)
(r > α > 1/2, ρ > 0, R > 0). Furthermore, the special Besov-strategy due
to L. Birgé and P. Massart allows us to reach asymptotically the minimax risk on all
B(ρ, R,Bαp,∞) (r > α > 1/p ≥ 1/2, ρ > 0, R > 0), up to some constant with the
lost of the factor ρ which represented the normalized integral of s, replaced byM .
Moreover the role of the complexity of the family of models is very important since
it allows us to reach the minimax risk on some special spaces.

5. Concentration inequalities for Poisson processes

Now let us show the fundamental probabilistic results which has given us Theorems
1 and 2.
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5.1. First properties and a simple concentration inequality

There exist two fundamental properties for Poisson processes. Firstly, for two dis-
joint sets, the points of N which appear in the first one are independent of what
appears in the second one (this is the second part of Definition 1). The second one
is thatN is infinitely divisible, which means that it can be written as follows for all
integer n:

dN =
n∑

i=1

dNi (5.1)

theNi’s being mutually independent Poisson processes on (X,X )with mean mea-
sure ν/n. The first property of Definition 1 leads to the following proposition
sometimes attributed to Campbell [25]:

Proposition 6. For any function f measurable with respect to X , one has:

E

(∫

X

f (x)dNx

)

=
∫

X

f (x)dνx,

Var

(∫

X

f (x)dNx

)

=
∫

X

f 2(x)dνx,

∀λ ∈ R, E

(

exp

[

λ

∫

X

f (x)dNx

])

= exp

(∫

X

eλf (x) − 1 dνx

)

.

A proof of this proposition can be found in [25]. We can derive from Proposition
6 an analogue of Bennett’s inequality for sums of independent random variables.

Proposition 7. For any function f measurable with respect to X , essentially
bounded, such that

∫
X
f 2(x)dνx > 0, one has:

∀ξ > 0, P

(∫

X

f (x)(dNx − dνx) ≥ ξ

)

≤ exp

(

−
∫
X
f 2(x)dνx

||f ||2∞
h

(
ξ ||f ||∞∫

X
f 2(x)dνx

))

,

where ∀u > 0, h(u) = (1 + u) ln(1 + u)− u. It implies

∀u > 0, P

(∫

X

f (x)(dNx − dνx) ≥
√

2u
∫

X

f 2(x)dνx + 1

3
||f ||∞u

)

≤ exp(−u)

(5.2)

and also

∀ξ > 0, P

(∫

X

f (x)(dNx − dνx) ≥ ξ

)

≤ exp

(

− ξ2

2
∫
X
f 2(x)dνx + 2

3ξ ||f ||∞

)

.

There exists the same upper bounds for P

( ∫
X
f (x)(dNx − dνx) ≤ −ξ

)
.
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This inequality is known and holds for more general functionals than the inte-
grals (see [22], Corollary 5.1). With this inequality, we can control quantities of the
form

∫
X
f (x)dNx , for every single f . We want now to control together a family of

such quantities, to control the “chi-square” type statistic (see Equations (1.6) and
(1.12)) which we mentioned in the introduction.

5.2. Entropy and tensorisation

Such controls are based on a fundamental property: the tensorisation of the entropy
for product spaces [28]. Recapturing Ledoux’s method, P. Massart [32] deduced
this lemma which allows us to control the entropy of the Laplace transform.

Lemma 1. Let (�1,A1), ..., (�n,An) be some measurable spaces andX1, ..., Xn
be independent random variables with values in �1, ..., �n respectively. Let ζ
be some real valued measurable function on (�,A) = (

∏n
i=1�i,⊗n

i=1Ai ) and
Z = ζ(X1, ..., Xn). Given some independent random variables X′

1, ..., X
′
n with

values in�1, ..., �n and independent of X1, ..., Xn, let Zi be the random variable
ζ(X1, ..., Xi−1, X

′
i , Xi+1, ..., Xn) for all 1 ≤ i ≤ n. Let, for any real number z,

φ(z) = exp(z)− z− 1.
If the Laplace transform λ → E(exp(λZ)) is finite on some non empty open interval
I then for any λ ∈ I

λE(ZeλZ)− E(eλZ) log E(eλZ) ≤
n∑

i=1

E

(
eλZφ(−λ(Z − Zi))

)
. (5.3)

5.3. Concentration of nonnegative variables

The first concentration inequality, which we are able to prove, is for a supremum
of positive variables.

Theorem 3. LetN be a Poisson process on (X,X )with finite mean measure ν. Let
{ψa, a ∈ A} be a countable family of functions with values in [0, 1]. One considers

Z = sup
a∈A

∫

X

ψa(x)dNx.

Then for any λ

log E(eλ(Z−E(Z))) ≤ E(Z)φ(λ), (5.4)

where φ is defined in Lemma 1.
This result implies that for all x > 0

P(Z ≥ E(Z)+ ξ) ≤ exp
(
− E(Z)h

( ξ

E(Z)

))
(5.5)

and

P(−Z ≥ −E(Z)+ ξ) ≤ exp
(
− E(Z)h

( −ξ
E(Z)

))
, (5.6)

where h is defined in Proposition 7.
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This result is a necessary step to obtain a concentration inequality for centered
processes as χm: when we focus on centered quantities (as appears in Equation
(1.12)), a supremum of

∫
X
ψ2
a dN appears and is controlled by this first theorem.

The same scheme of proof appears in the n-sample case (see [32]).

5.4. Concentration of centered processes

Hence we obtain a concentration inequality for centered processes which has exactly
the same form as the result of P. Massart in the n-sample case (see [32]).

Theorem 4. Let N be an inhomogeneous Poisson process on (X,X ) with finite
mean measure ν. Let {ψa, a ∈ A} be a countable family of functions with values in
[−b, b]. One considers

Z = sup
a∈A

∫

X

ψa(x)(dNx − dνx) or sup
a∈A

∣
∣
∣
∣

∫

X

ψa(x)(dNx − dνx)

∣
∣
∣
∣.

Then for any positive number u

P
(
Z ≥ E(Z)+ 2

√
vu+ cbu

) ≤ exp(−u),

where

v = 1

2

[

E

(

sup
a∈A

∫

X

ψ2
a (x)dNx

)

+ sup
a∈A

∫

X

ψ2
a (x)dνx

]

and where c can be taken equal to 5/4.

The interest of this theorem is to control a family of fluctuations of the process
around its mean without any dependence on the size ofA. In particular, it allows us
to control (in favorable cases) a “continuous family” of ψa , like finite dimensional
balls of L

2. We can also remark that the form of this inequality is very similar to
Equation (5.2). If we apply the previous theorem with only one element in A, we
obtain Equation (5.2) up to some multiplicative constants (reasonably large).

Let us also notice that the inequality above depends on

E

(

sup
a∈A

∫

X

ψ2
a (x)dNx

)

which we would like to compare with the supremum of the variances of the centered
processes:

sup
a∈A

∫

X

ψ2
a (x)dνx.

We can commute the expectation and the supremum, using the symmetrization
and contraction inequalities already used in [32] and which are proved in [29].
More precisely, one has (see [32]):
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Lemma 2. Let {θa, a ∈ A} be a finite family of functions with values in [−1, 1].
Let X1, ..., Xn be independent random variables such that for all a in A, and for
all 0 ≤ i ≤ n, E(θa(Xi)) = 0 and such that the distribution of θa(Xi) is symmetric
around 0.
Then

E

(

sup
a∈A

n∑

i=1

θa(Xi)
2

)

≤ sup
a∈A

E

(
n∑

i=1

θa(Xi)
2

)

+ 8E

(

sup
a∈A

∣
∣
∣
∣
∣

n∑

i=1

θa(Xi)

∣
∣
∣
∣
∣

)

.

