Analytic and Gevrey regularity for solutions to
Hormander operators

Paulo Domingos Cordaro
University of S3o Paulo — S3o Paulo, Brazil

February 6, 2013

P.D.Cordaro ( University of Sdo Paulo — Sao Regularity February 6, 2013

1/22



R —
|. Sum of Squares Operators

P=X{+...+X2
Xi,...,X,: analytic, real vector fields defined in Q RN open.
Hormander's condition: £(X,...,X,) has rank N at each point of Q.
e P is C*-hypoelliptic in Q (Hérmander, 1967)

o P =07+ 0%+ t20% is not analytic hypoelliptic (ahe) in R3
(Baouendi—Goulaouic, 1972)
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Positive results

P=X2+...X2

Theorem (Tartakoff 1980), (Treves 1978)

If the characteristic set ¥ of P is a symplectic manifold and if the principal
symbol of P vanishes precisely of order 2 on X then P is (ahe).

Example:
o P =07+ t202 is (ahe) in R?;
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R —
Further examples

o P =02+ t%092 is (ahe) in R?

Matsuzawa, 1971.
o P =07+ t?P92 + t2992 is (ahe) in R? if and only if p = q.
Oleinik, 1973.
P =02+ (9 + my™18,)% is (ahe) in R if and only if m = 2.
Tartakoff-Treves (m = 2), Grigis-Sjostrand (m = 3),
Hanges—Himonas (m > 3 odd), Christ (m > 3).

P = 82 + 1202 4 (x0y)? is not (ahe) in R?
Metivier, 1981.
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-
Global analytic hypoellipticity

M : real-analytic manifold, Xi,..., X, defined on M and satisfying
Hormander condition.

P=X{+...+X.
Definition

P is globally hypelliptic in M if given u € C*(M) (or even u € D'(M))
then Pu € C¥(M) implies u € C¥(M).

Assume M compact and connected. By the Bony's maximum principle,
every solution to Pu = 0 on M is constant and hence an equation Pu = f,
with f given, has at most one solution modulo constants. So it makes
sense to ask if a given P, which is not (ahe) in M in the usual sense, can
be globally (ahe) in M.
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Examples

o In T3 = S x S x S, with coordinates written as (x, t, y) consider

P =07 + 0; + a(t)*dZ,

where a € C¥(S1) does not vanish identically. Then P is globally
(ahe) in T3 (C-Himonas, 1993). There is a generalization to a larger
class of operators due (Christ 1993).

e In T2 = S x S?, with coordinates written as (x, t) consider
M = 92 + sin(t)?92 + (sin(x)0x)?

Then M is not globally (ahe) in T2
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o
Proof that M is not globally (ahe)

Argument due to J.-M. Trepréau

@ There are an open neighbohood of the origin U in T? and
ue C®(U)\ C¥(U) such that Mu € C¥(U) (Metivier).

@ Since M is elliptic in U\ {(0,0), (0, 7), (m,0),(m, )} we can assume

that u|\f(0,0)} is real-analytic

e Since H}(T2,C¥) = 0 we can write
U0y = Vinieoy — Wloeor
where v € C¥(U), w € C¥(T?\ {(0,0)}).

@ Define
o u—v inU
{ —w in T?\ {(0,0)}

Then I € C>(T2)\ C¥(T2) but Mii € C*(T?). W
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Hormander type

P=X{+...X2

X Zajk 6/8xk, O'J X f Zajk fk, ;! T°Q — R.

If Ae T*Q \ O denote Cy the space of germs of real-analytic functions at
A by I/f\‘ C the ideal of C} spanned by the germs at A of all Poisson
brackets of length ¢ < k:

{fies - Al fod -3 i = 0(X)).
Important remark: Hormander condition says that for each A€ T*Q\ 0
there is k € Z, such that IX = C¥

We set
p(A) = min {k IR = C}’{}
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|
Theorem (Treves, 2006)

P=X{+...+X.

