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Partial frames: basic ideas

A meet-semilattice is a partially ordered set with a top, 1, and
bottom, 0, in which all finite meets exist.

A partial frame, or S-frame, is a meet-semilattice in which certain
joins exist and finite meets distribute over these joins.

We specify the collections whose joins should exist by means of a
selection function, denoted by S.

Once a selection function has been chosen, we speak informally
of the collections it picks as the designated subsets.

Schauerte and Frith (UCT) Partial frames TACL 2019 2 / 27



Axioms for a selection function

Definition
A selection function is a function, S, which assigns to each
meet-semilattice A a collection SA of subsets of A, such that the
following conditions hold (for all meet-semilattices A and B):
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Axioms for a selection function

Definition
A selection function is a function, S, which assigns to each
meet-semilattice A a collection SA of subsets of A, such that the
following conditions hold (for all meet-semilattices A and B):

(S1) For all x P A, txu P SA.
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Axioms for a selection function

Definition
A selection function is a function, S, which assigns to each
meet-semilattice A a collection SA of subsets of A, such that the
following conditions hold (for all meet-semilattices A and B):

(S1) For all x P A, txu P SA.

(S2) If G,H P SA then G ^ H � tx ^ y : x P G, y P Hu P SA.
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meet-semilattice A a collection SA of subsets of A, such that the
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(S1) For all x P A, txu P SA.
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(S3) If G P SA and, for all x P G, x ��Hx for some Hx P SA, then¤
xPG

Hx P SA.

Schauerte and Frith (UCT) Partial frames TACL 2019 3 / 27



Axioms for a selection function

Definition
A selection function is a function, S, which assigns to each
meet-semilattice A a collection SA of subsets of A, such that the
following conditions hold (for all meet-semilattices A and B):

(S1) For all x P A, txu P SA.

(S2) If G,H P SA then G ^ H � tx ^ y : x P G, y P Hu P SA.

(S3) If G P SA and, for all x P G, x ��Hx for some Hx P SA, then¤
xPG

Hx P SA.

(S4) For any meet-semilattice map f : A Ñ B,

Spf rAsq � tf rGs : G P SAu � SB.
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S-frames

Definition
Let S be a selection function.

1 An S-frame, L, is a meet-semilattice that satisfies the following two
conditions:

(a) For allG P SL, G has a join inL (i.e.
�

G exists).

(b) For allx P L, for all G P SL, x ^�G � �
yPG

x ^ y .

2 Let L andM beS-frames. AnS-frame mapf : L Ñ M is a
meet-semilattice map such that, for allG P SL, f p�Gq � �

yPG
f pyq.

3 SFrm is the category ofS-frames as objects andS-frame maps as
morphisms.
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Example
We give several selection functions, together with their corresponding
categories ofS-frames. Throughout,A is an arbitrary meet-semilattice.

1 SA � ttxu : x P Au. SFrm is just the category of meet-semilattices.
2 SA � tG � A : G is finiteu. SFrm is the category of bounded

distributive lattices.
3 SA � tG � A : G is countableu. SFrm is the category ofσ-frames.
4 SA � tG � A : cardpGq   κu, where cardpGq denotes the cardinality of

G andκ is a regular cardinal.SFrm is the category ofκ-frames.
5 SA � PA, the power set ofA. SFrm is the category of frames.
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Algebraic ideas and constructions
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Algebraic ideas and constructions

Definition
Let L be anS-frame. We callθ � L � L anS-congruence onL if it satisfies
the following:
(1) θ is an equivalence relation.
(2) pa,bq, pc,dq P θ implies thatpa ^ c,b ^ dq P θ.
(3) If tpaα,bαq : α P Au � θ andtaα : α P Au andtbα : α P Au are
designated subsets ofL, thenp�

αPA aα,
�
αPA bαq P θ.
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Algebraic ideas and constructions

Definition
Let L be anS-frame. We callθ � L � L anS-congruence onL if it satisfies
the following:
(1) θ is an equivalence relation.
(2) pa,bq, pc,dq P θ implies thatpa ^ c,b ^ dq P θ.
(3) If tpaα,bαq : α P Au � θ andtaα : α P Au andtbα : α P Au are
designated subsets ofL, thenp�

αPA aα,
�
αPA bαq P θ.