From this lemma, we can derive the following proposition:

Proposition 8. Let N be a Poisson process on (X,X ) with finite mean measure
ν. Let {ψa, a ∈ A} be a countable family of functions with values in [−b, b]. If
b = 1/2, one gets for all δ > 0

E

(

sup
a∈A

∫

X

ψ2
a (x)dNx

)

≤ (1 + δ)(2 + δ)

δ
sup
a∈A

∫

X

ψ2
a (x)dνx

+ 16
(1 + δ)

δ
E

(

sup
a∈A

∣
∣
∣
∣

∫

X

ψa(x)(dNx − dνx)

∣
∣
∣
∣

)

.

We can now update Theorem 4:

Corollary 2. Let N be a Poisson process on (X,X ) with finite mean measure ν.
Let {ψa, a ∈ A} be a countable family of functions with values in [−b, b]. One
considers

Z = sup
a∈A

∣
∣
∣
∣

∫

X

ψa(x)(dNx − dνx)

∣
∣
∣
∣ and v0 = sup

a∈A

∫

X

ψ2
a (x)dνx.

Then for any positive numbers u and ε:

P
(
Z ≥ (1 + ε)E(Z)+

√
2κv0u+ κ(ε)bu

) ≤ exp(−u), (5.7)

where κ = 6 and κ(ε) = 1.25 + 32/ε.

Proof. We apply Theorem 4 and Proposition 8. We use the additivity of the square
root and the following trick

∀a, b, θ > 0, 2ab ≤ θa2 + b2/θ. (5.8)

Optimizing in δ leads to the result. ��
The later result is the easiest to use for the statistical applications, that are developed
in Section 2. Comparing (5.7) with (1.13), there is an extra linear term. This term
is present in Talagrand’s inequality too, and is a consequence of the fact that the
Poisson law has heavier tail than the Gaussian law.

We can easily derive from Corollary 2 concentration inequalities for

sup
a∈A

{
1

n

n∑

i=1

∫

X

ψadN
i −
∫

X

ψasdµ

}
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i.e. for a sum of i.i.d. infinitely divisible variables. This result is interesting by itself
and is not a straightforward application of Talagrand’s inequalities [28] since the
variables are unbounded.

Note that C. Houdré and N. Privault [22] and L. Wu [39] have also proved con-
centration inequalities for these Poissonian functionals (and for even more general
functionals of infinitely divisible variables) but their results do not imply Corollary
2 since their variance term in this situation are not bounded by just v0 like ours but
by v0 times some increasing function of µ(X) .

5.5. Consequence for χm

At first we need some easy computations to understand why the concentration
inequalities are so fundamental for model selection.
The definitions of s̃ and of γX (see (1.4) and (1.3)) lead, for all m in MX, to:

γX(s̃)+ pen(m̂) ≤ γX(ŝm)+ pen(m) ≤ γX(sm)+ pen(m),

where s̃ is the p.p.e., ŝm the projection estimator on each model Sm and sm the
orthogonal projection on Sm.
On the other hand, if we denote

∀f ∈ L
2, νX(f ) =

∫

X

f (x)
dNx − s(x)dµx

µ(X)
, (5.9)

we have that the contrast γX defined in (1.3) verifies

∀f ∈ L
2, γX(f ) = ||f ||2 − 2 < s, f > −2νX(f ) = ||s − f ||2 − ||s||2 − 2νX(f ).

We get consequently, for all m in MX:

||s − s̃||2 ≤ ||s − sm||2 + 2νX(s̃ − sm)− pen(m̂)+ pen(m),

≤ ||s − sm||2 + 2νX(s̃ − sm̂)+ 2νX(sm̂ − sm)− pen(m̂)+ pen(m).

We see by (1.12) that

χm = sup
f∈Sm

νX(f )

||f || =
√
νX
(
ŝm − sm

) = ||ŝm − sm||.

Then we get for all m in MX:

||s − s̃||2 ≤ ||s − sm||2 + 2χ2
m̂

+ 2νX(sm̂ − sm)− pen(m̂)+ pen(m). (5.10)

In order to derive from (5.10), some oracle inequality, we see that pen(m̂) should
be of the order of χ2

m̂
while E(νX(sm̂ − sm)) should be close to 0 (which would

be exact if m̂ were deterministic). Hence we have to understand the behavior of
the quantity χ2

m̂
. The difficulty comes from the fact that χm̂ is doubly random: for

deterministicm, χm is random and m̂, i.e. the choice of the model, is random. This
is precisely the reason why concentration inequalities on χm are so useful if we
want to deal also with χm̂.
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Remark. One of the intuitive reasons for which these quantities behave like the
square root of a chi-square statistics is that this is a square root of a sum of centered
quantities to the square. Moreover, if the basis of Sm are functions with disjoint
supports, Definition 1 of N implies that χ2

m is a sum of independent centered
quantities.

As we see in (1.12), χm is a supremum of integral functionals: therefore we
can use Corollary 2. If we apply Corollary 2 brutally then we set Inequality (5.11)
below, which can turn to be too rough for our needs (especially for dealing with the
problem of complete subset selection from an orthonormal basis). The derivation
of (5.12) is somehow more subtle and will replace (5.11) in situations where (5.11)
is too weak.

Proposition 9. Let N be a Poisson process on (X,X ) with intensity s in L
2. Let S

be a finite dimensional linear subspace of L
2, s̄ designs the orthogonal projection

of s on S and ŝ designs the projection estimator of s over S (see (1.1)).
Let χ(S) = ||ŝ− s̄||,MS = supf∈S,||f ||=1

∫
X
f 2sdµ/µ(X) and BS = supf∈S,||f ||=1

||f ||∞, and assume that all these quantities are finite.
Then for all ε and u positive:

P

(

χ(S) ≥ (1 + ε)

√
E(χ2(S))+

√
2κMSu

µ(X)
+ κ(ε)

BS

µ(X)
u

)

≤ exp(−u)

(5.11)

and for all M ≥ MS , on the event �S(ε) = {||ŝ − s̄||∞ ≤ (2κεM)/κ(ε)
}

P

(

χ(S)1�S(ε) ≥ (1 + ε)

(√
E(χ2(S))+

√
2κMu

µ(X)

))

≤ exp(−u). (5.12)

where κ and κ(ε) are given in Corollary 2.

We can remark that in the first part we describe the behavior of χ(S) over all
the probability space, but there is an extra linear term, when we compare it with
the Gaussian concentration (see [15]). It represents the fact that Poisson variables
have heavier tails than Gaussian. For a certain kind of statistic aims, this term is to
large: we prefer then to restrain us to a large set of probability, on which χ behaves
like a Gaussian, i.e. without the linear term. This trick is inspired by P. Massart [31]
and can be found in the PhD Thesis of G. Castellan [13], who have used it in the
context of density estimation from a n-sample.

6. Proofs

6.1. Concentration theorems

These proofs are based on the scheme of proof of M. Ledoux and P. Massart in the
n-sample framework (see [28] and [32]). The second one is inspired by the scheme
of proof of E. Rio in the n-sample framework [36].
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6.1.1. Proof of Theorem 3

Proof. By monotone convergence, it is sufficient to prove it for a finite family
of functions. N can be written as dN = ∑n

i=1 dN
i , as in Equation (5.1), with

Ni independent Poisson processes with mean measure ν/n, where ν is the mean
measure of N . Then we can write

Z = sup
a∈A

∫

X

ψa(x)

n∑

i=1

dNi
x.

The sigma-fields generated by eachNi are independent. Consequently we can apply
Lemma 1 where

Zi = sup
a∈A

∫

X

ψa(x)
∑

j �=i
dN

j
x .

We obtain

λE(ZeλZ)− E(eλZ) log E(eλZ) ≤ E

[

eλZ
n∑

i=1

φ(−λ(Z − Zi))

]

. (6.1)

Let �n be the event {∀i, Ni
X

≤ 1}. We have

P(�cn) ≤ nP(N1
X

≥ 2) ≤ ν(X)2

n
.