There exists a well defined partition of ¥ = UY; into connected, pairwise
disjoint analytic submanifolds ¥ ; satisfying:

@ The union is locally finite.

o For each j the functions
ZJ- 5 A dim (TAZJ' N TAZJ'L>

) j 2 A p(A)
are constant on ¥ ;
@ Each ¥ is maximal with respect to these properties. W

Treves' conjecture: P is (ahe) if each ¥; is symplectic.
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R —
Back to Oleinik operator

P =07+ t?P0; + 2905, 1<p<aq.
Y={t=r=0}={(x,§): £ #£0} CR*

01 =T, O = tpfl, 03 = tqu

Y1 o t=7=0,&>0
Yo, ¢ t=7=0, & <0
Y3 @ t=7=&=0,&6&>0
Y4 0 t=7=£6£=0, &£ <0

p=ponXiUXy p=qgonx3UZ,.

Y1 and X, are symplectic; 23 and X4 are not.

Microlocal analytic singularities of of the solutions to Pu =0 are
contained in 23 U X4.
Regularity February 6, 2013
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A particular case

Theorem (Okaji, 1985), (C-Hanges, 2009)

If, near A, X is a codimension 2 symplectic manifold such that p|5 is

constant and if v is a solution to Pu = f with f real-analytic then u is
real-analytc near A.

Example: If P is the Oleinik operator and if Pu=f € C¥ then u is
real-analyticin ¥; U%,. N
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-
Gevrey hypoellipticity

P = X? 4 ...+ X2 under Hérmander condition

Definition

P is G*°-hypoelliptic in Q (s > 1) if given U C Q open and u € D'(U) then
Pu € G*(U) implies u € G*(U). Here G*(U) denotes the space of gevrey
functions of order s in U.

Theorem (Derridj—Zuilly, 1972)
Jdsp = sp(P) > 1 such that P is G°-hypoelliptic in Q if s > so

Examples.
o P=0?+ 8}2, + t202 is GS-hypoelliptic if and only if s > 2.
o P=0?+t202 + (xax)2 is G°-hypoelliptic if and only if s > 2.
o P=072+ t2p(9)2<1 + tzq(“?)%z, 1 < p < g if G® hypoelliptic if and only if
s> (q+1)/(p+1) (Christ, 1997).
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-
Hypoellipticity in the hyperfunction sense

Theorem (Schapira, 1969, cf. also Kawai)

Let P(D) be a constant coefficients LPDO in RV, If the following
property holds, for every Q ¢ RN open:

ue B(Q), P(D)ue C¥(Q) = ueD(Q)

then P(D) is elliptic.

Theorem

P(x, D): analytic LPDO in Q c RN. P(x, D) is said to be $-hypoelliptic
in Q if, given any U C Q open, and any u € B(U) then
P(x,D)u € C*°(U) implies u € C*>(U).

P.D.Cordaro ( University of Sdo Paulo — Sao Regularity February 6, 2013 13 / 22



-
Hypoellipticity in the hyperfunction sense

Example. P(D) is $-hypoelliptic if and only if it is elliptic. More
precisely, if P(D) is hypoelliptic but not elliptic and if

so = min{s : P(D) is G*-hypoelliptic}

then VU C RN open and for every 1 < s < so Ju € DEV(U)\ D' (V) :
P(D)u = 0 (C-Hanges, 2009).
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Natural question (proposed by J.M.Bony)

P(x, D) analytic LPDO in Q c RV

P(x,D) (ahe) == tP(x,D) $-hypoelliptic
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R —
An abstract result

Theorem (C-Hanges, 2009)

P(x, D) analytic LPDO in Q ¢ RN. If P(x, D) is (ahe) and L2-solvable on
any U CC Q open then the following holds, for any U CC £ open

ue B(U), 'P(x,D)uc L?(U) = uec L*V).

