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a b s t r a c t

The estimation of covariance matrices is an important area in multivariate statistics
and arises naturally in many applications. Stein’s covariance estimator is regarded as a
benchmark in the literature, as it generally yields remarkable risk reductions compared to
the maximum likelihood estimator (MLE) in small sample sizes. In its original or raw form,
however, Stein’s estimator becomes unbounded when two sample eigenvalues approach
each other. Thus, in some settings, Stein’s raw estimator has greater risk than the MLE.
This implies that Stein’s raw estimator is not uniformly better than the MLE and thus
cannot always be used as an alternative. The problem of the unbounded behavior of Stein’s
raw estimator is often mitigated by employing an ad hoc isotonizing algorithm which has
no formal statistical basis. By leveraging Stein’s unbiased estimator of risk framework, in
this paper we propose a general approach that prevents the unbounded behavior of the
unbiased estimator of risk as two sample eigenvalues approach each other.We then employ
this framework to obtain a proof-of-concept for constructing covariance estimators which
retain the attractive properties of Stein’s estimator and are simultaneously uniformly better
than the MLE.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The estimation of covariancematrices has many important applications including astrophysics (Pope and Szapudi, 2008;
Hamimeche and Lewis, 2009), the environmental sciences (Frei and Kunsch, 2012; Eguchi et al., 2010), genetics (Schäfer and
Strimmer, 2005), economics (Ledoit and Wolf, 2004a), etc. For instance, in minimum variance portfolio optimization, the
optimal portfolio weights are a function of the covariance matrix (Won et al., 2012). In climate applications, when imputing
climate fields and undertaking paleoclimate reconstructions,modeling the covariance of the spatial field requires covariance
estimation (Guillot et al., 2015).

The classical estimator for the covariance is the sample covariance matrix, which is also the maximum likelihood
estimator (MLE). The performance of theMLE, however, is satisfactory only when the sample size n is much greater than the
dimension of the population covariancematrix, p. For n close to p, the estimates of the larger eigenvalues are biased upwards
and those of the smaller eigenvalues are biased downwards (a similar distortion is observed for any n if the population
covariance matrix is close to the identity matrix) (Lin and Perlman, 1985). Therefore, for those applications for which the
sample size is limited, more sophisticated estimators are required.
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A fundamental contribution to the study of covariance estimation was given by Stein (1975, 1986). Stein derived the un-
biased estimator of riskwith respect to the entropy loss function for a generic orthogonally invariant estimator (Stein, 1986).
By minimizing an approximate version of the unbiased estimator of risk, Stein obtained an orthogonally invariant estima-
tor that shrinks the eigenvalues of the sample covariance matrix in order to counteract the aforementioned biases. In its
‘‘raw’’ form, Stein’s estimator can yield negative estimates for the eigenvalues of the covariance matrix or can distort the
ordering of the sample eigenvalues. In addition, the risk of Stein’s raw estimator is not defined, because the corresponding
unbiased estimator of risk is either infinite or take complex values on an open subset of its domain. Stein, therefore, pro-
posed to use his raw estimator in tandem with an isotonizing algorithm, which preserves the positivity and the ordering of
the sample eigenvalues. In practice, Stein’s isotonized estimator generally yields remarkable risk reductions with respect to
the MLE; the relative reductions can in fact be as large as 75% in the case when the population covariance matrix is close to
the identity (Lin and Perlman, 1985). The performance of this estimator is partly attributable to the fact that it minimizes
an optimality criterion. For these and other reasons, Stein’s estimator is regarded as a reference estimator in the literature.
However, numerical studies show that there are situations in which the risk of Stein’s estimator can be slightly greater than
that of the MLE (Lin and Perlman, 1985; Rajaratnam and Vincenzi, submitted for publication). Hence, Stein’s estimator is
not uniformly better than the MLE. Furthermore, the risk reductions obtained with Stein’s estimator are not uniform in the
parameter space, but vary significantly with p, n, and the population covariance matrix (Rajaratnam and Vincenzi, submit-
ted for publication). Stein’s estimator does perform considerably better than the MLE when n is close to p or when some
of the population eigenvalues are close to each other. It does not yield appreciable risk reductions when the population
eigenvalues are moderately separated and, simultaneously, n is sufficiently large compared to p (Lin and Perlman, 1985;
Rajaratnam and Vincenzi, submitted for publication).

Several other covariance estimators have been proposed after Stein’s seminalwork (Haff, 1980; Dey and Srinivasan, 1985;
Haff, 1991; Yang andBerger, 1994;Daniels andKass, 1999, 2001; Ledoit andWolf, 2004b; Rajaratnamet al., 2008;Hoff, 2009;
Ledoit and Wolf, 2013) (see also Pourahmadi, 2011 for a review). However, under the entropy loss, Stein’s estimator still
remains a contender. Therefore, the question arises as how to leverage Stein’s estimator in order to obtain a covariance
estimator that both is uniformly better than the MLE and has risk properties comparable to those of Stein’s estimator. In
this paper, we present a general approach for preventing the unbounded behavior of the unbiased estimator of risk of an
orthogonally invariant estimator as any two sample eigenvalues approach each other. We then give a proof-of-concept
for the construction of new covariance estimators by using Stein’s unbiased estimator of risk. We illustrate this approach
through a class of two-dimensional covariance estimators for which we rigorously prove dominance over the MLE. We then
analyze the risk properties of these estimators numerically. Our study allows us to characterize the shrinking effect of Stein’s
raw estimator and its impact on the risk properties of Stein’s isotonized estimator.

The remainder of the paper is organized as follows. In Section 2, we recall Stein’s approach on orthogonally invariant
covariance estimators and describe the two-dimensional case in detail. In Section 3, we develop the unbiased estimator of
risk approach and give sufficient conditions on the eigenvalue estimates that ensure that the unbiased estimator of risk of
an orthogonally invariant estimator is bounded as two sample eigenvalues approach each other. In Section 4, we apply this
approach to the construction of two-dimensional covariance estimators. Section 5 contains a summary of the results and
the conclusions.