So, Equation (6.1) becomes by Cauchy-Schwarz:

λE(ZeλZ)− E(eλZ) log E(eλZ)

≤ E

[

eλZ1�n

n∑

i=1

φ(−λ(Z − Zi))

]

+
√√
√
√ν(X)2

n
E

[

e2λZ
( n∑

i=1

φ(−λ(Z − Zi))
)2
]

. (6.2)

But

E

[

eλZ1�n

n∑

i=1

φ(−λ(Z − Zi))

]

= E

[

eλZ1�n

∑

T ∈ N
φ(−λ(Z − ZT ))

]

where
ZT = sup

a∈A

∑

X∈ N, X �=T
ψa(X).

As 1�n tends, when n tends to infinity, to 1, we have by dominated convergence
that

E

[

eλZ1�n

n∑

i=1

φ(−λ(Z − Zi))

]

→
n→∞ E

[

eλZ
∑

T ∈ N
φ(−λ(Z − ZT ))

]

.



132 P. Reynaud-Bouret

For the second term in (6.2), as

E

[

e2λZ
( n∑

i=1

φ(−λ(Z − Zi))
)2
]

≤ E

[
e2λNXλ2N4

X

]
< ∞,

if λ > 0 and

E

[

e2λZ
( n∑

i=1

φ(−λ(Z − Zi))
)2
]

≤ E

[
N2

X

]
< ∞,

if λ < 0, the second term tends to 0 when n tends to infinity. Hence we get

λE(ZeλZ)− E(eλZ) log E(eλZ) ≤ E

[

eλZ
∑

T ∈N
φ(−λ(Z − ZT ))

]

. (6.3)

Since the supremum in Z is attained at â, we have, for all T ∈ N ,

0 ≤ Z − ZT ≤ ψâ(T ) ≤ 1.

Note that if x ∈ [0, 1], we have φ(−λx) ≤ φ(−λ)x, for all λ > 0. So Equation
(6.3) becomes, for all λ > 0

λE(ZeλZ)− E(eλZ) log E(eλZ) ≤ φ(−λ)E(ZeλZ).
Then, we only need to follow P. Massart’s proof [32] and the result follows. ��

6.1.2. Proof of Theorem 4

Proof. By monotone convergence, it is again sufficient to prove it for a finite family
of functions. By homogeneity, we can suppose that b = 1. We set

Z = sup
a∈A

∫

X

ψa(x)(dNx − dνx).

As N is infinitely divisible, we can write as in Equation (5.1):

∀n ∈ N
∗, dN =

n∑

i=1

dNi,

withNi’s mutually independent Poisson processes with mean measure ν/n. We set

∀i ∈ {1, . . . , n}, Zi = sup
a∈A

∫

X

ψa(x)
∑

j �=i
(dN

j
x − 1

n
dνx).

We can apply then Lemma 1 to write

∀λ > 0, λE(ZeλZ)− E(eλZ) ln E(eλZ) ≤ E

(

eλZ
n∑

i=1

φ(−λ(Z − Zi))

)

.
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We split the expectation in two parts:

∀λ > 0, λE(ZeλZ)− E(eλZ) ln E(eλZ)

≤ E

(

eλZ
n∑

i=1

φ(−λ(Z − Zi))1Z−Zi≥0

)

+E

(

eλZ
n∑

i=1

φ(−λ(Z − Zi))1Z−Zi<0

)

. (6.4)

For the first expectation, we have that, for all u positive, φ(−u) ≤ u2/2, to obtain:

∀λ > 0, E

(

eλZ
n∑

i=1

φ(−λ(Z − Zi))1Z−Zi≥0

)

≤ λ2

2
E

(

eλZ
n∑

i=1

(Z − Zi)2+1Z−Zi≥0

)

.

On the event {Z − Zi ≥ 0}, we have

0 ≤ Z − Zi ≤
∫

X

ψâ(x)(dN
i
x − 1

n
dνx)

where â is the index where the supremum in Z is attained. This leads us, for all
λ > 0, to:

E

(

eλZ
n∑

i=1

φ(−λ(Z − Zi))1Z−Zi≥0

)

≤ λ2

2
E

(

eλZ
n∑

i=1

(∫

X

ψâ(x)(dN
i
x − 1

n
dνx)

)2

+

)

. (6.5)

As P(Ni
X

≥ 2) ≤ (ν(X)/n)2/2, if �n = {∀i, Ni
X

≤ 1}, we have that:

pn = P(�cn) ≤ ν(X)2

2n2 .

So we can split the last expectation of Equation (6.5) in two parts, and by Cauchy-
Schwarz, we obtain:

E

(

eλZ
n∑

i=1

(∫

X

ψâ(x)(dN
i
x − 1

n
dνx)

)2

+

)

≤ E

(

eλZ1�n

[
∑

X∈N
ψ2
â
(X)− 2

∑

X∈N
ψâ(X)+

∫
ψâdν

n
+ (
∫
ψâdν)

2

n

])

+√
pn

√√
√
√
√E



e2λZ

[
n∑

i=1

(∫

X

ψâ(x)(dN
i
x − 1

n
dνx)

)2

+

]2


.
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By a dominated convergence theorem (since Poisson law has Laplace transform),
we obtain:

lim sup
n→+∞

E

(

eλZ
n∑

i=1

(∫

X

ψâ(x)(dN
i
x − 1

n
dνx)

)2

+

)

≤ E

(

eλZ
∫

X

ψ2
â
dN

)

.

(6.6)

For the second expectation of Equation (6.4), we remark that:

n∑

i=1

eλZφ(−λ(Z − Zi))1Z−Zi<0 ≤ λ2

2

n∑

i=1

eλZ
i

(Zi − Z)2+.

We have that

Zi − Z ≤
∫

X

−ψâi (x)(dNi
x − 1

n
dνx) (6.7)

where âi which denotes the index where the supremum in Zi is attained.
NB: This index âi depends only on the processes Nj for j �= i. Consequently âi is
independent of Ni , Poisson process with intensity s/n. Hence we obtain:

E

(
n∑

i=1

eλZ
i

(Zi − Z)2+

)

≤ E

(
n∑

i=1

eλZ
i

[∫

X

ψâi (x)(dN
i
x − 1

n
dνx)

]2
)

≤
n∑

i=1

E

(

eλZ
i

E

([∫

X

ψâi (x)(dN
i
x − 1

n
dνx)

]2 ∣∣
∣
∣N

j , j �= i

))

≤
n∑

i=1

E

(

eλZ
i

∫

X

ψ2
âi
(x)

1

n
dνx

)

≤ sup
a∈A

(∫

X

ψ2
a (x)

1

n
dνx

) n∑

i=1

E

(
eλZ

i
)
.

Moreover using again Equation (6.7) and Jensen inequality, we have that

E

(
eλZ
∣
∣
∣Nj , j �= i

)
≥ exp

[
λE(Z|Nj , j �= i)

]

≥ exp
[
λZi

]
exp

[

λE

(∫

X

ψâi (x)(dN
i
x − 1

n
dνx)

∣
∣
∣
∣N

j , j �= i

)]

= exp
[
λZi

]
.

This previous argument is exactly the same as in E. Rio’s work [36]. We obtain
consequently that:

E

(
n∑

i=1

eλZφ(−λ(Z − Zi))1Z−Zi<0

)

≤ sup
a∈A

(∫

X

ψ2
a dν

)

E(eλZ). (6.8)

NB: We can do the same thing if Z is defined with absolute values, defining Zi

with absolute values. We obtain exactly the same result.
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We obtain when n tends to infinity, with equations (6.6) and (6.8), that for all λ
positive

λE(ZeλZ)− E(eλZ) log E(eλZ)

≤ λ2

2
E

(

eλZ
(∫

ψ2
â
(x)dNx + sup

a∈A

(∫

X

ψ2
a (x)dνx

)))

.

