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Starting point

N. Galatos, & P. Jipsen. (2013). “Residuated frames with
applications to decidability". Transactions of the American
Mathematical Society , 365 (3), 1219-1249.

> algebras: to present frames for arbitrary residuated lattices,
> proof theory: cut elimination, FMP, FEP,
> restricted to the signatures: -, \, /.
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Starting point

N. Galatos, & P. Jipsen. (2013). “Residuated frames with
applications to decidability". Transactions of the American
Mathematical Society , 365 (3), 1219-1249.

> algebras: to present frames for arbitrary residuated lattices,
> proof theory: cut elimination, FMP, FEP,
> restricted to the signatures: -, \, /.

Aim: generalize this approach to the lattices with normal
expansions.
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LE-logics

The logics algebraically captured by varieties of normal lattice
expansions.

¢u=plLITIoAGIOV S| f(H)]5&)
where p € AtProp, f € F,g€G.
Normality

» Every f € ¥ is finitely join-preserving in positive coordinates
and finitely meet-reversing in negative coordinates.

> Every g € G is finitely meet-preserving in positive coordinates
and finitely join-reversing in negative coordinates.

Examples: substructural, Lambek, Lambek-Grishin, Orthologic...
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LE-frames

Definition

An L-frameis a tuple F = (W, R, Rg) such that W = (W, U,N) is a
polarity, RF = {Ry | f € F}, and Rg = (R, | g € G} such that for
each f € ¥ and g € G, the symbols Ry and R, respectively denote
(ny + 1)-ary and (n, + 1)-ary relations on W,

Ry CUXW% and R, C Wx U, (1)
In addition, we assume that the following sets are Galois-stable
(from now on abbreviated as stable) for all wg € W, ug € U,

we W, andu € US:

RE?’[W] and ij)[uo, Wl )
RY[a] and R [wo, @] (3)
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Complex Algebras

The complex algebra of an LE-frame F is the algebra

F*= (L. {fg, | f€F)Agr, | 8 € G,

where L := (yy[P(W)], V, A, T, L) is the lattice associated with the
polarity W, and for all f € ¥ and all g € G,

1. fg, : L — Lis defined by the assignment fR/_(Y) = (R(f(_”[iff])i
J— 0
2. gg, : L — L is defined by the assignment gz (X) = R\ [X "]

Theorem
If F is an LE-frame, then F* is an LE-algebra.
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Display Calculi

> Natural generalization of Gentzen’s sequent calculi;
> sequents X + Y, where X and Y are structures:

- formulas are atomic structures
- built-up: structural connectives (generalizing meta-linguistic

comma in sequents ¢, ...,¢, F Y1, ..., 0,
- generation trees (generalizing sets, multisets, sequences)
» Display property:

YrX>Z7

X, Y+Z

Y;X+2Z
X+rY>Z

display rules semantically justified by adjunction/residuation

> Canonical proof of cut elimination (via metatheorem)
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The language of display calculus for LE-algebras

» Formulae
Az=p|L|ITIANAIAVA|f(A)]g(A)

> Structures _
Xru=A|FX

X, = A|GX
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Rules for the basic logic

X+HA ArY

pFp 11X X+T XrY (Cuy

A+ X Ak X X+HA X+HA)
AiNA X AlNA X X+FA VA X+A VA

XF+A; X+A Al X Ay X
X+FAIANAp AlVAFX
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Introduction rules for f e ¥ and g e G

P F(Al,...,A,,f)kX X+G(Ay, ..., Ay,
CFALLLADEX XA A,

) g
)

(XirAi AjrX; | s =1 &()=29)

fi
‘ FXt, - X)) b AT, Any)

(A,' FX; Xj F Aj | Sg(i) =1 8g(j) = 8)

8L
g1, Ay F GX1, ..., Xy
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Display postulates for f e ¥ andge G

> 1f &) = g(h) = 1
F(X],...,Xi,...,Xn_/-) FY YI-G(XI...,X;,,...Xng)

Xir FE Xty Y X)) G (X Y X)) F X,

> If /(i) = e4(h) = &
F(X1$9Xl$9Xﬂf)}_Y YFG(X1’7Xh”Xng)

FEX, Y X))k X Xak G (Xp,.. Yo X))
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Which logics are properly displayable?
Complete characterization:

1. the logics of any basic normal (D)LE;

2. axiomatic extensions of these with analytic inductive
inequalities: ~» unified correspondence

+¢ < —Y
A,V A,V
+fs -8 -8 +f
N,V A,V
+8, _f _f’ +8
+p w4 +p +p

Fact: cut-elim., subfm. prop., sound-&-completeness,

conservativity guaranteed by metatheorem + ALBA-technology.
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Analytic Rules

> An analytic rule contains only structural connectives and each
structural variable appears only once in the conclusion.

X;Y+Z WrX>({Y;2)
Y: X+ Z WrX>Y)Z

XrY WrZ
Ir(X>2);,(W>7Y)
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Functional D-frames

Let D be a display calculus for a LE-logic L. A functional D-frame
is a structure Fp := (W, U, N, R, Rg), where

W := Strg and U := Strg;

1
2. Forevery f € ¥ and x € W, Ry(y,x) iff Fr(X)Ny;
3.

4. If

Forevery g € Gandy € U%, R,(x,y) iff xNGg(y);

X1 FEYlsee s Xn B Yp
Xl-y

is a rule in D (including zero-ary rules), then

XINYy1, ..., x; Ny,
XNy

holds in Fp.
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The complex lattice of functional D-frames

Let 4 : AtProp — (Fp)*. For every S € Stry and T € Strg we define
WS} < Wand h{T} C U by simultaneous recursion as follows:

> W{F/(S)} := F/[h{S}] = (F,(X) for some ¥ € h{S}};
> MGy(T)} := Gy[M{T}] = {G(3) for some 5 € M{T}}.

Theorem
Forevery S € Stre and T € Strg it holds that

yn(h{S)) = h(S) MTY = W(T).

Corollary
The following are equivalent:
1. h(S) € W(T);
2. sNt forevery s € h{S} andt € h{T}.
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General Strategy for semantic cut-elimination

FpLE X FY FeDLE X F Y



General Strategy for semantic cut-elimination

FDLE X+rY —— FefD.LE X+Y

15/22



General Strategy for semantic cut-elimination

FD.LE X+rY —— FefD.LE X+rY

I

FepLe E XNY
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General Strategy for semantic cut-elimination

FD.LE X+rY —— FefD.LE X+Y

|

Fipie F MX) < h(Y) FepLe E XNY

17/22



General Strategy for semantic cut-elimination

FD.LE X+rY —— FefD.LE X+Y

| I

Flpie F MX) < h(y) Eepre E XNY
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General Strategy for semantic cut-elimination

FD.LE X+rY —— FefD.LE X+Y

| I

19/22



An application: finite model property

Can we use functional D-frames to obtain finite model property?
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An application: finite model property

Can we use functional D-frames to obtain finite model property?

> Let (X + Y) be the set of all sequents involved in an
exhaustive proof search for X + Y.

> foranyS e Wand T € U,
SN,T iff rpSrToOrS+T¢(XFY);

> If (X + Y)“ is finite or there are finite structures up to provable
equivalence, the corresponding lattice is finite.
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Conclusions

Provided proof-theoretic semantics for a wide class of logics
Obtained semantic proof of cut-elimination

Some results in finite model property

More to come in FMP, FEP, decidability....
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Thank you for your attention!
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