Definition
Let f : L Ñ M be anS-frame map. We define thekernelof f , by

ker f � tpx , yq P L � L : f pxq � f pyqu.
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Lemma

Let f : L Ñ M andg : L Ñ M 1 beS-frame maps betweenS-frames with
f onto. If ker f � ker g, there exists a uniqueS-frame maph : M Ñ M 1
such thath � f � g, that is, making the following diagram commute:

M 1L M

g

f

h

S-congruences correspond precisely to kernels and to quotients.
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A feature distinguishing partial frames from full frames is the fact that
every frame map has a right adjoint: the right adjoint of f : L Ñ M is a
function r from M to L, given by rpaq ��tx P L : f pxq ¤ au. This is
not so for S-frame maps.
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A feature distinguishing partial frames from full frames is the fact that
every frame map has a right adjoint: the right adjoint of f : L Ñ M is a
function r from M to L, given by rpaq ��tx P L : f pxq ¤ au. This is
not so for S-frame maps.

The following data are equivalent on an S-frame L:

An S-frame map f from L onto M has a right adjoint.

An S-congruence has the property that every equivalence class
has a largest member.

k : L Ñ L is a nucleus.
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Generators and relations

Begin with a meet-semilattice A. For each a P A, specify Cpaq, a
collection of designated subsets, each contained in Óa.

Aim:
Obtain an S-frame FSpA,Cq and a meet-semilattice map
f : A Ñ FSpA,Cq such that f paq ��tf psq : s P Su, all S P Cpaq, with
an appropriate universal property.

Method of construction:
(1) First form the free S-frame over A; this is given by the collection of
S-generated downsets of A.
(2) Generate an S-congruence by tpÓa, ÓSq : a P A,S P Cpaqu and
factor out by this.
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Examples

1 Let A be a bounded distributive lattice. For a P A, let
Cpaq � tS � A : S is finite and

�
S � au. The free S-frame over

the bounded distributive lattice A is given by A Ñ FSpA,Cq.
2 Adjoining complements freely.
3 Constructing coproducts.
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The least dense quotient and the role of Booleanness

In a frame N, the pseudocomplement of a is a� ��tt P N | t ^ a � 0u.
In a partial frame, pseudocomplements might not exist. Here is an
example that is very simple, but will be of repeated use to us:

Example
Let L consist of all countable subsets ofR with top elementR. This is a
σ-frame, with finite intersections and countable unions.
It is not a frame:t1u ^�ttxu : x irrationalu � t1u ^R � t1u whereas�tt1u ^ txu : x irrationalu � H.

The elementt1u clearly has no pseudocomplement.
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For a frame N, the nucleus j : N Ñ N given by jpaq � a�� produces the
quotient, N��, of N with two attractive properties:

1 The frame map j : N Ñ N�� is the least dense quotient of N. This
means that for any dense, onto frame map h : N Ñ P where P is
a frame, there exists a unique frame map h̄ : P Ñ N�� such that
h̄ � h � j .

P

N N��
h

j

h̄

2 The frame map j : N Ñ N�� is the unique dense Boolean quotient
of N.
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Question: Does every S-frame have a least dense quotient?
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Question: Does every S-frame have a least dense quotient?
Answer: Yes.
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Question: Does every S-frame have a least dense quotient?
Answer: Yes.

Definition
Let L be anS-frame.

1 For eachx P L definePx � tt P L : t ^ x � 0u.
2 DefineπL � tpx , yq P L � L : Px � Pyu.

Proposition

1 The relationπL is anS-congruence onL, called the Madden congruence
of L.

2 The quotient mappL : L Ñ L{πL is indeed the least dense quotient ofL.
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Question: Does every S-frame have a least dense quotient?
Answer: Yes.