2. Stein’s covariance estimator

Let X1,X2, . . . ,Xn be a random sample from a p-dimensional multivariate normal distribution with zero mean and
covariance matrix Σ . Throughout this paper, we shall assume n > p > 1. The sample covariance matrix S (using the
same terminology as Stein, 1986 and not dividing S by n) is constructed from the vectors Xi in the following way:

S :=

n
i=1

XiX t
i . (1)

Thematrix S is distributed according to the p-dimensionalWishart distributionwith scale parametermatrixΣ and ndegrees
of freedom, in symbols, S ∼ Wp(Σ, n). The matrixΣ will also be referred to as the population covariance matrix. In view of
its symmetry, S can be written as

S = HΛH t, (2)

where H is orthogonal and Λ = diag(l1, l2, . . . , lp). The lj are the sample eigenvalues and are ordered in decreasing order,
i.e., l1 > l2 > · · · > lp > 0. Using the same terminology as Stein (1986), a covariance estimator Σ is said to be orthogonally
invariant if it is of the form Σ = HΦH t, where Φ = diag(φ1(l), φ2(l), . . . , φp(l)) and H is defined in (2). Thus, an
orthogonally invariant estimator modifies the spectrum of the sample covariance matrix, but retains its eigenvectors. The
estimator of the jth eigenvalue ofΣ can be regarded as a function φj on the set:

Dp :=

l = (l1, l2, . . . , lp) ∈ Rp

: l1 > l2 > · · · > lp > 0

. (3)
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We shall say that Σ preserves the positivity of the sample eigenvalues if φj(l) > 0 for all j = 1, . . . , p and for all l ∈ Dp.
Likewise Σ preserves the ordering of the sample eigenvalues if φj+1(l) 6 φj(l) for all j = 1, . . . , p − 1 and for all l ∈ Dp.
In what follows, it will also be useful to consider the functions:

ψj(l) =
φj(l)
lj
, j = 1, 2, . . . , p. (4)

Since φj(l) = ψj(l)lj, ψj(l) determines the extent to which the sample eigenvalue lj is amplified or reduced.
To characterize the performance of Σ , Stein used the following loss function (Stein, 1986):

L1
Σ,Σ = tr

ΣΣ−1
− ln


det
ΣΣ−1

− p (5)
with corresponding risk function:

R
Σ,Σ := E


L1
Σ,Σ. (6)

Under the assumption that theφj are continuously differentiable onDp, Stein proved that the risk of an orthogonally invariant
estimator Σ can be written as (Stein, 1986):

R
Σ,Σ = E [F(l)] , (7)

where

F(l) =

p
j=1

σj(l)− cp,n (8)

with

σj(l) =


n − p + 1 + 2lj

p
i=1
i≠j

1
lj − li


ψj(l)+ 2lj

∂ψj

∂ lj
− ln(ψj(l)),

cp,n = p(1 + ln 2)+

p
j=1

0′
 1
2 (n − j + 1)


0
 1
2 (n − j + 1)

 .
(9)

Here 0 denotes the Euler Gamma function and 0′ is its derivative. Eq. (7) indicates that F(l) is an unbiased estimator of the
risk of Σ .

2.1. The maximum likelihood estimator (MLE)

The MLE of the covariance matrixΣ is:Σml
:=

S
n
, (10)

where the sample covariance matrix S has been introduced in (1). The MLE obviously is an orthogonally invariant estimator
withφml

j (l) = lj/n. For theMLE, the coefficientsψj(l) are constant and do not depend on j:ψml
j (l) = 1/n for all j = 1, . . . , p.

The corresponding unbiased estimator of risk is also constant (Rajaratnam and Vincenzi, submitted for publication):

Fml(l) = Kml
p,n := p(1 + ln n)− cp,n. (11)

2.2. Stein’s isotonized estimator

Stein’s covariance estimator is orthogonally invariant. It is derived by disregarding the derivative terms ∂ψj/∂ lj in the
unbiased estimator of risk F(l) (see (8)) and by minimizing the resulting function with respect to ψj. This approach yields
the following estimators of the eigenvalues ofΣ (Stein, 1986):

φraw
j (l) :=

lj
αj(l)

, αj(l) = n − p + 1 + 2lj
p

i=1
i≠j

1
lj − li

(12)

for j = 1, . . . , p. The estimators φraw
j (l) assume negative values or violate the original ordering of the sample eigenvalues

on the set:

Qp,n :=


l ∈ Dp : ∃ 1 6 j 6 p s.t. αj(l) 6 0 or lim

λ→l
|αj(λ)| = ∞


∪

l ∈ Dp : ∃ 2 6 j 6 p s.t. lj/αj(l) > lj−1/αj−1(l)


. (13)

(For a detailed characterization of Qp,n as a function of p and n, see Rajaratnam and Vincenzi, submitted for publication.)
If l ∈ Qp,n, the estimates φraw

j (l) are then modified by means of an isotonizing algorithm, which consists in repeatedly
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pooling adjacent estimates together until all the estimated eigenvalues are positive and ordered in the same way as the lj.
The estimate obtained by pooling a generic set of φraw

j (l) is:

φiso
i (l) = φiso

i+1(l) = · · · = φiso
i+k(l) :=

li + li+1 + · · · + li+k

αi(l)+ αi+1(l)+ · · · + αi+k(l)
(14)

with 1 6 k 6 p − i. The algorithm always produces the desired result of positive-eigenvalues estimate which preserve the
order in the sample eigenvalues, because the estimates obtained by pooling all the φraw

j (l) together are:

φiso
1 (l) = φiso

2 (l) = · · · = φiso
p (l) =

p
j=1

lj

p
j=1
αj(l)

=

p
j=1

lj

np
. (15)

Formore details on the isotonized algorithm and on its implementation, the reader is referred to Lin and Perlman (1985). The
explicit formof the estimatorsφiso

j (l) for p = 2 and for p = 3 is given in RajaratnamandVincenzi (submitted for publication).
Finally, the complete form of Stein’s covariance estimator is ΣSt

:= HΦSt(l)H t with ΦSt(l) = diag

φSt
1 (l), φ

St
2 (l), . . . ,

φSt
p (l)


and

φSt
j (l) :=


φraw
j (l) if l ∈ Dp \ Qp,n

φiso
j (l) if l ∈ Qp,n

(j = 1, . . . , p). (16)

The coefficients ψSt
j (l) are defined as in (4):

ψSt
j (l) =

φSt
j (l)
lj

. (17)

In what follows, the unbiased estimator of risk of Stein’s estimator will be denoted as F St(l).
It is shown in Appendix A that the φSt

j are continuous everywhere on Dp but continuously differentiable only almost
everywhere. Nevertheless, (7) holds for Stein’s estimator because, in the derivation of (7), all the differentiations are
performed under the integral sign (Stein, 1986).

