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Definition

Definition

A (pointed) commutative residuated lattice is a tuple
L = 〈L,∧,∨, ·,→, 1, 0〉 such that

〈L,∧,∨〉 is a lattice;

〈L, ·, 1〉 is a commutative monoid;

· is residuated with residual →, i.e. for a, b, c ∈ L,

a · b ≤ c ⇐⇒ a ≤ b → c.

We call L

idempotent if a · a = a for all a ∈ L;

involutive if −−a = a, where −a := a→ 0 for all a ∈ L.

Let CIdInRL denote the variety of commutative idempotent involutive
residuated lattices.
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Some properties

Let L ∈ CIdInRL.

The residual is expressible, i.e. for a, b ∈ L,

a→ b = −(−b · a).

〈L, ·, 1〉 is a meet-semilattice with top element 1 and order v
(monoidal order) defined as

a v b :⇐⇒ a · b = a.

Hence, the orders ≤ and v together with the involution − completely
determine L.
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Examples I

Boolean algebras (where ≤ = v)

Sugihara monoids (algebraic semantics for relevance logic RMt)
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Some more properties

For each a ∈ L, define

⊥a := a · −a = a ∧ −a
>a := a ∨ −a = −(a · −a) = a→ a.

Moreover, for a, b ∈ L, let

[a, b]v := {c ∈ L | a v c v b} and [a, b]≤ := {c ∈ L | a ≤ c ≤ b}.

Lemma

For each a ∈ L, 〈[⊥a,>a]v, ·,∨,−,⊥a,>a〉 is a Boolean algebra;

The intervals [⊥a,>a]v partition L;

〈{⊥a | a ∈ A}, ·,∨, 0〉 is a distributive lattice with top element 0.

Hence, the monoidal semilattice consists of Boolean algebras in the
‘skeleton’ of a distributive lattice.
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Constructions I

Goal: Give a structural characterization of all finite members of CIdInRL.

Idea: “Consider a principal v-upset generated by b ≤ 1. Construct a new
member of our variety by adding a copy of this upset on top in the
monoidal order and in the middle of the lattice order.”

Crucial observation: for all b ∈ L, [b, 1]v = [b,>b]≤.
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Constructions II

More specifically, we give two constructions that construct new members
of the variety. The two constructions consider a L ∈ CIdInRL and an
element b ∈ L such that b ≤ 1.

If b ≤ 0, construct a new member δ(L, b) through a doubling
construction (reminiscent of Day’s doubling construction for lattices);

If b 6≤ 0, construct a new member γ(L, b) through a gluing
construction.
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Doubling construction I (b ≤ 0)
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Doubling construction I (b ≤ 0)
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Doubling construction II (b ≤ 0)
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Doubling construction II (b ≤ 0)
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Gluing construction (b 6≤ 0)
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Gluing construction (b 6≤ 0)
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Conclusions

We have seen:

each CIdInRL can be partitioned into Boolean algebras
Two constructions to construct new CIdInRLs: doubling construction
and gluing construction

We have not seen: the desired structural characterization

Conjecture: The doubling and gluing constructions suffice to characterize
all finite CIdInRLs starting from the trivial algebra.

Many other questions to answer:

Is 〈L, ·, 1〉 distributive as a meet-semilattice?
What about non-commutative IdInRLs?
...
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Thank you!
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