Université de Nice - M2 Mathmods - Stochastic Calculus

EXERCISES 8

ITO’S FORMULA — GIRSANOV THEOREM

In all the exercises, (2, A,P) denotes the current probability space and (Bi)i>o0 a (real) Brownian
motion.

Exercise 1. Let (B}, B?, B});>0 be a three dimensional Brownian motion w.r.t. some filtration
(Ft)t>0- For a given vector (b1, ba, bs) € R3, we consider the process

3 3
VE>0, X, = exp(z b Bi — %Z b3t).
=1 =1

(1) Prove that (X¢):>0 is a square integrable martingale.
(2) Prove that the process ((Bf + B? — (b1 + ba)t) Xt)¢>0 is also a martingale.

Exercise 2. Let (B}, B?, B});>0 be a three dimensional Brownian motion w.r.t. some filtration
(Ft)t>0. For a given matrix o of size 3 x 3, we consider the process

Bl
Vi > 0, tha< B%Bf )
Show that the process (M; = 35 (X7)? — Trace(0o™)t)s>0 is a martingale.
Exercise 3. Let (B:):>0 be a Brownian and (F;):>0 its natural filtration. For p € R et o > 0, we
! Vi>0, Y, = exp(ut + oBt),
referred as Geometric Brownian motion.
(1) We set r = pu + 02/2 and we define
Vt >0, B, = By + 0 'rt.
What can you say of (Et)ggtgl under the probability:

VAe A, Q(A) = E[exp(—o’_erl — 50_27”2)114}.

(2) Show that (Y;)o<t<1 is, under the probability Q, a martingale w.r.t. (F¢)o<e<i-

Exercise 4. Let (Bt)¢>0 be a Brownian motion and (F;)¢>0 its natural filtration, show that we can
define a probabilty Q; on (2, 1), equivalent to P, such that (B; + Bj)o<t<1 be a martingale w.r.t.
(Ft)e>0 under Qq. Hint: apply first Itd’s formula to (B + B?)tzo-

Exercise 5. Let (By):>0 be a Brownian motion and (F;);>¢ its natural filtration, show that we can
define a probabilty Q; on (2, 1), equivalent to P, such that ((2+ B?) exp(Bt))o<t<1 be a martingale
w.r.t. (F)i>o under Q. Hint: apply first [t6’s formula to ((2 + B?) exp(By))i>o0-