2.3. Stein’s estimator for p = 2

By writing the ratios lk/lj, 1 6 k < j 6 p, as

lj
lk

=
lj

lj−1

lj−1

lj−2
· · ·

lk+2

lk+1

lk+1

lk
, (18)

it can be seen that the ψSt
j , and hence F St, do not depend on the sample eigenvalues individually, but only on the ratios

0 < lj+1/lj 6 1, j = 1, . . . , p − 1 (Rajaratnam and Vincenzi, submitted for publication). This fact can be checked by using
(12), (14), (17) and (8). In particular, for p = 2, (17) yields:

ψSt
j (l1, l2) = ψ St

j


l2
l1


, j = 1, 2, (19)

where

ψ St
1 (x) =


ψ raw

1 (x) =
1 − x

n + 1 − (n − 1)x
0 < x 6 xn

ψ iso
1 (x) =

1 + x
2n

xn < x 6 1
(20)

and

ψ St
2 (x) =


ψ raw

2 (x) =
1 − x

n − 1 − (n + 1)x
0 < x 6 xn

ψ iso
2 (x) =

1 + x
2nx

xn < x 6 1.
(21)

The point xn, which determines the transition from the raw estimator to the isotonized one, is xn = (n+ 1− 2
√
n)/(n− 1).

Thus, the set Q2,n defined in (13) consists of the couples (l1, l2) ∈ D2 such that l2/l1 > xn.



B. Rajaratnam, D. Vincenzi / Journal of Statistical Planning and Inference 175 (2016) 25–39 29

Fig. 1. Left and center: Graphs ofψml
j (black), ofψ raw

j (red), ofψ iso
j (blue), and ofψ St

j (green) for p = 2, n = 10, and j = 1, 2. The green line is superimposed
on the graphs of ψ raw

j and ψ iso
j when they are the same as the graph of ψ St

j (j = 1, 2). Note that, for n = 10, xn ≈ 0.52. Right: Graphs of the unbiased
estimator of risk of the MLE (black), of f raw (red), of f iso (blue), and of f St (green) for p = 2 and n = 10. The green line is superimposed on the graphs of
f raw and f iso when they are the same as the graph of f St . (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

The graphs of ψ St
j (j = 1, 2) are given in Fig. 1 for a representative value of n. Note thatψ St

1 (x) > xψ St
2 (x), ∀ x ∈ (0, 1], (22)

which can be rewritten as: φSt
1 (l1, l2) > φSt

2 (l1, l2). This inequality demonstrates that Stein’s estimator preserves the order
of the sample eigenvalues. Moreover,

ψ St
1 (x) 6

1
n

6 ψ St
2 (x) (23)

for all x ∈ (0, 1] and for all n > 2. Eq. (23) implies that φSt
1 (l1, l2) 6 l1/n and φSt

2 (l1, l2) > l2/n, and hence shows that
Stein’s estimator shrinks the two sample eigenvalues closer together. Also note that the ψSt

j are continuous on (0, 1] and
continuously differentiable everywhere on (0, 1] except at x = xn. In particular, the derivative ofψSt

j changes sign at x = xn,
i.e., as we move from the raw to the isotonized form:

lim
x→x+n

dψ St
1 (x)
dx

= − lim
x→x−n

dψ St
1 (x)
dx

=
1
2n

and

lim
x→x+n

dψ St
2 (x)
dx

= − lim
x→x−n

dψ St
2 (x)
dx

= −
(
√
n + 1)2

2n(
√
n − 1)2

.

(24)

We can interpret this behavior by saying that the shrinking effect of the raw estimator becomes increasingly stronger as l2
approaches l1 and that the isotonizing algorithm mitigates this effect (Fig. 1).

The unbiased estimator of risk of Stein’s estimator can be obtained by substituting ψSt
j (l) into (8). For p = 2, a

straightforward calculation yields:

F St(l1, l2) = f St

l2
l1


, (25)

where

f St(x) =


f raw(x) 0 < x 6 xn
f iso(x) xn < x 6 1 (26)

with

f raw(x) = 2 + 4x


1
[n + 1 − (n − 1)x]2

+
1

[(n + 1)x − (n − 1)]2


+ ln


n +

1 + x
1 − x


+ ln


n −

1 + x
1 − x


− c2,n (27)

and

f iso(x) = 1 −
1
n

+
x
2

−
3x
2n

+
n − 3
2nx

− ln

1 + x
2n


− ln


1 + x
2nx


− c2,n. (28)

The graph of f St is given in Fig. 1.
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Acomprehensive study of the function f St for p = 2 is undertaken inRajaratnamandVincenzi (submitted for publication).
In particular, the following propertieswill be used in the remainder of the paper: f St(0) < Kml

2,n and f St(1) < Kml
2,n for all n > 2,

i.e., the unbiased estimator of risk of Stein’s estimator is lower than that of the MLE when the sample eigenvalues are well
separated or when they are very close to each other (see Fig. 1). By contrast, for any n, there exists 0 < x⋆n < 3 − 2

√
2 such

that f St(x) > Kml
2,n on the interval


x⋆n, xn


(Rajaratnam and Vincenzi, submitted for publication). This fact indicates that there

is a subset of (0, 1] on which the unbiased estimator of risk of Stein’s estimator exceeds that of the MLE (Fig. 1); on this
subset, the sample eigenvalues are moderately separated.

We also note that f St is not continuous at x = xn and drops abruptly from a value greater than Kml
2,n to a valuemuch smaller

than Kml
2,n (Fig. 1). The discontinuity of f St at x = xn is due to the fact that f St depends on dψ St

j /dx (see (8)) and the ψ St
j are

not continuously differentiable at x = xn. We observe that each ψ St
j is continuous and take comparable values on the two

intervals (0, xn] and (xn, 1] and that |dψSt
j /dx| behaves analogously. Therefore, the drop in value of f St should be attributed

to the change of sign of the derivative of theψ St
j at x = xn. In other words, the fact that, as x approaches xn, the raw estimator

increasingly shrinks the lj induces a rapid increase of f St(x) beyond the value of the unbiased estimator of risk of the MLE.
The isotonizing algorithm produces a drop in value of f St(x) by counteracting the shrinking effect of the raw estimator.

The above considerations will be used in the next sections to show a proof-of-concept on how to construct covariance
estimators that are uniformly better than the MLE.

3. Unbiased estimator of risk approach

The unbiased estimator of risk presents a possible framework in which ψj(l) can be appropriately chosen in order to
obtain an estimator with good risk properties, an estimator that is potentially better than the MLE or Stein’s estimator and
that does not rely on the isotonizing algorithm. In this section, we show that any modified estimator that seeks to improve
Stein’s estimator within the unbiased estimator of risk framework should satisfy some general conditions. In addition, we
show how the unbiased estimator of risk approach can be used to construct estimators that are uniformly better than the
MLE.