Definition
Let L be anS-frame.

1 For eachx P L definePx � tt P L : t ^ x � 0u.
2 DefineπL � tpx , yq P L � L : Px � Pyu.

Proposition

1 The relationπL is anS-congruence onL, called the Madden congruence
of L.

2 The quotient mappL : L Ñ L{πL is indeed the least dense quotient ofL.

Question: Does every S-frame have a unique dense Boolean quotient?
Answer: No.
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We have seen that Px � tt P L : t ^ x � 0u can play the role of x�; can
we find something to play the role of x��?
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We have seen that Px � tt P L : t ^ x � 0u can play the role of x�; can
we find something to play the role of x��?

Yes: let Qx � ts P L | s ^ t � 0 for all t P Pxu.
Definition
For L anS-frame, letQL � tQx : x P Lu and letqL : L Ñ QL be defined by
qLpxq � Qx .

This provides an alternative presentation of the Madden quotient:

Proposition
The posetpQL,�q is order isomorphic toL{πL.

Question: Which partial frames do have a Boolean least dense
quotient?
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We have seen that Px � tt P L : t ^ x � 0u can play the role of x�; can
we find something to play the role of x��?

Yes: let Qx � ts P L | s ^ t � 0 for all t P Pxu.
Definition
For L anS-frame, letQL � tQx : x P Lu and letqL : L Ñ QL be defined by
qLpxq � Qx .

This provides an alternative presentation of the Madden quotient:

Proposition
The posetpQL,�q is order isomorphic toL{πL.

Question: Which partial frames do have a Boolean least dense
quotient?
Answer: Those which satisfy the condition that, for all x P L, there
exists y P L with Px � Qy .
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The Madden quotient of L and the Booleanization of
the free frame over L

The free frame on the S-frame L is HSL, the frame of S-ideals of L,
those ideals closed under taking joins of designated subsets.
For any x P L, Óx � tt P L : t ¤ xu P HSL.

Lemma
Let L be anS-frame,x P L.

1 BothPx andQx areS-ideals ofL.
2 In HSL, pÓxq� � Px .
3 In HSL, pÓxq�� � Qx .
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Let j : HSL Ñ pHSLq�� be the Booleanization of HSL, that is, jpIq � I��.

Corollary

Let L be anS-frame. ThenQL is a subS-frame ofpHSLq��, which makes the
following diagram commute. (Here “inc” refers to the inclusion map.)

HSL

L QLpHSLq��Ó qL

j

inc

Moreover, the image ofL underj� Óis QL.

Schauerte and Frith (UCT) Partial frames TACL 2019 16 / 27



We now have three ways of viewing the Madden quotient:

1 pL : L Ñ L{πL

2 qL : L Ñ QL
3 j� Ó: L Ñ QL where QL is viewed as a sub S-frame of pHSLq��.
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Skeletal maps provide a reflection

We call a partial frame d-reduced if it is isomorphic to its Madden
quotient.
Frame version: Boolean frames.

We call an S-frame map f : L Ñ M skeletal if f rQx s � Qf pxq for each
x P L.
Frame version: f px��q ¤ f pxq��.

We note that f is skeletal iff pf � f qrπLs � πM .

We denote the category of S-frames with skeletal maps by SFrmSk .
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Proposition

Suppose thatf : L Ñ M is a skeletalS-frame map. Definēf : L{πL Ñ M{πM

by f̄ prxsq � rf pxqs. Thenf̄ is anS-frame map which makes the following
diagram commute:

L{πL

L M

M{πM

pL

f

f̄

pM

Conversely, if there is anS-frame mapg such thatg � pL � pM � f thenf is
skeletal.
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Corollary
The full subcategory ofSFrmSk consisting of the d-reduced objects is
reflective inSFrmSk .

Use the diagram:

L{πL

L M

M{πM

pL

f

f̄

pM�
Here we use the fact that taking Madden quotients is idempotent.
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We have been using certain ideals of an S-frame to play the role of
special elements that exist in frames, namely, pseudocomplements
and double pseudocomplements.