So we can write ∀λ > 0,

λE(ZeλZ)− E(eλZ) log E(eλZ)

≤ λ2

2
E

(

eλZ
(

sup
a∈A

[∫
ψ2
a (x)dNx

]

+ sup
a∈A

[∫
ψ2
a (x)dνx

]))

. (6.9)

If we set Z̃ = Z − E(Z), inequality (6.9) becomes

λE(Z̃eλZ̃)− E(eλZ̃) log E(eλZ̃)

≤ λ2

2
E

(

eλZ̃
(

sup
a∈A

[∫
ψ2
a (x)dNx

]

+ sup
a∈A

[∫
ψ2
a (x)dνx

]))

. (6.10)

We set V1 = sup
a∈A

[∫
ψ2
a (x)dNx

]
, v0 = sup

a∈A

[∫
ψ2
a (x)dνx

]
and v1 = E(V1).

We can apply the following lemma obtained by P. Massart [32].

Lemma 3. Let V and Y be some random variables and λ > 0 such that eλV and
eλY are integrable. Then, if E(Y ) = 0, one has

E(V eλY ) ≤ E(Y eλY )+ log E(eλV )

λ
E(eλY ). (6.11)

Now equation (6.10) becomes

λE(Z̃eλZ̃)− E(eλZ̃) log E(eλZ̃) ≤ λ2

2
v0E(eλZ̃)

+ λ2

2

log E(eλV1)

λ
E(eλZ̃)+ λ2

2
E(Z̃eλZ̃).

But Theorem 3 allows us to control the Laplace transform of V1. So

log E(eλV1) ≤ v1(λ+ φ(λ)).

Hence we obtain

λE(Z̃eλZ̃)− E(eλZ̃) log E(eλZ̃) ≤ λ2
[

vE(eλZ̃)+ v
φ(λ)

λ
E(eλZ̃)+ E(Z̃eλZ̃)

]

.

Now, we follow P. Massart’s proof [32] to get the result. ��
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6.1.3. Proof of Proposition 8

Proof. Let

V1 = sup
a∈A

∫

X

ψ2
a (x)dNx.

Conditionally to {NX = n}, the law of V1 is the same as that of

sup{
n∑

i=1

ψ2
a (Ti), a ∈ A}

where T1, ..., Tn are independent, identically distributed random variables with
density on X, s(x)/

∫
X
s(x)dµx . If we consider some (T ′

1, ..., T
′
n) i.i.d. random

variables, with the same law as (T1, ..., Tn) and independent of them, we remark
that by Jensen’s inequality

E(Ti ),(T
′
i )

(

sup
a∈A

n∑

i=1

(ψa(Ti)− ψa(T
′
i ))

2

)

≥ E(Ti )

(

sup
a∈A

n∑

i=1

E(T ′
i )
((ψa(Ti)− ψa(T

′
i ))

2)

)

= E(Ti )

(

sup
a∈A

n∑

i=1

(

ψ2
a (Ti)− 2ψa(Ti)

∫
X
ψa(x)dνx

ν(X)
+
∫
X
ψ2
a (x)dνx

ν(X)

))

.

Furthermore, we notice that if we fix some δ > 0, we have

2ψa(Ti)

∫
X
ψa(x)dνx

ν(X)
≤ 1

1 + δ
ψ2
a (Ti)+ (1 + δ)

(∫
X
ψa(x)dνx

ν(X)

)2

≤ 1

1 + δ
ψ2
a (Ti)+ (1 + δ)

∫
X
ψ2
a (x)dνx

ν(X)
.

So we obtain

δ

1 + δ
E(V1|NX = n)− δ

n

ν(X)
sup
a∈A

(∫

X

ψ2
a (x)dνx

)

≤ E(Ti ),(T
′
i )

(

sup
a∈A

n∑

i=1

(ψa(Ti)− ψa(T
′
i ))

2

)

. (6.12)
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We can apply Lemma 2 with Xi = (Ti, T
′
i ) and θa(Xi) = ψa(Ti) − ψa(T

′
i ), for

all i in {1, ..., n} and a in A as we have assumed b = 1/2. Then (6.12) becomes

δ

1 + δ
E(V1|NX = n)− δ

n

ν(X)
sup
a∈A

(∫

X

ψ2
a (x)dνx

)

≤ sup
a∈A

E(Ti ),(T
′
i )

(
n∑

i=1

(ψa(Ti)− ψa(T
′
i ))

2

)

+ 8 E(Ti ),(T
′
i )

(

sup
a∈A

|
n∑

i=1

ψa(Ti)− ψa(T
′
i )|
)

.

Finally, inserting
∫
X
ψa(x)dνx in the last supremum, we get:

δ

1 + δ
E(V1|NX = n)− δ

n

ν(X)
sup
a∈A

(∫

X

ψ2
a (x)dνx

)

≤ 2n
∫
X
dνx

sup
a∈A

(∫

X

ψ2
a (x)dνx

)

+ 16 E

(

sup
a∈A

∣
∣
∣
∣
∣

n∑

i=1

ψa(Ti)−
∫

X

ψa(x)dνx

∣
∣
∣
∣
∣

)

.

It remains to integrate over NX and the proposition follows. ��

6.1.4. Proof of Proposition 9

Proof. Let {ϕ1, ..., ϕD} be an orthonormal basis of S. We are going to prove that
for every finite family of measurable bounded functions {ϕ1, ..., ϕD}, the quantity

χ(S) =
√√
√
√

D∑

i=1

(∫

X

ϕi
dN − sdµ

µ(X)

)2

is concentrated around its mean.
We remind that

MS = sup
f∈S,||f ||=1

∫

X

f 2s
dµ

µ(X)
and BS = sup

f∈S,||f ||=1
||f ||∞.

We can assume that the ϕi’s are bounded, otherwise BS is infinite.
First, χ(S) can be interpreted as the following supremum:

χ(S) = sup
a∈A

∫

X

∑D
i=1 aiϕi

µ(X)
(dN − sdµ)

where A is a dense countable subset of the unit ball for ||.||2 of R
D , since the in-

tegral functionals in the supremum are continuous in a. Because of the same kind
of continuity, the suprema in MS and BS can be taken on A and they can easily be
interpreted in term of ϕi : they are exactly the terms which appear in concentration
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formula, up to the factor µ(X). Then we can apply Corollary 2 to obtain for all ε
and u positive:

P

(

χ(S) ≥ (1 + ε)E(χ(S))+
√

2κMSu

µ(X)
+ κ(ε)

BSu

µ(X)

)

≤ exp(−u).

As E(χ(S)) ≤
√

E(χ(S))2 by Cauchy-Schwarz inequality, we obtain exactly the
first point.

Secondly, we can remark that χ(S) is attained at â which verifies, for all i,
âi = νX(ϕi)/χ(S). This implies that on �S(ε), ||∑D

i=1 âiϕi ||∞ ≤ C(ε)/z, where
z is a lower bound for χ(S) and where C(ε) = 2κεM/κ(ε).
Then we introduce

χ ′ = sup
a∈B

∫

X

∑D
i=1 aiϕi

µ(X)
(dN − sdµ),

where B = {a ∈ R
D/||a||2 = 1 and ||∑D

i=1 aiϕi ||∞ ≤ C(ε)/z}.
On the event �S(ε) ∩ {χ(S) ≥ z}, we have χ ′ = χ(S).
We can apply Corollary 2 toχ ′, restricting us as in the first point to a dense countable
subset of B. The variance term which appears, can be upper bounded byM/µ(X).
Hence we obtain the following inequality, for all ε and u positive:

P

(

χ ′ ≥ (1 + ε)E(χ ′)+
√

2κMu

µ(X)
+ κ(ε)

C(ε)u

zµ(X)

)

≤ exp(−u).

As B is a subset of the unit ball, we have E(χ ′) ≤ E(χ(S)). If we take z =
√

2κMu
µ(X)

,

we obtain that:

P

(

χ ′ ≥ (1 + ε)

(

E(χ(S))+
√

2κMu

µ(X)

))

≤ exp(−u).

Moreover as χ ′ = χ(S) on the event �S(ε) ∩ {χ(S) ≥ z} and as {χ(S) ≥ z} is

true on the event χ(S)1�S(ε) ≥ (1 + ε)
(
E(χ)+

√
2κMu
µ(X)

)
, we obtain:

P

(

χ(S)1�S(ε) ≥ (1 + ε)

(

E(χ(S))+
√

2κMu

µ(X)

))

≤ exp(−u).