Expressing the unbiased estimator of risk in terms of the ratios of the sample eigenvalues is peculiar to Stein’s raw
estimator and its isotonized counterpart. We now return to expressing the unbiased estimator of risk in terms of the sample
eigenvalues lj (see (8)). Clearly, the factor multiplyingψj(l) in σj(l) diverges if there exists i ≠ j such that li = lj (or becomes
arbitrarily large as one li approaches an lj). This in turn implies that the unbiased estimator of risk F(l) may also diverge.
For F raw(l), this divergence or explosive behavior can be deduced from (27) for p = 2 and was demonstrated in Rajaratnam
and Vincenzi (submitted for publication) for a general p. Hence it is natural to consider a class of estimators ψj(l) such that
F(l) is bounded for all l ∈ Dp. To obtain a bounded unbiased estimator of risk F(l), one might be tempted to introduce an
estimator ψj that rectifies the aforementioned divergence in the σj(l). Proposition 1 demonstrates, however, that even the
simple and natural requirement that the eigenvalues are positive necessitates that the σj(l) diverge as lj → li. Thus, the
boundedness of F must be obtained through a combination of different diverging σj(l). Proposition 1 also gives sufficient
conditions on the ψj which ensure that F(l) is bounded for all l ∈ Dp.

Proposition 1. Let 1 6 j < k 6 p and let l̃ ∈ Dp be such that l̃j = l̃k and l̃i ≠ l̃r for all i, r = 1, . . . , p, r ≠ i, j, k. If ψi is
positive and differentiable for all i = 1, . . . , p and l ∈ Dp, then there exists 1 6 q 6 p such that

lim sup
l→l̃

|σq(l)| = ∞.

If in additionψi(l) is bounded with bounded derivatives for all i = 1, . . . , p and for all l ∈ Dp, andψj andψk satisfy the following
condition:

lim sup
l→l̃

ljψj(l)− lkψk(l)
lj − lk

=
φj(l)− φk(l)

lj − lk
< ∞, (29)

then F(l) remains bounded as l → l̃.
Proof. See Appendix B. �

Inequality (29) is a differentiability condition for ϕj(l) as two sample eigenvalues approach one another. This condition
essentially implies that, for F(l) to be bounded, ϕj(l) should converge to ϕk(l) at an equal or faster rate as compared to the
rate at which lj approaches lk. We note that the MLE and Stein’s isotonized estimator satisfy (29).

The assumptions of Proposition 1 are rather broad, hence the requirement that F(l) is bounded under these assumptions
does not yield a sufficiently small and well defined class of estimators with some structure that can be immediately studied
further. However, it does specify a basic and important sufficient condition that the ϕj(l) need to satisfy as lj → lk for j ≠ k
in order for F(l) to be bounded. Thus, if two orthogonally invariant estimators Σ , Σ ′ satisfy (7) and (29) and their unbiased
estimators of risk F , F ′ are such that:

F(l) < F ′(l) (30)
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Fig. 2. Left and center: Graphs of ψml
j (black), of ψ raw

j (red), of ψ iso
j (blue), and of ψ co

j (green) for p = 2, n = 10, c = 0.3, and j = 1, 2. The green line is
superimposed on the graphs of ψ raw

j and ψ iso
j when they are the same as the graph of ψ co

j (j = 1, 2). Right: Graphs of the unbiased estimator of risk of
the MLE (black), of f raw (red), of f iso (blue), and of f co (green) for p = 2, n = 10, and c = 0.3. The green line is superimposed on the graphs of f raw and f iso
when they are the same as the graph of f co . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 3. Empirical means of L1
Σco,Σ


(blue) and of F co(l) (red) as a function of the number of realizations N for Σ = diag(1, 0.5), n = 10,

xn = (11 − 2
√
10)/9 ≈ 0.52, and c = 0.3. Note that in this case Fml(l) ≈ 0.32. (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)

for Lebesgue almost all l ∈ Dp, then Σ is uniformly better than Σ ′. We shall demonstrate that this approach can be used to
construct orthogonally invariant estimators that are uniformly better than the MLE.

In Section 2, we have recalled that, for all n, there exists a subinterval of (0, 1] on which F St(l) > Fml(l). Therefore, (7)
cannot be used to prove that Stein’s estimator is uniformly better than the MLE. Nevertheless, a suitable modification of
Stein’s unbiased estimator of risk may yield an orthogonally invariant estimator that satisfies (30) and hence is uniformly
better than the MLE. The following example, however, shows that this strategy must be applied carefully.

Fig. 1 indicates that there exists a subinterval of (0, 1] on which f iso(x) < f raw(x) but f St(x) = f raw(x), i.e., Stein’s
estimator uses the raw form even though the isotonized one would yield a lower unbiased estimator of risk. An analogous
behavior is observed for other values of n. In order to obtain a lower unbiased estimator of risk, one may be tempted to
construct a new orthogonally invariant estimator that uses the isotonized form not only for x > xn but also for smaller
values of x. The form of the resulting ‘‘cut-off’’ estimator is:

ψ co
j (l1, l2) :=

ψ raw
j (l2/l1) if 0 < l2/l1 6 cψ iso
j (l2/l1) if c < l2/l1 6 1

(31)

with 0 < c < xn and j = 1, 2. This estimator only differs from Stein’s estimator in that the transition from the raw to the
isotonized form occurs at smaller x (Fig. 2). Clearly, the function F co(l) = f co(l2/l1) that is obtained by substituting ψ co

j (l)
into (8) is lower than the unbiased estimator of risk of Stein’s estimator or equal to it everywhere on the domain of definition
(compare Figs. 1 and 2).

We now consider a sample of N symmetric matrices generated numerically from W2(Σ, n) with Σ = diag(1, 1/2)
and n = 10. We then compute: (a) the empirical mean of L1

Σco,Σ

, where Σco is the orthogonally invariant estimator

constructed from ψ co
j (l), and (b) the empirical mean of the function F co(l). Fig. 3 shows that the two empirical means

converge to different values as N increases. We conclude that (7) does not hold for the cut-off estimator, i.e., F co is not the
unbiased estimator of risk of Σco. In this case, themean of F co does not represent the risk of the cut-off estimator. The reason
for this behavior is that if c ≠ xn, theψ co

j are not continuous functions at l2/l1 = c (Fig. 2) and Stein’s theory on the unbiased
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estimator of risk does not apply. As a consequence, (7) cannot be used to predict the properties of Σco; we have modified
ψSt

j (l) in order to obtain an unbiased estimator of risk lower than F St(l) or equal to it for all l, but there is no guarantee that
these modifications result in a corresponding reduction of the risk.