Question: Can we model Heyting arrows in a similar way?
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We have been using certain ideals of an S-frame to play the role of
special elements that exist in frames, namely, pseudocomplements
and double pseudocomplements.

Question: Can we model Heyting arrows in a similar way?

Answer: Yes.

For any pair of elements a and b of an S-frame L, define Hpa,bq to betz P L : z ^ a ¤ bu.
One can then prove that Hpa,bq is in fact Óa ÑÓb in HSL and the usual
identities for a Heyting arrow hold.
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De Morgan partial frames

We recall that a de Morgan frame is one in which x�_ x�� � 1 for all x .

Definition
We call anS-frameL de Morganif, for any x P L, Px _Qx �Ó1 in HSL.

For frames, the de Morgan condition is equivalent to (for all a,b):pa ^ bq� � a� _ b� or pa _ bq�� � a�� _ b��
Proposition
If L is a de MorganS-frame then, for anya,b P L, Pa _ Pb � Pa^b and
Qa _Qb � Qa_b in HSL.
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The converse of the proposition above is false; in fact, it is possible to
have Pa _ Pb � Pa^b and Qa _Qb � Qa_b in HSL for all a,b but
Px _Qx ��Ó1 for some x :

Example
Let L be the collection of countable subsets ofR with top elementR.
For a (non-empty) countable subsetX � R, we have:
PX � tA � R : A is countable andA X X � Hu and
QX �ÓX .
For suchX , PX _QX ��Ó1 since this would require two disjoint countable
subsets ofR whose union is not countable. SoL is not de Morgan.
On the other hand, it is straightforward to check thatPX _ PY � PXXY and
QX _QY � QXYY .
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The frame of S-congruences, CSL
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The frame of S-congruences, CSL

It is a fact that CSL is a complete lattice.
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The frame of S-congruences, CSL

It is a fact that CSL is a complete lattice.
In fact, it is a frame.

This involves knowing that, for θ P CSL, we have
θ ��t∇b ^∆a : pa,bq P θ anda ¤ bu.
∇a is the smallest S-congruence identifying 0 with a.
∆b is the smallest S-congruence identifying b with 1.

There are restrictions on S.
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A nice universal property

Theorem
Let f : L Ñ N be anS-frame map where:

L is anS-frame andN is a frame and

the mapf has complemented image inN.

Then there is a unique frame mapf̄ : CSL Ñ N such thatf � f̄ �∇L, that is,
the following diagram commutes.

N

L CSL

f

∇L

f̄

And then
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Corollary
Taking theS-congruence frame of anS-frame provides a functorCS from
S-frames to frames.
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Corollary
Taking theS-congruence frame of anS-frame provides a functorCS from
S-frames to frames.

Proposition
ForL anS-frame, the congruence frame onL, CSL, is isomorphic to the free

frame on FCSL, the freely complementedS-frame onL. That is

CSL � HSFCSL
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Properties of the congruence frame
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Properties of the congruence frame

It is clear that the congruence frame, CSL, is generated by its
complemented elements and is thus a zero-dimensional, and so
completely regular, frame.

When is CSL compact?
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Properties of the congruence frame

It is clear that the congruence frame, CSL, is generated by its
complemented elements and is thus a zero-dimensional, and so
completely regular, frame.

When is CSL compact?
Exactly when L is Noetherian, that is, for each x P L, if x ��S where
S is a designated subset of L then x � s1 _ s2 _ . . . _ sn, for
s1, s2, . . . , sn P S.
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Properties of the congruence frame

It is clear that the congruence frame, CSL, is generated by its
complemented elements and is thus a zero-dimensional, and so
completely regular, frame.

When is CSL compact?
Exactly when L is Noetherian, that is, for each x P L, if x ��S where
S is a designated subset of L then x � s1 _ s2 _ . . . _ sn, for
s1, s2, . . . , sn P S.

When is CSL spatial?
Exactly when L{θ is a spatial S-frame for each θ in CSL.
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