Corollary

Let P be a sum of squares operator satisfying Hormander’s condition. If P
is (ahe) then P* is $-hypoelliptic.

v
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Okaji's example

2
p— (at + itk ax) +cd,
keven, ceC, c#0.
Theorem (Okaji, 1988)

P is (ahe) near the origin and P is not solvable in any neighborhood of
the origin. In particular P is not (he) in any neighborhood of the origin.

C.-Trépreau (1998):

P (ahe) = 'P: By — By surjective.
Thus 3f € (5°:
AueDy: "Pu=f
dveBy: 'Pv=F.

Hence P is not $-hypoelliptic near 0. O
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o
Classical methods for disproving (ahe)

P(x, D) analytic LPDO in Q.

o If P(x, D) is (ahe) then given xg € Q2 there is C > 0 such that for
every solution of P(x, D)f =0 on Q it holds that

(%) (0)] < CI7M+1al (sgp\f) |

@ In general it is only possible to construct asymptotic solutions to
P(x,D)f\ ~ 0.

@ This requires non homogeneous a priori inequalities. (cf. Metivier,
1980)
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o
A new method (C-Hanges, 2012)
P(x, Dx) analytic LPDO in Q

P(z,D,) defined in Qo ¢ CN, Qe NRN = Q
UccQ,TcRN \ 0 open, convex cone, 6 > 0

Ws(U,T)={x+iy: xeU,yeTl, |y|<d} CQ,

Theorem

Assume that, for some s > 1, u € DOY(U), P(x,D)u € C®(U) =
u e C®(U). Given Ky CC U there are compact sets
K Cc Ws(U;T)u(U+i{0}), K C U, M € Z; and C > 0 such that

sup|Fl<C| sup |F(x—+iy)|e /W04
Ko Ws(UiT)NK

| P, Da)Fllemun ) s F € O(Qu).
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R —
A perturbation of the Baouendi-Goulaouici operator

P = pP* = 8)2(1 + 8)29 + X12g(x2)28§3.
g € O(D(n)), real on ] — ro, ro[, g(0) =1

o—
Fa(z) = €A (\ %21, 2), A>1,
with £y = £\({, z2) holomorphic. Then
PFy(z) = e*2(QrA)(A\%21, 2),
Q= 02, — A {CPe(2)” — 2}

We interpret the equation Q\f\ ~ 0 as a second order ODE in z, € D(rp)
valued in a convenient scale of Banach spaces of entire functions in the
variable ¢ (Ovcyannikov method).
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N
For each 5 > 1/2 we can prove the existence of f,((, z2) € O(C x D(rp)):

o f)\(0,0) = 1;
@ There are a > 0, C > 0 such that

IA(C, 22)] < C ISP (¢ 2) € C x D(np).

o VM S Z+,
MWMOST sup (0PI QAA)(E )| T 0
prg<m Bx]=ro.nl

e o .,
With I € R3\ 0 to be chosen, applying our a priori estimate with K = {0}
and § <1 gives

P _ 1/(s—1)
c< sup e (V Az, 22)| e MV
yerl, In|<,|z|<n

+R(N)

where ¢ > 0 and R(\) — 0 when A\ — oc.
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c< sup |73 £,(V Az, 25)| e /WD
y€r7|yl‘§1»|z2‘§r0
+R(N)
S Sup {eiA(Y:i*a‘ylI)J’»a)‘ﬂi‘y‘_l/(s_l)} + R(A)‘

yer

Take ' CC {yz > aly1|} and 1 < s < 2.
Let 8> 1/2 with s <1/8. If B(s — 1) < 6 < 1— 3 we estimate the
exponent as

o If y e T and |y| < A= then |y|~1/(s=1) > \9/(s=1) and the exponent
is < —A\/(s=1) 4 )8,

o Je > 0 such that y3 —aly1| > €|ly| on I'. Henceif y € [ and |y| > A ¢
then (y3 — aly1|) > eA™? and the exponent is now < —eA1=¢ + a)\’.

Hence P is not (ahe) and for each 1 < s < 2 there exists
u € D (U)\ D'(U) such that Pu e C®(U). |
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