As by Cauchy-Schwarz E(χ(S)) ≤
√

E(χ(S))2, we obtain exactly the second
point. ��
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6.2. Model selection Theorems

6.2.1. Proof of Theorem 1

Proof. Let m be a fixed index in MX. We start with Equation (5.10).

1. First, we have to control νX(sm̂− sm). For this aim, we are going to control ev-
ery νX(sm′ − sm),∀m′ ∈ MX. Let (xm′)m′∈MX

be a family of positive number
which we will choose later. By application of Proposition 7 and more precisely
Equation (5.2), we obtain that with probability larger than 1−∑m′∈MX

e−xm′ ,

∀m′ ∈ MX, νX(sm′ −sm) ≤
√

2xm′

∫

X

(sm′ − sm)2

µ(X)2
sdµ+ 1

3

||sm′ − sm||∞xm′

µ(X)
.

We remark that

•
∫

X

(sm′ − sm)
2

µ(X)2
sdµ ≤ ||sm′ − sm||2 ||s||∞

µ(X)
, and

• ||sm′ − sm||∞ ≤ ||sm′ ||∞ + ||sm||∞. This implies by Assumption 2 that

||sm′ − sm||∞ ≤
√

Dm′ ||sm′ || +
√

Dm||sm||,
and then that ||sm′ − sm||∞ ≤ (√Dm′ + √

Dm

) ||s||.
As m̂ is in MX, we have that (using (5.8)) for all positive θ , with probability
larger than 1 −∑m′∈MX

e−xm′

νX(sm̂ − sm) ≤ θ ||sm̂ − sm||2 +
[ ||s||∞

2θ
+ 1

3
(
√

Dm̂ +
√

Dm)||s||
]
xm̂

µ(X)
.

This leads for all positive η to (using (5.8))

νX(sm̂ − sm) ≤ θ ||sm̂ − sm||2 + ηρDm

3µ(X)
+ ηρDm̂

3µ(X)
+ ||s||∞xm̂

2θµ(X)
+ ||s||2x2

m̂

6ηρµ(X)
.

Let δ, ξ be positive numbers. We choose the (xm′) as follows: for allm′ in MX,

xm′ = δρ
√
Dm′

[
1

||s||∞ ∧ 1

||s||
]

+ ξ.

Let us denote by E , a bound on
∑
m′∈MX

exp(−δρ√
Dm′

[
1

||s||∞ ∧ 1
||s||
]
). Since

MX is polynomial, E can depend only on �,R, ||s||, ||s||∞, ρ, δ, η, θ but no
more on the family of models or on µ(X). Then with probability larger than
1 − Ee−ξ , we have that since

√
Dm ≤ Dm ≤ Dm

νX(sm̂ − sm) ≤ θ ||sm̂ − sm||2 + η

3

ρDm

µ(X)
+
[
η

3
+ δ

2θ
+ δ2

3η

]
ρDm̂

µ(X)

+||s||∞
2θ

ξ

µ(X)
+ ||s||2

3ηρ

ξ2

µ(X)
. (6.13)
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2. If we go back to Equation (5.10), we remark that χ2
m̂

= νX(ŝm̂ − sm̂) =
||ŝm̂ − sm̂||2. Let us denote by Am = ρDm/µ(X). Using (5.8), we obtain that
for all γ > 1 and β > 0 (which fix δ, η, θ), with probability larger than
1 − Ee−ξ

D(γ, β)||s̃ − s||2 ≤ D′(γ, β)||sm − s||2 + γχ2
m̂

+D′′(γ, β)Am + βAm̂

+ pen(m)− pen(m̂)+ f (ξ)

µ(X)
(6.14)

where D,D′,D′′ are proper positive continuous functions and where f does
not depend on MX and µ(X), depends continuously on the other parameters
and is a polynomial of degree 2 of ξ .

3. Now, we have to control χ2
m̂

. In fact we control in fact all the χm′ for m′ in
MX. For this aim, we use the first part of Proposition 9. Let (ym′)m′∈MX

be a family of positive number which we will choose later. We obtain on a
set of probability included in the previous one with probability larger than
1 − Ee−ξ −∑m′∈MX

e−ym′ , that for all m′ in MX and for all ε positive

√
µ(X)χm′ ≤ (1 + ε)

√
Vm′ +

√
2κMm′ym′ + κ(ε)

Bm′√
µ(X)

ym′ ,

where
• Vm′ = ∫

X

∑
λ∈Bm′ ϕ

2
λsdµ/µ(X);

• Mm′ = supf∈Sm′ ,||f ||=1

∫
X
f 2sdµ/µ(X) ≤ ||s||√Dm′ by Cauchy-Schwarz;

• Bm′ = supf∈Sm′ ,||f ||=1 ||f ||∞ = √
Dm′ ≤ √

µ(X) by Cauchy-Schwarz, the
definition of Dm and Assumption 2.

NB: On the same set of probability we always have Equation (6.14).
Using (5.8), we obtain that on the same set of probability

√
µ(X)χm′ ≤ (1 + ε)

√
Vm′ + ε

√
Dm′ρ +

(
κ||s||

2ε
√
ρ

+ κ(ε)

)

ym′ .

We choose ym′ as follows:

∀m′ ∈ MX, ym′ = ε
√
ρDm′

1
(
κ||s||

2ε
√
ρ

+ κ(ε)
) + ξ.

Let G be an upper bound of
∑
m′∈MX

exp

(

−ε√ρDm′ 1(
κ||s||

2ε
√
ρ
+κ(ε)

)

)

. Since

MX is a polynomial family, we have that G can have the same dependence on
the parameters as E . In particular, it does not depend any more on MX and
µ(X).

4. For the first choice of penalty, we can remark that Vm′ ≤ ρDm′ . We also remark
that the control of all the χm′ implies in particular the control of χm̂ on the same
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event. We can take the square and use inequality (5.8). Finally, we obtain with
probability larger than 1 − (E + G)e−ξ

χ2
m̂

≤ (1 + 3ε)3Am̂ + (1 + 1

3ε
)

(
κ||s||

2ε
√
ρ

+ κ(ε)

)2
ξ2

µ(X)
, (6.15)

and Equation (6.14).
We can then rewrite Equation (6.14): for all d > 1 (the choice of d fixes the
choices of α, β, δ, η, θ, γ ), with probability larger than 1 − (E + G)e−ξ ,

C(d)||s̃ − s||2 ≤ C′(d)||sm − s||2 + dAm̂ + C′′(d)Am

+ g(ξ)

µ(X)
+ pen(m)− pen(m̂) (6.16)

where C,C′, C′′ are continuous positive functions and where g depends on all
the parameters except MX and µ(X) and is a polynomial with degree 2 of ξ .
We can remark that Proposition 7 leads on a subset of the previous event with

probability larger than 1 − (E + G + 1)e−ξ to (1 + ε)
(
NX +

(
1
2ε + 5

6

)
ξ
)

≥
∫
X
sdµ.Then we can upper boundAm̂ by

(
(1+ε)NXDm̂/µ(X)

2
)+z(ε)ξ/µ(X)

for z continuous function. We do the same for Am. Choosing correctly the pa-
rameters (d(1 + ε) = c), all the terms with m̂ in the second part of inequality
(6.16) disappear. We obtain

B(c)||s̃ − s||2 ≤ B ′(c)||sm − s||2 + B ′′(c)pen(m)+ h(ξ)

µ(X)
, (6.17)

where B,B ′, B ′′ are continuous positive functions and h depends on all the
parameters except MX and µ(X) and is a polynomial with degree 2 of ξ . Here
we obtain in fact a trajectorial inequality and it remains to integrate in ξ to
obtain the first point.