The above example shows that (30) can be used to prove that an orthogonal estimator is uniformly better than another
orthogonal estimator only if both estimators satisfy (7). In particular, the latter condition holds if the modified ψj are
continuous everywhere and continuously differentiable almost everywhere. This example also suggests that it is difficult to
deduce the appropriate modification of Stein’s estimator directly from the form of the unbiased estimator of risk, because
F is a nonlinear functional of the estimates ψj. The next section shows that by working with the estimates themselves, we
can render F(l) lower than the unbiased estimator of risk of the MLE everywhere on its domain of definition.

4. A class of estimators rendering the MLE inadmissible

We now focus on the two-dimensional case and show a proof-of-concept on how to build covariance estimators that are
uniformly better than the MLE. For p = 2, the unbiased estimator of risk of Stein’s estimator reduces to a function of one
variable and its behavior can be studied exactly (Rajaratnam and Vincenzi, submitted for publication). In Section 2, we have
shown that the unbiased estimator of risk of Stein’s estimator has the following properties:
1. f St(x) 6 Kml

2,n both in a neighborhood of x = 0 and of x = 1;
2. the shrinking effect of the raw estimator strengthens as x increases. Moreover, as x approaches xn, this behavior yields a

fast increase of f St(x) beyond Kml
2,n;

3. the isotonizing algorithm counteracts the shrinking effect of the raw estimator and yields an unbiased estimator of risk
lower than Kml

2,n.

(We remind the reader that, for given p and n, Kml
2,n denotes the constant value taken by the unbiased estimator of risk of the

MLE—see (11).) In order to construct estimators whose unbiased estimator of risk is lower than that of the MLE, we propose
to modifyψSt

j (l) in a way as to attenuate the shrinking effect of the raw estimator while retaining properties 1 and 3 above.
This approach is demonstrated below by means of four different examples of orthogonally invariant estimators.

We consider orthogonally invariant estimators that satisfy the differentiability condition (29) and have the form Σ (k)
=

HΦ(k)H t, where H is defined in (2), Φ(k)
= (φ

(1)
1 (l), φ(1)2 (l)), and k = 1, . . . , 4. The first estimator is a linear interpolation

between ψ St
j (0) and ψ St

j (1):

φ
(1)
j (l1, l2) = ljψ

(1)
j


l2
l1


(j = 1, 2) (32)

with

ψ
(1)
j (x) = ψ St

j (0)+
ψ St

j (1)− ψ St
j (0)


x =


1

n + 1
+

x
n(n + 1)

, j = 1,

1
n − 1

−
x

n(n − 1)
, j = 2.

(33)

The graph ofψ (1)
1 is given in Fig. 4 for n = 10. The φ(1)j clearly are continuously differentiable. Hence the unbiased estimator

of risk of Σ (1) is obtained by substituting the ψ (1)
j (l2/l1) into (8) and takes the form F (1)(l1, l2) = f (1)(l2/l1)with

f (1)(x) = 2 −
8x

n2 − 1
− ln


n + x

n(n + 1)


− ln


n − x

n(n − 1)


− c2,n. (34)

The graph of f (1) is shown in Fig. 5 for n = 10. Note that the unbiased estimator of risk of Σ (1) is smaller than that of the
MLE for all x ∈ (0, 1]. Indeed, the first derivative of f (1) is:

df (1)

dx
=

2Pn(x)
(n2 − 1)(n2 − x2)

, (35)

where Pn(x) = 4x2 + (n2
− 1)x − 4n2. For all n, the polynomial Pn has no roots in the interval [0, 1] and hence has a

constant sign on [0, 1]. In addition, Pn(0) = −4n2 < 0. Therefore, the derivative of f (1) is negative for all x ∈ (0, 1].
As f (1)(0) = f St(0) = 2 + ln(n2

− 1) − c2,n < Kml
2,n for all n > 2, we conclude that f (1)(x) < Kml

2,n for all x ∈ (0, 1], whence
E[F (1)(l)] < E[Fml(l)]. Consequently, R

Σ (1),Σ

< R

Σml,Σ

, i.e., the estimator Σ (1) is uniformly better than the MLE.

The second estimator again attenuates the shrinking effect of Stein’s raw estimator by using ψ St
j (0) for x 6 xn and then

interpolating linearly between the value at x = xn and ψ iso
j (1) (Fig. 4):

ψ
(2)
j (x) =


ψ St

j (0), 0 < x 6 xn,ψ St
j (0)− ψ St

j (1)xn
1 − xn

+

ψ St
j (1)− ψ St

j (0)

1 − xn
x, xn < x 6 1

(36)

with j = 1, 2.
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Fig. 4. Graphs of the estimators ψ (1)
1 (top, left), ψ (2)

1 (top, right), ψ (3)
1 (bottom, left), ψ (4)

1 (bottom, right) for n = 10. In each of the plots, the black line is
ψml

1 , the red line is ψSt
1 , and the blue line is ψ (k)

1 , k = 1, . . . , 4. The blue line is superimposed on the graph of ψSt
1 when it is the same as the graph of ψ (k)

1 .
The qualitative behavior of the estimators is the same for other values of n. The functionsψ (k)

2 behave analogously. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Compared to the previous estimators, the third one still attenuates the shrinking effect of Stein’s raw estimator, but
also utilizes the isotonizing algorithm near x = 1. More precisely, the third estimator uses ψ St

j (0) up to x∗
n such thatψ iso

j (x∗
n) = ψSt

j (0) and ψ iso
j (x) beyond (see Fig. 4):

ψ
(3)
1 =


1

n + 1
0 < x 6 x∗

n

1 + x
2n

x∗

n < x 6 1
and ψ

(3)
2 =


1

n − 1
0 < x 6 x∗

n

1 + x
2nx

x∗

n < x 6 1,
(37)

where x∗
n = (n − 1)/(n + 1).