5. For the third choice of penalty, it is sufficient to keep Vm̂ instead of bounding it
by µ(X)Am̂. Then we have to replace it by some estimator. Using Proposition
7, we obtain that on a subset of the previous event, with probability larger than
1 − (E + G + 1)e−ξ −∑m′∈MX

e−zm′ , where the zm′ ’s will be chosen later,
for all the m′’s

V̂m′ ≥ Vm′ −
√

2zm′Gm′ − Hm′zm′

3µ(X)
,

where
• Hm′ = ||∑λ∈Bm′ ϕ

2
λ||∞ = Dm′ ≤ µ(X),

• Gm′ = ∫
X

(∑
λ∈B

m′ ϕ
2
λ

)2

µ(X)2
sdµ ≤ Vm′ Hm′

µ(X)
≤ Vm′ .

Since m̂ is one m′, we deduce from this (using Assumption 3) that:

(1 + ε)

(

V̂m̂ + (
5

6
+ 1

2ε
)zm̂

)

≥ Vm̂.

We choose the zm′ ’s as follows:

zm′ = ερDm′ + ξ.
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It makes appear as previously an other H which is independent of MX and
µ(X) and which is an upper bound on

∑
m′∈MX

exp(−ερDm′) since the family
is polynomial. Then we have an inequality which looks like Equation (6.17)
with probability larger than 1 − (E + G + H + 1)e−ξ . It remains to integrate
in ξ to obtain the third point.

6. For the second choice of penalty, we have to change xm′ , ym′ , zm′ such that
βDm′ appears instead of ρDm′ . Through the assumption, we can upper bound
then βDm′ by Vm′ and then by V̂m′ on a large set of probability, up to some little
constants. With these choices, E,G,H depend on β and it remains to integrate
as previously. ��

6.2.2. Proof of Theorem 2

Proof. Let m be an index in MX, Inequality (5.10) means

||s̃ − s||2 ≤ ||s − sm||2 + 2νX(s̃ − sm)− pen(m̂)+ pen(m).

Using twice Equation (5.8) and the triangle inequality, we get

∀ε > 0 and m ∈ MX,

2νX(s̃ − sm) ≤ 2||s̃ − sm||χm,m̂
≤ 2

ε
||s − sm||2 + 2

2 + ε
||s̃ − s||2 + (1 + ε)χ2

m,m̂
.

Let ε be a fixed positive real.

ε

2 + ε
||s̃ − s||2 ≤ (1 + 2

ε
)||s − sm||2 + (1 + ε)χ2

m,m̂
− pen(m̂)+ pen(m). (6.18)

We apply the concentration inequality of Proposition 9 to χm,m′ for all m′ in MX

(with M an upper bound for the variance term) in order to control χm,m̂. Further-
more, �(ε) ⊂ �Sm+Sm′ (ε), using the notations of Proposition 9. Let (xm′ ,m ∈
MX) be a family of positive numbers which we will choose later. Then on �(ε),
for all m′ in MX, we have with probability larger than 1 −∑m′∈MX

e−xm′

√
µ(X)χm,m′ ≤ (1 + ε)

[√
E(χ2

m,m′)+
√

2κMxm′
]
.

Let ξ be a positive real. We set for all m′ in MX, xm′ = Lm′Dm′ + ξ . Using
Assumption 3 and 6, we get, on �(ε), with probability larger than 1 −�1e

−ξ ,
√
µ(X)χm,m̂ ≤ (1 + ε)

[√
V (m̂)+

√
2κMLm̂Dm̂ +

√
V (m)+

√
2κMξ

]
.

Taking the square and using Equation (5.8), we get, on�(ε), with probability larger
than 1 −�1e

−ξ ,

χ2
m,m̂

≤ (1 + ε)3

µ(X)

[√
V (m̂)+

√
2κMLm̂Dm̂

]2

+ (1 + 1/ε)(1 + ε)3
V (m)

µ(X)
+ (1 + 1/ε)2(1 + ε)2

2κMξ

µ(X)
.
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Using Assumption 4 and 5, we get, on�(ε), with probability larger than 1− (�0 +
�1)e

−ξ

χ2
m,m̂

≤ (1 + ε)3

µ(X)

[√
V̂ (m̂)+

√
2κM̂Lm̂Dm̂ +

√
ηξ

]2

+(1 + 1/ε)(1 + ε)3
V (m)

µ(X)
+ (1 + 1/ε)2(1 + ε)2

2κMξ

µ(X)

≤ (1 + ε)4

µ(X)

[√
V̂ (m̂)+

√
2κM̂Lm̂Dm̂

]2

+ (1 + 1/ε)(1 + ε)3
V (m)

µ(X)

+
[
(1 + 1/ε)2(1 + ε)22κM + (1 + 1/ε)η

] ξ

µ(X)
.

Since on the same event ηξ + V̂ (m) ≥ V (m), if the penalty pen(m̂) is larg-

er than (1+ε)5
µ(X)

[√
V̂ (m̂)+

√
2κM̂Lm̂Dm̂ + √

ηξ

]2

, Equation (6.18) becomes: on

�(ε), with probability larger than 1 − (�0 +�1)e
−ξ

ε

2 + ε
||s̃ − s||2 ≤ (1 + 2

ε
)||s − sm||2 +D(ε)pen(m)+D′(M, η, ε)

ξ

µ(X)
,

where D and D′ are continuous functions. If we integrate in ξ , we get

E

(
||s̃ − s||21�(ε)

)
≤ C(ε)

[
||s − sm||2 + E

(
pen(m)1�(ε)

)]

+ C′′(M, η, ε,�0, �1)
1

µ(X)
, (6.19)

where C and C′ are continuous functions.
It remains to control E

(||s̃ − s||21�(ε)c
)
. We have that, using Assumption 1,

||s̃ − s||2 = ||s̃ − sm̂||2 + ||sm̂ − s||2
≤ χ2

m̂
+ ||s||2

≤ χ2
� + ||s||2.

By Cauchy-Schwarz, we have (using Assumption 2)

E(||s̃ − s||21�(ε)c ) ≤ p||s||2 +
√
pE(χ4

�),

where p = �/µ(X)2.Now we use Proposition 9 to get an upper bound for E(χ4
�).

As we have done previously, with probability larger than 1 − e−ξ we have (using
Assumption 1)

χ� ≤ (1 + ε)
√
�ρ +

√
2κMξ + κ(ε)

√
�ξ√

µ(X)
.

We integrate this in ξ to obtain:

E(||s̃ − s||21�(ε)c ) ≤ C0(M, ε,�,�)/µ(X)

where C0 is a continuous positive function. This bound and the bound in (6.19)
implies exactly the bound mentioned in Theorem 2. ��
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6.2.3. Proof of Proposition 1

Proof. This is an application of Theorem 2. Assumption 6 of Theorem 2 is As-
sumption 2 of this proposition. As we are in the subsets case, we have clearly:

χ2
m,m′ ≤ χ2

m + χ2
m′

for allm andm′ in MX. Then Assumption 3 is verified withm → V (m) = E(χ2
m).

Assumption 1 is a trivial consequence of Assumption 3 of this proposition and the
localization property. (S� in Proposition 1 has the role of S� in Theorem 2.)

Let M (the one of Theorem 2) be supf∈S�
∫
X
f 2sdµ/µ(X). Assumption 2

results of the following idea.
Let ε > 0. For all m and m′ in MX, ||∑λ∈m∪m′ νX(ϕλ)ϕλ||∞ ≤ (2κMε)/κ(ε)

is implied by

sup
λ∈�

|νX(ϕλ)| ≤ 2κMε

B
√|�|κ(ε) ,

thanks to the localization property. Hence we set

�(ε) =
{

sup
λ∈�

|νX(ϕλ)| ≤ 2κMε

B
√|�|κ(ε)

}

.

This event verifies

P(�(ε)c) ≤
∑

λ∈�
P

(

|νX(ϕλ)| ≥ 2κMε

B
√|�|κ(ε)

)

.

We then use Proposition 7 to obtain

P [|νX(ϕλ)| ≥ u] ≤ 2 exp



 −µ(X)u2

2
∫
X
ϕ2
λ(x)s(x)dµx
µ(X)

+ 2
3 ||ϕλ||∞u





≤ 2 exp

(
−µ(X)u2

2M + 2
3B

√|�|u

)

≤ 2 exp

(

−η(ε)µ(X)M
B2|�|

)

for η a positive continuous function with u = (2κMε/(B
√|�|κ(ε))). Assumption

3 of the proposition then implies Assumption 2 of the theorem.
Now we have different choices to valid Assumption 4 of the theorem:

• For case (a) and (b) of the proposition, M ≤ ||s||∞ and we assume that an upper
bound of ||s||∞ is known. Consequently M̂ = M ′ works.

• For case (c), the assumption made in the proposition implies on �(ε)

M ≤ κ(ε)

κ(ε)− 2κε
(||ŝ�||∞ +K ′) = M̂

for ε ≤ 1.6 which implies κ(ε)− 2κε > 0. Furthermore, for 1, 6 > ε > 0,

κ(ε)

κ(ε)− 2κε
> 1.
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For assumption 4 of the theorem, it depends on the choice of penalty.

• For case (a), all is determinism, we bound V (m) by M ′|m|/µ(X), with η = 0.
• For case (b), the estimator of V (m) is V̂m. We want to use Proposition 7. Let
(x′
m) be a family of positive numbers which we will choose later. With probability

larger than 1 −∑m′∈MX
e−x′

m , we have for all the m′’s

V̂m′ ≥ V (m′)−
√

2xm′Gm′ − Hm′xm′

3µ(X)
,

where
– Hm′ = ||∑λ∈m′ ϕ2

λ||∞ ≤ B2|�| ≤ θ(ε)µ(X), by Cauchy-Schwarz, the as-
sumption in (b) and the localization property,

– Gm′ = ∫
X

(∑
λ∈m′ ϕ2

λ

)2

µ(X)2
sdµ ≤ V (m′) Hm′

µ(X)
.

We deduce from this last fact that:

√
Vm̂ ≤ (

√
1 + ε − 1)

√
2κM ′xm̂ +

√
V̂m̂.

We choose the xm′ ’s as follows:

xm′ = Lm′Dm′ + ξ.

It remains to take the square and (5.8) to obtain Assumption 4 with �0 = �.

Then all the conclusions are consequences of Theorem 2.
NB: The result of Theorem 2 is true for all penalty larger than

(1 + ε)5

µ(X)

κ(ε)

κ(ε)− 2κε
(

√
V̂ (m)+

√
2κM̂LmDm, )

which for ε small enough, is less than the penalties of the proposition. Furthermore
on �(ε), we have

||ŝ�||∞ ≤
(

1 + 2κε

κ(ε)

)

(||s�||∞ +K ′),

which implies that E(pen(m)1�(ε)) ≤ B(ε)
(||s�||∞+K ′)|m|

µ(X)
(1 + Lm) for B positive

continuous function. ��

6.2.4. Proof of Proposition 2

Proof. Here we are still going to apply Theorem 2. Assumption 6 of Theorem 2 is
assumption 1 of the proposition. The orthonormal basis of Sm is {1I

√
(µ(X)/µ(I)),

I ∈ m}.We remark that for all m based on the points of �

Mm = sup
∑
I∈m a2

I=1

∫

X

(
∑

I∈m
aI1I

√
µ(X)

µ(I)

)2

s
dµ

µ(X)
≤ sup
I∈m

(∫
I
sdµ

µ(I)

)

.
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Since � is a regular partition,

M = sup
I∈�

∫

I

sdµ/µ(I)

provides a bound on the variance. Indeed, for allJ inm of MX, there exists I1, ..., Ik
in � such that J = ∪ki=1Ii and µ(Ii) = µ(X)/D� for all i.

To get Assumption 3 of Theorem 2, we set

m → V (m) = MDm

µ(X)
.

Indeed Sm + Sm′ ⊂ Sm∪m′ for all m and m′, and m ∪m′, the partition constructed
with the union of the points of m and m′, is a partition based on some points of �
and Dm∪m′ ≤ Dm +Dm′ .

The space S� in Theorem 2 is clearly S� with basis {1I
√
D�, I ∈ �}. Conse-

quently, Assumption 1 is a consequence of Assumption 2 of Proposition 2.
Assumption 2 results of the following idea. Let ε > 0. For allm andm′ in MX

||sm,m′ − ŝm,m′ ||∞ = ||
∑

I∈m∪m′

NI − ∫
I
sdµ

µ(I)
1I ||∞ ≤ 2κMε

κ(ε)
,

is implied by

|NI −
∫

I

sdµ| ≤ µ(X)2κMε

D�κ(ε)
,

by the same reasoning as Mm ≤ M . Hence we set

�(ε) =
{

sup
I∈�

|NI −
∫

I

sdµ| ≤ µ(X)2κMε

D�κ(ε)

}

.

Then

P(�(ε)c) ≤
∑

I∈�
P

(

|NI −
∫

I

sdµ| ≥ µ(X)2κMε

D�κ(ε)

)

.

We then use Proposition 7 to obtain

P

[

|NI −
∫

I

sdµ| ≥ µ(X)2κMε

D�κ(ε)

]

≤ 2 exp




−

(
µ(X)2κMε
D�κ(ε)

)2

2
∫
I
s(x)dµx + 2

3
µ(X)2κMε
D�κ(ε)






≤ 2 exp

(

−η(ε)Mµ(X)
D�

)

,

for η a positive continuous function. Assumption 2 of the proposition implies then
Assumption 2 of the theorem.

On �(ε), we have M̂ = supI∈�(NI /µ(I)) which verifies

M ≤ κ(ε)

κ(ε)− 2κε
sup
I∈�
(NI /µ(I)) = M̂.
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We have in fact M ≤ dM̂ , with d > 1 for d (depending on ε) as close as we want
to 1. Then Assumptions 4 and 5 are obvious, with �0 = 0 and η = 0. Applying
Theorem 2, we get exactly the conclusion, making the same remark between c and

ε as in the proof of Proposition 1, remarking that on �(ε), M̂ ≤
(

1 + 2κε
κ(ε)

)
M. ��

6.3. Proofs of the minimax results

In order to compute lower bound on the minimax risk, we use some recent interest-
ing result [6] due to L. Birgé, which is a new version of Fano’s Lemma and turns
out to be easier to use than Fano’s lemma.

Lemma 4. Let {Pi , i ∈ {0, ..., n}} be a finite family of probability defined on the
same measurable space (�,X ). One sets

K̄ = 1

n

n∑

i=1

K(Pi ,P0)

where K is the Kullback-Leibler information between Pi and P0.
There exists an absolute constant α (α = 0.71 works) such that if θ̂ is a random
variable on � with values in {0, ..., n}, one has

inf
0≤i≤n

Pi (θ̂ = i) ≤ α ∨ K̄

log(n+ 1)
.

Remark: K(P,Q) = EP (log( dP
dQ
)) if P and Q are two probability measures

absolutely continuous with respect to each other.
We see through this lemma the importance of the Kullback-Leibler information.

We can compute this information for Poisson processes:

Lemma 5. LetN andN ′ be two Poisson processes on X with respectively intensity
s and t . They define probabilities P (respectivelyQ) on the set of all countable sets
of points of X.
Then

K(P,Q) =
∫

X

s(x)φ

(

log(
t

s
)

)

(x)dµx

where φ(u) = exp(u)− u− 1.

A proof of this lemma can be found in [14].
Now, we have to compute lower bounds for minimax risk on some proper S.

6.3.1. Proof of Proposition 3

Proof. Let us recall a combinatorial lemma, due to Gallager in information theory
framework [20, Exercise 5.8, p 531 and Exercise 5.19, p 537]. A simpler proof can
be found in [5, Lemma 8, p 400] which is made in the equivalent framework of
algebra of sets.
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Lemma 6. Let � be a finite set with cardinal K . The maximal set M� , included
in P(�), such that for all m,m′ of M� , |m�m′| ≥ θK verifies

log |M�| ≥ σK,

for θ and σ absolute constants.