The fourth estimator utilizes the isotonizing algorithm on a larger portion of the domain compared to the third estimator.
As theψj must be continuous, the reduction of the shrinking effect isweaker for this estimator. The explicit formof the fourth
estimator is (Fig. 4):

ψ
(4)
j (x) =


ψ St

j (0)+
dψ St

j

dx


x=0

x 0 < x 6 x̄j,n

ψ St
j (x) x̄j,n < x 6 1,

(38)

where j = 1, 2 and x̄j,n is such that ψ St
j (0)+ x̄j,n

dψ St
j

dx


x=0

= ψSt
j (x̄j,n), i.e.,

ψ
(4)
1 (x) =


1

n + 1
−

2x
(n + 1)2

0 < x 6 x̄1,n

1 + x
2n

x̄1,n < x 6 1
with x̄1,n =

n2
− 1

n(n + 6)+ 1
(39)
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Fig. 5. Graphs of the unbiased estimators of risk of Σ (1) (top, left, magenta), Σ (2) (top, right, brown), Σ (3) (bottom, left, blue), Σ (4) (bottom, right, green)
for n = 10. In all plots, the black curve is the graph of the unbiased estimator of risk of the MLE and the red curve is the graph of f St . The graphs of the
unbiased estimators of risk of two different estimators are superimposed when they are they same. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

and

ψ
(4)
2 (x) =


1

n − 1
+

2x
(n − 1)2

0 < x 6 x̄2,n

1 + x
2nx

x̄2,n < x 6 1
with x̄2,n =

n − 1
8n


n(n + 18)+ 1 − n − 1


. (40)

Note that xn < x̄j,n < 1 for all n > 2 (j = 1, 2).
The unbiased estimators of risk of the estimatorsΣ (k) are shown in Fig. 5. For all k = 2, 3, 4 and for all n > 2, the unbiased

estimator of risk of Σ (k) is smaller than that of the MLE everywhere on (0, 1] (the proof of this fact amounts to comparing
functions of one variable and is omitted). Thus, by using the same strategy used to prove that Σ (1) is uniformly better than
the MLE, we conclude that the estimators Σ (k), k = 2, 3, 4, also are uniformly better than the MLE. The above results are
now stated formally in the following proposition.

Proposition 2. Let X1, . . . ,Xn be an i.i.d. sample from a bivariate normal distribution with zero mean and covariance matrix
Σ (n > 2). Let Σ (k), k = 1, . . . , 4, denote the orthogonal estimators of Σ as defined in Eqs. (32), (33), and (36)–(40). Then

R
Σ (k),Σ


6 R

Σml,Σ


∀Σ ∈ P+ (k = 1, . . . , 4) (41)

for all n > 2, and where P+ denotes the cone of symmetric positive definite matrices.

We observe that all the estimators Σ (k) prevent their unbiased estimator of risk from becoming greater than that of the
MLE by attenuating the increasingly shrinking effect of Stein’s raw estimator. This behavior is more pronounced for the
estimators Σ (1), Σ (2), Σ (3). For intermediate values of the ratio l2/l1, the shrinkage operated by Σ (4) is comparable to that
of Stein’s estimator; consequently, the reduction in the unbiased estimator of risk is less for intermediate l2/l1. We also note
that, for all estimators, a considerable reduction of the unbiased estimator of risk is obtained onlywhen the estimatormakes
use of the isotonizing algorithm (Fig. 5).

Although we have proved that the risk of Σ (k) is always smaller than that of the MLE, it is important to quantify the risk
reductions and compare the performance of Σ (k) with that of Stein’s estimator. In Section 2, we observed that the unbiased
estimator of risk of Stein’s estimator only depends on the ratios of the adjacent sample eigenvalues and not on the sample
eigenvalues individually. By construction, the estimatorsΣ (k) also have this property. This fact suggests that the dependence
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Fig. 6. Percentage risk reductions for Stein’s estimator (red), Σ (1) (magenta), Σ (2) (brown), Σ (3) (blue), Σ (4) (green) and n = 2 (left panel), n = 10 (center
panel), n = 100 (right panel). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

of the risk ofΣ (k) upon the parameters can be studied by considering a diagonal population covariancematrix and by varying
the ratio of its adjacent eigenvalues (the same approach is used in Rajaratnam and Vincenzi, submitted for publication to
study the properties of Stein’s covariance estimator). For a generic covariance estimator Σ , we define the percentage risk
reduction with respect to the MLE as:

γ :=
R
Σml,Σ


− R

Σ,Σ
R
Σml,Σ

 × 100. (42)

We then consider a sample of N = 104 matrices generated numerically from W2(Σ, n) with Σ = diag(1, r), 0 < r 6 1,
and n = 2, 10, 100. The statistical sample is generated by following the same procedure as in Lin and Perlman (1985) and
Rajaratnam and Vincenzi (submitted for publication). Finally, we compute γ as a function of r and n for the estimators Σ (k),
k = 1, . . . , 4 and for Stein’s estimator (see Fig. 6). The analysis of the results leads to the following conclusions:
i. The risks of the estimators Σ (k) are obviously smaller than that of the MLE for all r ∈ (0, 1] and for all the values of

n that we have considered. By contrast, for large n, the risk of Stein’s estimator can be greater than that of the MLE
(for n = 100 and for intermediate values of r , γ is negative—see Fig. 6). Thus, the estimators Σ (k) have a smaller risk
compared to Stein’s estimator in the regime in which n/p is large and the eigenvalues of Σ are moderately or well
separated. This is indeed the regime in which the performance of Stein’s estimator is worse (Rajaratnam and Vincenzi,
submitted for publication);

ii. For Stein’s estimator, γ varies considerably as a function of r , i.e., the performance of Stein’s estimator depends rather
strongly on the parameters. By contrast, for the estimators Σ (k) the variation of γ with r is smaller; hence, the
performance of the estimators Σ (k) is more uniform over the parameter space;

iii. Stein’s estimator yields greater risk reductions when r is close to 1, i.e., when the population covariance matrix is close
to the identity. In this regime, if n is large, none of the estimators Σ (k) yields risk reductions comparable to those given
by Stein’s estimator. This fact can be understood by considering the behavior of the unbiased estimator of risk as a
function of the ratio of the sample eigenvalues. Recall that the risk is the average of the unbiased estimator of risk [ (7)]
and note that if Σ is close to the identity, the set on which l2/l1 is near 1 contributes relatively more to the average.
Furthermore, we have recalled that the unbiased estimator of risk is considerably smaller than that of the MLE only
when the isotonizing algorithm is used. Stein’s estimator and the estimators Σ (k) make use of the isotonizing algorithm
when l2/l1 is near 1; however, the estimators Σ (k) employ the isotonizing algorithm to a lesser extent. Therefore, when
the population covariance matrix is near the identity, the estimators Σ (k) benefit less than Stein’s estimator from the
use of the isotonizing algorithm and thus yield smaller risk reductions;

iv. The risk of Σ (4) is lower than that of the other estimators Σ (k) when the eigenvalues of Σ are near each other (Fig. 5).
Indeed, Σ (4) utilizes the isotonizing algorithm over a larger portion of the domain compared to Σ (1), Σ (2), Σ (3).
Furthermore, for r near 1, Σ (2) and Σ (3) exhibit a faster shrinkage reduction than Σ (1). The result of this behavior is
that Σ (2) and Σ (3) yield greater risk reductions than Σ (1) for r near 1;

v. The risks of Σ (1), Σ (2), Σ (3) are smaller than that of Σ (4) when the eigenvalues of Σ are moderately or well separated.
This fact can again be understood by recalling that the risk is the average of the unbiased estimator of risk. For moder-
ately or well separated population eigenvalues, the region in which Stein’s unbiased estimator of risk is greater than that
of the MLE contributes significantly to the risk. We have seen that those estimators that attenuate the shrinking effect
of Stein’s raw estimator slow down or even eliminate the increase of the unbiased estimator of risk beyond the value
of the MLE. The estimators Σ (1), Σ (2), Σ (3) significantly attenuate the shrinking effect of Stein’s raw estimator as the
ratio of the sample eigenvalues increases, whereas the shrinking effect of Σ (4) is comparable to that of Stein’s estimator
(see Fig. 4). Therefore, if the eigenvalues of Σ are moderately or well separated, the risk of Σ (1), Σ (2), Σ (3) is smaller
than the risk of Σ (4).



36 B. Rajaratnam, D. Vincenzi / Journal of Statistical Planning and Inference 175 (2016) 25–39

5. Conclusions

Note that if an unbiased estimator of risk of a covariance estimator Σ is pointwise lower than the unbiased estimator
of risk of the MLE, then Σ is uniformly better than the MLE. The unbiased estimator of risk of Stein’s estimator is greater
than that of the MLE on an open subset of its domain (Rajaratnam and Vincenzi, submitted for publication). This behavior is
due to the fact that the shrinkage effect of the raw estimator rapidly becomes stronger and stronger before the isotonizing
algorithm attenuates it (in the absence of isotonization, the unbiased estimator of risk of the raw estimator would actually
grow in an unbounded way). As a consequence, the unbiased estimator of risk cannot be used to prove whether or not
Stein’s estimator is uniformly better than the MLE. We derive sufficient conditions on the eigenvalue estimates that ensure
that the unbiased estimator of risk of an orthogonally invariant estimator is bounded as two sample eigenvalues approach
each other. In addition, we show that within these conditions it is possible to modify Stein’s estimator in order to reduce
its shrinkage rate and thus render its unbiased estimator of risk lower than that of the MLE everywhere on the domain of
definition. The estimators that are obtained by means of this approach are uniformly better than the MLE.

We have illustrated this technique for p = 2, because in this case the functional properties of the unbiased estimator
of risk of Stein’s estimator can be studied thoroughly. The two-dimensional estimators Σ (k) that we have introduced in
Section 4 have two properties in common:
i. for moderately separated sample eigenvalues, they attenuate the shrinking effect of Stein’s raw estimator;
ii. they make use of the isotonizing algorithm to a lesser extent compared to Stein’s estimator.

Property (i) implies that the unbiased estimator of risk of Σ (k) does not exceed the value of the unbiased estimator of risk of
the MLE. Thus, if the eigenvalues ofΣ are moderately or well separated, the risk of the estimators Σ (k) is smaller than that
of Stein’s estimator.

Property (ii) implies that the estimators Σ (k) do not take full advantage of the reduction of the unbiased estimator of risk
given by the isotonizing algorithm. Hence, if the population covariancematrix is close to the identity, they yield smaller risk
reductions compared to Stein’s estimator.

Our analysis identifies two effects that reduce the unbiased estimator of risk: (a) the attenuation of the shrinkage
action of Stein’s raw estimator and (b) isotonization, with the latter effect yielding considerably greater reductions than
the former. The unbiased-estimator-of-risk approach relies on (7) and requires that the φj are continuously differentiable.
This requirement constraints the way in which the estimators φSt

j can bemodified in order to reduce the unbiased estimator
of risk and hence the risk of the estimator. In particular, it is not possible to take full advantage of the isotonizing algorithm if
we want to maintain the form of φSt

j (l) for well separated lj and simultaneously reduce the strong increase of the shrinkage
as the lj approach each other. The form of φSt

j (l) for well separated lj is fixed by Stein’s minimization theory, while the
attenuation of the shrinkage effect is necessary to prove that the estimator is uniformly better than the MLE. Therefore, the
estimators Σ (k) cannot fully benefit of the isotonizing algorithmwhen the lj are close to each other, so in the degenerate case
(Σ ≈ I) they yield smaller risk reductions compared to Stein’s estimator. In conclusion, in the unbiased-estimator-of-risk
approach, dominance over the MLE can only be obtained by sacrificing the considerable risk reductions given by the
isotonizing algorithm in the degenerate case.

In our study, we only considered simple modifications of the φSt
j (l) (such as linear interpolations), because our purpose

was to illustrate the unbiased-estimator-of-risk approach through some analytically solvable examples. More efficient
estimators could be obtained by finding an optimal combination of the attenuation of the shrinking effect of the raw
estimator and the use of the isotonizing algorithm. Furthermore, the same approach as used in the p = 2 case can be
used in higher dimension. In particular, properties 1–3 in Section 4 also hold in higher dimension (Rajaratnam and Vincenzi,
submitted for publication) and can be used to modify the estimates ψSt

j (l) and render the unbiased estimator of risk lower
than that of the MLE. What makes this approach more tedious in higher dimension is the fact that, for large p, the unbiased
estimator of risk is a function of many variables and its properties are more cumbersome to analyze compared to the p = 2
case. Here, we do not specifically construct estimators in the p > 3 case, as our goal was to show a proof of concept on how
to use the unbiased-estimator-of-risk framework to retain the properties of Stein’s estimator and still achieve dominance
over the MLE. However, we remark that taking the p = 2 approach is also useful from a practical point of view. The class
of estimators we propose does not explicitly use the isotonizing algorithm in an ad hoc manner. In practice one can use
the p = 2 case to fix the unboundedness of any pairs of sample eigenvalues which are too close to one another, and do so
without relying on the isotonizing algorithm in an ad hoc way. Doing so leads to a class of estimators that retain the original
functional form of Stein’s estimator in higher dimensions within a principled framework.
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Appendix A. Differentiability of Stein’s estimator

The estimates φSt
j (l) are bounded functions of l for all l ∈ Dp and for all j = 1, . . . , p, because φSt

j (l) 6 φSt
1 (l) and φ

St
1 (l)

has the form:

φSt
1 (l) =

k
j=1

lj

k
j=1
αj(l)

(1 6 k 6 p), (A.1)

where
k

j=1

αj(l) = k(n − p + 1)+ 2
k

j=1


lj

 j−1
i=1

1
lj − li

+

k
i=j+1

1
lj − li


+ lj

p
i=k+1

1
lj − li



= k(n − p + 1)+ k(k − 1)+ 2
k

j=1

lj
p

i=k+1

1
lj − li

> 0. (A.2)

The value of k in (A.1) is the number of sample eigenvalues that are pooled together to estimate φSt
1 (l).