Here we set � = {L, ...,D}(K = D − L+ 1). Let

CD =
{

tm = ρ + aD
∑

λ∈m
ϕλ , m ∈ M�

}

,

with
aD = ρ

2B
√
D

∧ cD√
D
.

This set is a subset of E(c, ρ) and even the tm are bounded from below by ρ/2.
Hence we have

R(E(c, ρ)) ≥ R(CD).
For all ŝ in L

2 ∩ F(N), estimator of s, we associate ŝ′ = argmins∈CD ||s− ŝ||. Thus
we have ||ŝ′ − s|| ≤ ||ŝ′ − ŝ|| + ||ŝ − s|| ≤ 2||ŝ − s||. Then

R(E(c, ρ)) ≥ 1

4
inf

ŝ∈CD∩F(N)
sup
s∈CD

E(||s − ŝ||2).

Since, by Lemma 6, for all m and m′ of CD
||tm − tm′ ||2 ≥ θ(D − L+ 1)a2

D,

we have the following lower bound

R(E(c, ρ)) ≥ θ(D − L+ 1)a2
D

4
inf
ŝ∈CD

sup
s∈CD

Ps(ŝ �= s)

≥ θ(D − L+ 1)a2
D

4
inf
ŝ∈CD

(1 − inf
s∈CD

Ps(ŝ = s)). (6.20)

Now, we are going to use Lemma 4. Hence, we have to compute K̄ and to do so,
we use Lemma 5.

∀m′ �= m ∈ MD, K(Ptm′ ,Ptm) =
∫
tm′φ(log

tm

tm′
)dµx

=
∫

[tm − tm′ − tm′ log(1 + tm − tm′

tm′
)]dµx

≤
∫
(tm − tm′)2

tm
(x)dµx

≤ 2

ρ
µ(X)||tm′ − tm||2 (6.21)

≤ 2µ(X)(D − L+ 1)a2
D

ρ
,
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since ∀x > −1, log(1 + x) ≥ x/(1 + x). Thus

K̄ ≤ 2µ(X)(D − L+ 1)a2
D

ρ
. (6.22)

Lemma 4 applied to the family {Ps , s ∈ CD} leads to

R(E(c, ρ)) ≥ (1 − α)θ

4
(D − L+ 1)a2

D

if D is such that

2µ(X)(D − L+ 1)a2
D

ρ
≤ ασ(D − L+ 1)

by Lemma 6. The result follows with ζ = ασ/2 and η = (1 − α)θ/4. ��

6.3.2. Proof of Proposition 4

Proof. We use a lemma which is due to L. Birgé and P. Massart [9]. Their proof
being rather intricate, we present a complete and simple proof in the appendix
(although our constants are slightly worse than theirs). We deduce from this lem-
ma (Lemma 8) that the maximal set Mn,D , included in the set of all the parts,
P({L, ..., n}), such that for all m,m′ of Mn,D , |m| = D and |m � m′| ≥ θ ′D,
verifies

log |Mn,D| ≥ σ ′D log
n− L+ 1

D
,

for θ ′ and σ ′ constants. We set

Cn,D =
{

tm = ρ + an,D
∑

λ∈m
ϕλ,m ∈ Mn,D

}

.

We will choose an,D later. We have again the following condition to get Cn,D ⊂
Bn,D,ρ :

an,D ≤ ρ

2B
√
n
,

which implies that for all m in Cn,D , tm ≥ ρ/2.
Note that log |Cn,D| ≥ σ ′D log n−L+1

D
and for all tm �= tm′ ∈ Cn,D , we have

||tm − tm′ ||2 ≥ θ ′Da2
n,D . So we have as in the previous proof (see Equation (6.20)):

R(Bn,D,ρ) ≥ θ ′

4
Da2

n,D inf
ŝ∈Cn,D

(

1 − inf
s∈Cn,D

Ps(ŝ = s)

)

.

Using Lemma 4 and the control of the Kullback-Leibler information (6.21), we
obtain that if

K̄

log |Cn,D| ≤ α,
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which is implied by
4µ(X)Da2

n,D

σ ′ρD log n−L+1
D

≤ α,

then

R(Bn,D,ρ) ≥ θ ′(1 − α)

4
Da2

n,D.

Choosing

a2
n,D = ασ ′ρ log n−L+1

D

4µ(X)
∧ ρ2

4B2n
,

leads to the result with ζ = ασ ′/4 and η = θ ′(1 − α)/4. ��

6.3.3. Proof of Proposition 5

Proof. We consider the basis with regularity r > α previously described. We want
to apply Proposition 3. We use the wavelet basis defined in (3.4). The L of the
proposition is here 2l + 1, a fixed number (depending on r and then on α). This is,
when we arrange the indices by lexicographic order, exactly an ellipsoid E(c, ρ)
with cj,k = R2−jα . This sequence is piecewise constant non increasing in the
lexicographic order. For all J positive, we look at FJ (see Equation (3.3)). The
localized property is true with constant B. The cardinal of the family is equal to
2J+1 − 2l which is larger than 2J . Hence, Proposition 3 leads to

R(B(ρ, R,Bα2,2)) ≥ η
2J+1 − 2l+1

2J+1 − 2l

(
ρ2

4B2 ∧ R22−2Jα
)

,

when
R22−2Jα

2J
≤ ζ

ρ

T
.

We take J ≥ l + 1 as small as possible such that

2J ≥
(
R2T

ζρ

) 1
2α+1

,

and we obtain the result remarking that 2J+1−2l+1

2J+1−2l
≥ 2

3 . ��

A. Combinatorial lemmas

Lemma 7. There exists a binomial variable B(D, θ),N∗
b , and an hyper-geometric

variable H(N,D, θ), Nb, such that

E(N∗
b |Nb) = Nb.

The lemma is proved by D.J. Aldous [1].
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Lemma 8. Let N and D be positive integers such that N ≥ AD. Let EN,D be the
subset of {0, 1}N whose elements have a number D of 1. We consider the distance
on EN,D :

∀x, y ∈ EN,D, d(x, y) = |{i/yi = 1, xi = 0}|.
Then the maximal subset MN,D such that all its elements are at distance θD, has
a cardinal larger than exp(σD log(N/D)) with for instance A = 4, θ = 1/4 and
σ = 0.233.

We recall that |m| denotes the cardinality of the set m.

Proof. EN,D is covered by the balls of radius θD and center in MN,D . We deduce
from this the following inequality:

(
N

D

)

≤
∑

x∈MN,D

|B(x, θD)|.

Let us look at B(x, θD), which is the set {y/|{i/yi = 1, xi = 1}| ≥ D− θD}. The
numberNb = |{i/yi = 1, xi = 1}| for x and y equally likely chosen in EN,D , is an
hyper-geometric variable: if we takeD balls in an urn which containsD blue balls
and N − D red balls, without replacement, Nb is the number of blue balls in our
draw. We deduce from this comparison:

1 ≤ |MN,D|P(Nb ≥ D − θD).

In order to understand this probability, we can apply Lemma 7: a draw without
replacement is more concentrated (for convex functions) than a draw with replace-
ment (which is here a binomial variable, N∗

b ∼ B(D,D/N)). This leads to, for all
λ > 0:

1 ≤ |MN,D| exp(−λ(D − θD))E(exp(λNb))

≤ |MN,D| exp(−λ(D − θD))E(exp(λN∗
b )). (A.1)

Following the proof of Bennett’s inequality ([7]), we obtain, maximizing (A.1) in λ:

1 ≤ |MN,D| exp

(

−D
2

N
h

(
D − θD −D2/N

D2/N

))

(A.2)

with θ < 1/2 and ∀u > 0, h(u) = (1 + u) ln(1 + u)− u.

The condition on θ ensures that the deviation is greater than the expectation. We
therefore deduce that:

|MN,D| ≥ exp

(
D2

N

[
D − θD

D2/N
ln
D − θD

D2/N
− D − θD

D2/N
+ 1

])

≥ exp

(

σD ln
N

D

)

. (A.3)

Example : if we take A = 4 and θ = 1/4 then σ = 0.233 works. ��
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