The domain Dp can be partitioned into a finite number of subsets according to which φraw
j (l) are pooled together in order

to preserve the positivity and the ordering of the sample eigenvalues. This partition includes for example: (a) the setD\Qp,n,
in which no φraw

j are pooled together; (b) the subset of Dp in which φraw
p (l) and φraw

p−1(l) are pooled together, while the other
φraw
j (l) are left intact; (c) the subset in which all the φraw

j (l), j = 1, . . . , p, are pooled together, etc. Everywhere in the
interior of each of the subsets of the partition, all the φSt

j are continuously differentiable. This property is a straightforward
consequence of the definitions of φraw

j and φiso
j .

Consider now a generic subset of the aforementioned partition. Its boundary consists of the points l such that there exist
q, r, s ∈ N, 1 6 q 6 p, 0 6 r 6 p − q − 1, 0 6 s 6 p − q − r and:

lq + · · · + lq+r

αq(l)+ · · · + αq+r(l)
=

lq+r+1 · · · + lq+r+s

αq+r+1(l)+ · · · + αq+r+s(l)
. (A.3)

The estimators φSt
j are continuous also on this boundary, because if l belongs to it, the estimate obtained by pooling the

left-hand and the right-hand sides of Eq. (A.3) is equal to the two original estimates:

lq + · · · + lq+r+s

αq(l)+ · · · + αq+r+s(l)
=


s

i=1
αq+r+i(l)


r

j=0
lq+j


+


s

i=1
αq+r+i(l)


s

j=1
lq+r+j




s
i=1
αq+r+i(l)


r+s
j=0
αq+j(l)



=


r

i=0
αq+i(l)


s

j=1
lq+r+j


+


s

i=1
αq+r+i(l)


s

j=1
lq+r+j




s
i=1
αq+r+i(l)


r+s
j=0
αq+j(l)



=
lq+r+1 · · · + lq+r+s

αq+r+1(l)+ · · · + αq+r+s(l)
=

lq + · · · + lq+r

αq(l)+ · · · + αq+r(l)
. (A.4)

As the φSt
j are continuous everywhere on Dp and their partial derivatives are bounded on the interior part of each subset

of the partition, the partial derivatives of the φSt
j may only have jump discontinuities on the boundaries of these subsets,

which however form a measure-zero set. Therefore, φSt
j is continuously differentiable at least almost everywhere on Dp for

all j = 1, . . . , p.
The following example shows that in fact there exist points in which the partial derivatives of φSt

j have jump
discontinuities. Consider the set A ⊂ Dp in which all the φraw

j , j = 1, . . . , p, are pooled together and the set B ⊂ Dp in
which only φraw

2 (l), φraw
3 (l), . . . , φraw

p (l) are pooled together, while the first eigenvalue is estimated as φSt
1 = l1/α1(l). Then,

the limit of ∂l2φ
St
1 for l approaching ∂A ∩ ∂B from inside A is: 1/(np) > 0. The limit of the same quantity for l approaching

∂A ∩ ∂B from inside B is: −2l21/[α
2
1(l)(l1 − l2)2] < 0. Therefore, we conclude that the φSt

j are continuously differentiable
only almost everywhere on Dp.
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Appendix B. General properties of the unbiased estimator of risk

Proof of Proposition 1. We prove the results in two cases.

Case I. ψj(l)
p

i≠j
1

lj−li
= O(1) as l → l̃.

Then, ψj(l) = O(∥l − l̃ ∥) as l → l̃, whence 2lj∂ψj/∂ lj = O(1) as l → l̃ and liml→l̃ ln(ψj(l)) = −∞. Hence, taking the
limit of the sum of the terms that form σj(l) leads to its divergence. The proposition is thus proved by letting q = j.

Case II. ψj(l)
p

i≠j
1

lj−li
≠ O(1) as l → l̃.

If case I does not hold, we can proceed by contradiction that σq is bounded. Since ψj(l) > 0, by assumption the only
alternative to case I is:

lim sup
l→l̃

ψj(l)
p
i≠j

1
lj − li

= +∞. (B.1)

If we assume to the contrary that σq(l) is bounded for all q = 1, . . . , p, then (B.1) implies:

lim inf
l→l̃

[(n − p + 1)ψj(l)+ 2lj∂ljψj(l)− ln(ψj(l))] = −∞. (B.2)

Since ψj(l) is positive for all l, neither ψj(l) nor ∂ljψj(l) can tend to −∞ as l → l̃. Eq. (B.2) then implies:
lim supl→l̃ ln(ψj(l)) = +∞ or, equivalently,

lim sup
l→l̃

ψj(l) = +∞. (B.3)

We now observe that either ∂ljψj(l) is bounded or it diverges positively as l → l̃. If ∂ljψj(l) is bounded, thenψj cannot satisfy
(B.2) since (B.3) implies lim supl→l̃ ln(ψj(l))/ψj(l) = 0. If ∂ljψj(l) diverges positively, Eq. (B.3) and De L’Hôpital’s rule imply

lim sup
l→l̃

ln(ψj(l))
ψj(l)+ ∂ljψj(l)

= 0,

and hence not even in this case can ψj satisfy (B.2). Consequently, σj(l) cannot be bounded for l → l̃, and the proposition
holds with q = j.

The second part of the proposition follows from the fact that F(l) can be written as:

F(l) =

p
r=1
r≠j,k


n − p + 1 + 2lr

p
i≠r

1
lr − li


ψr(l)+ 2lr

∂ψr

∂ lr
− lnψr(l)



+ (n − p + 1)[ψj(l)+ ψk(l)] + 2lj
∂ψj

∂ lj
+ 2lk

∂ψk

∂ lk
− ln(ψj(l)ψk(l))+ 2

ljψj(l)− lkψk(l)
lj − lk

,

where all the terms are bounded in the limit l → l̃. �
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